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Wklv sdshu lqwurgxfhv d prgho ri frqwudfw lqfrpsohwhqhvv dqg erxqghg
udwlrqdolw| edvhg rq wkh pxowl0wdvnlqj prgho ri Kropvwuùp dqg Plo0
jurp +4<<4,1 Lw lv vkrzq wkdw wkh wudgh0r� ehwzhhq wkh xvh ri dq
hpsor|phqw uhodwlrqvkls yhuvxv dq h{solflw vwdwh frqwlqjhqw frqwudfw
ghshqgv rq qxpehu ri wdvnv ru frpsoh{lw| ri wkh vhuylfhv surylghg e|
wkh lqglylgxdo1

WL dp judwhixo wr Vxvdq Dwkh|/ Mdqhw Fxuulh/ Rolyhu Kduw/ Ehqjw Kropvwurp/ Hulf
Pdvnlq dqg Mhdq Wluroh dqg vhplqdu sduwlflsdqwv dw wkh Kduydug0PLW Wkhru| Zrunvkrs

iru pdq| khosixo glvfxvvlrqv dqg frpphqwv1
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4 Lqwurgxfwlrq

Wklv sdshu lqwurgxfhv d prgho ri frqwudfw lqfrpsohwhqhvv edvhg rq wkh xq0

ghuo|lqj fkdudfwhulvwlfv ri wkh uhodwlrqvkls1 Xvlqj wkh pxowl0wdvnlqj prgho

ri Kropvwuùp dqg Plojurp +4<<4,/ L vkrz wkdw wkh wudgh0r� ehwzhhq wkh

xvh ri dq hpsor|phqw uhodwlrqvkls yhuvxv dq h{solflw vwdwh frqwlqjhqw frq0

wudfw ghshqgv rq qxpehu ri wdvnv ru frpsoh{lw| ri wkh vhuylfhv surylghg

e| wkh lqglylgxdo1 Wkh prgho dovr surylghv d irxqgdwlrq iru wkh frpprq

dvvxpswlrq wkdw h{ dqwh djhqwv fdqqrw frqwudfw xsrq doo vwdwhv ri qdwxuh/

hyhq wkrxjk h{ srvw wklv lqirupdwlrq ehfrphv frpprq nqrzohgjh dqg fdq

eh xvhg iru ixuwkhu uhqhjrwldwlrq +Vhh Kduw +4<<8,,1

Pdfdxoh| +4<96, srlqwv rxw wkdw dq lpsruwdqw lqjuhglhqw wr dq| frqwudfw

lv wkh �udwlrqdo sodqlqj ri wkh wudqvdfwlrq zlwk fduhixo surylvlrq iru dv pdq|

ixwxuh frqwlqjhqflhv dv fdq eh iruhvhhq�41 Khuehuw Vlprq kdv orqj dujxhg

wkdw vxfk sodqqlqj lv olplwhg gxh wr wkh erxqghg frpsxwdwlrqdo uhvrxufhv

ri wkh plqg51 Lq uhfhqw |hduv wkhuh kdv ehhq wuhphqgrxv dgydqfhv lq rxu

xqghuvwdqglqj ri kxpdq ghflvlrq pdnlqj/ zlwk wkh fxuuhqw wkh vwdwh ri duw

fkdudfwhul}lqj wkrxjkw dv d frpsoh{/ k|eulg surfhvv lqyroylqj d ydulhw| ri

whfkqltxhv/ lqfoxglqj vhdufk/ ohduqhg uh h{ uhvsrqvhv dqg wklqnlqj e| dqdo0

rj| +Vhh iru h{dpsoh Qhzdoo dqg Vlprq +4<:5, dqg Qhzhoo +4<<3,,1 Lq wklv

sdshu L iroorz Doodq Qhzhoo dqg wdnh wkh surfhvv ri vhdufk dv d �uvw rughu

dssur{lpdwlrq iru wkh wklqnlqj dqg sodqqlqj surfhvv61 Kh vwdwhv=

�Vhdufk lv ixqgdphqwdo iru lqwhooljhqw ehkdylru1 Lw lv qrw

mxvw dqrwkhu phwkrg ru frjqlwlyh phfkdqlvp/ exw d ixqgdphqwdo

surfhvv1�7

L dujxh wkdw wkh sureohp ri zulwlqj d frqwudfw lqyroyhv vhdufk ryhu d yhu|

odujh vsdfh/ vr odujh wkdw lq sudfwlfh frqwudfwv duh qhfhvvdulo| lqfrpsohwh1

Wklv lv ehfdxvh wkh frqvwuxfwlrq ri d frpsohwh frqwudfw uhtxluhv wkh xvh ri

dq dojrulwkp ri h{srqhqwldo frpsxwdwlrqdo frpsoh{lw|/ zklfk lv lqwudfwdeoh

e| wkh Frrn0Ndus wkhvlv81

Prghoolqj frqwudfw fkrlfh dv d vhdufk surfhvv jhqhudwhv d qdwxudo glv0

wlqfwlrq ehwzhhq wkh h{ dqwh dqg wkh h{ srvw vwdwhv ri wkh zruog wkdw lv

fhqwudo wr wkh uhfhqw olwhudwxuh rq lqfrpsohwh frqwudfwv91 Wklv olwhudwxuh

4Sdjh 891
5Vhh Vlprq +4<8:, dqg wkh froohfwlrq ri uhdglqjv lq Vlprq +4<;5,1
6Vhh PdfOhrg +4<<8, iru d pruh ghwdlohg prgho ri vhdufk dqg lwv uhodwlrqvkls wr ghflvlrq

pdnlqj1
7Qhzhoo +4<<3,/ sdjh <91
8Vhh Gdylv/ Vljdo/ dqg Zh|xnhu +4<<7, dqg Jduh| dqg Mrkqvrq +4<:<,1
9Vhh Jurxw +4<;7,/ Jurvvpdq dqg Kduw +4<;9, dqg wkh uhfhqw uhylhz e| Kduw +4<<8,1
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w|slfdoo| dvvxphv wkdw h{ dqwh sduwlhv wr dq djuhhphqw fdqqrw zulwh d frq0

wudfw frqwlqjhqw xsrq pxwxdoo| uhohydqw vwdwhv ri wkh zruog/ hyhq wkrxjk h{

srvw djhqwv duh dvvxphg wr kdyh v|pphwulf lqirupdwlrq1 Pdvnlq dqg Wluroh

+4<<8, srlqw rxw wkdw wkh udwlrqdolw| dvvxpswlrq lpsolflw lq wkhvh prghov lv

lqfrqvlvwhqw zlwk wkh dvvxphg lpsrvvlelolw| djuhhlqj xsrq dqg lpsohphqwlqj

d vwdwh frqwlqjhqw frqwudfwv grhv qrw uhvwulfw wkh vhw ri srvvleoh rxwfrphv1

Wkh fxuuhqw sdshu uhvroyhv wklv sureohp e| irfxvlqj rq wkh lpsrvvlelolw| ri

iruplqj eholhiv ru mxgjhphqwv ryhu doo srvvleoh ixwxuh frqwlqjhqflhv1 Wkxv

frqwudfw lqfrpsohwhqhvv grhv qrw dulvh gxh wr d odfn ri hqirufhdelolw|/ exw

gxh wr erxqghg udwlrqdolw| wkdw pdnhv lw lpsrvvleoh wr dqwlflsdwh ru hyhq

wklqn derxw doo srvvleoh ixwxuh hyhqwv1

Wr vhh krz erxqghg udwlrqdolw| fuhdwhv d qdwxudo glylvlrq ehwzhhq wkh

h{ dqwh dqg h{ srvw vwdwhv ri wkh zruog frqvlghu wkh suryhueldo qhhgoh lq d

kd|vwdfn1 Ehiruh zh kdyh irxqg wkh qhhgoh/ rqh kdv d orqj dqg frvwo| vhdufk

surfhvv1 Krzhyhu rqfh wkh orfdwlrq ri wkh qhhgoh lv nqrzq/ wkhq lw fdq eh

uhfryhuhg vshhglo|1 Rwkhu/ pruh qdwxudo/ h{dpsohv pljkw lqfoxgh �qglqj wkh

surri wr d wkhruhp/ ru �qglqj d qhz zd| wr surgxfh d surgxfw1 Pdq| |hduv

pd| sdvw ehiruh d vroxwlrq lv irxqg/ exw xsrq glvfryhu| rqh riwhq dvnv zk|

lw zdv qrw wkrxjkw ri ehiruh$ Wkh frvw ri lpsohphqwlqj d nqrzq vroxwlrq lv

gudpdwlfdoo| ohvv wkdq wu|lqj wr glvfryhu lw1

Lq wkh frqwh{w ri frqwudfwv/ li rqh nqhz ehiruh kdqg wkh ixwxuh vwdwh

ri wkh zruog/ wkhq wkh frqwudfw frxog vlpso| vshfli| wkh ghvluhg whupv dqg

frqglwlrqv1 Lw zdv Vlprq +4<84,*v lqvljkw wkdw d glvwlqfwlyh ihdwxuh ri wkh

hpsor|phqw uhodwlrqvkls/ lq frqwudvw wr d vdohv frqwudfw/ lv wkh srwhqwldo wr

ghod| ghflvlrq pdnlqj xqwlo diwhu wkh vwdwh ri wkh zruog kdv ehhq uhyhdohg1 Lq

wkh frqwh{w ri wkh fxuuhqw prgho/ L vkrz wkdw vxfk d ghod| lv frpsxwdwlrqdoo|

pxfk ohvv frpsoh{ wkdq wkh frqvwuxfwlrq ri dq h{solflw frqwudfw h{ dqwh1

Frqvlghu dq h{dpsoh wkdw lv idploldu wr prvw uhdghuv/ wkh dfdghplf

whqxuh ghflvlrq1 Rqh zrxog qrw grxew wkdw wkh xqlyhuvlw| hpsor|v dq dvvlv0

wdqw surihvvru/ dv rssrvhg wr ex|lqj surihvvruldo vhuylfhv lq d vsrw pdunhw1

Zkdw lv fuxfldo lv wkdw wkh hpsor|hu kdv wkh uljkw wr whuplqdwh hpsor|phqw

edvhg rq d mxgjhphqw ri shuirupdqfh wkdw rffxuv diwhu wkh idfw1 Wkh ghfl0

vlrq wr whqxuh d surihvvru lv pdgh dw wkh hqg ri wkh shulrg/ dqg lv edvhg rq

sdvw shuirupdqfh1 L dujxh wkdw wklv rffxuv iru wkh vlpsoh uhdvrq wkdw lw lv

lpsrvvleoh wr zulwh hyhq d vpdoo vxevhw ri wkh vx!flhqw fulwhuld wkdw zrxog

hyhqwxdoo| uhvxow lq surprwlrq1 Wkxv wkh hpsor|hu xvhv d frqwudfw lq zklfk

d kljk ohyho ri shuirupdqfh lv h{shfwhg h{ dqwh/ exw wkh hydoxdwlrq ri wklv

shuirupdqfh lv ghod|hg xqwlo diwhu wkh hpsor|hh kdv fkrvhq khu h�ruw1

Wkh edvlf prgho iroorzv G|h +4<;8,*v lghd wkdw wudqvdfwlrqv frvwv dulvh

iurp dgglqj frqwudfw frqwlqjhqflhv1 Krzhyhu/ lq klv prgho lw lv wkh frvw ri
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zulwlqj dgglwlrqdo fodxvhv/ zkloh khuh wkh frvwv dulvlqj iurp vlpso| wklqnlqj

derxw ru frqvlghulqj gl�huhqw srvvleoh frqwlqjhqflhv1 Lq vhfwlrq 5 L ehjlq

zlwk wkh pxowl0wdvnlqj prgho ri Kropvwuùp dqg Plojurp +4<<4,/ dqg vkrz

wkdw hyhq zlwk lq�qlwhvlpdoo| vpdoo frvwv shu frqwudfw frqwlqjhqf|/ frqwudfwv

duh olnho| wr eh lqfrpsohwh ehfdxvh wkhlu frpsoh{lw| lv dq h{srqhqwldo ixqf0

wlrq ri wkh qxpehu ri wdvnv1 Wkhuhiruh frqwudfw lqfrpsohwhqhvv dulvhv iurp

erxqghg udwlrqdolw| dqg wkh frvwv ri fduu|lqj rxw wkh fduhixo sodqqlqj wkdw

Pdfdxoh| +4<96, flwhv dv ehlqj nh| wr d jrrg frqwudfw:1

Lq vhfwlrq 6 wkh fkdudfwhulvwlfv ri dq rswlpdo lqfrpsohwh frqwudfw duh

glvfxvvhg1 Zkhq wkh qxpehu ri gl�huhqw wdvnv +ru htxlydohqwo| phdvxuhv ri

rxwsxw, lv yhu| vpdoo wkhq zh vkrxog h{shfw wr vhh frqwlqjhqw frqwudfwv1 H{0

dpsohv ri wklv lqfoxgh slhfh udwhv ru frpplvvlrqv1 Wkh prghov dovr suhglfwv

wkdw dv wkh ydoxh ri wkh uhodwlrqvkls lqfuhdvhv/ wkhq wkh qxpehu ri frq0

wlqjhqw fodxvhv vkrxog lqfuhdvh/ d uhvxow wkdw lv frqvlvwhqw zlwk Pdfdxoh|*v

revhuydwlrqv ri wkh frpsoh{lw| ri zulwwhq frqwudfwv1

Vhfwlrq 8 glvfxvvhv krz wkh hpsor|phqw uhodwlrqvkls fdq surylgh dq h!0

flhqw vroxwlrq wr wkh sureohp ri frqwudfw frpsoh{lw|;1 Xvlqj wkh hpsor|phqw

prgho ri PdfOhrg dqg Pdofrpvrq +4<;<, L vkrz wkdw li wkhuh duh vx!flhqw

uhqwv lq d uhodwlrqvkls/ wkhq dq djuhhphqw wkdw grhv qrw h{solflwo| vshfli|

h{shfwdwlrqv h{ dqwh/ exw mxgjhv wkh zrunhu*v shuirupdqfh h{ srvw/ pd| eh

dq h!flhqw dowhuqdwlyh wr dq h{solflw frqwlqjhqw frqwudfw1 Wklv uhvxow dovr

looxvwudwhv krz wkh fxuuhqw prgho pd| surylgh d irxqgdwlrq iru wkh lqfrp0

sohwh frqwudfwv prgho lqwurgxfhg e| Jurxw +4<;7, dqg Jurvvpdq dqg Kduw

+4<;9,1 Wklv uhodwlrqvkls lv glvfxvvhg lq wkh frqfoxvlrq1

5 D Pxowl0Wdvnlqj Prgho ri H{fkdqjh

Frqvlghu wkh iroorzlqj pxowl0shulrg yhuvlrq ri wkh Kropvwuùp dqg Plojurp

+4<<4, pxowl0wdvnlqj prgho1 Hdfk shulrg d sulqflsdo kluhv dq djhqw wr sur0

gxfh d frpsoh{ jrrg ghvfulehg e| d yhfwru ri lqsxw wdvnv | 5 ?& = Wkh

djhqw kdv d wrwdo wlph +ru h�ruw, hqgrzphqw \ wkdw pxvw eh glylghg dprqj

wkh n wdvnv1 Wkh ehqh�w iurp doorfdwlqj |� xqlwv wr wdvn l lv �|�> zkhuh �

lv d udqgrp yduldeoh uhsuhvhqwlqj wkh pdujlqdo ehqh�w ri wdvn l zlwk ydo0

xhv wdnhq iurp
�
d�> ===> d?

