OPTIMAL BUFFERING POLICY ON

FIXPRICE MARKETS: GENERAL EQUILIBRIUM

James E. Anderson

Working Paper #123

June 1984







OPTIMAL BUFFERING POLICY ON

FIXPRICE MARKETS: GENERAL EQUILIBRIUM

James E. Anderson

Introduction

Fixed prices ordinarily prevent private intertemporal
arbitrage of supply and demand shifts. For storable goods,
government arbitrage can ameliorate the distortion created by the
fixprice in the presence of fluctuations over time. Publically
provided electric power, water and sewerage are a few familiar
U.S. examples where such policies are relevant. The sale of
timber and grazing rights from the public lands has exactly the
characteristics noted. Some aspects of the provision of health
care also seem to fit with a bit of stretching. Socialist
countries have a much wider set of fixprice/storable goods
markets, prominently including food and shelter,

This paper will characterize optimal buffering policy in a
simple general equilibrium model with "risk aversion", or finite
intertemporal substitution elasticity. The optimal quantity
policy can have surprising properties, involving de-stabilization
of consumption or production. The second best policy of no buf-
fering then dominates any stabilizing policy. Arbitrage con-
siderations alone imply at least partial stabilization of the
quantity consumed (produced) under a supply (demand) constraint.
Deeper considerations of general equilibrium structure and risk

aversion fundamentally modify and enrich this insight.




This richness of structure arises because securities markets
are "incomplete". The analysis is thus of second-best typég
For simplicity, we assume there are no securities markets. The
qualitative properties of our analysis survive the introduction
of securities so long as markets are incomplete; do not allow
private agents to completely offset the effect of fluctuations on
real income. Government buffering policy then inevitably has the
sorts of effects we study.

Optimal buffering policy in general involves complex struc-
tures of intertemporal utility and constraints. The key elements
can be seen in a much more streamlined model with severe assump-
tions. Following standard practice we impose additive-over-time
utility. To focus on pure buffering activity, we assume that
storage 1is productive with constant marginal retufn equal to the
consumer's rate of time preference. 1In the absence of fluc-
tuations, this implies stationary consumption is optimal, with no
frustrated desire for short sales. The buffering authority is
assumed to have on hand at the beginning of the analysis a suf-
ficient stock to allow the optimal sequence of buffering sales
and purchases, subject to maintaining the present discounted
value of the initial stock. Private storage is ruled out by
assuming a fixed cost sufficient to deter household activity, but
irrelevant to the government's decisions.

The introduction of randomness complicates the cost of buf-
fering considerably (see Newbery-Stiglitz) without adding appre-
ciably to the insights presented here on intertemporal smoothing.

The structure of the state and time-contingent buffer schedule




=3 =

will, however, be gualitatively the same in the dynamic
stochastic programming model where stock carried forward creates
Aexpected future utility. The main complication is that the
feasibility constraints limit the amount of buffering, effec-
tively making it more costly. The model presented here is thus a
parable about optimal intertemporal gquantity policy in economies
where temporarily rigid prices create persistent opportunities
for buffering between periods in order to even out the impact of
the fixprice distortion. We should note tha£ our structure
implies no intervention when the distortion is absent--quan-

tity policy is not used to smooth out variations in real income
save as they arise in conjunction with fixprice distortion.
Newbery-Stiglitz(1981) have argued that quantity policy would be
dominated by income policy for this purpose on intertemporal cost
grounds.

Section I contains an intuitive discussion of the structure
and results of the paper. Section II sets out the basic planner's
optimization program, and sh§ws that the optimal policy never
incorporates a regime switch. Sections III, IV, and V consider
the effects of traded goods prices, non-traded good price, and
production fluctuations on optimal quantities, respectively.
Having characterized optimal policies, it is straightforward to
rank second best alternatives such as fixed quantity or fixed
shadow price. Formal conditions for this are developed in
Appendix B. Section VI concludes with some observations on

future work.
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I. Intuitive Discussion

Most economists“’instincts are that with market prices fixed
it will still pay to arbitrage shadow prices. Anderson(1983) has
has shown that this is indeed appropriate in a partial equilibrium
setting-»Quantity stabilization, cet. par., will generally benefit
a planner while maintaining producer profits or consumer utility.
A deeper treatment of the issue involves specification of the
source of the disturbance to the supply or demand constraint,
making allowance for it in the link of consumer income to produc-
tion income, and conducting the welfare evaluation with an uncom-
pensated fepresentative consumery,

New effects appear. 1In the supply constrained region, a
rise in export price will (assuming non-traded goods substitute
for exportables in supply) reduce non-tradeable supply, raise its
shadow price, hence the shadow price margin over the fixprice,
and on arbitrage grounds suggest selling more buffer stocks. On
the other hand, real income is raised by the terms of trade
improvement (the real income effect of the non-traded good shadow
price change is zero in a non-monetary economy). With risk aver-
sion, the marginal utility of income is lowered, which suggests
reducing the non-traded goods supply still more to lower real
income. Thus risk aversion can imply de-stabilizing the guantity
consumed in order to stabilize real income. For rises in import
prices the terms of trade deteriorate and the two influences run
in the same direction.

