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Notes Section 3

ARMA models

We have spoken of a univariate white noise process,

a zero—mean covariance stationary process with no serial
correlation:
Ele] =0,E [¢]] =0< 0 <00, Eleer—j] =0Y j #0.

A very important class of covariance—stationary processes
calledlinear processes, can be created by takingraoving
aver age of a white noise process. Let us consider that the whit:
noise process is defined for all integefs,= 0, %1, £2,...}
so that we may assume that the process started in the distan
past, and its mean and autocovariance function have stabilizec
time—invariant constants.

The simplest linear process that exhibits serial correlation
is a finite—order moving average proce$s; } is said to be a
q"-order moving average processM A(q), if it can be written
as a weighted average of the current and most recent values
awhite noise process:

Yy = U+ Ooer + 016,71 + ... + Qqét_q, 0y = 1. (1)

A moving average process is covariance stationary with
meanyu. It is easy to show that thé j -order autocovariance is
v; = 0° Y 146,40 for j = 0,1,...¢q, and zero forj > g,
with % denoting the variance of the white noise process.
Thus, if¢ = 1, the zero-order autocovariance(is+ 6;) o2,
the first-order autocovariance iso?, and the second-order
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(and all higher-order) autocovariances are zero. The entire
autocovariance function is described fay+ 1) parameters:
{61, ...0,, 0% }. The autocorrelation function depends only upon
theq parameters inthe sequence.

We may also consider af/ A(co)  process, in which the
effects of past shocks do not abruptly dissipate after periods
Thus, we might consider that the finite set of terms in (1) could
be replaced by an infinite set of terrEs;?‘;O V€. Forthisto
make sense, it must be the case that this sum of an infinite se
of random variables is well defined—that is, that the partial sur
Z;;O Y ;€,; converges to a finite random variableras— oco.

A condition under which this convergence will occur is that of
absolute summabilityzg.;O ;] < oo. Intuitively, this requires
that the effects of the past shocks representeg by  eventuall
die away. If the sequenag; Is absolutely summable, then ar
infinite—order MA processN/ A(co)) fog; converges in mean
square, and the process is covariance stationary, with ppean  :
autocovariances; = a?> 0, V¥ The autocovariances
will themselves be absolutely summable. If the procesgs&ils
then they process is strictly stationary and ergodic.

We may now define dinear filter . Lefr;} be a covariance
stationary process afdh,;}  be a sequence of real numbers the
absolutely summable. Then the infinite sym= > " hjz;
converges in mean square, such thatithe process is covariar
stationary. If the autocovariances of the process are absolute
summable, then so are the autocovariances of the process.

The operation of taking a weighted average of (possibly
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Infinitely many) successive values of the process is called
filtering, and we can write it using lag operator notation,
with a filter being represented by a lag polynonmidll) =
ag + oL + aoL?... The objecty; = a(L)z; is a well-defined
random variable forming a covariance stationary process if the
sequencda;} is absolutely summable and if the input proces
x; IS covariance stationary.

Propertiesof linear filters

For a given sequence of real numbdisg, ay,...}  define
afilter asthe lag polynomiab(L) = ag + a1 L + apL? +
which may be applied to an input procdas}  toyield )z; =
> 2o ;. The filter could be finite, such that; = 0 for
4 > p, which then defines g?"— order lag polynomial. When
applied to an input process, this finite filter creates a weighted
average of the current angd most recent values of the process
the input process is covariance stationary and the seqyenge
IS absolutely summable, the filtered series will be a covariance
stationary process.

Let {a;} and{3;} be two arbitrary sequences of real
numbers, and define ttoenvolution  of these sequekiées é

04050 = 0o, (2)
apfy + a8y = 01,
aofy + a1+ asfy = 0o, ...
Qb+ o181 +asf; o+ ... +a; 18] + a8, = b
Product: the convolution may be viewed as the product of two



filters:
5(L) = a(L)B(L)
which may be computed with the same techniques as the
product of two ordinary polynomials, e.g.

(14+ a1 L)(1+3,L) =1+ (ay + By) L + a1 3, L*.

If each of these sequences are absolutely summable, and
input series is covariance stationary, the.)G(L)x; = 6(L)x;
Is a well-defined random variable, also covariance stationary,
and the sequendg,;}  will also be absolutely summable.

Inverse: if (L) = 1, sothata(L)G(L) = 1, we may say
that3(L) is the inverse ofi(L), denotedasL)™!. Aslongas
ay # 0, the inverse otx(L) may be defined for any arbitrary
sequencda;} by successively solving the equations (2). For
instance(l — L)' =1+ L+ L* + L + ... which may not be
absolutely summable.