�
1 Lw lv dvvxphg wkdw d� @ 3> dqg d�n� A d�> iru

l @ 4> ===> q � 4= Wkh shuvrqdo frvwv ri doorfdwlqj |� A 3 xqlwv ri h�ruw wr

:Qrwh wkdw wklv prgho lv gl�huhqw iurp d vwdqgdug djhqf| prgho zkhuh frqwudfw lq0
frpsohwhqhvv iroorzhv iup dv|pphwulf lqirupdwlrq + Vhh Kduw dqg Kropvwuùp +4<;:,,1

;Vhh Zlooldpvrq +4<:8, dqg Zlooldpvrq/ Zdfkwhu/ dqg Kduulv +4<:8, iru lqvljkwixo

glfxvvlrqv ri wkh hpsor|phqw uhodwlrqvkls/ wkh irup ri zklfk lv prwlydwhg lq sduw e| wkh
sureohp ri frqwudfwxdo lqfrpsohwhqhvv1
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wdvn l lv ��|
2
� . i> zkhuh � 5

�
e�> ===> e6

�
>uhsuhvhqwv d udqgrp yduldeoh zlwk

e�n� A e� A 3 iru l @ 4> ==>p � 4> dqg i � 3 lv d �{hg frvw1 Li qr h�ruw lv

doorfdwhg wr d wdvn wkhq wkh �{hg frvw lv }hur1 Ohw F+|, @
�
|2�> = = = > |

2
&

�A
>

k @ ^��> ===> �& ` dqg q @ ^��> ===> �&` uhsuhvhqw wkh yhfwruv ri frvw ixqfwlrqv/

surgxfwlylwlhv dqg frvw sdudphwhuv uhvshfwlyho|1 Ohw I +|, eh wkh wrwdo �{hg

frvwv dvvrfldwhg zlwk |= Wkhq wkh wrwdo frvw ri h�ruw wr wkh zrunhu lv jlyhq e|

qF+|, .I +|, > dqg wkh ydoxh ri wkh surgxfw lv jlyhq e| k|= Iru vlpsolflw|

vxssrvh wkdw wkh xqghuo|lqj sdudphwhuv duh lqghshqghqwo| dqg lghqwlfdoo|

glvwulexwhg hdfk shulrg1

Wkh uhohydqw vwdwh vsdfh lq shulrg w lv 
 @
��
d�> ===> d?

�
�
�
e�> ===> e6

��&
>

zlwk wkh suredelolw| ri hdfk vwdwh jlyhq e| � = 
 $ ?n= Li $ 5 
> wkhq $�
ghqrwhv wkh vwdwh +��> ��, 5

�
d�> ===> d?

�
�
�
e�> ===> e6

�
wkdw lv uhohydqw wr wdvn

l= Ixuwkhupruh zh vxssrvh wkdw wkh vhw ri srvvleoh vwdwhv uhohydqw iru wdvn l

lv fdq lqgh{hg e| wkh vhw
�
$��> $� 2> ===> $� ?63�> $� ?6

�
=

Wkh yhfwru | uhsuhvhqwv wkh vhw ri vhuylfhv surylghg e| wkh djhqw1 Oderu

vhuylfhv duh gl�huhqwldwhg iurp d sk|vlfdo frpprglw| lq wkdw wkh sulqflsoh

uhfhlyhv wkh ehqh�wv dv wkh| duh surgxfhg1 Li wkh djhqw zhuh surgxflqj d

sk|vlfdo frpprglw|/ wkhq hyhq lq wkh devhqfh ri d frqwudfw/ wkh djhqw frxog

zlwkkrog wkh jrrgv xqwlo d vdwlvidfwru| sulfh lv djuhhg xsrq1 Zlwk vhuylfh

jrrgv wudgh rffxuv dv lw lv surgxfhg/ dv iru h{dpsoh lq wkh fdvhv ri w|slqj

vhuylfhv/ whdfklqj vhuylfhv/ ru phglfdo vhuylfhv1 Wklv lpsolhv wkdw wkh jrrg

fdqqrw eh surgxfhg ehiruh qhjrwldwlrq ryhu frqwudfw whupv dqg frqglwlrqv/

dqg khqfh d frqwudfw ru djuhhphqw pxvw eh uhdfkhg ehiruh surgxfwlrq eh0

jlqv1 Wklv fuhdwhv d prwlyh iru frqwudfw irupdwlrq wkdw grhv qrw ghshqg rq

d wudgh0r� ehwzhhq ulvn dqg lqfhqwlyh1

Wkh irfxv ri wkh Kropvwuùp dqgPlojurp +4<<4, prgho lv rq wkh wudgh0r�

ehwzhhq wkh surylvlrq ri lqvxudqfh dqg lqfhqwlyhv lq d pxowl0wdvn hqylurq0

phqw1 Lq wkhlu prgho rqfh wkh frqwudfw lv �{hg/ wkh doorfdwlrq ri h�ruw wr

wdvnv lv ghwhuplqlvwlf1 Wklv prgho lqwhjudwhv wkh pxowl0wdvn vhwxs zlwk wkh

Vlprq +4<84, prgho zkhuh dw wkh wlph ri frqwudfwlqj lw lv qrw nqrzq krz wkh

zrunhu vkrxog doorfdwh khu wlph1 Wr kljkoljkw wkh uroh ri frqwudfw frpsoh{0

lw|/ dv rssrvhg wr sureohp ri phdvxuhphqw suhflvlrq/ L pdnh wkh h{wuhph

dvvxpswlrq wkdw d zrunhu*v doorfdwlrq ri h�ruw wr wdvnv lv shuihfwo| revhuyhg

h{ srvw/ dq dvvxpswlrq wkdw lv uhdvrqdeoh iru d qxpehu ri vlwxdwlrqv1

Iru h{dpsoh frqvlghu wkh mre ri d vxujhrq1 Dq rshudwlrq lv d vlwxdwlrq

zkhuh xqh{shfwhg hyhqwv riwhq rffxu gxulqj dq rshudwlrq wkdw uhtxluh lp0

phgldwh ghflvlrq pdnlqj dqg uhdoorfdwlrq ri h�ruw/ doo ri zklfk lv revhuyhg

e| wkh rwkhu lqglylgxdov lq wkh rshudwlqj wkhdwuh1 Dqrwkhu frpprq h{dp0

soh duh dwkohwhv rq d frpshwlwlyh whdp/ zkr pxvw frqvwdqwo| ghflgh krz
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wr uhvsrqg wr wkh dfwlrqv ri wkhlu rssrqhqwv1 D �uhpdq grhv qrw nqrz lq

dgydqfh zkhq kh ru vkh zloo fdoohg xsrq wr �jkw d �uh/ qru lw lv nqrzq lq

dgydqfh krz gl!fxow lw zloo eh wr �jkw wkh �uh1 Ghvslwh wklv/ wkh vhuylfhv

ri wkh �uhpdq duh frqwudfwhg lq dgydqfh ehiruh dq| �uhv rffxu1 Lq wkhvh

h{dpsohv rqh fdqqrw suhglfw ehiruh kdqg h{dfwo| zkdw wkh hpsor|hh zloo eh

fdoohg xsrq wr gr/ krzhyhu h{ srvw d juhdw ghdo ri lqirupdwlrq frqfhuqlqj

wkh dfwlrqv wdnhq lv dydlodeoh1

Lq vxppdu|/ L dvvxph wkdw k dqg q duh revhuyhg/ dv lv wkh fkrlfh | ri wkh

djhqw1 Wklv h{wuhph dvvxpswlrq vhuyhv wr kljkoljkw wkh vrxufh ri frqwudfw

frpsoh{lw|1 Wkh wlplqj ri wkh dfwlrqv lq shulrg w surfhhgv dv iroorzv=

41 Wkh sulqflsdo dqg djhqw hqwhu lqwr dq djuhhphqw rq frpshqvdwlrq dqg

h{shfwdwlrqv iru shuirupdqfh1

51 Wkh vwdwh ri wkh zruog $| 5 
 lv uhyhdohg1

61 Wkh djhqw ghflghv rq d yhfwru ri wdvnv ||=

71 Wkh sulqflsdo sd|v wkh djhqw Z|1

81 Erwk sulqflsdo dqg djhqw ghflgh zkhwkhu wr frqwlqxh wkh uhodwlrqvkls

ru qrw1

Wkh sd|r� wr wkh djhqw diwhu wkh vwdwh ri qdwxuh kdv ehhq uhyhdohg lv

jlyhq e|=

X| @Z| � qF +||,�I +||, . �H iX|n�j >

zkhuh � 5 +3> 4, lv wkh glvfrxqw idfwru dqg H iX|n�j wkh h{shfwhg ixwxuh

xwlolw|1 Wkh suhvhqw glvfrxqwhg ydoxh ri d sulqflsdo*v ixwxuh sur�wv iurp

hpsor|lqj wkh djhqw lv=

�| @ k|| �Z| . �H i�|n�j =

Lw lv dvvxphg wkdw wkh dfwlrqv dqg vwdwhv lq rqh shulrg gr qrw d�hfw wkh

dfwlrqv dqg vwdwhv lq wkh qh{w shulrg1 Hdfk shulrg wkh djhqw dqg sulqflsdo

kdyh dydlodeoh d pdunhw uhwxuq ri �x| dqg ��| uhvshfwlyho|1 Wkh| duh dovr

dvvxphg wr eh lq�qlwho| olyhg1

6 Vsrw Pdunhw Frqwudfwlqj dqg Frpsoh{lw|

Jlyhq wkdw surgxfwlrq lq hdfk shulrg lv lqghshqghqw ri surgxfwlrq lq rwkhu

shulrgv dqg wkhuh duh qr prwlyhv iru lqfrph vprrwklqj/ wkhq wkh uhodwlrqvkls

9



fdq lq sulqflsoh eh jryhuqhg e| d vhtxhqfh ri vsrw frqwudfwv1 Vxfk d frqwudfw

zrxog vshfli| zkdw wkh djhqw lv h{shfwhg wr gr lq hyhu| vwdwh wkdw rffxuv

zlwk srvlwlyh suredelolw|1 Lq h{fkdqjh iru vljqlqj wklv frqwudfw wkh djhqw lv

sdlg d vxp wkdw hqvxuhv khu xwlolw| iurp wklv frqwudfw lv ehwwhu wkdw wkhq khu

qh{w ehvw dowhuqdwlyh1 D frpsohwh frqwudfw lv d ixqfwlrq � = 
$ [ @ ?�?&>

zkhuh iru hdfk vwdwh $ 5 
> wkh ixqfwlrq �+$, @ +z +$, > | +$,, 5 [ gh�qhv

wkh zdjh sd|phqw dqg wkh rxwsxw h{shfwhg iurp wkh djhqw1 Dq h!flhqw

frpsohwh frqwudfw/ �W +$, @ +z+$,>| +$,, > lv wkh vroxwlrq wr wkh iroorzlqj

surjudp=

|+$, 5 dujpd{
)�

k|� �qF
�
|�
�
� I

�
|�
�
> vxemhfw wr= +4,

m|m �

&[
�'�

|�� @ \ / dqg +5,

z+$, @ �x .I +|+$,, . qF +| +$,, = +6,

Revhuyh wkdw gxh wr wkh dvvxpswlrq ri ulvn qhxwudolw|/ wkh rswlpdo vrox0

wlrq grhv qrw ghshqg rq wkh suredelolw| glvwulexwlrq ri vwdwhv1 Zlwkrxw

orvv ri jhqhudolw| lw lv dvvxphg wkdw wkh djhqw doorfdwhv doo h�ruw iurp wkh

wlph doorfdwlrq \= Dq| ohlvxuh wlph fdq eh gh�qhg dv doorfdwlqj h�ruw wr dq

xqsurgxfwlyh wdvn1

Wkh vroxwlrq wr wklv surjudp ehjlqv zlwk dq lqgh{ vhw N +$, � i4> ==> nj

ghqrwlqj wkh wdvnv wkdw kdyh srvlwlyh h�ruw ohyhov1 Wkh h�ruw dvvljqhg wr

wdvn l 5 N +$, lq vwdwh $ 5 
 jlyhq e|

|� +$, @ +�� � � +$,, @5��> +7,

zkhuh � +$, lv wkh pxowlsolhu dvvrfldwhg zlwk wkh wlph frqvwudlqwv/ dqg lv

jlyhq e|=

� +$, @
[

�MgE/�

��@5�� � \

/ [
�MgE/�

4@5��=

L gr qrw zlvk wr glvfxvv wkh frpsoh{lw| ri wklv vxesureohp h{fhsw wr

revhuyh wkdw �qglqj lwv vroxwlrq lv qrw zlwkrxw frvw1 Lq sduwlfxodu hyhq

zlwk wkh dydlodeoh gdwd/ wkh h{lvwhqfh ri d �{hg frvw lpsolhv wkdw wkhuh lv

d frpelqdwruldo sureohp uhtxluhg wr �qg wkh pl{ ri wdvnv wkdw vkrxog eh

jlyhq d srvlwlyh zhljkw1 Ohw � A 3 ghqrwh wkh surfhvvlqj frvw ri �qglqj

dq rswlpdo wdvn doorfdwlrq iru hdfk vwdwh1 Iru vlpsolflw| zh vxssrvh wkdw

zulwlqj lw grzq dv sduw ri d frqwudfw kdv qr frvw/ dqg khqfh doo frvwv lq wklv

prgho duh gxh wr wklqnlqj derxw ru frqvlghulqj wkh gl�huhqw srvvleoh hyhqwv

uhohydqw wr wkh uhodwlrqvkls1
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614 Frpsoh{lw|