In the demand constrained region, a rise in export price

will (with Hicksian substitutes and normality) increase demand
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for the non-traded good and raise its shadow price, hence reduce

the gap between fixprice and shadow price. Arbitrage con-

siderations imply less purchase for stock. Risk aversion rein-
forces this, since the terms of trade improvement raises real
income and lowers the marginal utility of income. A rise in

import price, on the other hand, implies that risk aversion off-

sets the arbitrage consideration. Optimal policy could imply
increasing the fluctuation in non-traded goods production.,
Non-traded goods price increases will close the gap between
shadow and market prices in the supply constrained region.
Arbitrage considerations imply a smaller sale of buffer stocks.
The fall in the shadow value of the stock sale, however, lowers

income and raises the marginal utility of income. Thus arbitrage

and risk aversion act in opposite directions. 1In the demand
constrained region, on the other hand, the rise in price reduces
demand, lowers the shadow price, increases the gap between
fixprice and shadow price, and on arbitrage dgrounds implies an
increase in buffer stock purchases. The demand decréase also
lowers real income on "Keynesian" grounds and implies a rise in
the marginal utility of income. Thus the two effects run in the
same direction.

Production fluctuations can occur in either traded or non-
traded goods sectors, or both, Traded goods production fluc-
tuations simply affect income and non-traded goods demand. With
an increase in traded goods production, the rise in income
increases demand and lowers the marginal utility of income. 1In

the supply constrained region, the increase in demand raises the
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shadow price, hence arbitrage implies a rise in stock sales while
risk aversion implies a fall. 1In the demand constrained region,
on the other hand, the two influences go in the same direction.
Nénmtraded production fluctuations affect income and non-traded
goods supply. The rise in supply and income in the supply
constrained region will lower the shadow price and the marginal
utility of income, hence the two effects reinforce., 1In the
demand constrained region, the increase in supply lowers the sha-
dow price; however, the supply shift is unable to become effec-
tive so income does not change. Risk aversion is thus
irrelevant . Arbitrage considerations indicate lowering the stock
purchase.

Succeeding sections make these insights rigorous and present
the less intuitive arguments which are also involved. The formal
analysis allows us to stipulate conditions on measurable parame-
ters which lead to the surprising results that consumption or

production should be de-stabilized.

T1I. The Basic Model

The technique we shall use to analyze optimal quantity policy
involves specifying the utility function of the representative
consumer, the production revenue function, the price constraint
and the allocation method on the constrained market, and the link
between government action and consumer income.

The income of the representative consumer is the production
revenue plus the effect of government action. The latter enters

in two ways potentially. First, for the supply constrained case
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it is convenient to run the analysis in terms of shadow prices,
in which case consumer income must include the value of the
ration coupons implicitly given to consumers. Second, we must
account for the revenue needed to run the buffer activity. The
method of financing the buffer fund is to some extent arbitrary
in our stripped down model with no securities. We could assume
that all purphases,or sales are taken from or added to the
income of the consumer in lump-sum fashion. It seems somewhat
more realistic to assume that the buffer agency has access to
borrowing externally. Thus we assume that government buffer
stock purchases and sales are not taken from or added to current
income, being financed from an external fund which charges
interest equal to the representative agent's rate of time pre-
ference. Private agents are forbidden access to this market by
assumption, which can be rationalized on transactions cost
grounds. The analysis presented below is not sensitive to the
assumption, in the sense that the controlling expressions are
nearly identical when the other polar case of all-current-
financing is analyzed. We can rationalize the structure used by
appeal to the example of public utilities. Their stocks or bonds
are sold in national markets to agents widely dispersed, while
their activities are concentrated. Another example is proposals
for externally financed stabilization policies of developing
countries.1

To keep matters simple we specify an import good and an
export good, both tradeable at exogenous world prices L and L

The vector of tradeable good prices is =n. The non-tradeable price
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P is institutionally fixed, but possibly fluctuating. Since
fixprice models lose the usual homogeneity properties, it is
necessary to consider nominal prices.

Following Young-Anderson (1982) we conduct welfare analysis
in terms of the "general equilibrium” indirect utility function,
with arguments being the time contingent variables and the quan-
tity control instrument. We shall build this function using the
elements outlined above. At the end of this section we show the
derivation of optimal quantity policy which maximizes general
equilibrium indirect utility subject to the zero present value
stock change constraint. An immediate result is that it can never
pay to switch regimes.

We begin by specifying the basic element of constrained
markets; the solution to the implied allocation problem. A stan-
dard specification is to suppose that the amount consumed equals
the lesser of notional demand and notional supply, where
"notional" means amount desired if unconstrained. Denote the

amount consumed as 7, and we have:
(1) Z=minl{C(w,P,2,b),D(n ,P)=b]

C( ) is the notional demand function for the non-traded good,
where © is the traded goods price vector, and b is the government
purchase (sale if negative). We will restrict the form of C( )
presently. D( ) is the notional supply function.

Supply is assumed to occur as a result of maximizing produc-
tion income subject to a convex technology and possibly also a

quantity constraint in the non-traded goods sector. The assump-



tion is consistent with a competitive economy in all sectors but
in light of the public sector motivation above, it might better
be thought of as an efficient planned or mixed economy. When the
demand constraint is not effective, production income is given by
the revenue function r(w,P) and supply of non-tradeables by
rP(w,P)=D(w7P)o When the constraint is effective, production
income is R(w,Z2+b)+P(2+b), where R( ) is the production revenue
from the traded group of goods = wXY+me with Y and M denoting
production of exportables and importables respectively. We note
that Rz+b=—P**, so that total production revenue changes by P-P**
when the constraint is relaxed.

