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Devwudfw

Zh h{dplqh dq hyroxwlrqdu| prgho ri suhihuhqfhv lq d vrflhw| zkhuh uhvrxufhv duh

�qlwh1 Djhqwv zkr ghyhors ehwwhu vwudwhjlhv iru edujdlqlqj dqg wudglqj zloo jurz wr

grplqdwh wkh srsxodwlrq1 Zh vkrz wkdw vxffhvvixo djhqwv zloo kdyh suhihuhqfhv wkdw

h{klelw wkh �hqgrzphqw h�hfw�1 Wkh vrfldo lqvwlwxwlrq ri sulydwh surshuw| hphujhv

vsrqwdqhrxvo|1 Djhqwv ghflvlrqv zloo eh vxemhfw wr �iudplqj� h�hfwv/ dqg zh duh deoh

wr pdnh vrph suhglfwlrqv dv wr wkh iudphv wkdw zloo eh vdolhqw lq jlyhq vlwxdwlrqv1

Wkh prgho pdnhv d fohdu glvwlqfwlrq ehwzhhq lqglylgxdo zhoiduh dqg uhyhdohg

suhihuhqfhv1 Qrqhwkhohvv/ lw pd| vwloo eh srvvleoh wr uhfryhu lqirupdwlrq derxw

lqglylgxdo zhoiduh iurp ehkdylrudo gdwd1

MHO Fodvvl�fdwlrq= G3

Nh|zrugv= edujdlqlqj/ idluqhvv/ surshuw| uljkwv/ hqgrzphqw h�hfw/ iudplqj

�Wkh dxwkruv zrxog olnh wr wkdqn Mdfn Kluvfkolihu/ Khuyì Prxolq Yhuqrq Vplwk dqg Gdq Xvkhu iru khosixo

glvfxvvlrqv/ dqg zrxog dovr olnh wr wkdqn wkh V1V1K1U1F1 ri Fdqdgd iru �qdqfldo vxssruw ri wklv surmhfw1
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Kh zloo qrw jr ehklqg klv idwkhu*v vd|lqj/

Dqg kh olnhv kdylqj wkrxjkw ri lw vr zhoo

Kh vd|v djdlq/ �Jrrg ihqfhv pdnh jrrg qhljkeruv1�

Iurp �Phqglqj Zdoo� e| Urehuw Iurvw

4 Lqwurgxfwlrq

Wkh vwxg| ri surshuw| uljkwv lv fhqwudo wr hfrqrplfv ehfdxvh lw lv fhqwudo wr wkh surfhvv ri

iuhh h{fkdqjh1 Lq rughu wr wudgh zh pxvw �uvw ri doo kdyh wkh uljkw wr nhhs zkdw zh duh

r�hulqj wr jlyh dzd|1 Vlqfh uhvshfw iru surshuw| lv qrw d sduw ri vwdqgdug frqvxphu

suhihuhqfhv/ wkh Vwdwh kdv d pdmru uroh wr sod| lq dq| hfrqrplf prgho ri d iuhh hfrqrp|1

Zh qhhg jryhuqphqw wr hvwdeolvk dqg hqirufh dq doorfdwlrq ri surshuw| uljkwv14

Exw uhvshfw iru surshuw| grhv vhhp wr eh lqfrusrudwhg lqwr rxu suhihuhqfhv/

sduwlfxoduo| zkhq wkh vwdnhv duh vpdoo1 Iru prvw ri xv wkhuh lv d kxjh gl�huhqfh ehwzhhq

zkdw zh rzq dqg zkdw zh gr qrw rzq1 Zh zrxog eh r�hqghg li vrphrqh zhuh wr uhdfk

lqwr rxu srfnhw dqg wdnh d groodu zlwkrxw dvnlqj1 Zh pljkw hyhq h{shqg uhvrxufhv zruwk

pruh wkdq d groodu wr uhfodlp lw1 \hw zh zrxog qrw h{huw qhduo| dv pxfk h�ruw wr slfn xs d

groodu wkdw zh nqrz ehorqjv wr vrphrqh hovh1

Wklv w|sh ri ehkdylru lv frqvlvwhqw zlwk �orvv dyhuvlrq� dv vwxglhg e| Ndkqhpdq dqg

Wyhuvn| +4<:<,1 Zh vkrz lq wklv sdshu wkdw uhvshfw iru surshuw| lv olqnhg wr d qxpehu ri

rwkhu skhqrphqd wkdw zh revhuyh lq kxpdq ghflvlrq pdnlqj/ lqfoxglqj �iudplqj� h�hfwv/

lqwudqvlwlyh uhyhdohg suhihuhqfhv dqg wkh lpsruwdqfh ri �idluqhvv� lq edujdlqlqj1 Doo ri

wkhvh skhqrphqd duh ehvw xqghuvwrrg dv dq hyroxwlrqdu| uhvsrqvh lq kxpdq ehkdylru wr

wkh sureohp ri vxuylydo lq dq hfrqrplf hqylurqphqw1

Hyroxwlrqdu| lghdv kdyh ehhq d sduw ri hfrqrplfv iru vrph wlph +Dofkldq +4<83,,/ exw

vr idu wkh| kdyh kdg olwwoh lpsdfw rq wkh wkhru| ri suhihuhqfhv15 Rqh uhdvrq pd| eh wkh

4Vhh Dofkldq +4<98, dqg Ghpvhw} +4<9:, iru glvfxvvlrqv ri surshuw| uljkwv zlwk uhihuhqfhv wr wkh hduo|

olwhudwxuh1
5Wkhvh lghdv duh lqihfwlqj wkh rwkhu vrfldo vflhqfhv dv zhoo1 Ehvw nqrzq lv wkh zrun ri Zlovrq +4<:8,/

zkr frlqhg wkh whup �Vrflrelrorj|�1 Wkh phfkdqlvpv vwxglhg e| Zlovrq duh h{solflwo| jhqhwlf/ dv duh wkrvh

vwxglhg e| Frvplghv dqg Wrre| +4<<7, xqghu wkh qdph �Hyroxwlrqdu| Sv|fkrorj|�1 Er|g dqg Ulfkhuvrq

+4<;8, od| wkh irxqgdwlrq iru wkhrulhv ri fxowxudo hyroxwlrq1 Lq Hfrqrplfv/ Iudqn +4<;;, dqg Kluvkohlihu

+4<;7, vxjjhvw wkdw wkh hprwlrqv doorz djhqwv wr pdnh dqg frppxqlfdwh wkhlu frpplwphqwv1 Vhh dovr

PdfOhrg +4<<9, dqg Frqolvn +4<<9, iru uhihuhqfhv wr prghov zkhuh hyroxwlrqdu| lghdv duh dssolhg wr prghov
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zlghvsuhdg eholhi wkdw hyroxwlrqdu| prghov kdyh olwwoh hpslulfdo frqwhqw1 Qr0rqh glvsxwhv

wkh lghd wkdw kxpdqv ehlqjv duh d surgxfw ri hyroxwlrq1 Exw hyhq li zh dffhsw wkdw

lqglylgxdo suhihuhqfhv duh dq dgdswdwlrq wr vrph dqflhqw hqylurqphqw/ wkh ghwdlov ri wklv

olihvw|oh dqg wkh suhflvh dgdswlyh sureohpv wkdw lw suhvhqwhg duh txlwh xqnqrzdeoh1 Lqghhg/

rqh vxvshfwv wkdw wkhuh lv d sodxvleoh kxpdq vrflhw| wkdw/ kdg lw h{lvwhg iru orqj hqrxjk/

frxog kdyh surgxfhg mxvw derxw dq| frqfhlydeoh fkdudfwhulvwlf ri fxuuhqw kxpdq

sv|fkrorj|1 Wkh sureohp ehfrphv hyhq pruh vhulrxv zkhq wkh sdwk ghshqghqfh ri pdq|

hyroxwlrqdu| surfhvvhv lv frqvlghuhg1

Zh idfh wklv lvvxh e| pdnlqj yhu| plqlpdo dqg xqfrqwuryhuvldo dvvxpswlrqv derxw wkh

hfrqrplf hqylurqphqw1 Wkh lpsruwdqw rqhv duh wkdw kxpdqv kdg wr frpshwh iru �qlwh

uhvrxufhv/ kdg wkh delolw| wr wdnh ylrohqw dfwlrqv/ dqg kdg wkh rssruwxqlw| wr uhdol}h jdlqv

iurp wudgh1 Wkh hqgxulqj qdwxuh ri wkhvh frqvwudlqwv vxjjhvwv wkdw wkh ehkdylruv zh

xqfryhu duh olnho| wr eh dgdswlyh wr wkh suhvhqw gd|1

Zh zloo dovr eh dgguhvvlqj gluhfwo| wkh dujxphqw wkdw udwlrqdolw| lv dgdswlyh lq

hfrqrplf hqylurqphqwv1 Ri frxuvh lq dq hyroxwlrqdu| frqwh{w lw pdnhv olwwoh vhqvh wr

dvvxph wkdw udwlrqdolw| frxog eh xqerxqghg +Vlprq +4<;5,,1 Krzhyhu/ zh gr dvvxph wkdw

Qdwxuh fdq fuhdwh djhqwv zkr dozd|v pdqdjh wr uhdol}h doo wkh dydlodeoh jdlqv iurp wudgh

zkhq wkh| phhw hdfk rwkhu1 Wkhvh djhqwv duh �udwlrqdo edujdlqhuv�1 Qdwxuh fdq dovr fuhdwh

shrsoh zkr duh pruh glvdjuhhdeoh/ dqg zkr zloo zdon dzd| iurp d ghdo li wkh r�huhg

rxwfrph lv �xqidlu�1 Wkhvh djhqwv duh �idlu edujdlqhuv�1 Wklv sdshu*v suhglfwlrqv derxw

surshuw| uljkwv/ iudplqj h�hfwv dqg glvdjuhhphqw iroorz iurp wkh uhvxow wkdw idlu edujdlqhuv

zloo eh pruh vxffhvvixo lq hyroxwlrqdu| frpshwlwlrq wkdq frpsohwho| udwlrqdo edujdlqhuv1

Zh ehjlq e| h{dplqlqj d pdwfklqj prgho zkhuh sdluv ri djhqwv pxvw ghflgh krz wr

glylgh d vxusoxv1 Djhqwv duh hqgrzhg zlwk d fhuwdlq edujdlqlqj delolw|/ dqg pd| eh

frpsohwho| djuhhdeoh lq d vhqvh wkdw zloo eh suhflvho| gh�qhg1 Krzhyhu/ wkh| pd| dovr eh

glvdjuhhdeoh/ lq wkdw wkh| fdq pdnh dqg fduu| rxw d frpplwphqw wr zdon dzd| li wkh

r�huhg rxwfrph lv �xqidlu�1 Zh vkrz �uvw wkdw li wkh vxusoxv lv nqrzq/ wkh rxwfrph zloo eh

ghwhuplqhg hqwluho| e| idluqhvv qrupv/ dqg edujdlqlqj delolw| shu vh kdv olwwoh hyroxwlrqdu|

ydoxh1 Li udwlrqdo edujdlqlqj wdnhv wlph/ ru lv rwkhuzlvh frvwo|/ wkhq idluqhvv qrupv fdq sod|

dq h!flhqf| hqkdqflqj uroh1

Zh wkhq h{whqg wkh prgho wr doorz iru xqfhuwdlqw| lq wkh vl}h ri wkh edujdlqlqj

ri ohduqlqj dqg erxqghg udwlrqdolw|1
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vxusoxv/ dqg vkrz wkdw vrph glvdjuhhphqw lv olnho| hyhq lq fdvhv zkhuh wkh vxusoxv lv

nqrzq h{ dqwh wr eh qrqqhjdwlyh1 Hyhq wkrxjk lw lv srvvleoh iru Qdwxuh wr fuhdwh djhqwv

zkr qhyhu glvdjuhh zkhq wkh| phhw hdfk rwkhu/ wkhvh djhqwv zloo qrw eh deoh wr lqydgh wkh

glvdjuhhdeoh htxloleulxp srsxodwlrq1 Khuh/ idluqhvv qrupv pd| qrw eh h!flhqf| hqkdqflqj/

dowkrxjk wkh| qrqhwkhohvv vxuylyh hyroxwlrqdu| frpshwlwlrq1

Wkh prgho lv wkhq h{whqghg wr d wudglqj vlwxdwlrq1 Hdfk pdwfk lv qrz dq Hgjhzruwk