To work with ARMA processes, we must calculate the
inverse of a finite—ordep("— degree) lag polynontdlL) :

O(L)=1-6,L—-6,L* — ... —Q,L”

Since®, # 0, the inverse polynomiadl(L) = ©(L)™*
may be defined. We may determine the coefficients of the
iInverse polynomial using the convolution formula in (2); for
j > p, the coefficients of/(L) may be solved recursively,
knowing the firstp coefficients. The coefficients in the sequenc
{W;} will eventually decline if the stability condition on the
©(L) polynomial—relating to its eigenvalues—holds, and those
coefficients will then be absolutely summable. As an example
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consider the lag polynomidl— ¢L. The root of the associatec
polynomiall — ¢z = 0 is¢p ™!, and the stability condition requires
that|¢~'| > 1 or, alternatively, thdp| < 1. The inverse of the
filter is, given stability,l + ¢L + ¢*L?> + ¢°L> + ..., an infinite
sequence, but one which is bounded and finite.

The AR(1) process

A first-order autoregressive procestH(1))  satisfies the
stochastic difference equation

Yo = c+ QY1 + €
(I—9¢L)y; = c+ e

where the: process is white noise. kot 1, may rewrite

this equation as
(1—=¢L) (v — p) = e,
po=rc/(l—-09)

If ;IS covariance stationary; Is the mean of the process.
and the moving average is formed from the successive values
y:. We seek a covariance—stationary solution to this stochastic
difference equation. Ifp| < 1, we may use the inverse given
above, so that we may define

(1—=¢L) (1= oL) (s —p) = (1 —¢L) e
(ye — 1) = (L= L) e

oo
Y = M+Z¢J€t—j-
j=0
In this casey; has the moving average representation sho
here:an infinite—order moving average processy/ot(co). Th
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stability condition that allows us to form the inverse is known a:
the stationarity condition for the autoregressive lag polynomial
which states that shocks to the system will be damped.

What about the case where that condition is violated, and
|| > 17 Then there is a “forward solution” where the unique
covariance—stationary procegs Is an infinite-order moving
average offuture values of :

@)
Yt = p — Z ¢ €t
j=0

and this infinite sum is well defined, since the sequence
{¢~7} is absolutely summable j&| > 1.

Last, let us consider the case where there is no covariance
stationary solution, either in terms of past values of nor future
values ofe : the case of@nitroot ,whepe= 1. In this case,
thej— period change in  becomes

Y —Y—j=C-J+ &+ 6 1+ 6 o+ ...+,
which we call arandom walk with drift .
The AR(p) process
All that we have derived here for thaR(1)  process

may equally well be expressed in terms of gie— order
autoregressive process, which satisfiesttie- order stochas
difference equatiod®(L)y, = ¢ + ¢ Witlb(L) = 1 — ¢, L —

¢, L* — ... — ¢,LP. If the process is CS, thepp  has a mean of

pn=c®(1)"t, and anM A(co) representatiafp = p + U(L)e,
with W(L) = g + ¥ L + o L?..., whereW (L) = &(L)~
The ARM A(p, q) process

6



We may combine finite—orded R(p) antf A(q) processes
to yield anARM A(p, q) process:

Yt = C+ O1yr—1+ QoYr—o+ ... + pryt_p + Ooer +
Or€i—1 + Os€r—0 + ... + 0,61,
or
O(L)yr = c+ O(L)e;.
If ®(1) # 1, we may setu = c¢®(1)~!, and write the model
In the deviation—from—mean form
(L) (yr — p) = O(L)es
which is still ap’”— order stochastic difference equation, but
with a serially correlated forcing proceSgL)e;  rather than the
white noise process. If the equation satisfies the stationarity
conditions, then its unique covariance—stationary solution has't
M A(oo) representation

Yy = -+ V(L)e.
U(L) = ®(L)'O(L).
The mean of thedRM A(p, q) process is agaib(1) L.

If there are common roots in the two polynomials, then
they could be factorized to represent th& M A(p, q) pProcess
with a lower order procesd RMA(p — 1,q — 1). We generally
assume that there are no common roots inAtie landl
polynomials. If the©(L) polynomial satisfies the stability
condition, then thedARM A process is said toibeertible , anc
that stability condition is often termed the invertibility condition.
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If an ARM A process is invertible, then we may also express i
In an infinite—ordetAR  representation
OL) ' ®(L)y = cO(1) ! + ¢

Note that a process can be invertible yet not be stationary
and vice versa,; both of its lag polynomials have to satisfy their
respective stability condition if the process is to be termed
stationary and invertible. If the process is both stationary
and invertible, then the finite—ordeYRM A(p,q)  process also
possesses both ahR(co) andBA(oco)  representation.