The representative consumer's welfare is assumed to be the
expectation of a concave function of his consumption bundle. In
any period, his demand functions have as arguments P, ©, income,
and the supply quantity constraint. When the latter constraint
binds, it is convenient to work with shadow price P*, which is
the price which would induce the consumer to freely buy the
available supply. This decision must be based on income which
includes the value of the implicit ration coupons. 1In the demand
constrained case consumer income includes production income which
of course constrained by the level of demand. (1) can be used in
the two cases to implicitly solve either the shadow price P* or

the effective quantity supplied to consumers, Z. Formally,
(2) C(n,P*,r(n,P)+(P*-P)(D(n,P)-b))=D(n,P)-b

is solved for P*(w,P,b) in the supply constrained case.2

In the demand constrained case we solve for 2(w,P,b) from:
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(3) C(n,P,R(n,2+b)+P(Z+b))=7.

We are now ready to organize the general equilibrium indirect
utility function. We substitute the general equilibrium demand
functions into the concave (risk averse) direct utility function

and report the general equilibrium indirect utility function:
(4) V:V(TTIP*(TTIPVb) ,I('in,b))z\]('n‘ yPyD)

where: P¥*=p
I(7,P,b)=R(n,2+b)+P(Z(w,P,b)+b) for demand constraint
or
P*=P* (71 ,P,b)
I(7,P,b)=xr{(n,P)+(P*(%x,P,b)-P)[D(n,P)-bl for supply
constraint.
The planner's problem is to maximize the present discounted
value of indirect utility over the set of time-contingent b's,
subject to the stock change egual zero in present value terms.
This constraint arises naturally from the stock rule of

accumulation:

Be=Bro19tPyr

where Bt is the stock at time t, a is the growth factor (set
equal to the discount factor), and bt is the buffer purchase at t.
i

. . t t
This is solved for B, =Bja +;L, bt_iq

and dividing by at we get
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-t t -9
Btot WBO+SZ=O bscz o
. . -T _ T -8 _ T -8 _
The constraint is BOWBTa = s§0 béx 0, or‘géotga 0.

We may now define the normalized present discounted value opera-
tor A:

BPI=gobg Moo -
A converts the standard present discounted value formula into an
average, which eases subsequent proofs considerably. The
constraint A(b)=0 rules out indefinite accumulation or decumula-
tion. The notation A signifies that the A operation is per-

T
formed over the variable 1 which varies over time.

‘We should note what the structure implies about payments
balance. Non-traded goods market clearance is imposed in (2) and
(3). This plus the budget constraint implies a private balance of
trade deficit of Pb in each period in domestic currency terms.

For fixed P the constraint on b implies present value payments
balance. For variable P, we need not have payments balance for
any arbitrary m, but we assume away the problem by supposing that

the government imposes a constant lump sum tax such that payments

balance.

We can now set out the planner's maximization problem. For
completeness we also introduce a production disturbance g into
the model.

(5) Max A [v(w,P,b)]+xr{a[b]}

b %,P,
q

The first order (necessary) conditions for a solution to the

classical maximization problem (5) require for each time period:




=12

(6a) v SEVI(PﬂP*)ﬁﬁk

b
(6b) vbd=vI(PwP**)(1+zb)=mx
{6c) A(b)=0

where bs,bd denote supply and demand constrained regimes, respec-
tively.

In interpreting (6a),(6b) we note that the middle expression
of (6a) must be non-positive and the middle expression of (6Db)
must be non-negative. A can have either sign. We immediately
have the implication that if in any time period we have
VI(P—P*)<0, we are in the supply constrained regime, then we
must be in the supply constrained regime in all periods. A sym-
metric argument applies to the demand constrained regime, thus:

Theorem 1

The optimal policy cannot include regime switches.

Optimal policy requires efficient management of generalized
excess demand or supply. This can imply buffer policy converting
excess demand into excess supply in given periods. Appendix A
shows that sufficiency is guaranteed when utility is concave
(VII<O) and the "multiplier" is well-behaved.

The remainder of this paper will investigate the qualitative
nature of the optimum in (6). The essential structure involves

formation of the implicit derivatives:

(7) by = -v , /v i=s,d

ba b b a=1rx,1rm,P,q

The derivative will have the sign of vbi  Since the denominator
a
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is negative. Of course, it must be examined in both the demand
and supply constrained regions. (7) will typically reveal ele-
ments of both arbitrage (implying quantity stabilization) and
risk aversion, as well as some less intuitive elements.

We should note that in one special case, the policy is quite
simple. 1If asset markets are such that consumers are able to
equate the marginal utility of‘income across states, then the
optimal policy consists purely of arbitrage such that the shadow
price differential is eliminated. This is the case examined in

Anderson (1983).

111, Traded Goods Price Fluctuations

We examine the qualitative nature of the optimal response to
traded goods price fluctuations in this section. Thus we report
the expressions which sign the derivatives of b with respect to
import and export price fluctuations in the supply and demand
constrained regions, using equation (7) and results from the
Appendix. 1In the supply constrained region, when traded goods
are both gross substitutes for non-traded goods, a rise in T or
T will increase (notional) nontraded goods excess demand.
Stabilization of excess demand, indicated on arbitrage grounds,
will imply b (the stock purchase) must fall, hence the derivative
is negative. In the demand constrained region, the gross substi-
tutes assumption implies a rise in T, Or T will increase demand.
Stabilization of (notional) excess supply, indicated on arbitrage

grounds, will involve a reduction in b, hence the derivative is




=14=

negative. Provided the gross substitutes assumption is carried

through to the demand and supply derivatives, the above state-
ments apply also to consumption and production stabilization.