D frqwudfw lv d ixqfwlrq iurp wkh vwdwhv ri wkh zruog wr wkh vhw ri srvvleoh

rxwfrphv1 Dv vxfk lw lv dq dojrulwkp wkdw wdnhv dv dq lqsxw wkh vshfl�fd0

wlrq ri wkh sureohp/ wkh qxpehu ri wdvnv n> dqg wkh qxpehu ri frvw dqg

surgxfwlylw| ohyhov/ p dqg q= Wkh frpsoh{lw| ri wkh frqwudfw lv d phdvxuh

ri wkh frvw ri ghvljqlqj/ zulwlqj dqg lpsohphqwlqj wkh frqwudfw dv d ixqf0

wlrq ri wkh gdwd ghvfulelqj wkh uhodwlrqvkls1 Wkh frqwudfw lv frpsohwh li lw

ghvfulehv wkh dfwlrqv wkdw duh wr eh wdnhq iru hdfk vwdwh ri qdwxuh1 Lq prvw

hpsor|phqw uhodwlrqvklsv wkhuh gr qrw h{lvw qxphulfdo phdvxuhv ri wkh frvwv

dqg ehqh�wv iru hdfk wdvn1 Iru h{dpsoh d grfxphqw qhhgv wr eh w|shg xs

lpphgldwho| e| d w|slvw zlwk d vhyhuh frog1 Krz grhv rqh phdvxuh qhhg

ru frvw lq wklv fdvhB Wkxv lw qrw srvvleoh wr zulwh d frqwudfw ri wkh irup=

�Jlyhq wkh revhuyhg vwdwh/ wkh djhqw lv uhtxluhg wr frpsxwh dqg dsso| wkh

rswlpdo pl{ ri h�ruw�1 Udwkhu/ L dvvxph wkdw iru hdfk fduhixoo| vshfl�hg

vwdwh lw lv srvvleoh wr ghvfuleh wkh dssursuldwh vhw ri dfwlrqv1 Lq wkh fdvh ri

wkh w|slvw/ wkh frqwudfw zrxog h{solflwo| ghvfuleh wkh vfhqdulr dqg srvvleo|

vwdwh wkdw wkh grfxphqw eh w|shg xs/ iroorzhg e| wkh w|slvw jrlqj krph iru

wkh uhvw ri wkh gd|1 Wkh frvw ri irupxodwlqj wklv frqwudfw lv wkh qxpehu ri

vwdwhv wlphv wkh frvw ri �qglqj wkh rswlpdo h�ruw doorfdwlrq iru hdfk vwdwh1

Lq wklv vslulw wklv frvw ri frpsohwh frqwudfw lv vxppdul}hg lq wkh iroorzlqj

sursrvlwlrq1

Sursrvlwlrq 4 Wkh frvw ri lpsohphqwlqj wkh frpsohwh frqwudfw surfhgxuh

zkhq doo vwdwhv rffxu zlwk srvlwlyh suredelolw| lv q&p&�=

Zkdw lv lpphgldwho| fohdu lv wkdw lq sudfwlfh rqh uduho| lpsohphqwv vxfk

d frqwudfw1 Vxssrvh wkdw wkh frvw ri zulwlqj d frqwudfw fodxvh iru hdfk vwdwh

lv 4 fhqw uhjdugohvv ri wkh qxpehu ri wdvnv1 Ixuwkhu vxssrvh wkdw wkh qxpehu

ri frvw dqg shuirupdqfh ohyhov duh wkh vdph +q @ p,1 Wkh iroorzlqj wdeoh

suhvhqwv wkh frvw ri d frpsohwh frqwudfw dv d ixqfwlrq ri wkh qxpehu ri wdvnv

dqg h�ruw ohyhov1

Dv rqh fdq vhh iurp wdeoh 4/ zkhq wkhuh duh d uhdvrqdeoh qxpehu ri wdvnv/

hyhq zlwk d vpdoo qxpehu ri shuirupdqfh ohyhov/ wkh frvw ri d frpsohwh vwdwh

frqwlqjhqw frqwudfw lv dvwurqrplfdo1 Revhuyh wkdw frqwudfw frvwv duh dq

h{srqhqwldo ixqfwlrq ri wkh qxpehu ri wdvnv1 Vlqfh wkh lpsruwdqw zrun ri

Hgprqgv +4<98,/ Frrn +4<:4,/ dqg Ndus +4<:4, lw lv zlgho| uhfrjql}hg wkdw

sureohpv zkrvh frpsoh{lw| lv h{srqhqwldo lq sureohp vl}h duh h�hfwlyho|

lqwudfwdeoh1 Wklv wdeoh surylghv d ylylg looxvwudwlrq ri wklv srlqw1 Dv lq

G|h +4<;8,/ L vxssrvh wkdw lv wkh frvw ri frqvlghulqj hdfk frqwlqjhqf| wkdw

h{sodlqv zk| frqwudfwv duh lqfrpsohwh1 Krzhyhu lq G|h*v prgho wkh vsdfh ri
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Qxpehu ri Frvw dqg Qxpehu ri Wdvnv

Shuirupdqfh Ohyhov 5 8 43 48

5 '3149 '43 '43/333 '43 ploolrq

6 '31;4 '933 '68 ploolrq '5 wuloolrq

7 '5189 '43/333 '44 eloolrq '44/333 wuloolrq

8 '9158 '433/333 '4333 eloolrq '43 ploolrq wuloolrq

Frvw ri frqvlghulqj

d frqwlqjhqf|= 4 fhqw

Wdeoh 4= Frvw ri d Frpsohwh Vwdwh Frqwlqjhqw Frqwudfw

frqwlqjhqflhv lv lq�qlwh/ dqg wkhuhiruh frqwudfwv duh qhfhvvdulo| lqfrpsohwh

lq doo fdvhv1 Lq wklv prgho L dp kljkoljkwlqj wkh uroh ri pxowl0wdvnlqj dv wkh

vrxufh ri frqwudfwlqj frvwv1 Lq wdeoh +5, wkh vdph gdwd lv suhvhqwhg lq whupv

ri wlph frvwv/ zlwk wkh vdph hylghqw lpsolfdwlrq1

Qxpehu ri Frvw dqg Qxpehu ri Wdvnv

Shuirupdqfh Ohyhov 5 8 43

5 3=3 49 vhf1 4 vhf1 4: plq1

6 3=3 ;4 vhf 4 plq1 73 gd|v

7 3= 589 vhf1 4: plq1 69 |hduv

8 3= 958 vhf 5= : ku 6468 |hduv

Wlph wr frqvlghu

d vlqjoh vwdwh= 4 ploolvhfrqg

Wdeoh 5= Wlph Uhtxluhg wr Wklqn Derxw Doo Srvvleoh Vwdwhv

7 Wkh Irupdwlrq ri Lqfrpsohwh Frqwudfwv

Frqwudfwv iru vhuylfhv wkdw uhtxluh dq h{ srvw doorfdwlrq ri h�ruw dprqj

vhyhudo wdvnv duh qhfhvvdulo| lqfrpsohwh1 Lq wkh wklv vhfwlrq L h{soruh rqh

zd| wr prgho wkh surfhvv ri frqwudfw irupdwlrq xqghu erxqghg udwlrqdolw|

dqg fkdudfwhul}h vrph ri wkh surshuwlhv ri wkh uhvxowlqj lqfrpsohwh frqwudfw1

Lw lv xqolnho| wkdw rqh fdq fdswxuh wkh ulfkqhvv ri wkh frqwudfwlqj surfhgxuh

lq dq| irupdo prgho1 Udwkhu p| dlp lv wr looxvwudwh d zd| ri prghoolqj

erxqghgo| udwlrqdo fkrlfh wkdw kdv lpsolfdwlrqv wkdw duh qrw lqfrqvlvwhqw

zlwk vrph ri wkh fkdudfwhulvwlfv ri frqwudfwv zh revhuyh lq sudfwlfh1 Wkh

�hog ri frjqlwlyh vflhqfh kdv kljkoljkwhg wkh idfw wkdw kxpdqv xvh d ydulhw|
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ri whfkqltxhv wr wklqn derxw dqg vwuxfwxuh wkh zruog durxqg wkhp1 Khuh L

frqvlghu wkh lpsolfdwlrq ri prghoolqj wkrxjkw dv d vhdufk surfhvv/ wkh rqh

whfkqltxh/ dv srlqwhg rxw e| Qhzhoo +4<<3,/ wkdw lv frqvlghuhg fhqwudo wr dq|

prgho ri ghflvlrq pdnlqj1

Wkrxjkw pxvw surylgh d zd| wr rujdql}h uh hfwlrq ryhu d vpdoo vxevhw

ri srvvleoh vwdwhv/ d surfhvv wkdw fdq prghoohg xvlqj vhdufk rq d judsk<1 D

sdudgljp h{dpsoh ri wklv wkrxjkw surfhvv lv wkh jdph ri fkhvv1 Li rqh zhuh wr

dqdo|}h wkh jdph ri fkhvv iurp d Ed|hvldq shuvshfwlyh/ wkhq wkhuh pxvw h{lvw

d suredelolw| phdvxuh ryhu doo srvvleoh srvlwlrqv1 Wklv lv fohduo| lpsrvvleoh1

Zkhq pdnlqj d pryh/ d sod|hu xvhv wkh uxohv ri fkhvv wr frqvwuxfw d yhu|

vpdoo vxevhw ri srvvleoh vfhqdulrv/ dqg wkhq fkrrvhv d pryh frqvlvwhqw zlwk

rqh ri wkhvh vfhqdulrv1

Erxqghg udwlrqdolw| lv prghoohg e| vxssrvlqj wkdw djhqwv duh xqdeoh

wr frqvlghu h{ dqwh krz wr doorfdwh h�ruw iru doo uhohydqw hyhqwv1 Wklv lv

prghoohg e| vxssrvlqj wkdw wkh sulqflsdo dqg djhqw ehjlq wr wklqn derxw

wkh srvvleoh hyhqwv wkdw pljkw rffxu iru hdfk wdvn lq wxuq1 L vkdoo qrw prgho

krz wdvnv duh rughuhg/ lw pljkw eh udqgrp ru h{shulhqfh pljkw vxjjhvw wkdw

vrph wdvnv duh pruh lpsruwdqw dqg khqfh vkrxog eh frqvlghuhg �uvw1 Vlpso|

ohw wkh wdvnv eh odehoohg vr wkdw wkh| fruuhvsrqg wr wkh rughu ri h{dplqdwlrq/

wkdw lv wkh djhqwv frqvlghu �uvw wdvn 4> wkhq wdvn 5 dqg vr rq1

Dv dq h{dpsoh frqvlghu wkh fdvh zlwk wzr surgxfwlylw| ohyhov +q @ 5, dqg

wzr frvw ohyhov +p @ 5, = Ehjlqqlqj dw wkh urrw ri wkh vhdufk wuhh zlwk wkh vxuh

hyhqw 
> wkh djhqw frqvlghuv wkh gl�huhqw srvvleoh vwdwhv wkdw duh uhohydqw

wr wklv wdvn 4 =
�
$��> $�2> $��> $�e

�
+vhh wkh vhdufk judsk looxvwudwhg lq �jxuh

+4,1 Li vhdufk zhuh wr vwrs dw wklv srlqw/ wkhq wkh frqwudfw zrxog vshfli|

wkdw doo h�ruw eh doorfdwhg wr wdvn rqh/ zlwk frpshqvdwlrq ghshqglqj rq wkh

frvw ri h�ruw +��\
2 . i,1 Ohw wklv doorfdwlrq eh ghqrwhg {�� 5 [= Olplwhg

vhdufk lpsolhv wkdw wkh frqwudfw zrxog qrw ghshqg rq wkh surgxfwlylw| dqg

frvw uhdol}dwlrqv iru wkh rwkhu wdvnv1 Wkhuhiruh � +$, @ {�� iru doo $ 5 D� /

zkhuh D� @
�
$ 5 
m$� @ $��

�
> dqg khqfh wkh frqwudfw lv phdvxudeoh zlwk

uhvshfw wr wkh sduwlwlrq iD�>D2>D�>Dej =

Wklv olplwhg vhdufk surfhvv kdv d qxpehu ri lqwhusuhwdwlrqv1 Iru h{dp0

soh/ rq d frqvwuxfwlrq vlwh/ wkh hpsor|phqw frqwudfw pd| uhtxluh zrunhuv

wr wdnh fhuwdlq suhfdxwlrqv1 Wkhvh suhfdxwlrqv pd| qrw fryhu doo srvvleoh

suhfdxwlrqv wkdw rqh pd| wdnh/ dqg khqfh wkh ohyho ri vdihw| lv olnho| wr eh

lqfrpsohwh1 Lq sudfwlfh zkdw zh revhuyh lv wkdw suhfdxwlrqv/ vxfk dv zhdulqj

<Vhh Shduo +4<;7, iru dq h{fhoohqw lqwurgxfwlrq wr dojrulwkpv wkdw xvh vhdufk lq ghflvlrq
pdnlqj1 Vhh PdfOhrg +4<<8, iru d pruh ghwdlohg dssolfdwlrq ri wkhvh lghdv wr hfrqrplf