Er{ wudglqj rssruwxqlw|/ dqg wkh fkdoohqjh lv iru wkh wzr djhqwv wr h{sorlw wkh dydlodeoh

jdlqv iurp wudgh1 Rxu wzr pdlq uhvxowv duh lq wklv vhfwlrq1 Iluvw/ xqghu uhdolvwlf frqglwlrqv

hdfk djhqw zloo ehkdyh dv li kh �rzqv� klv hqgrzphqw/ dqg zloo uhvshfw wkh rwkhu*v fodlp wr

klv hqgrzphqw1 Surshuw| uljkwv hphujh vsrqwdqhrxvo|1 Vhfrqg/ djhqwv zloo ehkdyh dv li

wkhlu suhihuhqfhv h{klelw wkh �hqgrzphqw h�hfw�/ hyhq wkrxjk wkhlu xqghuo|lqj �wqhvv

rughulqj grhv qrw1 Wkh wkhru| lv wkhuhiruh frqvlvwhqw zlwk pxfk ri wkh h{shulphqwdo

hylghqfh rq �iudplqj� dqg suhglfwv wkdw lq wudglqj vlwxdwlrqv uhyhdohg suhihuhqfhv zloo eh

lqwudqvlwlyh1

D �qdo vhfwlrq h{soruhv wkh lpsolfdwlrqv ri wkhvh uhvxowv1 Ri sduwlfxodu lqwhuhvw lv wkh

srvvlelolw| ri uhfryhulqj lqirupdwlrq derxw xqghuo|lqj �wqhvv iurp ehkdylrudo gdwd/ dqg wkh

srvvlelolw| ri xvlqj wkh prgho wr suhglfw zklfk iudphv zloo eh vdolhqw lq sduwlfxodu

vlwxdwlrqv1

5 Wkh Edvlf Prgho

Zh vwxg| dq hfrqrp| zlwk d frqwlqxxp ri djhqwv lqgh{hg e| � 5 dfc �o/ zlwk wrwdo pdvv

htxdo wr rqh1 Wlph lv glvfuhwh1 Dw wkh ehjlqqlqj ri d shulrg hdfk djhqw pdwfkhv xs zlwk

rqh rwkhu djhqw1 Pdwfklqj lv dqrq|prxv dqg wkhuh lv qr xqhpsor|phqw1 Dw wkh hqg ri

hdfk shulrg wkh iudfwlrq E�� 4� ri wkh djhqwv glh/ dqg duh uhsodfhg zlwk qhz/ xqpdwfkhg

djhqwv dw wkh ehjlqqlqj ri wkh qh{w shulrg1

Wkh edvlf sureohp idflqj wkh djhqwv lq wkh hfrqrp| lv wr jdlq d vkduh ri wkh �qlwh

uhvrxufhv wkdw duh dydlodeoh hdfk shulrg1 Wkh uhvrxufhv dsshdu lq wkh irup ri d vxusoxv 7

dydlodeoh wr pdwfkhg sdluv ri djhqwv1 Wkh djhqwv uhfhlyh wkh vxusoxv li dqg rqo| li wkh| fdq

djuhh wr lwv glylvlrq1 Wkh edujdlqlqj ru rwkhu ehkdylru zlwklq d pdwfk lv vxemhfw wr qr

irupdo uxohv1 Wr �{ lghdv/ rqh pljkw wklqn ri d sdlu ri kxqwhuv zkr kdyh mxvw nloohg dq

dqlpdo/ dqg pxvw djuhh wr lwv glylvlrq ehiruh lw jhwv gudjjhg dzd| e| d k|hqd1

7



Djhqwv duh eruq zlwk dq delolw| wr edujdlq h�hfwlyho| ryhu dq| xqfodlphg vxusoxv dqg

dq delolw| wr pdnh dqg frppxqlfdwh wkh lqwhqwlrq wr zdon dzd| iurp wkh pdwfk li wkh| duh

qrw ehlqj r�huhg zkdw wkh| ihho wkh| �ghvhuyh�1 Lqlwldoo| zh zloo fdoo wklv dq hprwlrqdo

frpplwphqw/ exw wklv lv rqo| dq lqwhusuhwdwlrq1 Dqrwkhu lv wkdw suhihuhqfhv/ dv uhyhdohg e|

ehkdylru/ gr qrw uh hfw xqghuo|lqj �wqhvv1 Djhqwv zkr zdon dzd| duh ehkdylqj dv li wkhlu

dowhuqdwlyh surylghv wkhp zlwk pruh �wqhvv wkdq lw uhdoo| grhv1

Djhqw � hqwhuv wkh pdunhw hqgrzhg zlwk d ohyho ri edujdlqlqj delolw| w�� Zh dvvxph iru

vlpsolflw| wkdw w� lv glvfuhwh/ dqg wkdw w� 5 X ' i�c2c �c ���c �j� Wkh sursruwlrq ri djhqwv ri

delolw| o lq d srsxodwlrq lv ghqrwhg e| ^o� Wkh glvwulexwlrq ri edujdlqlqj delolw| lv dvvxphg

wr eh uhqhzhg hdfk jhqhudwlrq1 Wklv phdqv wkdw hyhq li pruh deoh edujdlqhuv gr ehwwhu lq

htxloleulxp/ wkh glvwulexwlrq ri delolw| zloo qrw frqyhujh wr w� ' � ;� 61 Wkh djhqw*v

frpplwphqw ohyho lv ghqrwhg e| j�� Wkh frpplwphqw ohyho hyroyhv qrq0vwrfkdvwlfdoo|1 Lw

grhv qrw fkdqjh ryhu wkh olihwlph ri dq djhqw/ dowkrxjk srsxodwlrq dyhudjhv pd| fkdqjh dv

djhqwv glh dqg duh uhsodfhg1

Wkh vwdjhv lq wkh klvwru| ri d pdwfk fdq eh vxppdul}hg dv iroorzv1

41 Lqglylgxdov � dqg � duh pdwfkhg dw wkh ehjlqqlqj ri d shulrg1

51 Djhqwv wkhq sod| d edujdlqlqj jdph zlwk wkh iroorzlqj uxohv

+d, Li qr djuhhphqw lv uhdfkhg/ hdfk djhqw jhwv khu dowhuqdwlyh/ qrupdol}hg wr }hur1

+e, Rwkhuzlvh/ wkh vkduh jrlqj wr djhqw � lv jlyhq e|

7�
' j�

n
w�

w� n w�

�
7 �

�
j�

n j�
��

+4,

zkhuh 7 � Ej� n j�� � f/ vlqfh dq djuhhphqw lv uhdfkhg1

61 Djhqwv frqvxph wkhlu vkduh1

71 D iudfwlrq E�� 4� ri wkh djhqwv glh/ dqg duh uhsodfhg zlwk qhz djhqwv1

6Hyhq wkrxjk wkhuh duh dgydqwdjhv wr kdylqj fhuwdlq vnloov vxfk dv lqwhooljhqfh/ vshhg ru djlolw|/ zh gr

qrw revhuyh wkdw doo lqglylgxdov kdyh wkh vdph vnloov1 Suhvxpdeo| wkhuh duh ehqh�wv wr glyhuvlw| dprqj rqh*v

r�vsulqj zkhq wkh hqylurqphqw pd| fkdqjh/ exw zh gr qrw nqrz ri dq| zrun wkdw pdnhv wklv srlqw1
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Wkh edujdlqlqj jdph ehlqj vwxglhg khuh lv irupdoo| d Qdvk ghpdqg jdph iroorzhg e|

edujdlqlqj ryhu dq| uhpdlqlqj vxusoxv71 Ehiruh wkh edujdlqlqj ehjlqv/ dq djhqw pdnhv d

frpplwphqw j�c zklfk lv zkdw kh ihhov kh �ghvhuyhv� iurp wklv edujdlq1 Li lw wxuqv rxw wkdw

7 � Ej� n j�
� : f wkhq erwk djhqwv duh jhwwlqj pruh wkdq wkh| ihho wkh| ghvhuyh/ dqg zkdw

uhpdlqv lv glylghg xs dffruglqj wr wkh uhodwlyh edujdlqlqj vnloov +delolw|, ri wkh wzr

sduwqhuv1 Zkloh wkhuh pd| eh frvwv ri qhjrwldwlrq dqg ri pdlqwdlqlqj dq hprwlrqdo

frpplwphqw wkdw h�hfw wkh hyroxwlrqdu| g|qdplfv/ wkhvh duh hdfk vhw wr }hur iru

vlpsolflw|18

Lq rxu prgho d glvdjuhhdeoh shuvrq lv rqh wkdw pdnhv d ghpdqg h{ dqwh wkdw zloo qrw

eh uhylvhg h{ srvw1 Wkhuh kdv ehhq d whqghqf| lq jdph wkhru| wr vxssrvh wkdw lqglylgxdov

duh xqdeoh wr pdnh vxfk frpplwphqwv/ exw udwkhu diwhu wkh idfw zrxog dfw cudwlrqdoo|*1

Krzhyhu/ dq| ri xv zkr kdyh udlvhg fkloguhq nqrz wkdw Qdwxuh fdq fuhdwh djhqwv zkr zloo

xqghuwdnh wr ghvwur| dq| dydlodeoh vxusoxv udwkhu wkdq eh irufhg wr dffhsw d vkduh wkdw lv

wrr vpdoo1 Lq rxu iudphzrun wkh txhvwlrq lv qrw zkhwkhu ru qrw wklv ehkdylru lv srvvleoh/

exw rqo| zkhwkhu lw zloo vxuylyh hyroxwlrqdu| frpshwlwlrq zlwk pruh �udwlrqdo� djhqwv19

Wkh dvvxpswlrq wkdw djuhhphqw lv qhhghg iru wkh vxusoxv wr eh uhdol}hg lv phdqw wr

fdswxuh lq d vlpsoh zd| wkh idfw wkdw ylrohqfh lv dozd|v d srvvlelolw| lq d wudglqj ru

edujdlqlqj vlwxdwlrq1 Dv hpskdvl}hg e| Xpehfn +4<:;, lq klv vwxg| ri wkh Fdoliruqld jrog

uxvk/ wkh srwhqwldo iru ylrohqfh lv dq hvvhqwldo sduw ri dq| xqghuvwdqglqj ri surshuw| uljkwv1

Lq wkh odvw vhfwlrq ri wkh sdshu zh eulh | h{soruh wkh h�hfwv ri fkdqjlqj wkh whfkqrorj| ri

frq lfw1

Iru vlpsolflw| djhqwv gr qrw sod| pl{hg vwudwhjlhv/ dowkrxjk wkhuh pd| eh d pl{ ri

vwudwhjlhv suhvhqw lq d srsxodwlrq1 Vlqfh pdwfklqj lv dqrq|prxv zh fdq vlpso| nhhs wudfn

ri wkh glvwulexwlrq ri vwudwhjlhv/ edvhg rq delolw| ohyhov1 Ohw j? ghqrwh d vwudwhj| sod|hg e|

7Vhh Elqpruh +4<;4,/ Rveruqh dqg Uxelqvwhlq +4<<7, dqg wkh uhihuhqfhv wkhuhlq iru glfxvvlrqv ri wkh

Qdvk edujdlqlqj jdph1 Iru doo wkdw iroorzv wkh rqo| dvvxpswlrq zh qhhg lv wkdw lqfuhdvhv lq wkh wkuhdw srlqw

� lqfuhdvh wkh dprxqw rqh jhwv iurp wkrvh edujdlqv wkdw qrqhwkhohvv uhdfk djuhhphqw1 Wklv lv wuxh lq d zlgh

ydulhw| ri edujdlqlqj hqylurqphqwv/ lqfoxglqj udqgrp dvvljqphqw iurp zlwklq wkh ihdvleoh vhw/ dqg wkh fdvh

zkhuh doo xqfodlphg dprxqwv duh orvw1
8Lw lv qrw fohdu zkhwkhu Qdwxuh �qgv lw pruh gl!fxow wr htxls djhqwv zlwk wkh delolw| wr pdnh frpplwphqwv

ru wkh delolw| wr edujdlq h�hfwlyho|1 Rxu uhvxowv zloo krog hyhq zkhq frpplwphqw lv pruh frvwo|/ vr orqj dv

wkh uhodwlyh frvw ri frpplwphqw lv qrw wrr juhdw1
9�Udwlrqdo� djhqwv duh wkrvh zkr vhw � @ 3= Wkh| uhdfk djuhhphqw zlwk hyhu|rqh dqg zkhq wkh| phhw

wkhpvhoyhv wkh vxusoxv lv vsolw dffruglqj wr wkhlu uhodwlyh edujdlqlqj vwuhqjwkv1
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dq lqglylgxdo ri delolw| ?� Wkhq �Ej?c j
�

o� ghqrwhv wkh sd|r� wr dq lqglylgxdo zlwk delolw| ?