Other factors, as noted in the intuitive discussion, can act to

de-stabilize consumption or production. These other factors can
also imply "ultra-stabilization"” in which the change in b more
than offsets the change in constraining consumption or produc-
tion. Conditions sufficient for this possibility can easily be
developed based on the analysis ofrthe Appendix. Here we reports
Theorem 2
The optimal response to export price fluctuations will
destabilize (stabilize) excess demand in the supply

constrained region whenever:

. . . ., (X-H)
(20) - (1- pr-p uc)sx-+ PT-P by t PT-P p >(<) 0,
P* p* pP* I
*
where ¢ = P7 px
X o Tm
Ty :
e = P*CI the marginal propensity to consume C
My = T H1 the marginal propensity to consume the export good
vII
p = = I, the coefficient of relative risk aversion.
\Y
I

Proof: see Appendix.

P: >0 with gross substitutes. (See (8) in the Appendix.)
X

—P; is the pure arbitrage effect term. The terms involving
X
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CI”HI

shadow price of non-traded goods as it acts on the compensated

represent the influence of L directly and through the

marginal utility of income., With normality these influences run
against arbitrage. Y-H>0 for exportables so the influence of
risk aversion runs against arbitrage. A rise in the price of
exports raises real income while increasing excess demand for
non-tradeables. An increase in b will lower real income and ex-
acerbate excess demand, hence the arbitrage and risk aversion
motives conflict. (20) also informs us that for small distor-
tions (P*-P close to zero), arbitrage considerations dominate.
In fact, in the limit as P* approaches P, optimal b shifts to
fully offset the shift in excess demand induced by mee FOr finite
distortions and low elasticity of P* with respect to m, destabil-
ization of excess demand will be optimal, especially as export
share of national income and risk aversion grow.

For the import price fluctuation case we have:

Theorem 3

The optimal response to import price fluctuations will

destabilize (stabilize) excess demand whenever:

* . * g ki) (G—'M)
(21) -(1- B*"P ) ¢4+ PP7P, _ PT-P m o »(<)0.1

p* p* I

€m and W are defined analogously to e AT

Proof: see Appendix.

The only difference between (20) and (21) qualitatively lies
in the reversal of the influence of risk aversion. The real
income effect of the rise in import price is negative, this

increases the marginal utility of income and thus the desirabi-
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lity of raising -b to offset the decline in supply of the
non-traded good@ Even so, low risk aversion and low elasticity of
P* with respect to T, c€an result in the middle term dominating,
so it becomes optimal to destabilize excess demand.

Turning to the demand constrained cases, we have:

Theorem 4

The optimal response to export price fluctuations will

destabilize (stabilize) production whenever:

Z
_ ™
(22) -P**_prxy —(P=P**)H1-p[(P-=P**)XH+(P-P**)2 X
m 72 m e
X X I I
Zy,
+(p-P**)  Tx 3(<)0.
Y

b

Proof: see Appendix.

Normality and substitutability assumptions (see (11), (12),

and (16) of the Appendix) imply all but the last term of (22) are

* )
negative, P, is positive for convex technologies, Z1T 18 positive for
X
. " K
gross sustitiutes and normality, and P7T is positive with exports and
X

non-tradeables being quantity substitutes in production. The
last term in (22) cannot be signed by economic theory. If we
disregard its influence, (22) tells us that arbitrage con-
siderations alone do not go far enough. Again we note that in
the limit as the fixprice distortion disappears it can be shown
that the optimal policy exactly offsets the shifts in excess

supply due to changes in L

For import price fluctuations the only difference is that
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the terms of trade effect now goes in the opposite direction,
This can, however, imply destabilization of production is opti-
mal.
Theorem 5
The optimal response to import price fluctuations will

destabilize (stabilize) production whenever:

G-M 2
(23) mP:;~P§*Xﬂm(P—P**)GI'*'p[(P-P**) - =(pP-P**) Zﬂm/:l:](l-t-zb)

an
m

+{P=P¥*) »>(<)0.

l+Zb

Proof: see Appendix

Theorems 2-5 can be used for useful second best analysis.
Following the methods of Young-Anderson (1982), whenever the opti-
mal policy involves destabilization we can show that a zero
buffer policy will dominate a pure arbitrage (i.e.,
stabilization) policy, or indeed any policy which stabilizes. See
Appendix B. If as a practical matter buffer stock agencies will
always stabilize, (20)-(23) provide guidance on whether to

establish them.
IV. Non-traded Goods Price Fluctuations

"Fixed" prices do of course change. We allow for unsystema-
tic (i.e. exogenous) change here. Considering the quirks in the
political processes which usually create the fixprices of

interest here, this may not be entirely unrealistic. Deeper con-
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sideration requires endogeneity and intertemporal structure which
has so far defied reasonable solution by fixprice theorists,

One complication which should be noted is that with non-
traded goods price fluctuations, the government's external debt
is not automatically zero over the planning period, as pre-
viously. This can be finessed by assuming that the optimal
buffer policy is accompanied by a lump-sum tax scheme which
internally finances the debt. 1Its operation can be tucked away
in the revenue function and need not be considered further.