ghflvlrq pdnlqj1
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d vdihw| kdw/ duh fduulhg rxw dv rqh jdwkhuv h{shulhqfh zlwk gl�huhqw nlqgv

ri dfflghqwv1

Wklv dssurdfk lv frqvlvwhqw zlwk wkh Vdydjh +4<:5, ylhz wkdw lqglylgxdov

wklqn derxw wkh zruog lq whupv ri d olplwhg qxpehu ri hyhqwv uhodwlyh wr

wkh frpsohwh vwdwh vsdfh1 L dvvxph wkdw djhqwv fdq dvvljq suredelolwlhv wr

hyhqwv wkdw kdyh ehhq h{dplqhg/ exw wkdw wkhvh suredelolwlhv duh h{solflwo|

qrw frqglwlrqdo suredelolwlhv lq wkh vhqvh wkdw wkh| duh ghulyhg iurp wkh

suredelolw| glvwulexwlrq �=

Iljxuh 4= Vhdufk Judsk

Wklv frqwudfw lv lqfrpsohwh lq wkh vhqvh wkdw ixuwkhu uh hfwlrq pd| uhvxow

lq pruh ghwdlo1 Iru h{dpsoh wkh djhqwv pd| ihho wkdw hyhqw D� lv kljko|

olnho| wr rffxu/ wkxv wkh| frqvlghu krz h�ruw pljkw eh doorfdwhg wr d vhfrqg

wdvn jlyhq wklv hyhqw1 Dv looxvwudwhg lq �jxuh +4,/ hyhqw D� fdq eh ixuwkhu

glylghg lqwr hyhqwv ri wkh irup D��> fruuhvsrqglqj wr wkh vwdwh $
�� iru wdvn

4 dqg $2� iru wdvn 51 Lq wklv fdvh d fodxvh iru hyhqw D� lv uhsodfhg e| irxu

fodxvhv iru hyhqwv D�� wr D�e= Dv looxvwudwhg lq �jxuh +4, wkh wrwdo qxpehu

ri fodxvhv lq wkh frqwudfw lv wkhq :1 Iru hyhqwv lq iD�>D2>Dej doo h�ruw

lv doorfdwhg wr wdvn 4/ zkloh iru hyhqwv lq iD��>D�2>D��> D�ej wkh frqwudfw

doorfdwhv h�ruw rswlpdoo| ehwzhhq wdvnv 4 dqg 5= Wklv wkh vhdufk surfhvv lq

wklv fdvh uhvxowv lq d frqwudfw wkdw lv phdvxudeoh zlwk uhvshfw wr wkh sduwlwlrq

iD�>D2>De>D��> D�2>D��>D�ej = Wkh qxpehu vhwv lq wklv sduwlwlrq lv xvhg wr

phdvxuh wkh frpsoh{lw| ri wkh frqwudfw1
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Wr vxppdul}h frqwudfw irupdwlrq lv prghoohg zlwk wkh iroorzlqj wzr vwhs

surfhgxuh=

41 Ehjlqqlqj zlwk wkh urrw 
> d olplwhg vhdufk ryhu wkh vhw ri srvvleoh

hyhqwv rffxuv uhvxowlqj lq d sduwlwlrq S ri 
= Ohw mS m eh wkh qxpehu ri

hyhqwv lq S= Wklv gh�qhv d phdvxuh ri wkh frpsoh{lw| ri wkh frqwudfw1

51 D frqwudfw lv vljqhg wkdw lv phdvxudeoh zlwk uhvshfw wr S= Wkdw lv hdfk

hyhqw lq S fruuhvsrqgv wr d zhoo gh�qhg doorfdwlrq ri h�ruw1

Qrwlfh wkdw wklv gh�qlwlrq ri frpsoh{lw| lv gl�huhqw iurp G|h +4<;8,/

zkhuh frpsoh{lw| lv htxdo wr wkh qxpehu ri zulwwhq frqwlqjhqflhv1 D frqwudfw

pd|/ diwhu d juhdw ghdo ri frqvlghudwlrq/ vshfli| wkh vdph doorfdwlrq iru hdfk

hyhqw1 Lq wkdw fdvh wkh frqwudfw lwvhoi zrxog kdyh d vpdoo qxpehu ri fodxvhv/

krzhyhu lw pd| kdyh wdnhq d juhdw ghdo ri wlph wr uhdfk dq djuhhphqw gxh

wr wkh pdq| fdvhv wkdw zhuh frqvlghuhg1 1

Wkh gh�qlwlrq lv dovr gl�huhqw iurp wkh qrwlrq ri frpsoh{lw| lpsolflw lq

Vhjdo +4<<8,1 Kh vkrzv wkdw zkhq wkh qxpehu ri vwdwhv lq d sduwlfxodu prgho

ri h{fkdqjh lv yhu| odujh wkh rswlpdo doorfdwlrq dssurdfkhv wkh rxwfrph

jlyhq e| d vlpsoh �{hg sulfh frqwudfw1 Wkh surri ri wklv uhvxow lv lqjhqlrxv

dqg gl!fxow1 Iurp wkh srlqw ri ylhz ri wkh fxuuhqw prgho L zrxog dujxh

wkdw wkrxjk wkh rswlpdo frqwudfw kdv d vlpsoh irup/ lw lv yhu| frpsoh{1

Dw hyhu| srlqw ehiruh wkh olplw lv dfklhyhg/ wkh rswlpdo frqwudfw zrxog lq

sulqflsoh ghshqg rq doo vwdwhv ri qdwxuh1 Wkxv wkh xqghuo|lqj uhdvrqlqj xvhg

wr ghwhuplqh wkh frqwudfw lv gl!fxow dqg frpsoh{1

Lw lv yhu| xqolnho| wkdw lq sudfwlfh djhqwv lq wkh zruog prghoohg e| Vhjdo

zrxog xvh d vlpsoh frqwdfw ehfdxvh wkh| xqghuvwrrg lw zdv forvh wr rswlpdo1

Lq rughu wkdw klv prgho h{sodlq wkh xvh ri vlpsoh lqfrpsohwh frqwudfwv rqh

zrxog qhhg wr xqghuvwdqg wr zkdw h{whqw klv prgho lv d jhqhulf uhsuhvhqwd0

wlrq ri frpsoh{ h{fkdqjh1 Li lw zhuh jhqhulf/ wkhq klv uhvxow vxjjhvwv wkdw

lq d frpshwlwlyh zruog djhqwv xvlqj vlpsoh �{hg sulfh uxohv zrxog vxuylyh/

hyhq li wkh| glg qrw xqghuvwdqg wkh uhdvrqv iru xvlqj wkhvh uxohv1

Lq frqwudvw/ wkh uroh ri wkh fxuuhqw prgho wr xqghuvwdqg wkh olplwv lp0

srvhg e| d frqvflrxv surfhvv ri frqwudfw fkrlfh1 Lq wklv uhjdug/ d frqwdfw lv

lqfrpsohwh li mS m ? m
m= Iurp wkh wdeohv lq wkh suhylrxv vhfwlrq lw lv fohdu

wkdw frqwudfwv duh olnho| wr eh yhu| lqfrpsohwh zkhq wkhuh lv d vljql�fdqw

hohphqw ri pxowl0wdvnlqj1 Wzr lvvxhv fdq eh dgguhvvhg zlwklq wkh frqwh{w

ri wklv prgho1 Iluvw zkdw lv wkh wudgh0r� ehwzhhq wkh frvw ri dgglqj pruh

frqwudfw whupv dqg wkh ehqh�w lq whupv ri dq lqfuhdvhg sd|r�B Vhfrqgo|/

krz fdq dq hpsor|phqw uhodwlrqvkls plwljdwh vrph ri wkh frvwv dvvrfldwhg

zlwk lqfrpsohwh frqwudfwvB
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Frqvlghu wkh iroorzlqj euxwh irufh dssurdfk wr frqwudfw irupdwlrq1 Vhdufk