sod|lqj vwudwhj| j djdlqvw dq djhqw zlwk delolw| o sod|lqj vwudwhj| j
�

� Ohw P ghqrwh wkh vhw

ri srvvleoh vwudwhjlhv1

Zh dvvxph wkdw dw dq| wlph wkhuh lv dw prvw d �qlwh qxpehu ri vwudwhjlhv suhvhqw lq d

srsxodwlrq1 Ohw h.? ' iRj?jj?MP?
ghqrwh d srsxodwlrq sur�oh ri djhqwv ri delolw| ?c zkhuh

Rj? ghqrwhv wkh sursruwlrq ri wkh djhqwv zlwk delolw| ? xvlqj vwudwhj| j? dqg P? � P lv wkh

�qlwh vhw ri vwudwhjlhv wkdw duh xvhg zlwk srvlwlyh suredelolw|1 Wkh ryhudoo srsxodwlrq sur�oh

lv jlyhq e| h. ' i h.�c
h.2c ���

h.�j 5 {EP�
� c zkhuh {EP� lv wkh vhw ri srvvleoh srsxodwlrq

sur�ohv iru djhqwv ri d jlyhq delolw|1 Ohw .j eh wkh srsxodwlrq zkhuh doo djhqwv sod| wkh

vwudwhj| j�

Dq djhqw*v h{shfwhg sd|r� lq dq| shulrg ghshqgv rq wkh vwudwhj| vkh lv xvlqj dqg wkh

sur�oh ri delolwlhv dqg vwudwhjlhv lq wkh srsxodwlrq1 Ghqrwh wkh shulrg h{shfwhg sd|r� wr

vwudwhj| j? e|

T j?E �.� '
[
oMX

[
RjoM �.o

�Ej?c jo�R
jo^o� +5,

Wkhuh duh pdq| zd|v wr gh�qh hyroxwlrqdu| vwdeoh srsxodwlrqv lq wklv vhwxs1 Wkh

suhihuuhg dssurdfk zrxog eh wr h{solflwo| gh�qh wkh g|qdplf vhohfwlrq surfhvv wkdw zhhgv

rxw xqvxffhvvixo vwudwhjlhv1 Iru kxpdq srsxodwlrqv zh duh qrzkhuh qhdu frqvhqvxv rq krz

wkhvh g|qdplfv vkrxog eh prghoohg:1 Dq dowhuqdwlyh dssurdfk/ pdgh srsxodu e|

Pd|qdug0Vplwk +4<;5,/ lv wr xvh d vwdwlf htxloleulxp frqfhsw wkdw uhtxluhv wkh srsxodwlrq

wr eh urexvw djdlqvw qhz hqwudqwv1 Exw wkh frqfhsw gxh wr Pd|qdug Vplwk/ wkh

hyroxwlrqdulo| vwdeoh vwudwhj|/ riwhq grhv qrw h{lvw lq jdphv zkhuh frpsoh{ ehkdylru lv

srvvleoh1 Ixuwkhupruh/ wkhuh lv qr frqvhqvxv rq dq dssursuldwh dowhuqdwlyh frqfhsw/ ru hyhq

rq wkh lghd wkdw hyroxwlrqdu| prghov vkrxog kdyh htxloleuld1

Rqh surshuw| wkdw doo frqfhswv ri hyroxwlrqdu| vwdelolw| vkduh lv wkdw wkh| duh Qdvk

htxloleuld1 Lq dgglwlrq zkhq rqh shuplwv frppxqlfdwlrq ehwzhhq djhqwv ehiruh wkh sod|lqj

ri wkh vwdjh jdph/ vhyhudo ri wkh frqfhswv vhohfw wkh prvw h!flhqw rxwfrph lq wkh jdph1

Zkhq wkh prvw h!flhqw rxwfrph lv d Qdvk htxloleulxp/ wkhuhiruh/ lw lv riwhq hyroxwlrqdulo|

vwdeoh1 +Vhh Zhlexoo +4<<8, iru d jrrg glvfxvvlrq ri wkhvh lvvxhv dqg uhihuhqfhv wr wkh

uhohydqw olwhudwxuh1,

Lq wklv sdshu zh zloo fkdudfwhul}h wkh prvw h!flhqw rxwfrphv lq wkh vhw ri Qdvk

:Vhh Er|g dqg Ulfkhuvrq +4<;8, iru d uhylhz ri gl�huhqw srvvleoh prghov1 Vhh dovr \rxqj +4<<9,

:



htxloleuld1 Wklv dssurdfk lv frqvlvwhqw zlwk wkh hyroxwlrqdu| ylhzv ri Dofkldq +4<83, dqg

Kd|hn +4<;5, zkr vxjjhvw wkdw ryhu wlph frpshwlwlrq vhohfwv h!flhqw dqg vwdeoh

lqvwlwxwlrqv1 Zh vkdoo vhh wkdw lq vrph fdvhv wkh prvw h!flhqw Qdvk htxloleuld duh qrw �uvw

ehvw/ dqg wkh ghsduwxuhv iurp ixoo h!flhqf| duh lqwhuhvwlqj dqg hpslulfdoo| uhohydqw1

Gh�qlwlrq 4 Wkh vhw ri ehvw uhsolhv ri dq lqglylgxdo ri delolw| ? wr d srsxodwlrq sur�oh h.
lv gh�qhg e|=

�-?E
�.� '

q
j? 5 P

���T j?
E h.� � T j�

?E h.�c;j�? 5 P

r
� +6,

D srsxodwlrq sur�oh h. irupv d Qdvk htxloleulxp l� PE.?� � �-?E.�c iru doo ? 5 X1 Ohw l

� {E.�
�
eh wkh vhw ri srsxodwlrq sur�ohv wkdw irup Qdvk htxloleuld1

Vlqfh pdwfklqj lv dqrq|prxv/ wkhq dw hyhu| Qdvk htxloleulxp doo djhqwv ri wkh vdph

delolw| rewdlq wkh vdph sd|r�/ ghqrwhg T o
�
�.
�
1 Li qrw wkhq wkh lqglylgxdo zlwk wkh orzhu

sd|r� frxog lqfuhdvh khu uhwxuq e| vzlwfklqj wr wkh dfwlrqv ri d pruh vxffhvvixo vwudwhj|1

Ohw

T E �.� '
[
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ghqrwh wkh h{shfwhg sd|r� ri dq lqglylgxdo derxw wr eh eruq lqwr wkh srsxodwlrq1 Zlwk

wklv ixqfwlrq zh gh�qh wkh frqfhsw ri d vwdeoh srsxodwlrq1

Gh�qlwlrq 5 D srsxodwlrq sur�oh �. 5 l lv vwdeoh li T
�
�.
�
� T

�
�. �

�
c iru doo �. � 5 l�

D srsxodwlrq lv vwdeoh li wkhuh grhv qrw h{lvw dqrwkhu srsxodwlrq wkdw irupv d Qdvk

htxloleulxp dqg pdnhv djhqwv ehwwhu r�1

Sursrvlwlrq 4 Wkhuh lv d xqltxh vwdeoh srsxodwlrq dw zklfk hyhu| djhqw vhwv j ' 7*2�

Surri1 Lq wkh edujdlqlqj jdph wkh pd{lpxp wrwdo sd|r� lv 7c dqg jlyhq wkdw hyhu| djhqw

rewdlqv wkh vdph sd|r� lq htxloleulxp wkh pd{lpxp h{shfwhg sd|r� pxvw eh 7*2� Wklv

fdq eh dfklhyhg li hdfk djhqwv ghpdqgv 7*2� Fohduo| wklv lv d Qdvk htxloleulxp1 Wr vkrz

wkdw lw lv wkh xqltxh h!flhqw htxloleulxp/ �uvw revhuyh wkdw li vrph djhqwv ghpdqg dq

dprxqw juhdwhu wkdq 7*2 wkhuh zloo eh vrph glvdjuhhphqw lq htxloleulxp dqg wkxv wkh

rxwfrph frxog qrw eh h!flhqw1 Qrz vxssrvh wkdw doo djhqwv ghpdqg 7*2 ru ohvv/ zlwk vrph

djhqwv fkrrvlqj wr ghpdqg vwulfwo| ohvv1 Wkhvh odwwhu djhqwv fdq lqfuhdvh wkhlu ghpdqgv

;



zlwkrxw d�hfwlqj wkh suredelolw| ri djuhhphqw1 Lqfuhdvlqj wkhlu ghpdqgv zloo vwulfwo|

lqfuhdvh wkhlu sd|r�/ wkxv wklv frxog qrw eh dq htxloleulxp1

Qrwh wkdw hyhq wkrxjk djhqwv kdyh gl�huhqw edujdlqlqj delolwlhv/ lq wkh h!flhqw

htxloleulxp wkh| doo ghpdqg dq htxdo vkduh1 Zkhq wkh vxusoxv lv nqrzq zlwk fhuwdlqw|/ wkh

qrupv ri �idluqhvv� wkdw hphujh sodfh qr zhljkw rq edujdlqlqj delolw|1

Li djhqwv duh ri wzr lghqwl�deoh w|shv wkdw duh lq �{hg sursruwlrqv +h1j1 pdohv dqg

ihpdohv, wkhq h!flhqw �v|vwhplf glvfulplqdwlrq� htxloleuld duh dovr srvvleoh1 Iru h{dpsoh/

rqh jurxs frxog fodlp j ' 7*� dqg wkh rwkhu j ' 27*� lq wkrvh vlwxdwlrqv zkhuh wkh| phhw

hdfk rwkhu/ dqg 7*2 zkhq wkh| phhw wkhpvhoyhv1 Lq vxfk d vrflhw| djhqwv lq wkh rssuhvvhg

jurxs h{shfw ohvv rxw ri olih dqg gr qrw uhixvh wr wdnh zkdw lv r�huhg wkhp1 Li wkh| gr

fodlp pruh wkdq wkhlu phdjuh vkduh/ djhqwv lq wkh idyruhg jurxs jhw xsvhw dqg uhixvh wr

frrshudwh1 Zkloh lw lv gl!fxow wr suhglfw wkh htxloleulxp vkduh zh fdq suhglfw wkdw dw dq|

jlyhq wlph lw zloo eh kdug wr fkdqjh/ dv phpehuv ri wkh grplqdqw jurxs ihho txlwh mxvwl�hg

lq ghihqglqj wkhlu srvlwlrq1

Hyhq lq wkh dqrq|prxv fdvh wkhuh duh dv|pphwulf Qdvk htxloleuld zkhuh rqh jurxs ri

djhqwv sod|v d �vwurqj� vwudwhj| +l1h1 jW : 7*2, dqg dqrwkhu jurxs sod|v d �zhdn� vwudwhj|

j
W
zlwk jW n j

W
' 71 Zkhq vwurqj w|shv phhw hdfk rwkhu wkhuh lv glvdjuhhphqw/ exw zkhq

vwurqj phhwv zhdn/ vwurqj grhv ehwwhu1 Wkh Qdvk htxloleulxp lv fkdudfwhul}hg e| d iudfwlrq

R ' 2j
W
*E7 � � E7 � 2j

W
�� ri zhdn w|shv/ zlwk hdfk w|sh hduqlqj RjW lq htxloleulxp1

Krzhyhu jlyhq wkdw wkhuh lv qr djuhhphqw zkhq vwurqj w|shv phhw/ wkh htxloleulxp lv

lqh!flhqw1

Qrwlfh wkdw li d qhz vwudwhj| hqwhuv wkdw fdq glvsod| lwv lqwhqwlrq wr ghpdqg 7*2/ wkhq

erwk wkh zhdn dqg vwurqj w|shv zloo gr ehwwhu li wkh| sod| idlu djdlqvw wkhvh sod|huv1 Lq wklv

zd| wkh pruh h!flhqw frqyhqwlrq/ vlqfh lw lv lwvhoi d Qdvk htxloleulxp/ frxog lqydgh d

srsxodwlrq zkhuh wkhuh lv vrph glvdjuhhphqw;1

;Lq wkh dqrq|prxv jdph vwudwhjlhv wkdw glvsod| dq lqwhqwlrq wr ghpdqg pruh wkdq V@5 zloo eh vxffhvvixo

rqo| li wkh| fdqqrw eh plplfnhg1 Vhh Zhlexoo +4<<8, iru uhylhz ri krz rqh pd| prgho frppxqlfdwlrq wkdw

zrxog uhvxow lq hqwu| e| vxfk d idluqhvv qrup/ dqg Fduplfkdho dqg PdfOhrg +4<<7, iru dq dssolfdwlrq wr

wkh sureohp ri jliw h{fkdqjh1 Hoolqjvhq +4<<8, surylghv d prgho wkdw lv vlplodu wr rxuv xs wr wklv srlqw1