Our task is to consider the comparative static derivatives
of b with respect to P in the supply and demand constrained
regions. 1In the supply constrained region, we expect that a rise
in P will lower the shadow price P* via income effects. See (9)
of the Appendix for details. Thus P*-P must fall and arbitrage
considefations require smaller sales out of stock: -b falls.
Since the rise in P lowers excess demand, the optimal policy sta-
bilizes excess demand. In the demand constrained region, the
shadow price P** is lowered by a rise in P. Demand falls, hence
production, and with connvex technology this lowers supply shadow
pricé. See (19) of the Appendix. Thus the rise in P raises
P-P** and requireé greater stock purchases on arbitrage grounds.
This acts to stabilize excess supply, which has increased due to
the rise in P. The other elements influencing optimal quantity
policy are set out in the next two theorems.

Theorem 6

The optimal response to nontraded goods price fluctuations

will stabilize (destabilize) excess demand whenever:
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* * %
P PPb+(P P)Ze

P*"""”P %
(24) 1-(1- uC)PP+-p[ nP] »(<)0,
P* p* I P
where 6 = _EE , the share of non-traded goods production in
I
national income
np = DP_E , the general equilibrium supply elasticity of non-

traded goods output.

Proof: see Appendix.

The first two terms of (24) are positive. Risk aversion can
act in either direction, since the first term in square brackets
is negative with buffer sales (b<0). Again we note that it can
be shown that in the limit as P* approaches P, the optimal policy
is to fully offset the shift in excess demand.

In the demand constrained region we have:

Theovrem 7

The optimal response to non-traded goods price fluctuations

will stabilize (destabilize) production whenever:

Z
D%k
(25) 1-pr*z - PP - (p-px*)2 P o (poprx) P
P i
2
r(e-p**) PP 500,
%7

b

Proof: see Appendix.

The first two terms represent the arbitrage effect and are
positive. Since zP<0 with normality (see (13) in the Appendix)
while b»0 sometimes, the influence of risk aversion can be in
either direction. The term involving CI represents the effect of

P on the marginal utility of income at constant real income, and
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with normality this influence counters the arbitrage influence.
Again, it can be shown that in the limit as P** approaches P, the
optimal policy fully offsets the shift in production.,

We should also note that as in Part III we can develop
second best arguments to show that a zero buffer policy dominates
any excess supply or demand stabilization policy whenever the
optimal policy is to destabilize. See Appendix B for a formal

treatment.

V. Production Fluctuations

Production fluctuations can be generally represented as a
shift in the supply functions. It is convenient to consider them
concentrated in either non-traded or traded goods to spell out the
intuition. A rise in non-traded goods supply will decrease excess
demand in the supply constrained region normally. P* will fall,
less stock will be sold on arbitrage grounds, hence excess demand
is stabilized., A rise in traded goods output increases excess
demand for non-tradeables with normality. P* rises indicating
greater stock sales on arbitrage grounds, thus stabilizing excess
demand.

In the demand constrained case, non-traded goods capacity
increases are ineffective. Traded goods output increases increase
demand for non-tradeables with normality, thus reduce P-P* and
indicate smaller stock purchases on arbitrage grounds. 1In general

we have the following pair of theorems:
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Theorem 8
The optimal response to production fluctuations will stabi-

lize (destabilize) excess demand whenever:

*
20y P*-P

P
w )+ 3 {(p*-p) %q-(p*«-wﬂx Xt M) Je<(3)0.

9 - *
(26) (Pq) = :

Proof: see Appendix.

We note from (26) and (10) of the Appendix that with negative
correlation of outputs, P; <0, and risk aversion can never over-
turn arbitrage influences. Negative correlation arises naturally
in Rybczynski effects of primary factor supply disturbances.
Stabilization (possibly "ultra-stabilization") is then always
indicated., With positive correlation it is possible for the two
terms in (26) to differ in sign. This is more likely as distur-
bances are concentrated in the traded goods sector. We note again
that as the limiting case of P=P* is approached the optimal
policy fully offsets the effect of production disturbances on
excess>demand. Interestingly, if disturbances are entirely con-
centrated on the nontraded good production, the limiting case
holds for all P*>P.

For the demand constrained case we have:

Theorem 9

The optimal response to production fluctuations will stabi-

lize (destabilize) production whenever:

Z R

2 2 q
27a) (PX*+p**z ) +(P*¥*+pr*z P-p** +(P-p**
( > q TPy q) ( q TPy q)p[( ) . ( )

9
T
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7
m(P**+P‘§*z Y (P=-P**) bq »(<)0.
d 4 1+2,

Noting Zb>0p optimal policy will stabilize (destabilize) production

whenever bg and Zq have opposite signs, or

Z R
(27b) P**z +pr*7247 o[(p-p**) 2 I 4(p-pr¥*) 9
a9z ad T T
Z
v (p-p**) P9 5(<)0.
q 1+7

b

Proof: see Appendix.

(27b) is likely to be positive. Pa* is unsignable, as is the
last term involving qu’ Disregarding these influences (27b)
should be positive. From (14), zq is positively proportional to
Rq; this makes the risk aversion term positive and reinforces the
first , arbitrage, term. If non-traded and traded goods produc-
tion fluctuations are negatively correlated, Theorem 9 also
implies that optimal policy will stabilize excess supply, the
usual form we have used. Again the limiting case of P* approach-
ing P has optimal policy which fully offsets the shifts in excess
supply.