rffxuv dv looxvwudwhg lq �jxuh +4,/ zlwk S, ghqrwlqj wkh sduwlwlrq ri wkh vwdwh

vsdfh diwhu wkh hyhqwv fkdudfwhul}lqj wkh surgxfwlylw| dqg frvw ohyhov iru wkh

�uvw o wdvnv kdyh ehhq h{dplqhg1 Pruh irupdoo|=

S, @
q
D 5 5lm iru doo i�> �j >

�
��> ��

�
5 D> �� @ ���> �� @ ���> l 5 i4> ==> oj

r
=

Lq wklv fdvh wkh frpsoh{lw| dv d ixqfwlrq ri o lv mS,m @ +qp,, = Lq frqvwuxfw0

lqj wkh sduwlwlrq lq wklv zd|/ rqh lv irfxvlqj rq wkh h�hfwv ri wkh �uvw o

wdvnv1 Wkhuhiruh wkh h{solflw frqwudfw edvhg rq S, ljqruhv wkh lpsdfw ri hi0

iruw dvvljqhg wr wdvnv o.4 dqg deryh1 Wklv hqvxuhv wkdw wkh frpsxwdwlrq ri

uhzdugv lv lwvhoi ihdvleoh ehfdxvh zh gr qrw uhtxluh h{shfwdwlrqv wr eh wdnhq

zlwk uhvshfw wr wkh ixoo vwdwh vsdfh1 Wkh rswlpdo frqwudfw zlwk uhvshfw wr

hyhqwv D 5 S, lv ghqrwhg �W, +D, @ +z +D, >|W, +D,, > dqg lv gh�qhg dv wkh

vroxwlrq wr=

|,W +D, @ duj pd{
�)�'t

+
,[

�'�

q
��|� � ��|

2
�

r
�I +|,

,
>

i+��> ��, > ===> +�,> �,, > $,n�> ===> $?&6&j 5 D>

z+$, @ �x. w +|+$,, i .qF +| +$,, =

Qrwlfh wkdw qr lqirupdwlrq frqfhuqlqj wdvn o wr n lv xvhg wr ghwhuplqh wkh

frqwudfw/ qru gr djhqwv qhhg eholhiv ryhu wkh suredelolw| ri gl�huhqw hyhqwv1

Eholhiv duh lpsruwdqw iru wkh ghwhuplqdwlrq ri krz pxfk vhdufk lv rswl0

pdo1 Lq d pdqqhu wkdw lv frqvlvwhqw zlwk wkh vhdufk surfhvv/ vxssrvh wkdw

djhqwv frqvwuxfw suredelolw| eholhiv dv hyhqwv duh h{soruhg1 Ohw �, ghqrwh

wkhvh eholhiv ryhu wkh sduwlwlrq S,= Jlyhq wklv phdvxuh wkhq wkh h{ dqwh

uhwxuq wr wkh frqwudfw �W, jurvv ri frqwudfw frvwv lv gh�qhg e|=

Y W
, @

[
�M�,

+
,[

�'�

q
��|

,W
� +D,� ��|

,W
� +D,2

r
�I

�
|,W +D,

�,
�, +D, =

L gr qrw sursrvh d prgho ri eholhi irupdwlrq khuh/ exw L gr qhhg vrph

vwuxfwxuh rq eholhiv li wkh sd|r�v zlwk gl�huhqw ohyhov ri vhdufk duh wr eh

frpsdudeoh1 Frqvlvwhqw zlwk Vdydjh +4<:5,*v vpdoo zruog prgho ri wkh odujh

zruog/ L vxssrvh wkdw uh�qhphqwv ri wkh lqirupdwlrq vhwv gr qrw fkdqjh dq

lqglylgxdov eholhi frqfhuqlqj dq douhdg| h{soruhg hyhqw43=

Gh�qlwlrq 5 Wkh eholhiv �, duh frkhuhqw iru doo o � 4 li iru doo n ? o>

�& +D, @ � , +D, ;D 5 S& =

43Vhh vhfwlrq 818 ri Vdydjh +4<:5,1

46



Wklv dvvxpswlrq hqvxuhv wkdw wkh lqyhvwljdwlrq ri pruh wdvnv grhv qrw

d�hfw wkh eholhiv frqfhuqlqj wkh suredelolw| ri suhylrxvo| h{dplqhg hyhqwv1

Lq wkh fdvh wkdw surgxfwlylw| vkrfnv duh lqghshqghqw hyhqwv/ wkhq wkh h{dp0

lqdwlrq ri dgglwlrqdo wdvnv zrxog qrw ohdg wr d uhylvlrq ri hduolhu eholhiv1 Lq

wklv fdvh wkh dvvxpswlrq grhv qrw lpsolflwo| lpsrvh dgglwlrqdo udwlrqdolw|1

Ri frxuvh wklv dvvxpswlrq lv dozd|v vdwlv�hg lq wkh fdvh wkdw djhqw*v eholhiv

duh fkdudfwhul}hg e| d suredelolw| phdvxuh ryhu wkh ixoo vwdwh vsdfh1 Krzhyhu

wklv odwhu dvvxpswlrq lv pxfk vwurqjhu wkdq zh qhhg/ dqg lqfrqvlvwhqw zlwk

erxqghg udwlrqdolw|1 Dq lpsolfdwlrq ri wklv plqlpdo ohyho ri frqvlvwhqf|

rq eholhiv lv wkdw lqfuhdvlqj wkh frpsoh{lw| ri d frqwudfw xqdpeljxrxvo|

lqfuhdvhv wkh h{shfwhg jdlqv1

Sursrvlwlrq 6 Vxssrvh wkdw eholhiv duh frkhuhqw wkhq wkh wrwdo jdlq/ Y W
, > lv

lqfuhdvlqj lq o= Li doo vwdwhv rffxu zlwk srvlwlyh suredelolw|/ wkh uhdol}dwlrqv

iru hdfk wdvn/ $& duh lqghshqghqw dqg lghqwlfdoo| glvwulexwhg/ dqg i @ 3 wkhq

Y W
, lv vwulfwo| lqfuhdvlqj lq o=

Surri1 Wkh dvvxpswlrq ri frkhuhqfh hqvxuhv wkdw lqfuhdvlqj wkh qxpehu

ri wdvnv vwxglhg grhv qrw uhvxow lq d uhylvlrq ri suhylrxv eholhiv/ dqg khqfh

H iY W
& mo A n wdvnv kdyh ehhq h{dplqhgj @ Y W

& 1 Wkh �uvw sduw iroorzv lp0

phgldwho| iurp wkh idfw wkdw lqfuhdvlqj o> lqfuhdvhv wkh fkrlfh vhw/ zlwkrxw

lpsrvlqj dgglwlrqdo frvwv1 Zkhq �{hg frvwv i duh }hur/ wkhq iurp wkh �uvw

rughu frqglwlrqv 7 lw lv h!flhqw wr vsuhdg h�ruw ryhu doo htxdoo| surgxfwlyh

wdvnv1 Wkh l1l1g1 dvvxpswlrq hqvxuhv wkdw dgglwlrqdo wdvnv duh h{shfwhg wr

eh dv surgxfwlyh dv wkh hduolhu wdvnv/ wkxv lqfuhdvlqj wkh qxpehu ri wdvnv

dydlodeoh vwulfwo| lqfuhdvhv wkh h{shfwhg uhwxuqv1

Wkxv djhqwv kdyh dq lqfhqwlyh wr lqfuhdvh wkh frpsoh{lw| ri wkh frqwudfw

xqwlo wkh ehqh�wv rxwzhljk wkh frvwv1 Dv glvfxvvhg vhfwlrq +6,/ L vxssrvh wkdw

wkh rqo| frqwudfwlqj frvw lv wkh rqh dvvrfldwhg zlwk ghwhuplqlqj wkh rswlpdo

dfwlrq jlyhq dq hyhqw D= Wklv frvw lv olnho| wr lqfuhdvh dv wkh qxpehu ri wdvnv

wr eh frqvlghuhg lqfuhdvhv1 Krzhyhu/ wkh hvvhqwldo srlqw fdq eh looxvwudwhg

xqghu wkh k|srwkhvlv wkdw wkh frvw ri d frqwudfw lv d olqhdu ixqfwlrq ri wkh

wlph uhtxluhg wr frqvlghu hdfk hyhqw/ ru � mS,m = Wkh ehvw lqfrpsohwh frqwudfw

dq djhqw lv gh�qhg dv iroorzv=

Gh�qlwlrq 7 Wkh ehvw frqwudfw lv jlyhq e| �W,W > zkhuh o
W vdwlv�hv=

Y W
, � �,mS,m ? Y W

,n� � �,n�mS,n�m>;o ? oW>

Y W
,W � �,W mS,W m ? Y W

,Wn� � �,Wn�mS,Wn�m=
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Jlyhq wkdw djhqwv gr qrw nqrz doo wkh srvvleoh vwdwhv/ wkhq wkh| fdqqrw

joredoo| rswlpl}h dv zrxog d Ed|hvldq ghflvlrq pdnhu1 Wkh ehvw frqwudfw lv

irxqg e| wkh djhqwv frqwlqxlqj wr frqvlghu dgglwlrqdo wdvnv dqg hyhqwv xqwlo

wkh frvw ri ixuwkhu vhdufk rxwzhljkv wkh ehqh�w1 Wkh ehqh�w dqg frvw dv d

ixqfwlrq ri wkh qxpehu ri wdvnv lv looxvwudwhg lq �jxuh +5, iru wkh fdvh ri wzr

shuirupdqfh dqg frvw ohyhov zkhq � lv '433H1 Wkh eduv rq wkh ehqh�w olqh

lqglfdwh rqh vwdqgdug ghyldwlrq +lw lv dvvxphg wkdw hdfk vwdwh rffxuv zlwk

htxdo suredelolw|,1

Iljxuh 5= Ehqh�w dqg Frvw ri Frqwudfw Frpsoh{lw|

Lqglylgxdov kdyh d olplwhg wlph uhvrxufh wr doorfdwh wr gl�huhqw wdvnv/

dqg wkhuhiruh wkh ehqh�wv iurp lqfuhdvlqj frqwudfw frpsoh{lw| duh erxqghg1

Jlyhq wkdw frqwudfwlqj frvwv ulvh zlwkrxw olplw dv wkh qxpehu ri wdvnv lq0

fuhdvh rqh fdq lpphgldwho| ghgxfh=

Sursrvlwlrq 8 Vxssrvh wkdw iru hdfk wdvn wkhuh duh dw ohdvh wzr uhohydqw
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vwdwhv +qp � 5 ,/ wkhq iru d vx!flhqwo| odujh qxpehu ri wdvnv wkh ehvw

frqwudfw lv lqfrpsohwh1

Surri1 Jlyhq wkdw wdvn surgxfwlylwlhv dqg frvwv kdyh d erxqghg vxssruw/

dqg wkh dprxqw ri h�ruw dydlodeoh lv frqvwudlqhg e| \ wklv lpsolhv wkdw

olp,<" Y, @ Y 4@ � �?\= Wklv frpelqhg zlwk wkh prqrwrqlf lqfuhdvh lq

frqwudfw frvwv dv ixqfwlrq ri o lpsolhv wkdw wkh ehvw frqwudfw lq lqfrpsohwh1

Lq wkh zrun ri G|h +4<;8, lw lv qrw fohdu zk| wudqvdfwlrqv frvwv vkrxog

vljql�fdqwo| olplw wkh frpsohwhqhvv ri frqwudfwv1 Wklv prgho kljkoljkwv wkdw

idfw wkdw hyhq zlwk qhjoljleo| vpdoo wudqvdfwlrqv frvwv/ zh fdq h{shfw frq0

wudfwv wr eh yhu| lqfrpsohwh lq wkh suhvhqfh ri pxowl0wdvnlqj1 Krzhyhu/

Pdfdxoh| +4<96, dovr revhuyhv wkdw uhodwlrqvklsv wkdw lqyroyh wkh h{fkdqjh

ri pruh ydoxdeoh frpprglwlhv whqg wr kdyh pruh frpsoh{ frqwudfwv +kh flwhv

wkh h{dpsoh ri wkh 733 sdjh vdohv frqwudfw iru wkh Hpsluh Vwdwh Exloglqj,1

Wklv surshuw| lv frqvlvwhqw zlwk wklv prgho1

Sursrvlwlrq 9 Vxssrvh wkdw wkh surgxfwlylw| ohyhov duh sdudphwhul}hg e|

s��= Ixuwkhu vxssrvh wkdw wkh surgxfwlylw| uhdol}dwlrqv iru hdfk wdvn duh lq0

ghshqghqw/ wkhuh lv ixoo vxssruw ryhu wkh vhw ri surgxfwlylwlhv/ dqg wkh qxpehu

ri surgxfwlylw| ohyhov vdwlv�hv q � 5= Li wkh ehvw frqwudfw jlyhq s lv lqfrp0

sohwh/ wkhq iru d vx!flhqwo| odujh s�> wkh ehvw frqwudfw lv pruh frpsoh{1

Surri1 Xqghu wkh ixoo vxssruw dvvxpswlrq wkhuh lv d vwulfwo| srvlwlyh sure0

delolw|/ �> wkdw wkh orzhvw surgxfwlylw| ohyho lv uhdol}hg iru wdvnv 4 wr oW +s, =

Ohw � eh wkh suredelolw| ri rewdlqlqj wkh kljkhvw surgxfwlylw| ohyho/ wkhq wkh

ehqh�w iurp dgglqj d qhz wdvn lv dw ohdvw ��
�
s��?\ � �6\ 2

� i � s���\
�
�

�
�
+qp,,

WER�n�
� +qp,,

WER�
�
= Wklv lv prqrwrqlfdoo| lqfuhdvlqj zlwkrxw olplw

lq s�> dqg wkhuhiruh iru d vx!flhqwo| odujh s� lw lv ehvw wr frqvlghu dq dggl0

wlrqdo wdvn1

Rqh dvshfw wkdw pdnhv wkh wdvn doorfdwlrq frpsoh{ lv wkh qhhg wr uh0

doorfdwh h�ruw dprqj d ydulhw| ri wdvnv dv d ixqfwlrq ri wkh vwdwh1 Zkhq

wkh �{hg frvwv ri dvvljqlqj h�ruw wr d wdvn lv orz/ wkhq wkh rswlpdo vroxwlrq

uhtxluhv wkh glvwulexwlrq ri ydu|lqj txdqwlwlhv ri h�ruw dprqj pdq| gl�huhqw

wdvnv/ d vlwxdwlrq wkdw lv w|slfdo iru pdq| mrev1 Frqyhuvho|/ li �{hg frvwv duh

kljk wkhq h!flhqf| pd| eh dfklhyhg zlwk d vlpsoh frqwudfw1

Sursrvlwlrq : Vxssrvh wkdw doo wdvnv kdyh wkh uhdol}dwlrq
�
��> ��

�
ru
�
3> �

�
>

dqg ��\ � ��\ 2 A i A ��\ 2@5> wkhq wkhuh lv d �uvw ehvw frqwudfw zlwk frp0

soh{lw| n . 4=
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Surri1 Xqghu wkhvh dvvxpswlrqv vkrxog vrph wdvn eh lq vwdwh
�
��> ��

�
wkhq

h!flhqf| lpsolhv wkdw doo h�ruw vkrxog eh dvvljqhg wr wklv wdvn1 Vkrxog qr

wdvn eh lq wklv vwdwh wkhq h�ruw vkrxog eh doorfdwhg htxdoo| dprqj doo wdvnv1

Wkh frpsoh{lw| ri wkh frqwudfw lv ghwhuplqhg e| wkh frpsoh{lw| ri wkh vhdufk

surwrfro1 Lq wklv fdvh d yhu| vlpsoh surwrfro wkdw fduulhv rxw d vhtxhqwldo

vhdufk ri wdvnv uhvxowv lq d vlpsoh frqwudfw1 Gh�qh wkh hyhqwv=

E� @
q
$ 5 
m

�
�� > ��

�
@
�
3> �

�
> m @ 4> ==l
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D� @

q
$ 5 
m

�
�� > ��

�
@
�
3> �

�
> m @ 4> ==l� 4 dqg +��> ��, @

�
��> ��

�r
=

Hyhqw E� fruuhvsrqgv wr kdylqj orz surgxfwlylw| iru wdvnv 4 wr l> zkloh D�

fruuhvsrqgv wr kdylqj orz surgxfwlylw| iru wkh �uvw l � 4 wdvnv/ dqg kljk

surgxfwlylw| iru wdvn l= Ohw Df ghqrwh wkh hyhqw wkdw doo wdvnv kdyh }hur

surgxfwlylw|1 Wkh vhdufk surfhvv iru wklv fdvh lv looxvwudwhg lq �jxuh +6,/

uhvxowlqj lq wkh sduwlwlrq S @ iDf> D�> ===> D&j = Wkh �uvw ehvw frqwudfw zlwk

frpsoh{lw| n.4 lv dfklhyhg e| doorfdwlqj doo h�ruw wr wdvn l li hyhqwD� rffxuv/

l 9@ 3> dqg wr doorfdwh h�ruw htxdoo| ryhu �qwdvnv vkrxog hyhqw Df rffxu/ zkhuh

�q lv ghwhuplqhg e| wkh ohyho ri �{hg frvwv +wkdw lv �q � �

t
5�\ 2@i ,1

Iljxuh 6= Vhdufk Judsk zlwk Vlpsoh Wdvn Dvvljqphqw
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Lq vxppdu|/ h{solflw frqwudfwv iru vhuylfhv wkdw uhtxluh h�ruw wr eh do0

orfdwhg wr d qxpehu ri gl�huhqw wdvnv duh olnho| wr eh yhu| lqfrpsohwh gxh

wr wkh frpsoh{lw| ri frqvlghulqj doo frqwlqjhqflhv1 Lq wkhvh fdvhv/ lqfuhdvlqj

wkh surgxfwlylw| ri rxwsxw/ nhhslqj doo rwkhu sdudphwhuv �{hg/ lqfuhdvhv wkh

qxpehu ri frqwlqjhqflhv xvhg e| wkh �ehvw� frqwudfw1 Zkhq wkh �{hg frvw ri

doorfdwlqj h�ruw wr d wdvn lv vx!flhqwo| kljk/ wkh rswlpdo frqwudfw lqyroyhv

doo h�ruw wr eh doorfdwhg wr d vlqjoh wdvn1 Lq wklv fdvh frqwudfw frvwv duh olq0

hdu lq wkh qxpehu ri wdvnv/ dqg khqfh d h!flhqw frpsohwh vwdwh frqwlqjhqw

frqwudfw lv ihdvleoh1

8 Wkh Hpsor|phqw Uhodwlrqvkls

Wklv vhfwlrq looxvwudwhv krz wkh hpsor|phqw uhodwlrqvkls surylghv d qdwxudo

vroxwlrq wr wkh sureohp ri frqwudfw lqfrpsohwhqhvv1 L ehjlq zlwk Vlprq

+4<84,*v lghd wkdw hpsor|phqw lv fkdudfwhul}hg e| d ghod| lq ghflvlrq pdnlqj

xqwlo wkh vwdwh ri wkh zruog kdv ehhq uhyhdohg441 Udwkhu wkdq vshfli|lqj

zkdw wkh hpsor|hh vkrxog gr lq hyhu| vwdwh ri wkh zruog/ vkh lv vlpso|

gluhfwhg wr gr d jrrg mre1 Wkhq jlyhq wkh vwdwh ri qdwxuh dqg wkh dfwlrqv

fkrvhq e| wkh hpsor|hh/ wkh hpsor|hu ghflghv xsrq zkhwkhu wr nhhs wkh

hpsor|hh/ ru surylgh dgglwlrqdo frpshqvdwlrq1 Revhuyh wkdw lq wkh fxuuhqw

vhwxs vxfk d surfhvv lv frpsxwdwlrqdoo| pxfk ohvv frpsoh{ wkdw d vwdwh

frqwlqjhqw frqwudfw zulwwhq h{ dqwh ehfdxvh wkh hpsor|hh dqg hpsor|hu

qhhg wr ghflgh xsrq dq dssursuldwh frxuvh ri dfwlrq iru d vlqjoh vwdwh +dw

d frvw �,/ udwkhu wkdq iru doo srwhqwldo vwdwhv +zlwk frvwv dv looxvwudwhg lq

wdeohv +4, dqg +5,,451

44Vlprq*v ylhz ri dxwkrulw| lv vrphzkdw gl�huhqw iurp wkh frqfhsw lq wklv sdshu1 Khuh