<



6 Xqfhuwdlqw|

Zh kdyh vkrzq wkdw d zloolqjqhvv wr glvdjuhh lv hyroxwlrqdulo| yldeoh lq d frqwh{w zkhuh

wkhuh lv xowlpdwho| qr glvdjuhhphqw1 Lqghhg/ li wkhuh duh frvwv wr h{ srvw qhjrwldwlrq wkhq

idluqhvv qrupv zloo eh h!flhqf| hqkdqflqj/ vlqfh qr qhjrwldwlrq dfwxdoo| wdnhv sodfh1

Vxssrvh qrz wkdw wkh vxusoxv lv xqnqrzq wr wkh wzr djhqwv dw wkh wlph wkdw wkh| duh

edujdlqlqj1 Wklv lv txlwh d gl�huhqw vlwxdwlrq1 Lq rxu kxqwlqj h{dpsoh/ lw lv qrw hqrxjk wr

kdyh wkh vl}h ri wkh dqlpdo xqnqrzq ehiruh wkh pdwfk/ vlqfh wkh vroxwlrq fdq eh wr glylgh

wkh dqlpdo hyhqo|/ zkdwhyhu lwv vl}h1 D ehwwhu h{dpsoh lv d wudglqj vlwxdwlrq zkhuh wkh

vxusoxv lv jhqhudwhg e| dq h{fkdqjh ri frqvxpswlrq jrrgv/ dqg wkh xqghuo|lqj �wqhvv ri

wkh djhqwv lv sulydwh lqirupdwlrq1 Djhqwv pxvw edujdlq ryhu wkh whupv dqg dprxqw ri wudgh

+zklfk ghwhuplqh �wqhvv ohyhov,/ dqg pd| ghflgh wr zdon dzd| li wkhvh whupv duh qrw

dffhswdeoh1

Wkhuh duh wzr srwhqwldo vrxufhv ri xqfhuwdlqw| lq d wudglqj jdph1 Wkh �uvw lv lq jdlqv

iurp wudgh/ zklfk ghshqg rq wkh �wqhvv ixqfwlrqv ri wkh wudglqj sduwqhuv1 Djhqwv zloo

nqrz wkhlu rzq jdlqv/ exw qrw wkrvh ri wkhlu sduwqhuv1 Wkh vhfrqg lv lq wkh hqgrzphqwv

wkdw hdfk sduwqhu eulqjv wr wkh wudgh1 Lq wklv Vhfwlrq/ wr looxvwudwh wkh edvlf lghdv/ zh

dgguhvv wkhvh lvvxhv vhsdudwho|/ dqg lq d vlpsoh rqh0glphqvlrqdo idvklrq1 Zh ehjlq zlwk

xqfhuwdlqw| lq wkh jdlqv iurp wudgh1

614 Jdlqv Iurp Wudgh

Vxssrvh wkdw wkh wrwdo vxusoxv 7 lq dq| edujdlq lv jlyhq e| k�/ zkhuh � lv d udqgrp

yduldeoh glvwulexwhg dffruglqj wr ghqvlw| ixqfwlrq sE�� wkdw lv frqwlqxrxv rq lwv vxssruw

dfc �o/ dqg k lv d srvlwlyh sdudphwhu1 Qrwh wkdw � lv dozd|v qrqqhjdwlyh/ uh hfwlqj wkh idfw

wkdw jdlqv iurp wudgh duh dozd|v qrqqhjdwlyh1 Krzhyhu/ lw lv vwloo wkh fdvh wkdw

glvdjuhhphqw ohdgv wr hdfk djhqw jhwwlqj qrwklqj1

Ohw jA ' j? n j
�o ghqrwh wkh wrwdo ghpdqghg e| wkh wzr djhqwv/ dqg vlqfh lw lv fohdu

hdfk djhqw zloo ghpdqg dw ohdvw }hur zh dvvxph wklv gluhfwo|1 Wkh �wqhvv ri dq djhqw zlwk

delolw| ? lq d pdwfk zlwk dq djhqw ri delolw| o lv jlyhq e|=

�Ej?c j
�o
� '

] �

jA

k

�
j? n �?oEk� � jA �

�
_8 E��c +8,

zkhuh �?o 5 Efc�� ' w?* Ew? n wo� lv wkh uhodwlyh delolw| ri wkh �uvw djhqw zlwk uhvshfw wr
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wkh vhfrqg1< Wklv fdq eh uhzulwwhq dv=
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vr wkdw wkh h{shfwhg uhwxuq wr djhqw � lv jlyhq e|=
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Qrwh wkdw udwlrqdo edujdlqhuv duh ehlqj jlyhq txlwh dq dgydqwdjh khuh1 Wzr

frpsohwho| djuhhdeoh shrsoh EjA
' f� zloo glylgh wkh vxusoxv zlwkrxw gl!fxow| hyhq zkhq

wklv vxusoxv lv xqnqrzq1 Zh kdyh=
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Zkhq jA
' f djhqwv dozd|v uhdfk dq djuhhphqw1 Zkhq dq djhqw lqfuhdvhv klv ghpdqg

eh|rqg wklv srlqw kh jhwv d odujhu iudfwlrq ri wkh vxusoxv zkhq wkhuh lv dq djuhhphqw/ exw

dovr uhgxfhv wkh suredelolw| ri djuhhphqw1

Sursrvlwlrq 5 Wkh suredelolw| ri glvdjuhhphqw lv dozd|v srvlwlyh1

Surri1 Wkhuh zloo eh qr glvdjuhhphqw zkhq jA ' f� D qhfhvvdu| frqglwlrq iru wklv wr eh d

Qdvk htxloleulxp lv Y�Ejcf�

Yj

���
j'fn

� f iru hdfk djhqw1 Lw lv qhfhvvdu| wr wdnh wkh uljkw kdqg

ghulydwlyh/ ehfdxvh wkh ghqvlw| lv frqwlqxrxv rqo| rq wkh vxssruw1 Exw zh kdyh
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Vlqfh �?o 5 Efc ��c wklv h{suhvvlrq lv srvlwlyh/ dqg jA ' f fdqqrw eh d Qdvk htxloleulxp1

Vlqfh lw lv dozd|v d Qdvk htxloleulxp iru hdfk djhqw wr dozd|v ghpdqg kc Qdvk htxloleuld

h{lvw dqg wkh| h{klelw vrph glvdjuhhphqw1

E| lqfuhdvlqj khu ghpdqg dq djhqw grhv ehwwhu lq wkrvh edujdlqv wkdw duh qrqhwkhohvv

frpsohwhg/ exw ulvnv vrph glvdjuhhphqwv1 Iru dq lqfuhdvh ri vl}h 0 lq wkh ghpdqg/ vwduwlqj

dw j ' f/ wkh suredelolw| ri glvdjuhhphqw lv ri rughu 0 dv lv wkh orvv lq wkrvh pdwfkhv zkhuh

glvdjuhhphqwv rffxu1 Wkxv wkh h{shfwhg orvvhv gxh wr wklv fkdqjh lq vwudwhj| duh ri rughu

<Edujdlqlqj delolw| pxvw eh erxqghg lq wklv prgho/ exw rqo| vr wkdw wklv udwlr lv zhoo gh�qhg1
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02� Wkh jdlqv rffxu lq wkrvh djuhhphqwv wkdw duh qrqhwkhohvv frpsohwhg1 Wkhvh duh ri rughu

0� Wkxv lw dozd|v sd|v wr lqfuhdvh rqhv ghpdqg/ dqg wkh qr glvdjuhhphqw rxwfrph lv qrw d

Qdvk htxloleulxp1

Ri frxuvh lw lv dozd|v d Qdvk htxloleulxp/ uhjdugohvv ri sdudphwhu ydoxhv/ wr kdyh

hyhu| djhqw ghpdqg k� Zkdw zh kdyh vkrzq deryh lv wkdw hyhq wkh prvw h!flhqw Qdvk

htxloleulxp zloo lqyroyh vrph glvdjuhhphqw vr orqj dv k lv srvlwlyh1

Sursrvlwlrq 6 Li r�R�Mdfc�o ms � E��m lv vx!flhqwo| vpdoo/ wkhq dw wkh prvw h!flhqw sxuh

vwudwhj| Qdvk htxloleulxp kljkhu delolw| lqglylgxdov ghpdqg ohvv143

Surri1 Dw dq| sxuh vwudwhj| Qdvk htxloleulxp wkh �uvw rughu frqglwlrq iru hdfk djhqw lv

jlyhq e|=
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Vlqfh wkhuh lv d frqwlqxxp ri djhqwv dqg � lv glvfuhwh/ zkhq zh frqvlghu wklv h{suhvvlrq iru

d kljkhu � wkh glvwulexwlrq ri delolwlhv lq wkh srsxodwlrq lv wkh vdph1 Wkh uhvxow wkhq

iroorzv e| lqvshfwlrq1

Wklv uhvxow wkdw wkh pruh deoh lqglylgxdov wdnh ohvv h{wuhph srvlwlrqv lv frqvlvwhqw

zlwk Kluvkohlihu +4<<4,*v sdudgr{ ri srzhu1 Wkh iroorzlqj uhvxowv duh lpphgldwh1

Sursrvlwlrq 7 Li r�R�Mdfc�o ms � E��m lv vx!flhqwo| vpdoo/ wkhq zkhq pruh deoh djhqwv phhw

wkh suredelolw| ri glvdjuhhphqw lv orzhu1

Zkhq wzr djhqwv zkr duh uhodwlyho| jrrg dw udwlrqdo edujdlqlqj phhw/ wkh| zloo eh

pruh olnho| wr uhdfk djuhhphqw1 Krzhyhu/ li wkh zkroh vrflhw| ehfrphv ehwwhu dw

frppxqlfdwlrq dqg edujdlqlqj/ wkh ryhudoo ohyho ri glvdjuhhphqw lv qrw d�hfwhg1 Zkdw

pdwwhuv lv rqh*v delolw| uhodwlyh wr wkh dyhudjh1

Sursrvlwlrq 8 Li r�R�Mdfc�o ms � E��m lv vx!flhqwo| vpdoo/ wkhq dq lqfuhdvh lq k zloo lqfuhdvh

ghpdqgv1

43Jlyhq wkdw zh kdyh sodfhg qr uhvwulfwlrqv rq wkh glvwulexwlrq I +, zh fdqqrw pdnh dq| jhqhudo vwdwhphqwv

rq wkh h!flhqf| ri wkh sxuh vwudwhj| Qdvk htxloleulxp fkdudfwhul}hg e| wkh �uvw rughu frqglwlrqv1 Krzhyhu

iru wkh xqlirup glvwulexwlrq/ wkh uhdfwlrq ixqfwlrqv duh olqhdu rq wkh lqwhulru ri wkh vxssruw/ vr wkdw rqh pd|

vkrz wkdw wklv lv wkh prvw h!flhqw Qdvk htxloleulxp1
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Wkxv lq d edujdlqlqj pdunhwsodfh d ghdohu pljkw uhixvh wr vhoo wr d ulfk wrxulvw dw d

fhuwdlq sulfh/ exw eh txlwh zloolqj wr vhoo wkh vdph remhfw dw d orzhu sulfh wr d orfdo ex|hu1