Finally, we note that where optimal policy involves destabi-

lization, the zero buffer policy dominates any stabilizing

policy. Our consideration of (26) and (27) indicates this is
unlikely with negative correlation or with excess supply. See

Appendix B for a formal treatment.
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VvI. Conclusion

Buffering policy on fixprice markets involves elements of
shadow price arbitrage interacting with risk aversion and general
equilibrium structure in ways which can produce surprising
results. De—stabiliiation of quantities can sometimes be indi-
cated. On second best grounds, in this case, no buffering is
preferred to stabilizing buffering. While developed in a very
special model, the results should be robust to a good deal of
generalization. One extension which should be enlightening is to
introduce asset markets., Perfect asset markets allow smoothing
the variation in marginal utility of income, and hence reduce
buffering policy to arbitraging shadow price variation. More
limited forms of asset exchange will produce an interaction of
the two. This should be particularly relevant to fixprice econo-
mies running buffering policies and external borrowing simulta-

neously.
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Appendix A. Proof of Theorems 2-9

The basic structure of the model is given in equations
(2)-(4) of Section I. Repeating them here for convenience:
(2) C(w,P*,r(n,P,q)+[P*~P][D(n,P,q)-b])=D(x,P,q)=b supply

constraint

(3) C({w,P,R(n,2+b,q)+P[2+b])=2 demand
constraint
(4) v(w,P,q,b)=V(n,P*(n,P,q,b),I(n,P,qg,b)) general equilibrium

indirect utility

where: P*=pPp

I=R{n,P,Z2+b,q)+P[Z+Db] demand constraint
2=%Z(n,P,b,q) from (3)

P*=p* (v,P,b,q) from (2) supply constraint
I(w,P,b,q)=x(w,P,q)+[P*-P] [D(n,P,q)~Db]

In Section II, a discounted sum of utilities (4) is maximized
subject to the discounted sum of b's equal zero. The first order
conditions (6) characterize the optimal policy. Theorems 2-9

follow from the comparative static derivatives (7):
(7) b, =-v,i /v i i; i=s,d;a=n,P,q.
a

Our task in this appendix is to evaluate these derivatives using
(2)-(4).
A preliminary issue is the sign of the denominator of (7).

For well-behaved optima, which meet the sufficiency condition, it
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must be negative. Under concave utility (risk aversion), this
condition is met in the supply constrained region. 1In the demand
constrained region we must additionally impose that the marginal
propensity to consume non-tradeables is nonincreasing in income
for sufficiency. Under these conditions, (7) is signed strictly
by the numeratore3

Turning to consideration of the numerator expressions, we
note immediatély that we will need a collection of comparative
static derivatives for P*, P** and Z (in the demand constrained
region) with respect to Tyt T P, g. These follow from dif-

ferentiation of (3) and (4). We report these derivatives and

conditions for signing them in (8)-(19).

Comparative Static Derivatives: Preliminaries
c -D
LT : . .
(8) P* = ~- > 0 with gross substitutes; 1i=x,m.
Ty CPﬂ
comp
*o
~be+pg[1-prc, FTE ]
(9) P = p* 0.
P <
CPﬂ
comp
(1-P*C)D -Colm X dm M ) 5
(10) P} = d 9 mda z 0.
CPﬂ
comp

(9) is negative under b»0 and all-goods-normal, since in this
case the sqdare bracket expression must lie in the unit interval.
In (10}, Pa<0(>0) as g raises D aione or traded goods production
alone. If traded and non-traded goods production is negatively
correlated, Pa<0 under the convention Dq>0.

In the demand constrained region we report:
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(11) P;ib = P%* = Pg* = WRZZ?O for convex technology
C,
(12) 2 = ! >0 for gross substitutes and all-
"y P-P**
1 - PC .
1 o goods normal, 1i=X,M,

The expression ———— S—=%x 1S equal to 1+Zb , and is effectively

the Keynesian multiplier. Common sense use of the model implies ana-
lyzing the region where Zb>0. All-goods-normal is a sufficient con-

dition for this.

C
(13) Zp = p - comp < 0 for all-goods-normal
pP-P**
1-PCo
P
Celm +7 )
(14) Z2_ = 1 qu qu has sign of R =n X +1 M for all-goods-normal
q P_P** a X g m q
l—PCI
P
Kk = 2
(15) Pq RZq < 0
(16) P;* = - R, =- R 5 >0 for non-traded and traded goods being
i i i
"guantity substitutes" in production4
ap** . .
(17) = PE*ZP < 0 with non-Giffen non-traded goods consumption
dp
ap** ' . : .
(18) = P**+P§*Z > 0 with quantity substitutes and all-goods-
ar. i "
. normal
dP** — * % * %k »
(19) =~ = PY +P% zq < 0.
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Comparative Static Derivatives: Proofs of Theorems 2-9

We now turn to evaluation of (7), which yields Theorems 2-9. 1In

all cases, by previous steps, we need consider only the numerator of

(7).

Proof of Theorem 2

s : - _p* Pk %
b has the sign of v s Vl( Rn y+(P-P )(V’ITr 4WEP* P_ﬁ ).