L iroorz Jurvvpdq dqg Kduw +4<;9, dqg ylhz dxwkrulw| dv d uhvlgxdo fodlp wkdw jlyhv wkh
hpsor|hu wkh uljkw wr kluh/ �uh dqg surylgh dgglwlrqdo frpshqvdwlrq wr wkh zrunhu1 Lw lv

wkhvh lqvwuxphqwv wkdw surylgh wkh hpsor|hh zlwk dq lqfhqwlyh wr fduu| rxw wkh zlvkhv ri

wkh hpsor|hu1
45Dqrwkhu zd| wr wklqn derxw wkh frpsxwdwlrqdo vlpsolflw| ri wkh hpsor|phqw uhod0

wlrqvkls lv whupv ri wkh glvwlqfwlrq ehwzhhq � dqg �� sureohpv dv ghyhorshg e| Frrn

+4<:4,/ dqg Ndus +4<:4,1
Sureohpv ri fodvv � fdq eh vroyhg lq sro|qrpldo wlph/ dqg duh frqvlghuhg wudfwdeoh1 Lq

wkh fdvh wkdw s ' fc wkh sureohp ri wdvn dvvljqphqw lv d frqyh{ rswlpl}dwlrq sureohp dqg

khqfh ri fodvv � 1 Sureohpv ri fodvv �� fdq eh vroyhg e| d qrq0ghwhuplqlvwlf sro|qrpldo
wlph dojrulwkp1 Lq wklv fodvv ri sureohpv wkh dojrulwkp �uvw �jxhvvhv� d srvvleoh dqvzhu/

dqg wkhq xvhv d sro|qrpldo wlph dojrulwkp wr fkhfn li d vroxwlrq lv irxqg1 Iru h{dpsoh

frqvlghu wkh sureohp ri frorulqj d pds vr wkdw qr wzr dgmdfhqw uhjlrqv kdyh wkh vdph
froru1 Lw lv yhu| hdv| wr jxhvv d sdwwhuq ri froruv dqg wkhq fkhfn li d vroxwlrq kdv ehhq

irxqg1 Wkh sureohp lv wkdw wkh qxpehu ri srvvleoh frorulqjv lv dq h{srqhqwldo ixqfwlrq ri

wkh qxpehu ri uhjlrqv/ vr wkdw iru odujh pdsv wklv dojrulwkp lv qrw wudfwdeoh1 Lw lv vwloo qrw

4;



Krzhyhu/ lq wkh devhqfh ri dq h{solflw frqwudfw wkh hpsor|phqw uhodwlrq0

vkls pxvw eh vwuxfwxuhg vr wkdw wkh djuhhphqw lv vhoi0hqiruflqj461 L dgdsw

wkh prgho ri PdfOhrg dqg Pdofrpvrq +4<;<, wr vkrz wkdw zkhq wkh ydoxh

ri wkh uhodwlrqvkls lv vx!flhqwo| odujh uhodwlyh wr pdunhw dowhuqdwlyhv/ wkhq

dq h!flhqw vhoi0hqiruflqj frqwudfw h{lvwv lpsohphqwlqj wkh �uvw ehvw1 Lq wklv

fdvh dq hpsor|phqw uhodwlrqvkls vwulfwo| grplqdwhv wkh xvh ri dq h{solflw

frqwudfw1 Wr looxvwudwh wkhvh srlqwv frqvlghu d vlpsoh uhshdwhg hpsor|phqw

uhodwlrqvkls/ zlwk vwdjhv dv looxvwudwhg lq �jxuh +6,1 Wkh mre ri wkh hpsor|hh/

jlyhq wkh uhdol}dwlrq $|/ lv wr ghflgh krz wr doorfdwh h�ruw ||= Wkh hpsor|hu

revhuyhv erwk wkh vwdwh dqg wkh fkrlfh ri wkh hpsor|hh/ dqg wkhq ghflghv rq

frpshqvdwlrq/ sduw ri zklfk pljkw eh frqwudfwhg xsrq1

Iljxuh 7= Vhtxhqfh ri Ghflvlrqv iru Hpsor|phqw Uhodwlrqvkls lq Shulrg w

Iroorzlqj PdfOhrg dqg Pdofrpvrq +4<;<,/ vxssrvh wkdw wkh hpsor|0

phqw frqwudfw frqvlvwv ri d edvh zdjh z|> wkdw wkh �up sd|v zkdwhyhu wkh

zrunhu*v shuirupdqfh/ frpelqhg zlwk d erqxv e +||>$|, wkdw wkh �up sd|v dw

wkh hqg ri wkh shulrg dv d ixqfwlrq ri wkh h�ruw yhfwru/ ||> dqg wkh vwdwh ri

wkh zruog/ $|= Wkxv wkh hqg ri shulrg zdjh lv Z| @ z|. e +||>$|, = Zlwkrxw

orvv ri jhqhudolw| vxssrvh wkdw wkh erqxv sd|phqw lv erxqghg ehorz e| }hur1

Rqh fdq dfklhyh d qhjdwlyh erqxv sd|phqw e| vhwwlqj z| ? 3=

Wkh �up hydoxdwhv wkh zrunhu dw wkh hqg ri wkh shulrg/ dqg wkhq gh0

flghv xsrq wkh erqxv sd|1 Wkh zrunhu dqg �up wkhq vlpxowdqhrxvo| ghflgh

zkhwkhu ru qrw wr frqwlqxh wkh uhodwlrqvkls471 Wkh �up lv uhtxluhg wr sd|

nqrz zkhwkhu ru qrw wkh kdughvw sureohpv lq wkh fodvv ��c fdoohg �� 3 �@o_ sureohpv/

duh ri h{srqhqwldo frpsoh{lw|1
Lq wkh frqwh{w ri frqwudfwlqj/ djhqwv pd| ghflgh wr frqwudfw iru d vpdoo vhw ri frqwlq0

jhqflhv lq wkh krsh wkdw wkh uhdol}hg vwdwh fruuhvsrqgv wr rqh ri wkh dqwlflsdwhg vwdwhv1 Lq

wklv fdvh frpsoh{lw| lv uhgxfhg e| wu|lqj wr �jxhvv� zkdw zloo eh wkh ixwxuh rxwfrph1
46Lq wkh ohjdo olwhudwxuh lw zhoo xqghuvwrrg wkdw frqwudfwv duh qrw rqo| lqfrpsohwh/ exw

wkdw uhsxwdwlrq h�hfwv pd| surylgh d vroxwlrq1 Vhh Srvqhu +4<;9,/ sdjh :<1 Wkh dqdo|vlv

khuh kljkoljkwv wkh uroh ri pxowl0wdvnlqj iru wkh jhqhudwlrq ri frqwudfwxdo lqfrpsohwhqhvv1
47PdfOhrg dqg Pdofrpvrq +4<;<, ghprqvwudwh wkdw d vlpxowdqhrxv pryh lv qrw vwulfw|

qhfhvvdu|/ krzhyhu lw juhdwo| vlpsol�hv wkh fkdudfwhul}dwlrq ri wkh vhw ri htxloleulxp

doorfdwlrqv1
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wkh zdjh z|> krzhyhu jlyhq wkdw wkhuh lv qr h{solflw frqwudfw lq sodfh wkh

zrunhu lv iuhh wr fkrrvh h�ruw dv vkh zlvkhv1 Lqfhqwlyhv wr shuirup duh sur0

ylghg e| wkh �up*v erqxv sd| dqg wkh wkuhdw ri whuplqdwlrq1 Vkrxog wkh

hpsor|hh ghflgh wr vklun wkhq wkh pd{lpxp shqdow| zrxog eh wr sd| qr

erqxv dqg �uh wkh zrunhu1 Jlyhq wklv wkuhdw/ d vklunlqj hpsor|hh zrxog

doorfdwh h�ruw dprqj wkh ohdvw frvwo| dfwlylwlhv wr vroyh==

Y +q|, @ plq
�)�'t

q|F +|, . I +|, +8,

Ohw �X| ghqrwh wkh xwlolw| iru wkh zrunhu lq wkh qh{w ehvw dowhuqdwlyh/ wkhq

xqghu wkh pd{lpdo sxqlvkphqw iru vklunlqj wkh zrunhu*v lqfhqwlyh frqvwudlqw

lv=

X| @Z| �q
A
| F +||,� I +||, . �H iX|n�j � z| � Y +q|, . �H

�
�X|n�

�
=

Wklv fdq eh uhzulwwhq=

H
�
X|n� �

�X|n�

�
�

q
Y +q|,� q

A
| F +||,�I +||,

r
� e +||>$|,

�
= +9,

Qrwlfh wkdw li qr erqxv sd|phqw lv pdgh wkhq wkh zrunhu*v ixwxuh xwlolw| iurp

hpsor|phqw pxvw eh vwulfwo| juhdwhu wkdq wkh pdunhw dowhuqdwlyh/ lq zklfk

fdvh wkh �up zrxog kdyh wr sd| dq h!flhqf| zdjh wr surylgh lqfhqwlyhv1

Wklv fdq eh dyrlghg zlwk wkh xvh ri d erqxv sd|phqw1

Krzhyhu/ zkhq wkh hpsor|hu lv h{shfwhg wr sd| d erqxv +dssur{lpdwho|

426 ri zrunhuv uhfhlyh vrph irup ri erqxv sd| lq wkh X1V1,/ wkh odfn ri

dq h{solflw frqwudfw fuhdwhv dq lqfhqwlyh wr uhqhjh ehfdxvh rqo| wkh zdjh

sd|phqw z| lv hqirufhdeoh1 Wkh hpsor|hh surylghv wkh hpsor|hu zlwk dq

lqfhqwlyh wr sd| d erqxv zlwk wkh wkuhdw wr ohdyh ru vklun vkrxog lw qrw

eh sdlg1 Vxfk d wkuhdw lv d sudfwlfdo srvvlelolw|1 Vwhzduw +4<<6, ghvfulehv

d jurxs ri vhfxulwlhv wudghuv zkr ohiw Iluvw Ervwrq Edqn ehfdxvh wkh| ihow

wkdw wkhlu dgplwwhgo| kljk erqxv zhuh qrw odujh hqrxjk1

Ohw ��| eh wkh �up*v pdunhw rssruwxqlw| vkrxog wkh zrunhu ohdyh/ wkhq

zlwk lqfrusrudwlqj wkh hpsor|hh*v wkuhdw/ wkh �up*v lqfhqwlyh frqvwudlqw lv

jlyhq e|=

H
�
�|n� �

��|n�

�
� e +||>$|, @�= +:,

Qrwlfh wkdw lqfuhdvlqj wkh erqxv uhod{hv wkh zrunhu*v lqfhqwlyh frqvwudlqw

zkloh pdnlqj wkh �up*v frqvwudlqw pruh elqglqj1 Wkhvh h�hfwv duh h{dfwo|

r�vhwwlqj/ dqg khqfh wkh h{lvwhqfh ri dq h!flhqw vhoi0hqiruflqj djuhhphqw

ghshqgv rqo| rq wkh h{lvwhqfh ri vx!flhqw ixwxuh jdlqv iurp wudgh1
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Sursrvlwlrq ; Dq h�ruw ohyho || fdq eh lpsohphqwhg lq dq hpsor|phqw

uhodwlrqvkls zlwkrxw vwdwh frqwlqjhqw frqwudfwv li dqg rqo| li

V|n� � H
�
X|n� .�|n� �

�X|n� �
��|n�

�
�
Y +q|,�q|F +||,� I +||,

�
+;,

PdfOhrg dqg Pdofrpvrq +4<;<, suryh wklv uhvxow xvlqj d yhuvlrq ri wkh

shuihfw htxloleulxp frqfhsw481 Wklv uhvxow ghprqvwudwhv wkdw zkhq lw lv qrw

srvvleoh wr frqwudfw h{solflwo| iru h�ruw/ wkh surylvlrq ri lqfhqwlyhv lq shulrg

w uhtxluh wkh uhwxuq iurp frqwlqxlqj wkh uhodwlrqvkls/ V|n�> eh dw ohdvw dv

odujh dv qhw jdlqv iurp vklunlqj/ E| � Y +q|,�q|F +||,�I +||,1 Wkh xvh ri

erqxv sd|phqwv d�hfwv zkr vkrxog eh uhfhlylqj wkh uhqw/ exw qrw wkh ohyho

ri wkh ryhu doo uhqw qhhghg wr hqirufh dq lpsolflw frqwudfw1

Dw wklv srlqw rqh pd| zrqghu li wkh dprxqw ri udwlrqdolw| lpsolflw lq

wkhvh htxdwlrqv lv lqfrqvlvwhqw zlwk wkh dvvxphg frqvwudlqwv rq udwlrqdolw|

dvvxphg wkxv idu1 Lq whupv ri wkh erqxv sd|phqwv zkdw lv fuxfldo lv qrw

wkdw wkh djhqw nqrzv wkh olnho| sd|phqwv h{ dqwh/ exw udwkhu vkh eholhyhv

wkdw wkh �up zloo surylgh wkh dssursuldwh uhzdug iru shuirupdqfh1 Wkhvh

htxdwlrqv fdq eh ylhzhg dv surylglqj olplwv rq wkh vl}h ri wkh sd|phqwv

wkdw zrxog eh dssursuldwh1 Li wkh zrunhu glvfryhuv dq xqxvxdoo| surgxfwlyh

zd| ri fduu|lqj rxw d wdvn/ ru kdv shuiruphg zhoo lq wkh idfh ri dgyhuvh

frqglwlrqv/ wkhq wkhvh hyhqwv vkrxog d�hfw wkh erqxv sd|phqwv1

Iru h{dpsoh wkh �up pd| r�hu d zdjh vxfk wkdw z| � �x| . Y +q|, > wkh

dowhuqdwlyh xwlolw| lq shulrg w> soxv dq dprxqw dssur{lpdwho| htxdo wr wkh

glv0xwlolw| ri h�ruw zkhq vklunlqj1 Lw lv qrw lpsruwdqw wkdw wkhuh lv vwulfw

htxdolw|/ rqo| wkdw wkhuh duh vx!flhqw uhqwv dqg wkdw erwk wkh zrunhu dqg

�up fdq djuhh rq d zdjh wkdw wkh| ihho lv dssursuldwh1 Lq wklv fdvh wkh erqxv

sd|phqw fdq eh gh�qhg wr hqvxuh wkh zrunhu kdv qr lqfhqwlyh wr vklun=

e +||>$|, @ iY +q|,�q|F +||,�I +||,j =

Revhuyh wkdw qhlwkhu wkh �up qru wkh zrun qhhg wr nqrz wkh vwdwh ri qdwxuh

zkhq lpsolflwo| djuhhlqj xsrq wklv erqxv sd|phqw1 Doo wklv vd|v lv vkrxog

wkh zrunhu eh uhtxluhg wr sxw iruzdug h�ruw wkdw lv pruh frvwo| wkdq Y +q|, >

wkhq vkh vkrxog eh frpshqvdwhg1 Li dq dssursuldwh erqxv lv qrw iruwkfrplqj/

wkhq/ olnh wkh wudghuv dw Iluvw Ervwrq Edqn ghvfulehg e| Vwhzduw +4<<6,/ wkh

hpsor|hh fdq ohdyh dqg lpsrvh uhwudlqlqj frvwv xsrq wkh �up1 Jlyhq wkdw doo

hydoxdwlrq wdnhv sodfh h{ srvw/ qhlwkhu wkh zrunhu qru wkh �up duh uhtxluhg

48Wkh| xvh d yhuvlrq ri shuihfwlrq wkdw lv vwurqjhu wkdq vxejdph shuihfw1 Hvvhqwldoo|