Wkh ehkdylru lv qrw edvhg rq glvolnh +qhfhvvdulo|, exw rq dq hvwlpdwh ri wkh srwhqwldo jdlqv

iurp wudgh lq wkh pdwfk1

615 Hqgrzphqwv

Frqvlghu qrz wkh fdvh zkhuh hdfk djhqw uhfhlyhv dq hqgrzphqw e� � f dw wkh ehjlqqlqj ri

hdfk wudglqj shulrg1 Zh zloo vxssuhvv iurp qrz rq dq| gl�huhqfhv lq wkh delolw| ri djhqwv/

dqg zloo ghqrwh djhqwv dv � ru �1 Zh dvvxph wkdw wkh h{shfwhg hqgrzphqw lv wkh vdph iru

doo djhqwv/ vr wkdw hyroxwlrq grhv qrw idyru wkrvh zlwk odujh hqgrzphqwv1 Wkh wrwdo vxusoxv

wr eh glylghg e| wkh djhqwv lv= 7 ' e� n e�� Zkhq fkrrvlqj wkhlu ohyho ri frpplwphqw/

djhqwv fdqqrw revhuyh wkh hqgrzphqw ri wkh rwkhu djhqw1 Vxssrvh wkdw wkh hqgrzphqwv

wdnh rq d �qlwh qxpehu ri srvvleoh ydoxhv/ wdnhq iurp wkh vhw H ' ie�c e2c ����c e?j c hdfk
rffxuulqj zlwk suredelolw| R&� Lq wklv fdvh wkh vwudwhj| ri djhqw � lv d ghpdqg wkdw lv d

ixqfwlrq ri khu hqgrzphqw/ j�
Ee�� Doo hovh lv wkh vdph dv lq wkh edvh fdvh ri wkh �uvw

vhfwlrq/ dqg lq sduwlfxodu hdfk djhqw orvhv khu hqgrzphqw li djuhhphqw lv qrw uhdfkhg1 Wkh

�wqhvv ri djhqw � djdlqvw djhqw � lv=

T �
Ej�c j�

� '

?[
&'�

?[
,'�

��
�
j�

Ee&� c j
�
Ee,�

�
R,R&� +44,

Sursrvlwlrq 9 Dw wkh xqltxh vwdeoh htxloleulxp hdfk djhqw ghpdqgv khu hqgrzphqw/ wkdw

lv j�
Ee� ' e�

Surri1 Vxssrvh doo djhqwv ghpdqg j�
Ee&� ' e&c wkhq wkhuh lv dozd|v djuhhphqw/ dqg wkh

rxwfrph lv h!flhqw zlwk dq h{shfwhg uhwxuq jlyhq e|=

�W '
?[
,'�

e&R&�

Lw lv vwudljkwiruzdug wr yhuli| wkdw wklv lv d Qdvk htxloleulxp/ dqg fohduo| lw lv ixoo| h!flhqw1

Lw lv dovr wkh xqltxh h!flhqw htxloleulxp1 Iluvw revhuyh wkdw li iru vrph hqgrzphqw d

srvlwlyh iudfwlrq ri djhqwv sod| j�
Ee&� : e&c wkhq wkhuh zrxog eh glvdjuhhphqw lq

htxloleulxp +zkhq w|sh e& sod|v e&�/ dqg khqfh wkhuh zrxog eh dq lqh!flhqw rxwfrph1 Qrz

vxssrvh wkdw lq htxloleulxp j� Ee&� 	 e&� Jlyhq wkdw doo rwkhu djhqwv duh vhohfwlqj jEe� � ec

lw lv srvvleoh iru djhqw � wr lqfuhdvh khu ghpdqg dqg wkhuhiruh khu uhwxuq zlwkrxw
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ghfuhdvlqj wkh suredelolw| ri djuhhphqw1 Khqfh hdfk djhqw dw d vwdeoh htxloleulxp fodlpv

khu hqgrzphqw1

Orjlfdoo| wklv uhvxow lv vwudljkwiruzdug/ exw lw lv lpsruwdqw iru xqghuvwdqglqj zkdw

iroorzv1 Qrwlfh wkdw lw ghshqgv yhu| pxfk rq wkh lqirupdwlrq vwuxfwxuh1 Li wkh hqgrzphqwv

zhuh frpprq nqrzohgjh/ wkhq wkh 83283 vsolw zrxog dovr eh dq h!flhqw htxloleulxp +zh

zrxog eh edfn lq wkh �uvw fdvh zkhuh djhqwv revhuyh 7 ' e� n e��1 Dv zhoo/ lw lv hvvhqwldo

wkdw wkhuh eh qr jdlqv iurp wudgh1 Li wkhuh zhuh d uhdvrq iru dq| djhqw wr ghpdqg vwulfwo|

pruh wkdq khu hqgrzphqw/ rwkhu djhqwv zlwk odujh hqgrzphqwv pljkw ghpdqg ohvv lq rughu

wr hqvxuh wkh| uhdfk djuhhphqw1

616 D Wudglqj Prgho

Zh qrz frqvlghu wkh vwdqgdug wh{werrn fdvh zkhuh djhqwv phhw dqg kdyh wkh rssruwxqlw|

wr wudgh wzr jrrgv1 Djhqw � hqwhuv wkh pdwfk zlwk d vwulfwo| srvlwlyh udqgrpo| gudzq

hqgrzphqw jlyhq e| e� ' Ee��c e
�
2� � Wklv hqgrzphqw lv sulydwh nqrzohgjh � l1h1 zkloh dq

djhqw pljkw nqrz wkh dprxqwv klv sduwqhu kdv r�huhg wr wudgh/ kh zloo qrw nqrz krz pxfk

kh kdv ohiw ryhu1 Wkh djhqw dovr kdv d �wqhvv ixqfwlrq gh�qhg ryhu wkh wzr jrrgv jlyhq e|

�E%��c %
�
2�c zkhuh % ghqrwhv frqvxpswlrq ohyhov1 Wklv �wqhvv ixqfwlrq lv lqfuhdvlqj lq erwk

lwv dujxphqwv dqg lwv irup lv dovr sulydwh nqrzohgjh1 Wkh fodvv ri �wqhvv ixqfwlrqv iru hdfk

djhqw lv vx!flhqwo| ulfk wkdw wkh frqwudfw fxuyh iru d jlyhq pdwfk frxog olh dq|zkhuh lq wkh

Hgjhzruwk Er{1

Qrwh wkdw lq frppxqlfdwlqj zlwk hdfk rwkhu/ wkh wzr djhqwv pxvw vshdn lq whupv ri

qhw wudghv iurp wkhlu hqgrzphqw srlqwv1 Wklv grhv qrw uhtxluh wkdw hdfk fodlp khu

hqgrzphqw dv sduw ri khu whuulwru|1 Lq wkh wh{w wkdw iroorzv/ lq rughu wr xvh wkh lqwxlwlrq

dqg uhvxowv iurp hduolhu vhfwlrqv/ zh zloo frqwlqxh wr vshdn lq whupv ri devroxwh

frqvxpswlrq dqg hqgrzphqw ohyhov1

Wkhuh lv/ dv dozd|v/ wkh srwhqwldo iru ylrohqfh1 Dv ehiruh/ wklv lv prghoohg zlwk wkh

dvvxpswlrq wkdw djhqwv zkr hqwhu d pdwfk pxvw djuhh wr dq rxwfrph ru hovh hyhu|wklqj

glvdsshduv/ lqfoxglqj wkhlu hqgrzphqwv1 Wkxv/ zkloh zh kdyh fdoohg wklv d wudglqj jdph/ lw

lv qrw fohdu h{ dqwh wkdw wkh djhqwv zloo lq idfw wudgh rqh jrrg iru wkh rwkhu1 Lq sulqflsdo

wkh| fdq edujdlq ryhu wkh hqwluh Hgjhzruwk Er{/ dqg wkh rxwfrph frxog eh dq|zkhuh1

Edujdlqlqj rxwfrphv duh ghwhuplqhg lq d zd| wkdw lv dqdorjrxv wr wkh rqh0glphqvlrqdo
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fdvh1 Djhqw � zloo fodlp d wzr glphqvlrqdo whuulwru| {
�/ wkh rxwhu erxqgdu| ri zklfk lv

ghqrwhg e| {
�
� Zh dvvxph wklv erxqgdu| lv frqwlqxrxv1 Wklv erxqgdu| gh�qhv wkh

plqlpxp dffhswdeoh frqvxpswlrq ohyhov vkh zloo dffhsw dv wkh rxwfrphv ri dq| edujdlq1

Iru frqvlvwhqf| zh dovr dvvxph wkdw li d srlqw % ' E%�c %2� lv fodlphg/ wkhq vr duh doo srlqwv

+ vxfk wkdw + � %� Rwkhuzlvh wkhuh duh qr frqvwudlqwv rq zkhuh wklv erxqgdu| pd| olh1

Zkhq wzr djhqwv phhw wkhuh pd| eh d uhjlrq lq wkh Hgjhzruwk Er{ wkdw lv xqfodlphg

e| hlwkhu sduw|1 Zh zloo fdoo rxwfrphv lq wklv uhjlrq ihdvleoh1 Dv ehiruh/ zh dvvxph wkdw

wkh wzr djhqwv zloo glfnhu djuhhdeo| zlwklq wkh ihdvleoh uhjlrq/ li lw lv xqhpsw|1 Wkhlu

edujdlqlqj delolwlhv duh dvvxphg wr eh htxdo dqg wkh ghidxow lv wkh zruvw rxwfrph iru hdfk

lqglylgxdo lq wkh ihdvleoh vhw1 Wkxv li wkhuh lv dq| xqfodlphg uhjlrq lq wkh Hgjhzruwk Er{

wkhuh zloo eh qr ylrohqfh1 Ixuwkhu/ zh dvvxph wkh djhqwv zloo �qg dq h!flhqw rxwfrph

zlwklq wkh ihdvleoh vhw wkdw glylghv wkh jdlqv iurp wudgh1

Wkh jhqhudo vlwxdwlrq iru rqh ri wkh djhqwv lv looxvwudwhg lq wkh gldjudp ehorz1

Iljxuh 4=

Zh zlvk wr ghwhuplqh wkh vwudwhjlhv ri wkh wzr djhqwv dw wkh prvw h!flhqw Qdvk
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htxloleulxp/ zkhuh d vwudwhj| lv vlpso| d fodlphg uhjlrq {� Zh kdyh qrw ehhq deoh wr vroyh

wkh sureohp irupdoo| iru jhqhudo �wqhvv ixqfwlrqv1 Wkxv lq wkh wh{w zh zloo surfhhg lq dq

lqwxlwlyh idvklrq1 Lq wkh dsshqgl{ zh zrun rxw dq h{dpsoh zlwk vshfl�f ixqfwlrqdo irupv

wkdw looxvwudwhv wkh htxloleulxp1

Zh qrwh �uvw wkdw lw lv d Qdvk htxloleulxp iru hdfk djhqw wr fodlp wkh �qr wudgh�uhjlrq

{
W

' i% m %� � e�
Z
%2 � e2j Lq wklv fdvh hdfk djhqw fodlpv khu hqgrzphqw srlqw/ dqg zloo

rqo| dffhsw wkrvh wudghv wkdw surylgh pruh ri erwk jrrgv1 Lq wklv fdvh wkh rqo| ihdvleoh

rxwfrph lv wkh hqgrzphqw srlqw1 Wkhuh zloo eh qr wudgh/ exw dw ohdvw wkhuh zloo eh qr

ylrohqfh/ dqg hdfk djhqw zloo eh deoh wr ohdyh zlwk khu hqgrzphqw1 Qr rwkhu vwudwhj| fdq

gr vwulfwo| ehwwhu djdlqvw wklv srsxodwlrq/ dqg qrwh wkdw fodlplqj vwulfwo| ohvv wkdq rqh*v

hqgrzphqw pdnhv rqh zruvh r�1

Wkh prvw h!flhqw rxwfrph/ ri frxuvh/ zrxog eh dfklhyhg e| d srsxodwlrq zkhuh hdfk

djhqw fodlpv wkh orzhu frqwrxu vhw wkurxjk khu hqgrzphqw srlqw/ ghqrwhg e| uEe� zlwk

dvvrfldwhg erughu ghqrwhg uEe�1 Li hdfk djhqw fodlpv h{dfwo| wklv pxfk wkhq zh duh lq wkh

vwdqgdug wh{werrn fdvh1 Lw iroorzv hdvlo| iurp wkh jhrphwu| ri wkh Hgjhzruwk Er{ wkdw

wkhuh zloo dozd|v eh djuhhphqw/ dqg zkhqhyhu wkhuh duh jdlqv iurp wudgh wkhvh zloo eh ixoo|

uhdol}hg1

Krzhyhu/ dv zh kdyh vhhq lq wkh rqh glphqvlrqdo fdvh dq djhqw pd| eh deoh wr jdlq li