T
X b™x X X e
X

Using standard properties of the indirect utility function

\Y = - V_H_+(X-H)V__. Further, since C=D, the same operation yields

In I'1 11

V. 4= = V_C_o P* 3> 0 under gross substituies, by (9). Substituting
1P I'I L

into the expression for v_s dividing by VIP*/nX and rationalizing
™

b X

terms we have:

bi »(<0) whenever:

X
* * . * m (X-H)
{20) - (1 pr-P c) < + T P « + P*-P X p »(<) 0,
p* P* p* i
*
where ¢ = P7 px
X — 7
m X
X
He = P*CI the marginal propensity to consume cC
My = T H1 the marginal propensity to consume the export good
Vi1 . . . .
p = - I, the coefficient of relative risk aversion.
AY
I

Excess demand rises with L under the gross substitutes assumption,
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hence (20) is also the condition for optimal policy to destabilize
(stabilize) excess demand.l

Proof of Theorem 3

s : = Dk _p* *
bw has the sign of v VI( L Y+ (P=-P )(\71TT V] px 14 ) .
m b L m m m

" The same steps as in the preceding proof yield that b: »(<)0 and

m
policy is destabilizing (stabilizing) whenever:
pP*-P p*-P prop T (G7M)
(21) -(1- u) e + T p »(<)0.I
pr- ¢ M e M TR i

€ and b, are defined analogously to € tH

Proof of Theorem 4

d 3 — _DERD¥ R
bTr has the sign of Vbd'n = VI( P1T PZ ZTT )(1+%)
X X X X
+ -—-pE K
Vo (P=P**) (Vo 4V, 2 J(1+z))
X X
4 Pk % .
VI(P P )ZbTr
X
i = ~pR* 7 - _ . ,
Noting VIZ VII(P P**) and \I“x VIHI+(X H)VII we substitute 1into

the expression for vbdﬂ ;, divide by VI(1+Zb), and rationalize to form

X
d
b >(<)0 whenever:
TTX
ZTT
(22) -P**-pr*g -(P—p**)HI—p[(P-P**)X’H +(p-pr*) 2 X
ﬂx A ﬂx —E— —E——

Zy,
+(P-P**) Tx »(<)0.1

1+
Zb
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. is positive under the gross substitutes assumption. Thus (22)
X

is also the condition for optimal policy to destabilize (stabilize)

production.
proof of Theorem 5

d ] = _pEk_DRK
b has the sign of Vbdn— VI( 4 LA ) (1+2) )
m ‘ m m m

—PE®
+ V(PP )(Vlﬂm+vlzang(l+zb)

PR
+VI(P P )an .

From steps taken in the preceding proof we have:

bS >(<)0 and optimal policy is destabilizing (stabilizing) to
m

production whenever:

(23) -PF*-PX*X_ —(P—P**)G1+p[(P-P**)G—M ~(p-p**) 2
m m I

%T /I](l+Zb)
- m

anm
+(P-P**) 2(<)0.1
l+Zb
Proof of Theorem 6
S ; = Pk _p* *
bP has the sign of v, s, VI(l PP)+(P P )(VIP*PP+VIP).

Using standard properties of the indirect utility function we note

= e = + Ko o b i i i i
Vipx V€ and V., VII(b (P P)DP) Substituting into the expression

for vpspy dividing through by VIP* and rationalizing we have b; is

»(<)0 whenever:

L. * * *
(24) 1-(1-P*7 4 yprap (PP TR (PR 26 0 g 5 (0,
v C F p* I P
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PD

where 6 = _ ~ , the share of non-traded goods production in national
1
income
np = DP(E , the general equilibrium supply elasticity of non-
D

traded goods output.
with gross substitutes, excess demand falls with a rise in P. Thus
(24) is also the condition for optimal policy to stabilize
(destabilize) excess demand.l

Proof of Theorem 7

d : = _pk% Dk
bP has the sign of vde—[VI(l Py Zp)+(P P )(VIP+VIZ ZP)](1+Zb)
+V ~p** .

I(P P )ZbP

Using standard properties of the indirect utility function we obtain

V.o .= - VICI+VIIb and V

1p =VII(P—P**). Substituting into the expres-

Iz

sion for vde, dividing by VI(1+Zb) and rationalizing we have

bg>(<)0 (and with ZI;O, optimal policy stabilizes (destabilizes)

production) whenever:

Z
DRk
(25) l-P*Z*ZP— p-P T (P—P**)2 Pp - (P-P**) b 0
[ C e —
P 1 I
ZbP
+(P=P*%) >(<)0 .1
1+Zb
Proof of Theorem 8
S . _ _ px - .
bq has the sign of vbsq PqVI+(P p )VIq' Using standard
properties of the indirect utility function, VIq= - VICIP*

+ *e +V
VII(P P)Dq IIrq

dividing by Vi and rationalizing the expression we have b2>(<)0

. sSubstituting into the expression for vbsq,

whenever:
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p¥-p, 1
v - * - K o - K e
(26") (pg) [l-ug - 1+ 1 {(p P)qu(P P)(W)?{Ci%wry&}pé(é)()q

Note that the cet. par. effect of g on excess demand for non-

tradeables, 3(C-D) , has the negative of the sign of PE, from (10).

hel

We have bz o 2(C-D) positive for stabilization policy, hence policy is
(|

stabilizing (destabilizing) whenever:

2
- * -
(26) (Pq) 1 u

*3
1+ 2 {(2r-p) D (p*-) (1 X g g Jec ()0

Proof of Theorem 9

d 3 = — * %k ®* k D% *
by has the sign of vpd. = { [P%*+PY 2Vt (PP )VIq}(1+Zb)