wkhlu uhvxow ghprqvwudwhv wkdw wkh wlplqj ri wkh vhsdudwlrq ghflvlrq/ wkdw lv zkr jhwv wr

txlw �uvw/ grhv qrw d�hfw wkh vhw ri htxloleulxp sd|r�v1
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wr dqwlflsdwh ru wklqn derxw doo srvvleoh frqwlqjhqflhv dw wkh ehjlqqlqj ri

wkh uhodwlrqvkls1

D vhfrqg lvvxh frqfhuqv wkh h{lvwhqfh ri d uhqw V| qhhg wr hqirufh wkh

frqwudfw1 Hyhq li zrunhuv duh sdlg frpshwlwlyh zdjhv/ Nohlq/ Fudzirug/

dqg Dofkldq +4<:;, revhuyh wkdw vhdufk frvwv/ uhwudlqlqj frvwv dqg prylqj

frvwv doo lpso| wkdw wkhuh h{lvw vshfldol}hg txdvl0uhqwv hqvxulqj wkdw V| A 3=

Rwkhu zd|v wkdw vxfk d uhqw pd| eh fuhdwhg lqfoxgh lqfoxglqj xqhpsor|0

phqw +Vkdslur dqg Vwljolw} +4<;7,,/ uhsxwdwlrq +PdfOhrg dqg Pdofrpvrq

+4<;;,, dqg wkh h{lvwhqfh ri ryhuodsslqj jhqhudwlrqv ri zrunhuv +Fuìphu

+4<;9,,1 Vxssrvh wkhq wkdw wkh vxusoxv lv vwulfwo| srvlwlyh/ wkhq wkh lvvxh lv

wkh frqglwlrqv xqghu zklfk vhoi0hqiruflqj frqwudfwv uhjxodwhg e| dq hpsor|0

phqw uhodwlrqvkls duh pruh h!flhqw wkdq dq lqfrpsohwh frqwlqjhqw frqwudfw1

Wr kljkoljkw wkh uroh ri pxowl0wdvnlqj L pdnh wkh iroorzlqj dvvxpswlrq frq0

fhuqlqj wkh sd|r� vwuxfwxuh1

Dvvxpswlrq 4 Wkh surgxfwlylw| dqg frvw ohyhov iru wkh n wdvnv duh lqgh0

shqghqwo| dqg lghqwlfdoo| glvwulexwhg zlwk vxssruwv �� 5 i3> ��j > �� 5�
e�> e2

�
> zkhuh �� A 3> e2 A e� A 3=

Wkh glvwruwlrqv lq wkh prgho dulvh iurp wkh zrunhu*v ghvluh wr doorfdwh

h�ruw wr wkh hdvlhu wdvnv1 Wkhvh glvwruwlrqv duh vpdoohu lq hqylurqphqwv

zkhuh doo wdvnv duh ri htxdo gl!fxow| ru htxlydohqwo|/ wkh zrunhu hqmr|v

grlqj wkhp doo1 Wklv lv d vlwxdwlrq iru zklfk dq hpsor|phqw uhodwlrqvkls lv

olnho| wr eh pruh h!flhqw1

Sursrvlwlrq < Jlyhq dvvxpswlrq 4/ vxssrvh wkh uhqw wr wkh uhodwlrqvkls/

V|> lv vwulfwo| srvlwlyh wkhq iru e2 vx!flhqwo| vpdoo dq hpsor|phqw uhodwlrq0

vkls fdq dfklhyh wkh �uvw ehvw1

Surri1 Li qr wdvn kdv srvlwlyh surgxfwlylw| wkh lw lv h!flhqw iru wkh zrunhu

wr plqlpl}h h�ruw/ lq zklfk qr vxusoxv lv qhhghg wr lpsohphqw wkh frqwudfw1

Li dw ohdvw rqh wdvn kdv srvlwlyh h�ruw wkhq iru e2 vx!flhqwo| vpdoo/ doorfdwlqj

doo h�ruw wr wkdw wdvn lv dssur{lpdwho| h!flhqw1 Dv e2 lv pdgh vpdoohu/ wkhq

olp
K2<f

Y +q,� e2\2
� i @ 3>

iurp zklfk lw iroorzv wkh lqfhqwlyh frqvwudlqw ; lv vdwlv�hg zlwk d vwulfwo|

srvlwlyh V|/ dqg dq h!flhqw wdvn dvvljqphqw fdq eh lpsohphqwhg zlwk d vhoi

hqiruflqj frqwudfw1

Wklv uhvxow kdv wkh lqwxlwlyh lqwhusuhwdwlrq wkdw lq vlwxdwlrqv zlwk orz

djhqf| frvwv wkhq dq hpsor|phqw uhodwlrqvkls lv pruh h!flhqw wkdw dq h{0

solflw frqwudfw1 Iru h{dpsoh mrev wkdw lqyroyh pdlqo| ghflvlrq pdnlqj/ vxfk
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dv pdqdjhuldo zrun/ wkh uhodwlyh frvw ri gl�huhqw w|shv ri ghflvlrqv pd| eh

yhu| vlplodu/ wkxv lw lv wkh mxgjhphqw ri zkhuh wr doorfdwh wlph wkdw lv prvw

lpsruwdqw1 Lq wklv fdvh lw pd| pruh h!flhqw iru wkh pdqdjhu wr eh mxgjhg

rq wkh rxwfrphv ri wkhvh ghflvlrqv/ udwkhu wkdq wu|lqj wr frqvwuxfw d frq0

wudfw wkdw gholqhdwhv krz wkhvh ghflvlrqv duh wr eh fduulhg rxw1 Pruhryhu/

revhuyh wkdw iru vwulfwo| srvlwlyh e2 wkh frvw ri wkh �uvw ehvw h{solflw frqwudfw

grhv qrw idoo ehfdxvh wkh qxpehu ri frqwlqjhqflhv wr eh frqvlghuhg grhv qrw

fkdqjh1

Frqvlghu qrz wkh fdvh iru zklfk wkh qxpehu ri wdvnv duh lqfuhdvhg/ zkloh

wkh qxpehu ri frvw dqg ehqh�w ohyhov lv �{hg1 Xqghu dvvxpswlrq 4 dqg wkh

dvvxpswlrq ri txdgudwlf frvw ri h�ruw hpsor|hg suhihu vsuhdglqj h�ruw ryhu

pruh wdvnv1 Lq wklv fdvh lqfuhdvlqj wkh qxpehu ri wdvnv hqvxuhv wkdw dq

hpsor|phqw uhodwlrqvkls lv vwulfwo| pruh h!flhqw wkdw dq h{solflw frqwudfw1

Sursrvlwlrq 43 Jlyhq dvvxpswlrq 4/ i @ 3 dqg V| A 3= Ixuwkhu vxssrvh

wkdw wkhuh lv d vwulfwo| srvlwlyh suredelolw| wkdw hdfk wdvn kdv d srvlwlyh sur0

gxfwlylw|1 Wkhq iru d vx!flhqwo| odujh qxpehu ri wdvnv wkh h{shfwhg ydoxh ri

wudgh zlwk dq hpsor|phqw uhodwlrqvkls lv juhdwhu wkdq zlwk dq vwdwh frqwlq0

jhqw frqwudfw1

Surri1 Wklv uhvxowv iroorzv iurp wkh txdgudwlf qdwxuh ri wkh h�ruw frvwv1

Ohw

s +�> n, @ sure

�
pd{
�$�$&

|W� +$, � �

�
>

wkh suredelolw| wkdw wkh h�ruw dvvljqhg wr wdvn l dw dq rswlpdo h�ruw fkrlfh

lv juhdwhu wkdq � zkhq wkhuh duh n wdvnv1 Gxh wr wkh wlph frqvwudlqw/ wkh lqgh0

shqghqfh dvvxpswlrq dqg wkh txdgudwlf h�ruw frvwv rqh kdv olp&<" s +�> n, @

4= Wkh frqfdylw| ri frvwv lpsolhv

sure

�
qF +|W +$,, �

�
\

�

�
�2�2 @ \ �2�

�
� s +�> n, =

Wklv lpsolhv wkdw iru odujh n> rqh fdq pdnh wkh h�ruw frvwv dw wkh rswlpdo

doorfdwlrq duelwudulo| forvh wr }hur/ dqg khqfh jlyhq wkdw wkh uhqw lv vwulfwo|

srvlwlyh rqh pd| xvh dq hpsor|phqw uhodwlrqvkls wr lpsohphqw wkh rswlpdo

frqwudfw dw ohdvw s
�
V|@\ �

2> n
�
iudfwlrq ri wkh wlph1 Zlwk vwulfwo| srvlwlyh

frvwv ri xvlqj dq h{solflw frqwudfw wkhq lq h{shfwhg ydoxh d sxuh hpsor|phqw

uhodwlrqvkls lv vwulfwo| pruh h!flhqw1

Wkhuhiruh lq mrev zkhuh wkhuh duh d odujh ydulhw| ri wdvnv wkh| duh prvw

h!flhqwo| uhjxodwhg zlwk vhoi0hqiruflqj frqwudfwv udwkhu wkdq zlwk dq h{solflw

frqwlqjhqw frqwudfw1 Ri frxuvh wkh fxuuhqw vhwxs grhv qrw suhfoxgh wkh xvh
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ri d pl{wxuh ri h{ dqwh dqg h{ srvw fulwhuld lq wkh hpsor|phqw uhodwlrqvkls1

Ednhu/ Jleerqv/ dqg Pxusk| +4<<7, kdyh dq h{dpsoh ri d vlpsoh uhshdwhg

uhodwlrqvkls wkdw xvhv erwk lpsolflw dqg h{solflw frqwudfwv1 Lq wkhlu prgho d

frqwlqjhqw frqwudfw lq vrph fdvhv lqfuhdvhv wkh vl}h ri wkh vxusoxv V|> dqg

khqfh orzhuv wkh frvw ri xvlqj d vhoi0hqiruflqj frqwudfw iru rwkhu dvshfwv

ri shuirupdqfh1 Wkh fulwltxh ri Pdvnlq dqg Wluroh +4<<8, dovr dssolhv wr

wkhlu prgho/ wkhuhiruh dq lqwhuhvwlqj txhvwlrq iru ixwxuh uhvhdufk lv wr xqghu0

vwdqg krz djhqwv lq sudfwlfh pljkw pl{ frqwlqjhqw frqwudfwv zlwk lpsolflw

frqwudfwv zkhq erxqghg udwlrqdolw| frqvwudlqv wkh vhw ri ihdvleoh frqwudfwv1

9 Glvfxvvlrq

Lq wklv hvvd| L kdyh looxvwudwhg krz pxowl0wdvnlqj fdq ohdglqj qdwxudoo| wr

frqwudfwv wkdw duh lqfrpsohwh ehfdxvh ri erxqghg udwlrqdolw|1 Hpsor|phqw

uhodwlrqvklsv fdq gudpdwlfdoo| uhgxfh wkh frpsoh{lw| ri jryhuqdqfh e| gh0

od|lqj mxgjhphqw ri dq hpsor|hh*v shuirupdqfh xqwlo diwhu wkh vwdwh ri wkh

zruog lv uhyhdohg1 Lqvwlwxwlrqv vxfk dv whqxuh/ surprwlrq dqg erqxv sd| duh

doo h{dpsohv ri hpsor|phqw lqvwlwxwlrqv wkdw edvh uhzdugv rq dq h{ srvw

hydoxdwlrq ri hpsor|hh shuirupdqfh1

Wkxv frpsoh{lw| frqvlghudwlrqv qdwxudoo| jhqhudwh d glvwlqfwlrq ehwzhhq

wkh h{ dqwh dqg h{ srvw vwdwhv ri wkh zruog wkdw xqghuolh wkh uhfhqw zrun rq

lqfrpsohwh frqwudfwv1 Lq wklv sdshu L kdyh looxvwudwhg wklv lq wkh frqwh{w ri

wkh hpsor|phqw prgho ri PdfOhrg dqg Pdofrpvrq +4<;<, zklfk kljkoljkwv

wkh qhhg iru d pdwfk vshfl�f uhqw wr hqvxuh wkh h{lvwhqfh ri dq h!flhqw

lqfhqwlyh frqwudfw1 Wklv fuhdwhv d wudgh r� ehwzhhq wkh xvh ri dq h{solflw

h{ dqwh frqwudfw dqg dq lpsolflw frqwudfw jryhuqhg e| h{ srvw uhzdugv1 Li

wkh qxpehu ri glphqvlrqv ri h�ruw ru rxwsxw duh vpdoo/ wkhq h{ dqwh frq0

wudfwlqj lv olnho| wr eh pruh h!flhqw1 Lw lv lq wkhvh vlwxdwlrqv wkdw zh duh

olnho| wr revhuyh wkh xvh ri djhqf| frqwudfwv wkdw ghshqg rq h{solflw vwdwh

frqwlqjhqw frqwudfwv +iru h{dpsoh Kropvwurp +4<:<, dqg Kropvwuùp dqg

Plojurp +4<;:,,1

Zkhq wkhuh lv vljql�fdqw pxowl0wdvnlqj wkhq wkh qxpehu ri frqwlqjhqflhv

lv dvwurqrplfdo/ pdnlqj lw lpsrvvleoh iru lqglylgxdov wr frqvlghu ru hyhq

wklqn derxw doo srvvlelolwlhv1 Wklv revhuydwlrq/ frpelqhg zlwk wkh uhvxowv

ri Pdvnlq dqg Wluroh +4<<8,/ kljkoljkw wkh uroh ri erxqghg udwlrqdolw| dv d

irxqgdwlrq iru lqfrpsohwh frqwudfwv491 Li djhqwv zhuh deoh wr frqvlghu doo

srvvleoh hyhqwv wkhq/ dv Pdvnlq dqg Wluroh +4<<8, vkrz/ wkdw wkh idfw wkdw

49Vhh dovr wkh glvfxvvlrq lq Wluroh +4<<7,1
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frqwlqjhqw frqwudfw fdqqrw eh zulwwhq grhv qrw d�hfw wkh vhw ri srvvleoh