The autocovariance—gener ating function

The entire set of autocovariances of a covariance station-
ary process;; may be summarized by theocovariance
generating function:

gy (2) = Z yjzj

j=—00

@)
=D (& +27)
j=1
with z a complex scalar. Note that for| = 1,  the unit circle, this

iImplies that
gy (1) = Z 7

j=—00

(©.@)
=% +2) 7
j=1
which will represent a convergent sum given that the autocoval
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ances are absolutely summable. If we transform this fungtjon
by dividing by 27 and settingz, a complex number on the unit
circle, toe ™ = cos(w) — isin(w), we have defined trapectral
density function or power spectrum of y; :

sy (W) = (21) gy (e7™)

= (277)_1 gy (cos(w) —isin(w))

wherew represents thieequency (the inverse of the period) of
the cyclical componentip. The time series may be represent:
In the frequency domain, as the sum of an infinite number of
sines and cosines, or in the time domain, as a process with al
Infinite number of autocovariances. The two representations a
equivalent, and we can represent in the frequency domain a
the Fourier transform of the timeseries data. We will discuss
the frequency domain representation at greater length when
we discuss fractionally—integrated processes. (See Hamilton,
Chapter 6).

Extension to vector processes

A vector white noise process ¢; is ajointly covariance—
stationary process satisfying

E(e) = 0,
E (gg}) = Q,p.d.,
E (57;5;_]-) = 0, forj #0.

Since() need not be diagonal, there may be contemporane
covariance among the elementssaf  Perfect correlation is rule
out, sincel2 must be positive definite.wctor M A(oo) process
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may be expressed as:
(0@
Yy = W+ Z wjgt—j'
j=0
¢o =1

This implies that ifl’; is thej"— order autocovariance matrix
E [(y: — p) (y—; — p)'] , the autocovariance function may be
written as

Ly = Z ¢j+/€Q¢;€
k=0

Multivariate filters may also be written d$(L) = H, +
H\L + H,L? + ..., with vectory; = H(L)xz,;. Products of filters
may now be computed with linear algebra: for instance, the
product of two filtersA(L) and3(L) can be written in terms of
sums and products of their coefficient matrices.

We may also consider the stability conditions in terms of lag
matrix polynomials. For instance, if we have

O(L) =1, — P L — PL* — ... — D, LP

where®; arer - r matrices, we may write the stability

condition for this polynomial as

[ — D1z — ... — D,2P| =0
all of the roots of which must lie outside the unit circle. For
Instance, if we consider a two—variable form of a first—order lac

polynomial®(L) = I, — &, L with coefficient matrix’ ! P12

¢21 ¢22 7

the determinantal equation becomes- (¢, + ¢y) 2 +

(D119 — Pra0a1) 2* = 0.
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The p!"— ordervector autoregressive process ,VAR(p),
will be the solution to the vector stochastic difference equation

O(L) (yr — 1) = &,
= (1) e

The VAR(p) is itself a special case of a multivariate
ARM A model, theV ARM A(p, q), where each of the variables
In the system are considered to follow AR M A process of
order(p, q).

The autocovariance generating function for a vector
covariance—stationary procegs may be written as

Gy (2) = Z [z

j=—00

= FO + Z (F]’Zj + F;-Z_j)

j=1
which leads to the definition of the spectrum of the vector proce
as

sy (w) = (21) 7' G, (e7¥).
Special cases of this for vector processes are:
VWN GY (Z) =39
VMA(x) : Gy (2) =V (2) QU (z_l)/
VAR(p) : Gy (z) = [0(z) '] Q [0z
which thus allows us to define the autocovariances of these
processes at all lags.
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Estimating autoregressions, VARsand ARM A processes

PureAR models may be consistently estimated with OLS,
with the assumption that the error process:is How should
the order of anAR process be chosen? A sensible criterion
IS the general-to—specific sequential rule, which starts by
estimating a model withp,,,x  1ags, where that parameter is
selected to a.s. overfit the process. If the high—order lag term
IS significant at some prespecified level, thgn should be
Increased. Then, the autoregression is reestimated, dropping 1
high—order lag, until the high—order lag is significant. Since the
t— test is consistent, this rule will never underfit the model; it is
biased toward overfitting the model, and thus may be criticizec
on its lack of parsimony. It should be noted that all of the
models described above should be fit over a common sample,
prevent the inclusion of additional data points from modifying
the judgement.