kh lv zloolqj wr ulvn vrph glvdjuhhphqw1 Vxssrvh d qhz djhqw hqwhuv d srsxodwlrq zkhuh doo

djhqwv duh fodlplqj uEe�1 Doo wkh lqfxpehqw djhqwv duh zloolqj wr uhvshfw wkh hqwudqw*v

fodlp wr klv hqgrzphqw1 Kh zloo wkhuhiruh gr ehwwhu lq wkrvh edujdlqv wkdw duh qrqhwkhohvv

frpsohwhg li kh ehkdyhv dv li klv hqgrzphqw +zklfk lv wkh wkuhdw srlqw lq wkh edujdlq, lv

zruwk pruh wr klp wkdq lw uhdoo| lv1 Exw li kh fodlpv vwulfwo| pruh ri erwk jrrgv wkdq klv

hqgrzphqw/ kh uxqv wkh ulvn ri phhwlqj vrphrqh zlwk zkrp wkh ihdvleoh vhw lv hpsw|1 Wklv

zrxog eh yhu| frvwo|/ vlqfh lw phdqv wkh orvv ri klv hqgrzphqw1

Lq wklv wzr glphqvlrqdo fdvh wkhuh lv d zd| wr lpsuryh rqh*v rxwfrphv zlwkrxw ulvnlqj

glvdjuhhphqw dqg wkh orvv ri wkh hqgrzphqw1 Lq dq h!flhqw srsxodwlrq/ li wzr djhqwv duh

edujdlqlqj ryhu d uhjlrq ri wkh Hgjhzruwk er{ wkdw lv glvwdqw iurp wkh hqgrzphqw srlqw/

wkhq wkhuh duh jdlqv iurp wudgh wr eh dfklhyhg1 Li wkh wudgh yhfwru lv yhu| vkruw/ wkhq wkhvh

jdlqv duh vpdoo exw vwloo srvlwlyh/ dqg lq wkh olplw li wkhuh duh qr jdlqv wkhq hdfk djhqw

vlpso| zdonv dzd| zlwk khu hqgrzphqw1 Wklv vxjjhvwv wkdw wkh dprxqw e| zklfk wklv qhz

djhqw ryhuydoxhv klv hqgrzphqw vkrxog ghshqg rq wkh ohqjwk ri dq| r�huhg wudgh yhfwru1
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Vxssrvh dq djhqw hqwhuv zlwk d fodlphg whuulwru| dv lq wkh iroorzlqj gldjudp1

Iljxuh 5=

Wklv djhqw*v whuulwruldo erughu lqfoxghv klv hqgrzphqw srlqw/ exw hyhu|zkhuh hovh uEe�

lv vwulfwo| frqwdlqhg zlwklq {� Vlqfh wklv djhqw grhv qrw fodlp dq| srlqwv wkdw kdyh pruh ri

erwk jrrgv wkdq klv hqgrzphqw/ kh zloo dozd|v uhdfk djuhhphqw zlwk lqfxpehqw phpehuv

ri wkh srsxodwlrq dqg zlwk rwkhu djhqwv olnh klpvhoi1 Wkh zruvw kh zloo hyhu gr lv zdon

dzd| zlwk klv hqgrzphqw1 Vxssrvh kh lv r�huhg dq rxwfrph olnh srlqw �1 Wklv rxwfrph

lqfuhdvhv klv �wqhvv1 Krzhyhu/ vlqfh wkh r�huhg wudgh yhfwru kdv srvlwlyh ohqjwk dqg wkh

r�huhg rxwfrph lpsuryhv klv �wqhvv/ wkhuh duh jdlqv iurp wudgh dydlodeoh1 Wklv djhqw zloo

qrqhwkhohvv uhixvh vxfk d ghdo/ vd|lqj kh zrxog suhihu wr nhhs klv hqgrzphqw1

Vr orqj dv wklv ehkdylru lpsuryhv wkh h{shfwhg rxwfrphv lq wkrvh edujdlqv wkdw duh

qrqhwkhohvv frpsohwhg/ wklv fdq eh d �wqhvv lpsurylqj vwudwhj|1 Ixuwkhu/ vr orqj dv

Ee�c e2� 5 {c d yhu| vpdoo lqfuhdvh lq fodlphg whuulwru| lv vxuh wr eh �wqhvv lpsurylqj1 Vxfk

dq lqfuhdvh fdxvhv d vpdoo lqfuhdvh lq wkh suredelolw| wkdw hdfk vlgh zloo irujr vrph jdlqv wr

wudgh/ exw wkh irujrqh jdlqv duh wkhpvhoyhv yhu| vpdoo/ vlqfh wkh hqgrzphqw srlqw lv dozd|v
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dydlodeoh1 Wkxv wkh jdlqv iurp wklv vwudwhj| duh �uvw rughu dqg wkh orvvhv vhfrqg rughu/ dv

lq wkh rqh0glphqvlrqdo fdvh1

Wkhuh duh wzr zd|v wkdw fodlplqj pruh whuulwru| fdq lpsuryh rxwfrphv1 Wkh �uvw lv

dqdodjrxv wr wkh rqh glphqvlrqdo fdvh � eholhylqj wkdw rqh*v dowhuqdwlyh lv zruwk pruh wkdq

lw uhdoo| lv pd| vkliw wkh edujdlqlqj rxwfrph zlwklq wkh ihdvleoh vhw lq rqh*v idyrxu1 D

vhfrqg srvvlelolw| rffxuv rqo| lq wklv wzr glphqvlrqdo fdvh1 Khuh lw lv srvvleoh iru dq djhqw

wr phhw d sduwqhu iru zkrp wkh ihdvleoh vhw lv vr uhvwulfwhg wkdw lw qr orqjhu frqwdlqv wkh

frqwudfw fxuyh dv gh�qhg e| wkh wzr djhqwv* �wqhvv frqwrxuv1 Lq wklv fdvh wkh rxwfrph lv

wkh prvw h!flhqw srlqw zlwklq wkh ihdvleoh vhw/ dqg rffxuv dw wkh lqwhuvhfwlrq ri wkh wzr

whuulwruldo erxqgdulhv1 Lqfuhdvlqj rqh*v ghpdqg wkhq gluhfwo| lpsuryhv wkh rxwfrph/

dowkrxjk lw vkulqnv wkh wudgh yhfwru dqg uhgxfhv h!flhqf|1 Lq wkh dsshqgl{/ iru d

sduwlfxodu sdudphwhul}dwlrq ri wkh sureohp/ zh h{sorlw wkh vhfrqg ri wkhvh fkdqqhov wr

suryh wkh iroorzlqj sursrvlwlrq1

Sursrvlwlrq : Wkhuh lv d vwdeoh Qdvk htxloleulxp iru wkh wudglqj jdph fkdudfwhul}hg e|

lqglylgxdov ghpdqglqj whuulwrulhv zlwk erxqgdulhv wkdw lqfoxgh wkhlu hqgrzphqw srlqwv/ exw

zklfk hovhzkhuh vwulfwo| frqwdlq wkh dvvrfldwhg orzhu frqwrxu vhwv1

Wkh fodlphg uhjlrq iru hdfk djhqw lq htxloleulxp wkhuhiruh dsshduv dv lq wkh gldjudp

iru rxu hqwudqw deryh1

Wkhuh duh wzr dvshfw wr wklv uhvxow wkdw ghvhuyh hpskdvlv1 Iluvw/ hdfk djhqw hqwhuv wkh

pdwfk zloolqj wr ghihqg klv hqgrzphqw/ dqg zloolqj wr uhvshfw klv sduwqhu*v fodlp wr khu

hqgrzphqw1 Wklv kdsshqv ehfdxvh hdfk vlgh fdq fuhgleo| wkuhdwhq ylrohqfh/ hqgrzphqwv

duh sulydwh lqirupdwlrq dqg ehfdxvh lq dq Hgjhzruwk Er{ wkhuh duh qhyhu dq| jdlqv iurp

wudgh zkhq wkh prvw h!flhqw rxwfrph lv wkh hqgrzphqw srlqw1 Xqghu wkhvh frqglwlrqv/

surshuw| uljkwv hphujh dv d sduw ri wkh htxloleulxp1 Wkhvh uljkwv uhvshfw hqgrzphqwv/ dqg

wkhuhiruh wkh vlwxdwlrq ehfrphv d wudglqj jdph udwkhu wkdq d �jkw ryhu wkh hqwluh

Hgjhzruwk Er{1

Vhfrqg/ zkhq hqjdjlqj lq wudghv wkdw pryh khu dzd| iurp wkh hqgrzphqw srlqw/ hdfk

djhqw ehkdyhv dv li khu hqgrzphqw zhuh zruwk pruh wr khu wkdq lw uhdoo| lv1 Vxssrvh zh

zhuh wr revhuyh wkh ehkdylru ri dq djhqw olnh wklv lq d wudglqj vlwxdwlrq1 Lq Iljxuh 5/ wklv

djhqw zrxog eh vhhq wr fkrrvh d srlqw olnh � ryhu khu hqgrzphqw srlqw1 Vkh zrxog uhixvh

wr dffhsw dq doorfdwlrq olnh srlqw �1 Zh zrxog eh irufhg wr frqfoxgh wkdw vkh kdv dq

lqgl�huhqfh fxuyh uxqqlqj wkurxjk khu hqgrzphqw srlqw dqg ehwzhhq srlqwv � dqg �1 Lq
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hvvhqfh/ wkh erxqgdu| { ri wkh djhqw*v fodlphg whuulwru| lv suhflvho| zkdw uhyhdohg

suhihuhqfh dqdo|vlv zrxog lghqwli| dv wkh lqgl�huhqfh fxuyh wkurxjk khu hqgrzphqw srlqw1

Uhyhdohg suhihuhqfhv duh lqwudqvlwlyh/ dqg h{klelw wkh �hqgrzphqw h�hfw�1

7 Glvfxvvlrq dqg H{whqvlrqv

Lq wklv sdshu zh kdyh ehjxq zlwk wkh lghd wkdw wkh ohyho ri frpplwphqw wkdw rffxuv ehiruh

udwlrqdo glvfxvvlrq lv hqgrjhqrxv1 Wkh lghd wkdw hprwlrqdo frpplwphqw kdv vxuylydo ydoxh

lv qrw qhz wr xv1 Vfkhoolqj +4<;3, zdv rqh ri wkh wkh �uvw wr hpskdvl}h wkh lpsruwdqfh ri

frpplwphqw/ dqg Iudqn +4<;;, kdv ghyhorshg wklv lghd lqwr d wkhru| ri vljqdoolqj dqg

hprwlrq1 Wkh olwhudwxuh rq surshuw| uljkwv/ ehjlqqlqj zlwk Dofkldq +4<98, dqg Ghpvhw}

+4<9:,/ kdv kljkoljkwhg wkh lpsruwdqfh ri vrph v|vwhp ri hqirufhphqw ri wkhvh uljkwv1 Zh

kdyh vkrzq wkdw xqghu fhuwdlq frqglwlrqv d sduwlfxodu v|vwhp ri surshuw| uljkwv zloo hphujh

rq lwv rzq/ hqirufhg e| hprwlrqdo frpplwphqw1 Zh kdyh olqnhg wklv uhvxow wr wkh

lqwudqvlwlylw| ri uhyhdohg suhihuhqfhv wkdw kdv ehhq revhuyhg lq vrph h{shulphqwv1

�Udwlrqdolw|� frqwlqxhv wr kdyh ydoxh lq rxu frqwh{w dowkrxjk lw pxvw wdnh lwv sodfh

dorqjvlgh wkh delolw| wr pdnh frpplwphqwv1 Ri frxuvh lqwhooljhqfh zloo dozd|v kdyh vxuylydo

ydoxh dv djhqwv ohduq wr h{sorlw wkhlu sk|vlfdo hqylurqphqw1 Hprwlrqdo frpplwphqw dulvhv

lq wkh lqwhudfwlrqv wkdw phpehuv kdyh zlwk rwkhu phpehuv ri wkhlu rzq jurxs/ zkr duh

surgxfwv ri wkh vdph hyroxwlrqdu| frpshwlwlrq1 Wklv vxjjhvwv wkdw dq xqghuvwdqglqj ri

frpplwphqw pd| eh pruh lpsruwdqw iru wkh lqwhudfwlrqv vwxglhg lq jdph wkhru| wkdq iru

wkh vwxg| ri frpshwlwlyh pdunhwv1

Wkhuh duh pdq| zd|v lq zklfk wkhvh uhvxowv fdq eh h{whqghg1 Lq wklv vhfwlrq zh yhu|

eulh | rxwolqh wkh lpsolfdwlrqv iru frq lfw prghov/ zhoiduh hfrqrplfv/ dqg �iudplqj�1