4 —DFE%) .
VI(P P )zbq

\Y (Rq+(P—P**)Zq) from differentiating (4) twice. Substituting

=V
Ig II

into the expression for Vbdq' dividing by VI(1+Zb) and rationalizing

we obtain b2>(<)0 whenever:

2 Z R Zb
(271) - pr*-prrg —p[(P-P**) 2 T a(p-pr*) T 14 (p-pr*) 4 (<)o,
g Z°q ~ - 5
I I 1+2
b
. ap** .
Noting that (19) P&*+P§*Zq= __and PE* >0, we have that optimal
dq
. o o . x d dp**
policy stabilizes (destabilizes) P whenever -bq o >(<)0, or
dq
2 2 Zq A Rq
7 *k ppkk 4 (PrRrpph*y —p** +{P-p**
(27a) (PE™+Py zq) (PE*+P7 q)p[(P p**) - (P-P**) T—']
Zh
—(P**+p¥*z ) (P-P**) 3 »(<)0,
a ¢4 Tz,

Noting 2, »0, optimal policy will stabilize (destabilize) production

b
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whenever bg and Zq have opposite signs, or

Z

R
(27b) Ptz +p**z247 p[(p-p**) 2 D (p-prr) 9
@ 9 % 494d T T
2y
+7 (P-P**) 29 5(<)0.4
q 1+7

b
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Appendix B. Formal Second Best Rankings

Theorems 2-9 essentially permit second best rankings of
interesting classes of policies. 1In particular, no buffering can
be better than stabilizing buffering when conditions are such
that destabilizing buffer’activity is optimal. This appendix for-
malizes the intuitive argument.

The analysis follows Young-Anderson (1982). Let o be the
exogenous variable of interest, either =, P, or g. We compare

A(v(a,0)) the level of utility under b set at 0
a

with A(a,bo(a)), where b0 is some other policy obeying A(b O)=0.
o

*
Lemma: If the optimal policy involves ba »0 and the reference

policy bg <0, the second best ba=0 does better than the
reference policy.

Proof:

with concave utility, v, ,<0, so the second mean value theorem

bb

implies that: (i) v(a,O)—v(a,bO(a))>Vk}a,O)[0—b Qa)].

The A operator can be applied to both sides of the inequality
(i). From (7) the sign of b; is also the 'sign of Vie *

*
Then for ba >0 and bg <0 we have vb(a,O) and [O—b(%a)] non-negatively

correlated. A is equivalent to an expectation, and the "expectation" of
the right hand side of (i) is:
- 0 0
(ii) A[Vb(a,O)[O—b (a)]12alv éa,o)]A[O—b (a)]1=0,

where the right equality follows from the constraint on b policy.l
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The lemma supplies the formal structure needed to complete the

second best rankings stipulated in the text.
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FOOTNOTES

1. Ideally, we would like a complete specification of the tran-
sactions costs and the imperfect capital markets. This is a
complex and ambitious undertaking, and much can be learned from
simple polar models.

One awkward consequence of the structure chosen is that the
government could use its implicit ability to borrow to achieve a
first best solution, compensating for the absénce of domestic
securities markets. The appropriate external borrowing would
smooth away all variation in the marginal utility of income, and
the role of the buffer agency would be reduced to arbitraging
away shadow price differentials. We rule this out on the ground
that external borrowing is in practice limited too tightly to

permit such a solution.

2. The form of income used in (2) becomes clear with an ex-
panded treatment of the consumer's original choice problem. Let
G=consumption of importables, H=consumption of exportables, and
U(G,H,C) be the direct utility funétion. The consumer's program
is:

max U(G,H,C)
G,H,C

subject to:
n_G+m H+PC<r(«w,P)
m X
C(D(TT ’P)-bn
When the shadow price P* is formed, the constraint system be-

comes (use the second constraint with equality, subtract PC and
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PD-Pb from both sides of the first equality, and add P*C and
P*D-P*b to each side):

WmG+ﬂXH+P*C€r(WyP)+(P*”P)(D'b)

3., Recall from (6) that the first derivative Y is

V. (P*-P) supply constraint

I

VI(P**mP)(1+Zb) demand constraint

In the supply constrained region the second derivative is:

. 2
- *
(1) vbsbs VIPb+VIPJ comp

To evaluate (1), first note that Vv

(P—P*)PE+VII(P—P*)

IPA comp -v,C, (from the symmetry

of the Slutsky matrix). Second, note that Pg follows from differentia-
ting (3):
-11- *
(1) pp= TUITCL(PTR)
—

P*lcomp

Substituting into (i) we have

C 2 2
(iii) vbsbs= VI[l-CI(P*—P)] /CPA (P*-P)

(iii) is always negative in the first term and negative in the second

comp+vII

for VII<O, the case of risk aversion.

In the demand constraint region we have the second derivative:

: = - * % _phky2 2 Dk
(iv) vbdbd { VIPb +VII(P P**) ](1+zb> +VI(P p )zbb.

To evaluate (iv) we first note that convex technology implies Pg*>0;

the non-traded good has increasing marginal cost. Then the first term
is negative. The second term is negative if and only if CII<O; the

marginal propensity to consume is non-increasing in income.
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4. This is not equivalent to the usual substitutes definition:
oM X

<0, <0. Instead we stipulate oM <0, X <0 the defini-

ap* * apF* 27 Y3

tion of quantity substitutes.
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