A second approach is to apply the Akaike information
criterion (AIC') or the Schwartz information criterio8'{C'),
also known as the Bayesian information criteridh/C). In
general terms, these criteria seek the model which minimizes

o (SSB) , G+ COn

n n
wheren is the sample siz8SR; s the sum of squared residu
(the least squares criterion) for thi&#—  order autoregression,

andC'(n) issetto 2forthel/C andg(n) fortC B(C).
Either of the information criteria strike a balance between a
better fit (in the first term) and the parsimony of the model (in th
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second term). Ng and Perron suggest, as above, the use of a fi
sample period to compare models with these criteria. Just as w
the general-to—specific rule, thefC'  has a positive probabilit
of overfitting the model. In contrast, thle/C  is a consistent
estimator ofj.

VARs may equally easily be estimated by single—equation
OLS. Since the right—hand side of each equation of the VAR
contains the same set of regressors, there is no gain in applyir
asystem estimator, conditional etd  errors. Likewise, there is
a multivariate generalization of tha/C' amel/C'  that may
be applied to search for the appropriate lag length of the VAR
(presuming that the same number of lags are to be used in ea
equation).

The estimation oA RM A(p,q) models is more challenging
In that the model may be written as

U = €+ 0e1 + ...+ 046,

2t = (1ayt—1ayt—27---ayt—p)/7

5 = (¢, 1, B e @) -

Y = 2,0 + uy
which poses several problems. The errors are serially correlat:
(since they areV/ A(q) ), and since the lagged dependent
variables included ir; are correlated, by construction, with
lags ofe included in the error term, the regressers  are not
orthogonal to the error term;. The second problem could be
solved by using suitably lagged values of the dependent variak
(at lags higher than) as instruments. But the efficient estimati
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of ARM A(p, q) processes requires a different modelling
strategy, relying on the maximum likelihood principle to estimat
“Box-Jenkins” models.

For instance, consider thief A(1) process. If we condition
on initial values for the 's, this becomes straightforward. The
model:

Yi = p+e+ 061,
e, N (0, 0?).
Let ©® = (u,0,0%) denote the population parameters of
interest. Ife; 1 was known with certainty;| ;1 N (u +
fe;_1, 0%) and we could write

1 —(y — 1 — Oeq)?
f(Y;f|€t—1;@): exp[ (yt o tl)

Vara? 20°
If we knew for certain that, = 0, we would know the value
of ¢; with certainty as well, and could in turn calculate the value
of €5 conditional ore;, and so on. The entire sequence of valu
can then be recursively calculated from
€& =Y — p— e
given knowledge oft and. Thus the conditional loglikelihood

may be written as
T

L(O) = —zlog(Qw) — — log Z

for a particular value 06. Numerlcal optlmlzatlon may then
be used to vary elements 6f and search for a maximum of
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the loglikelihood function. No analytical solution exists—even
for the M A(1) —but the solution technique should be reliable.
This approach conditions the estimates on the specification
thatey, = 0; other approaches, which may be found in more
sophisticated software, may use other techniques for generatir
the initial conditions for optimization. If9| is substantially less
than unity, the effect of imposing, = 0  will quickly die out,
and the conditional likelihood will be a good approximation to
the unconditional likelihood for a reasonably large sample size
In contrast, if|d| > 1, the consequences of imposig= 0
accumulate over time. If numerical optimization yields a value i
this region, the results must be discarded. An appropriate starti

value for numerical optimization in that case Wouldéﬁel.

In particular, aM A(q) model will require the specification
of ¢ starting values for pre—sample elements ofé¢he vector. Ju
as above, we may generate conditional likelihood estimates ol
the assumption that = e¢_; = ... = e_,4; = 0. The conditional
loglikelihood is only useful if all values of for which

1+ 612+ 022" + ... +0,27=0
lie outside the unit circle.

Numerical optimization to estimate the parameters of a
generalARM A(p, q) process require two sets of assumed
starting values: the presample values ofdhe sequencep anc
presample values of the process. Of course, one may have t
prior values ofy (that is, you may start the estimation at least
p periods after the start of the data). Box and Jenkins, in their
classic text, recommended setting the presample ’s to zero,
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but setting the presamplg ’s to their actual values. The same
caution applies with respect to stability of the resulting estimate
If the M A polynomial does not satisfy the stability condition (i.e.
Invertibility), the estimates should not be trusted.
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