714 Frq lfw

Rxu dvvxpswlrq wkdw hdfk vlgh lq wkh pdwfk kdv wkh delolw| wr irufh dq rxwfrph zkhuh hdfk

orvhv klv hqgrzphqw lv phdqw wr fdswxuh wkh idfw wkdw hdfk sduwqhu/ e| �orvlqj klv whpshu�

fdq lpsrvh frvwv rq hyhu|rqh1 Iru wkh uhvxowv ri wkh odvw vhfwlrq/ doo wkdw lv uhtxluhg lv wkdw

wkhuh eh glvfuhwh frvwv wr glvdjuhhphqw iru erwk vlghv1 Dv zhoo/ hyhq li lw lv wkh Vwdwh wkdw

hqirufhv hdfk shuvrq*v fodlp wr khu hqgrzphqw/ wkh �hqgrzphqw h�hfw� zloo vwloo dulvh1

Fohduo| wkh wkuhdw ri ylrohqfh fdq eh prghoohg lq d pxfk ulfkhu idvklrq1 Lq sduwlfxodu/
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wkhuh lv qr srvvlelolw| lq rxu prgho iru dq djhqw wr lqyhvw lq d zhdsrq wkdw zrxog d�hfw wkh

rxwfrphv lq klv idyru/ ru iru djhqwv wr edqg wrjhwkhu iru wkh sxusrvh ri frqtxhvw1 Iru wklv

uhdvrq rxu prgho lv qrw dq doohjrulfdo klvwru| ri wkh hphujhqfh ri rughu iurp fkdrv1 Wkh

Vwdwh lq rxu prgho vwloo sod|v dq hvvhqwldo uroh/ zklfk lv wr hqirufh d surklelwlrq rq wkh

h{fhvvlyh sulydwh xvh ri irufh1

Krzhyhu/ wkh frqfhswv zh ghyhors khuh pd| �qg dssolfdwlrq lq pruh uhdolvwlf prghov

ri frq lfw/ vxfk dv wkh rqh h{dplqhg e| Kluvkohlihu +4<<8,1 Lq vxfk d prgho djhqwv pxvw

fkrrvh krz pxfk h�ruw wr sxw lqwr surgxflqj rq wkhlu rzq odqg dqg krz pxfk wr ghyrwh

wr rewdlqlqj odqg iurp wkhlu qhljkeruv +ru suhyhqwlqj lw iurp ehlqj rewdlqhg e| wkhlu

qhljkeruv,1 Dq lpsolfdwlrq lv wkdw wkhuh lv dozd|v d srvlwlyh ohyho ri frq lfw/ vlqfh djhqwv

pxvw dozd|v eh sxwwlqj vrph h�ruw lqwr �jkwlqj li wkh| duh wr frqwuro dq| whuulwru| dw doo1

Dv zhoo/ dq| fkdqjh lq wkh zhdsrqu| ri dq djhqw zloo ohdg wr d fkdqjh lq khu whuulwru|1

Vxssrvh d jurxs ri djhqwv hqwhu wklv zruog zlwk suhihuhqfhv wkdw kdyh d nlqn dw dq

djuhhg0xsrq whuulwruldo erxqgdu|144 Wkhvh djhqwv duh zloolqj wr ghihqg wkhlu rzq whuulwru|/

exw duh qrw vr lqwhuhvwhg lq h{sdqvlrq1 Vr orqj dv wkh erxqgdulhv duh pxwxdoo| frqvlvwhqw/

wkhvh djhqwv zloo shdfhixoo| frh{lvw zlwk hdfk rwkhu zkloh ghihqglqj wkhpvhoyhv iurp

lqfxpehqwv1 Wkh| fdq sxw pruh h�ruw lqwr surgxfwlrq/ dqg vkrxog wkhuhiruh vxffhvvixoo|

lqydgh1 Shdfhixo frh{lvwhqfh lv srvvleoh lq d frq lfw prgho/ dqg qrw vxsulvlqjo| lw ghshqgv

rq uhvshfw iru surshuw|1

Fohduo| wkhuh lv wkh srwhqwldo iru dq dupv udfh/ dv lq dq| prgho ri frq lfw1 Wkh

gl�huhqfh lv wkdw lq rxuv/ d vpdoo lpsuryhphqw e| rqh vlgh zloo qrw qhfhvvdulo| ohdg wr

fkdqjhv lq wkh doorfdwlrq ri whuulwru|1 Vlqfh hyhq d olplwhg lqydvlrq zloo eh phw zlwk dq

hprwlrqdo dqg ylrohqw uhvsrqvh/ erxqgdulhv fdq eh vwdeoh hyhq dv wkh udfh surfhhgv lq

glvfuhwh vwhsv1 Wkh srvlwlrq ri whuulwruldo erxqgdulhv zloo wkhuhiruh kdyh dq klvwrulfdo

frpsrqhqw1

Wkh whfkqrorj| ri frq lfw lv dovr fulwlfdo1 Dv Kluvkohlihu +4<<8, vkrzv/ wkhuh pxvw eh

ghfuhdvlqj uhwxuqv wr frq lfw iru wkhuh wr h{lvw d vwdeoh doorfdwlrq ri whuulwru|1 Dq

hqgrjhqrxv nlqn lq suhihuhqfhv lv rqh vrxufh ri ghfuhdvlqj uhwxuqv1 Krzhyhu/ hyhq lq rxu

prgho lw lv hvvhqwldo wkdw wkh vxusoxv eh glylvleoh1 Zlwkrxw wklv wkhuh duh qr qr qdwxudo

whuulwruldo erxqgdulhv rwkhu wkdq wkh wzr hqgsrlqwv/ dqg edujdlqlqj +ru �jkwlqj, delolw| lv

44Wxoorfn +4<;3, vxjjhvwv wkdw d nlqn lq suhihuhqfhv ohdgv wr pruh uhdolvwlf rxwfrphv/ exw grhv qrw dujxh

wkdw d nlqn zloo lq idfw hyroyh1
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doo wkdw pdwwhuv1

715 Zhoiduh

Lq d zhoo nqrzq h{shulphqw/ Nqhwfk +4<;<, jdyh d vhulhv ri vxemhfwv hlwkhu d fkrfrodwh edu

ru d fr�hh pxj/ dqg wkhq jdyh wkhp wkh rssruwxqlw| wr wudgh rqh iru wkh rwkhu1 Idu ihzhu

vxemhfwv zlvkhg wr wudgh wkdq suhglfwhg e| wkh vwdqgdug prgho1 Wklv suhihuhqfh iru wkh

�vwdwxv txr� vxuylyhg hyhq zkhq vxemhfwv zhuh r�huhg srvlwlyh lqgxfhphqwv wr wudgh1 Rqh

kdv wr frqfoxgh wkdw iru dw ohdvw vrph ri wkhvh vxemhfwv/ kdylqj d fr�hh pxj phdqw wkh|

suhihuuhg wkh pxj wr wkh edu/ dqg kdylqj d fkrfrodwh edu phdqw wkh| suhihuuhg wkh edu wr

wkh pxj1 Zkhq uhyhdohg suhihuhqfhv duh wklv �fnoh/ krz fdq rqh xvh ehkdylrudo gdwd wr

uhfryhu lqirupdwlrq derxw lqglylgxdo zhoiduhB Wkh zkroh frqfhsw ri d vwdeoh lqglylgxdo

suhihuhqfh rughulqj/ rq zklfk vr pxfk ri hfrqrplf dqdo|vlv lv edvhg/ dsshduv vxvshfw1

Wkh hyroxwlrqdu| dssurdfk jlyhv uhdvrq iru pruh rswlplvp1 Li rxu prgho lv fruuhfw/

wkhq xqghuo|lqj wkh ehkdylru lq wklv h{shulphqw lv d phdqlqjixo zhoiduh rughulqj1

Xqghuo|lqj suhihuhqfhv +l1h1 �wqhvv, duh vwdeoh1 Lw lv mxvw wkdw djhqwv duh ehlqj idu pruh

vrsklvwlfdwhg lq pd{lpl}lqj wkhvh suhihuhqfhv wkdq lv frpprqo| dvvxphg1

Uhyhdohg suhihuhqfhv lq wkh Nqhwfk h{shulphqw gr qrw uh hfw wkh xqghuo|lqj zhoiduh

rughulqj vlqfh wkh fkrlfhv r�huhg plplf wkrvh wkdw duh pdgh lq d wudglqj vlwxdwlrq1 Exw li

zh duh wuxo| lqwhuhvwhg lq uhfryhulqj lqirupdwlrq derxw xqghuo|lqj �wqhvv/ zh duh qrw

uhvwulfwhg wr d wudglqj iudphzrun1 Li zh zdqw wr ohduq zklfk ri wkhvh wzr remhfwv jlyhv wkh

lqglylgxdo pruh �wqhvv/ zh frxog mxvw dv zhoo xvh d �iuhh fkrlfh� iudphzrun � l1h1 sxw erwk

remhfwv lq iurqw ri klp dqg vhh zklfk rqh kh slfnv xs1

Lw lv rqo| zkhq zh lqvlvw rq lghqwli|lqj uhyhdohg suhihuhqfhv lq doo vlwxdwlrqv zlwk

lqglylgxdo zhoiduh wkdw zh uxq lqwr wurxeoh1 Wkh dssurdfk zh surylgh khuh vxjjhvwv wkdw

uhyhdohg suhihuhqfhv lq vrph vlwxdwlrqv zloo eh ohvv lqglfdwlyh ri lqglylgxdo zhoiduh wkdq lq

rwkhuv1 Ixuwkhu/ lw surylghv vrph jxlgdqfh dv wr wkh iudphv wkdw zloo surgxfh wkh prvw

dffxudwh lqirupdwlrq145 D surfhgxuh edvhg rq wkh iuhh fkrlfh iudphzrun pljkw suryh xvhixo

lq frqwlqjhqw ydoxdwlrq vwxglhv146

45Pruh suhflvho|/ rxu prgho vxjjhvwv qr uhdvrq zk| wkh fkrlfhv pdgh lq wkh �iuhh fkrlfh� h{shulphqw

vkrxog eh glvwruwhg1 Wkhuh pd| eh rwkhu dujxphqwv/ hyroxwlrqdu| ru rwkhuzlvh/ wkdw zrxog suhglfw sureohpv

khuh exw zh fdq*w wklqn ri dq|1 Wklv lv dq duhd wkdw qhhgv h{shulphqwdo h{dplqdwlrq1
46Wkh hqgrzphqw h�hfw lv qrw wkh rqo| frqfhuq lq lqwhusuhwlqj wkh uhvxowv ri frqwlqjhqw ydoxdwlrq vwxglhv1

Vhh wkh v|psrvlxp rujdql}hg e| Sruwqh| +4<<7,
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716 Iudplqj H�hfwv lq Edujdlqlqj