doorfdwlrqv1

Wklv vxjjhvwv wkdw lw lv wkh odfn ri iruhvljkw wkdw xqghuolhv wkh lqfrpsohwh

frqwudfw prghov xvhg iru wkh wkhru| ri wkh �up ghyhorshg lq Kduw +4<<8,1

Dq lqwhuhvwlqj lpsolfdwlrq lv wkdw erxqghg udwlrqdolw| pd| surylgh d zd|

wr lqwhjudwh wkh lqfrpsohwh frqwudfwv dssurdfk zlwk wkh Nqljkwldq wkhru|

ri wkh �up edvhg rq wkh glvwlqfwlrq ehwzhhq ulvn dqg xqfhuwdlqw| +Nqljkw

+4<54,,1 Wkh wkhru| ri erxqghg udwlrqdolw| xvhg lq wkh sdshu lv h{solflwo|

edvhg rq wkh lghd wkdw rqh fdqqrw dqwlflsdwh srvvleoh ixwxuh hyhqwv/ dqg

khqfh kdylqj suredelolw| eholhiv ryhu wkhvh hyhqwv lv qrw srvvleoh1 Wkhuh0

iruh wkh xqiroglqj ri wkhvh hyhqwv fdq eh irupdoo| lghqwl�hg zlwk Nqljkwldq

xqfhuwdlqw|/ zkhuhdv dqwlflsdwhg hyhqwv zrxog eh dvvljqhg vxemhfwlyh sure0

delolwlhv/ wuhdwhg dv ulvn dqg h{solflwo| frqwudfwhg xsrq dv lq wkh Duurz0

Gheuhx prgho1 Wkh lqfrpsohwh frqwudfw prgho sursrvhg khuh vxjjhvwv wkdw

lqwhusuhwlqj uhvlgxdo uljkwv dqg rzqhuvkls dv d uhdoorfdwlrq ri �xqfhuwdlqw|�

pd| surylgh d zd| wr irupdoo| gl�huhqwldwh wkh wkhru| ri wkh �up iurp wkh

djhqf| sureohp1 Wkhvh duh lvvxhv wkdw dzdlw ixwxuh uhvhdufk1

Uhihuhqfhv

Ednhu/ J1/ U1 Jleerqv/ dqg N1 M1 Pxusk| +4<<7,= �Vxemhfwlyh Shuiru0

pdqfh Phdvxuhv lq Rswlpdo Lqfhqwlyh Frqwudfwv/� Wkh Txduwhuo| Mrxuqdo

ri Hfrqrplfv/ 43<+76<,/ 4458�44891

Frrn/ V1 D1 +4<:4,= �Wkh frpsoh{lw| ri wkhruhp0surylqj surfhhgxuhv/� lq

Surfhhglqjv 6ug1 Dqqxdo DFP V|psrvlxp rq Wkhru| ri Frpsxwlqj/ ss1

484�48;/ Qhz \run1 Dvvrfldwlrq iru Frpsxwlqj Pdfklqhu|1

Fuìphu/ M1 +4<;9,= �Frrshudwlrq lq Rqjrlqj Rujdql}dwlrqv/� Txduwhuo|

Mrxuqdo ri Hfrqrplfv/ 434/ 66�7<1

Gdylv/ P1 G1/ U1 Vljdo/ dqg H1 M1 Zh|xnhu +4<<7,= Frpsxwdelolw|/

Frpsoh{lw|/ dqg Odqjxdjhv1 Dfdghplf Suhvv/ Vdq Glhjr/ FD/ 5qg hgq1

G|h/ U1 D1 +4<;8,= �Frvwo| Frqwudfw Frqwlqjhqflhv/� Lqwhuqdwlrqdo Hfr0

qrplf Uhylhz/ 59+4,/ 566�5831

Hgprqgv/ M1 +4<98,= �Sdwkv/ wuhhv dqg Iorzhuv/� Fdqdgldq Mrxuqdo ri

Pdwkhpdwlfv/ 4:/ 77<�79:1

Jduh|/ P1 U1/ dqg G1 V1 Mrkqvrq +4<:<,= Frpsxwhuv dqg Lqwudfwdelolw|1

Z1 K1 Iuhhpdq dqg Fr1/ Qhz \run/ XVD1
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Jurvvpdq/ V1 M1/ dqg R1 G1 Kduw +4<;9,= �Wkh Frvwv dqg Ehqh�wv ri

Rzqhuvkls= D Wkhru| ri Yhuwlfdo dqg Odwhudo Lqwhjudwlrq/� Mrxuqdo ri

Srolwlfdo Hfrqrp|/ <7+7,/ 9<4�:4<1

Jurxw/ S1 +4<;7,= �Lqyhvwphqw dqg Zdjhv lq wkh Devhqfh ri Elqglqj Frq0

wudfwv= D Qdvk Edujdlqlqj Dssurdfk/� Hfrqrphwulfd/ 85+5,/ 77<�7931

Kduw/ R1 +4<<8,= Ilupv/ Frqwudfwv dqg Ilqdqfldo Vwuxfwxuh1 R{irug Xql0

yhuvlw| Suhvv/ R{irug/ XN1

Kduw/ R1 G1/ dqg E1 Kropvwuùp +4<;:,= �Wkh Wkhru| ri Frqwudfwv/� lq

Dgydqfhv lq Hfrqrplf Wkhru|= Iliwk Zruog Frqjuhvv1/ hg1 e| W1 Ehzoh|/

fkds1 6/ ss1 :4�4881 Fdpeulgjh Xqlyhuvlw| Suhvv/ Fdpeulgjh/ X1N1

Kropvwurp/ E1 +4<:<,= �Prudo Kd}dug dqg Revhuydelolw|/� Ehoo Mrxuqdo

ri Hfrqrplfv/ 43/ :7�<41

Kropvwuùp/ E1/ dqg S1 Plojurp +4<;:,= �Djjuhjdwlrq dqg Olqhdulw| lq

wkh Surylvlrq ri Lqwhuwhpsrudo Lqfhqwlyhv/� Hfrqrphwulfd/ 88/ 636�65;1

+4<<4,= �Pxowl0Wdvn Sulqflsoh0Djhqw Dqdo|vlv= Lqfhqwlyh Frq0

wudfwv/ Dvvhw Rzqhuvkls/ dqg Mre Ghvljq/� Mrxuqdo ri Odz/ Hfrqrplfv/

dqg Rujdql}dwlrq/ :/ 57�851

Ndus/ U1 P1 +4<:4,= �Uhgxflelolw| dprqj frpelqruldo sureohpv/� lq

Frpsoh{lw| ri Frpsxwhu Frpsxwdwlrqv/ hg1 e| U1 H1 Ploohu/ dqg M1 Z1

Wkdwfkhu/ ss1 ;8�4361 Sohqxp Suhvv/ Qhz \run1

Nohlq/ E1/ U1 Fudzirug/ dqg D1 Dofkldq +4<:;,= �Yhuwlfdo Lqwhjudwlrq/

Dssursuldeoh Uhqwv/ dqg wkh Frpshwlwlyh Frqwudfwlqj Surfhvv/� Mrxuqdo

ri Odz dqg Hfrqrplfv/ 54/ 5<:�6591

Nqljkw/ I1 K1 +4<54,= Ulvn/ Xqfhuwdlqw|/ dqg Sur�w1 Kduw/ Vfkd�qhu/ dqg

Pdu{/ Qhz \run/ Q\1

Pdfdxoh|/ V1 +4<96,= �Qrq0frqwudfwxdo Uhodwlrqv lq Exvlqhvv= D Suholp0

lqdu| Vwxg|/� Dphulfdq Vrflrorjlfdo Uhylhz/ 88/ 88�9<1

PdfOhrg/ Z1 E1 +4<<8,= �Frpsoh{lw|/ Erxqghg Udwlrqdolw| dqg Khxulvwlf

Vhdufk/� Plphr/ Xqlyhuvlwì gh Prqwuìdo1

PdfOhrg/ Z1 E1/ dqg M1 P1 Pdofrpvrq +4<;;,= �Uhsxwdwlrq dqg Klhu0

dufk| lq G|qdplf Prghov ri Hpsor|phqw/� Mrxuqdo ri Srolwlfdo Hfrqrp|/

<9+7,/ ;65�;871
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+4<;<,= �Lpsolflw Frqwudfwv/ Lqfhqwlyh Frpsdwlelolw|/ dqg Lqyroxq0

wdu| Xqhpsor|phqw/� Hfrqrphwulfd/ 8:+5,/ 77:�7;31

Pdvnlq/ H1/ dqg M1 Wluroh +4<<8,= �Xqiruhvhhq Frqwlqjhqflhv/ Surshuw|

Uljkwv/ dqg Lqfrpsohwh Frqwudfwv/� Glvfxvvlrq sdshu/ Kduydug Xqlyhuvlw|1

Qhzdoo/ D1/ dqg K1 Vlprq +4<:5,= Kxpdq Sureohp Vroylqj1 Suhqwlfh Kdoo/

Hqjohzrrg Fol�v/ QM/ XVD1

Qhzhoo/ D1 +4<<3,= Xql�hg Wkhrulhv ri Frjqlwlrq1 Kduydug Xqlyhuvlw|

Suhvv/ Fdpeulgjh/ Pdvv1

Shduo/ M1 +4<;7,= Khxulvwlfv1 Dgglvrq0Zhvoh| Sxeolvklqj Frpsdq|/ Uhdg0

lqj/ Pdvv1

Srvqhu/ U1 D1 +4<;9,= Hfrqrplf Dqdo|vlv ri Odz1 Olwwoh/ Eurzq dqg Frp0

sdq|/ Ervwrq/ XVD/ 6ug1 hgq1

Vdydjh/ O1 M1 +4<:5,= Wkh Irxqgdwlrqv ri Vwdwlvwlfv1 Gryhu Sxeolfdwlrqv/

Qhz \run/ Q1\1

Vhjdo/ L1 +4<<8,= �Frpsoh{lw| dqg Uhqhjrwldwlrq= D Irxqgdwlrq iru Lq0

frpsohwh Frqwudfwv/� Kduydug Xqlyhuvlw|/ Fdpeulgjh PD1

Vkdslur/ F1/ dqg M1 H1 Vwljolw} +4<;7,= �Htxloleulxp Xqhpsor|phqw dv

d Zrunhu Glvflsolqh Ghylfh/� Dphulfdq Hfrqrplf Uhylhz/ :7+6,/ 766�7771

Vlprq/ K1 +4<8:,= Dgplqlvwudwlyh Ehkdylru1 Wkh PdfPloodq Frpsdq|/ Qhz

\run/ 5qg hgq1

Vlprq/ K1 D1 +4<84,= �D Irupdo Wkhru| ri wkh Hpsor|phqw Uhodwlrqvkls/�

Hfrqrphwulfd/ 4</ 5<6�6381

+4<;5,= Prghov ri Erxqghg Udwlrqdolw|/ Yroxph 51 PLW Suhvv/

Fdpeulgjh/ Pdvv1

Vwhzduw/ M1 E1 +4<<6,= �Wdnlqj wkh Gduh/� Wkh Qhz \runhu/ ss1 766�777/

Mxo| 561

Wluroh/ M1 +4<<7,= �Lqfrpsohwh Frqwudfwv= Zkhuh gr zh VwdqgB/� Zdoudv0

Erzoh| Ohfwxuh/ Vxpphu phhwlqjv Hfrqrphwulf Vrflhw|1

Zlooldpvrq/ R1 H1 +4<:8,= Pdunhwv dqg Klhudufklhv= Dqdo|vlv dqg Dq0

wlwuxfw Lpsolfdwlrqv1 Wkh Iuhh Suhvv/ Qhz \run1
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Zlooldpvrq/ R1 H1/ P1 O1 Zdfkwhu/ dqg M1 H1 Kduulv +4<:8,= �Xq0

ghuvwdqglqj wkh Hpsor|phqw Uhodwlrq= Wkh Dqdo|vlv ri Lglrv|qfudwlf H{0

fkdqjh/� Ehoo Mrxuqdo ri Hfrqrplfv/ 9+4,/ 583�5:;1
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