Sudfwlfdo wh{werrnv rq edujdlqlqj whfkqltxh uho| yhu| olwwoh rq wkh prghov ri edujdlqlqj

wkdw dsshdu lq wkh hfrqrplfv olwhudwxuh1 Rxu dssurdfk fdq surylgh vrph sudfwlfdo

jxlgdqfh/ dowkrxjk wklv vhfwlrq lv qhfhvvdulo| pruh vshfxodwlyh1 Vxssrvh wkdw wkh

hqylurqphqw lv pxfk pruh frpsolfdwhg wkdq wkh vxffhvvlrq ri vlplodu pdwfkhv wkdw lv

prghoohg khuh1 Lq sduwlfxodu/ wkh djhqw idfhv d vhulhv ri edujdlqv wkdw pd| eh ri frpsohwho|

xqdqwlflsdwhg fkdudfwhu1 Lq wklv fdvh wkh djhqw/ zkhq kh hqwhuv d edujdlq/ zloo qrw eh deoh

wr uho| rq klv vrfldo nqrzohgjh wr ghwhuplqh wkh dssursuldwh whuulwruldo erxqgdu| +l1h1 wkh

iudph, zlwk zklfk kh vkrxog ylhz wkh vlwxdwlrq1

Shuvxdvlrq lq edujdlqlqj lv dwwhpsw wr frqylqfh rqh*v rssrqhqw wr uhiudph wkh

vlwxdwlrq lq iurqw ri klp147 Lw lv wkh surfhvv wkdw ghwhuplqhv dffhswdeoh whuulwruldo

erxqgdulhv1 Rqfh frqvlvwhqw erxqgdulhv duh hvwdeolvkhg djuhhphqw lv uhodwlyho| hdv| vlqfh

wkh erxqgdu| ghwhuplqhv qrw rqo| zkhuh rqh ehjlqv wr �jkw/ exw dovr zkdw rqh zloo fhgh wr

wkh rssrqhqw zlwkrxw d �jkw1

Rqh fulwhulrq wkdw vkrxog eh lpsruwdqw lq dq hyroxwlrqdu| prgho lv wkdw ri uhodwlyh

shuirupdqfh1 D vwudwhj| wkdw frqwlqxdoo| surgxfhv wzr vxffhvvixo r�vsulqj lq d srsxodwlrq

ri vwudwhjlhv wkdw surgxfh rqo| rqh zloo eh pruh vxffhvvixo lq wkh orqj whup wkdq d vwudwhj|

wkdw surgxfhv whq r�vsulqj zkloh lwv frpsdwulrwv surgxfh hohyhq1 Ixuwkhu/ lq vrph frqwh{wv

djhqwv wkdw gr qrw doorz wkhpvhoyh wr eh ehdwhq zloo gr ehwwhu wkdq wkrvh wkdw dozd|v lqvlvw

rq zlqqlqj/ ehfdxvh wkh| pdqdjh wr frh{lvw zkhq wkh| phhw hdfk rwkhu1 Wklv vxjjhvwv wkdw

grlqj dv zhoo dv rqh*v shhu jurxs pljkw eh dq lpsruwdqw fulwhulrq lq edujdlqlqj1

Krzhyhu/ lw pd| qrw dozd|v eh reylrxv zkdw wkh dssursuldwh shhu jurxs vkrxog eh/

dqg wklv lv zkhuh edujdlqlqj vnloo ehfrphv lpsruwdqw1 D jrrg h{dpsoh dulvhv lq wkh

ghwhuplqdwlrq ri idfxow| vdodulhv1 Wkh �uvw dxwkru ri wklv sdshu lv fxuuhqwo| khdg ri d

ghsduwphqw lq Fdqdgd/ zkhuh zdjhv iru dfdghplf hfrqrplvwv duh vljql�fdqwo| ehorz wkrvh

lq wkh XV1 Kh whoov klv glvjuxqwohg froohdjxhv wkdw wkh| duh lq d Fdqdgldq xqlyhuvlw|/ wkh|

duh grlqj zhoo e| Fdqdgldq vwdqgdugv/ Fdqdgd lv d orz zdjh frxqwu| jlyhq wkh fxuuhqw

h{fkdqjh udwh/ hwf1 Exw zkhq wdonlqj zlwk wkh ghdq/ kh vd|v wkdw lw lv rxwudjhrxv wkh zd|

47Wkh fdsdflw| wr eh shuvxdghg pd| surylgh dq dgydqwdjh lq vrph hyroxwlrqdu| vlwxdwlrqv1 Wr eholhyh d

surplvh lv wr uhiudph wkh surplvh jlyhu*v ixwxuh dfwlrqv lq vxfk d zd| wkdw li kh grhv qrw gr zkdw kh vdlg/

dq hprwlrqdo/ ghvwuxfwlyh uhvsrqvh lv srvvleoh1 Wkxv djhqwv zkr eholhyh surplvhv/ vr orqj dv wkh| kdyh wkh

fdsdflw| wr uhwdoldwh/ fdq hqjdjh lq d zlghu vhw ri djuhhphqwv wkdq wkrvh zkr gr qrw1

55



klv froohdjxhv duh sdlg1 Wkh| sxeolvk lq wkh vdph mrxuqdov/ vlw rq wkh vdph hglwruldo erdugv/

dqg jhw wkh vdph qxpehu ri flwdwlrqv dv wkhlu shhuv dw Dphulfdq xqlyhuvlwlhv/ exw duh sdlg

idu ohvv148

8 Frqfoxvlrqv

Qdwxuh lv vxuho| fdsdeoh ri fuhdwlqj ehlqjv zkr/ lq wkhlu lqwhudfwlrqv zlwk hdfk rwkhu/

h{sorlw doo wkh dydlodeoh jdlqv iurp wudgh1 Krzhyhu/ vxfk d vrflhw| zrxog eh lqydghg e|

rwkhuv zkr duh zloolqj wr ulvn glvdjuhhphqw lq rughu wr gr ehwwhu lq wkrvh edujdlqv wkdw duh

vxffhvvixoo| frqfoxghg1 Wkhvh djhqwv/ rqfh wkh| duh wkh pdmrulw| lq wkh vrflhw|/ fdqqrw eh

glvsodfhg e| jhqwohu w|shv hyhq wkrxjk uhvrxufhv duh ehlqj zdvwhg1 Zkhq hqgrzphqwv duh

sulydwh nqrzohgjh/ djhqwv zloo uhvshfw hdfk rwkhu*v surshuw| dqg zloo kdyh suhihuhqfhv wkdw

h{klelw wkh �hqgrzphqw h�hfw�/ hyhq wkrxjk wkhlu xqghuo|lqj �wqhvv ixqfwlrq lv zhoo

ehkdyhg1

Wkh qrwlrq ri sulydwh surshuw| � d vrfldo htxloleulxp zkhuh hdfk djhqw lv zloolqj wr

ghihqg klv rzq surshuw| exw uhvshfwv wkh surshuw| ri rwkhuv � hphujhv vsrqwdqhrxvo| lq

wklv frqwh{w1 Zkhq hqgrzphqwv duh sxeolfo| nqrzq/ srvvhvvlrq grhv qrw qhfhvvdulo| lpso|

rzqhuvkls1 Hjdolwduldq rxwfrphv/ zkhuh hdfk phpehu ri vrflhw| fodlpv d vkduh ri wkh

zkroh vxusoxv/ duh vwdeoh1 Zkhq hqgrzphqwv fdq eh klgghq/ wkh prgho suhglfwv wkdw hdfk

djhqw zloo kdyh rzqhuvkls ri klv hqgrzphqw491

Ilqdoo|/ wkhuh lv d vpdoo lurq| lq wkh klvwru| ri wkh lghdv suhvhqwhg khuh1 Lq klv zrun

dsso|lqj jdph wkhruhwlf whfkqltxhv wr elrorj|/ Pd|qdug0Vplwk +4<;5, xvhg wkh whup

�erxujhrlv� wr ghvfuleh d vwudwhj| zkhuh dq dqlpdo lv djuhvvlyh rq klv rzq whuulwru| exw

phhn rq klv rssrqhqw*v whuulwru|14: Wkh dooxvlrq lv wr erxjhrlv shrsoh/ zkr kdyh dftxluhg d

vrfldo udqn dqg d qxpehu ri zruogo| srvvhvvlrqv/ dqg zloo �jkw kdug wr uhwdlq wkhp1 Lq wklv

sdshu/ lq rughu wr ghvfuleh wkh ehkdylrxu ri shrsoh zlwk srvvhvvlrqv zh kdyh dooxghg wr wkh

whuulwruldo ehkdylrxu ri dqlpdov1

48Ri frxuvh klv froohdjxhv +dqg wkh ghdq, duh idu wrr vrsklvwlfdwhg iru wklv wr zrun1
49Vhh \hoohq +4<<3, iru d idvflqdwlqj dffrxqw ri wkh wudqvirupdwlrq ri d Ndodkdul Ghvhuw vrflhw|1 Frqwdfw

zlwk wkh rxwvlgh zruog lqwurgxfhg wudgh jrrgv wkdw zhuh gxudeoh dqg frxog eh frqfhdohg1 Zlwklq ghfdghv d

vkdulqj vrflhw| zlwk yhu| olwwoh sulydf| kdg ehfrph rqh zkhuh zhdowk zdv klgghq dqg qr orqjhu ehorqjhg wr

wkh jurxs1
4:Gdznlqv +4<:9, dovr dujxhv wkdw whuulwruldo ehkdylru lv hyroxwlrqdulo| vwdeoh1
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Ri frxuvh wkh uhdo frqqhfwlrq lv wkdw kxpdq dqg dqlpdo vshflhv kdyh hdfk hyroyhg rq

wklv sodqhw lq wkh frqwh{w ri �qlwh uhvrxufhv/ frpshwlqj zdqwv/ dqg wkh srwhqwldo iru

ylrohqfh1 Kxpdqv kdyh glvfryhuhg dqg h{sorlwhg wkh jdlqv iurp wudgh1 Exw dfklhylqj wkhvh

jdlqv ghshqgv rq whuulwruldolw| � wkh uhfrjqlwlrq ri hyhu| djhqw*v uljkw wr klv ru khu

hqgrzphqw1
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814 Dsshqgl{

Vxssrvh wkdw djhqwv kdyh d uhsuhvhqwdeoh prqrwrqlf �wqhvv rughulqj ryhu d wzr glphqvlrqdo

exqgoh ri jrrgv/ ��E%c +�c zklfk iru vlpsolflw| zh wdnh ��E%c +� ' � E%c +� � s
%+� Wr dyrlg

srwhqwldoo| gl!fxow phdvxudelolw| lvvxhv/ ohw xv dvvxph wkdw wkh vhw ri srvvleoh hqgrzphqwv

lv d �qlwh vhw ri vwulfwo| srvlwlyh doorfdwlrqv . � ?2
nnc zlwk wkh suredelolw| ri dq lqglylgxdo

uhflhylqj e 5 . jlyhq e| � Ee� � Jhqhulfdoo| wkh jdph sod|hg hdfk shulrg lv dv iroorzv=

41 Lqglylgxdov duh pdwfkhg dw wkh ehjlqqlqj ri d shulrg/ zlwk djhqw � uhfhlylqj dq

hqgrzphqw e� 5 .c zlwk suredelolw| � Ee� �

51 Djhqw � hqwhuv wkh pdwfk zlwk d whuulwruldo ghpdqg lq qhw wudghv/ A � � ?2�

61 Wkh vhw ri qhw wudgh ghpdqgv duh uhdol}hg/ uhvxowlqj lq vhwv A � dqg A ��

71 Li A � _ �A �
' > wkhq L �

' L �
' f� Rwkhuzlvh wkh djhqwv edujdlq ryhu wkh vhw ri

ihdvleoh wudghv A � _ �A ��

Wkh ghpdqghg whuulwrulhv pd| kdyh d yhu| frpsoh{ vwuxfwxuh1 Lq rughu wr pdnh vrph

surjuhvv zh uhvwulfw dqdo|vlv wr wkh iroorzlqj sdudphwulf vhw ri ghpdqgv/ ru dffhswdeoh

rxwfrphv/ gh�qhg xvlqj d frqvwdqw hodvwlflw| ri vxevwlwxwlrq +FHV, xwlolw| ixqfwlrq1 Zh

vxssrvh wkdw wkh vwudwhj| ri lqglylgxdo � diwhu vkh ohduqv khu hqgrzphqw lv d sdlu

/ ' E_c k� 5 ?n � dfc �o c fruuhvsrqglqj wr wkh ghpdqg=
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Wkh ixqfwlrq Lk uhsuhvhqwv d FHV xwlolw| ixqfwlrq uh0qrupdol}hg vr wkdw dv k ydulhv iurp f

wr �/ rqh jrhv iurp d Free0Grxjodv xwlolw| ixqfwlrq +Lf E%c +� '
s
%+, wkdw uhsuhvhqwv wkh

djhqw*v wuxh suhihuhqfh/ wr d Ohrqwlhi xwlolw| ixqfwlrq +L� E%c +� ' 4�? i%c +j,1 Wkh ghpdqgv
duh qrupdol}hg derxw wkh hqgrzphqw lq wkdw wkh fkrlfh _ fruuhvsrqgv wr d xwlolw| ghpdqg

suhplxp zkhq _ : �c dqg dq dffhswdqfh ri orzhu xwlolw| zkhq _ 	 �� Jlyhq wkdw

frqvxpswlrq lv qrq0qhjdwlyh/ wkhq _ � f�

Zlwk wkhvh ghpdqgv zh fdq gh�qh wkh rxwfrph ri wkh surfhvv ri edujdlqlqj rqfh wkh

whuulwruldo ghpdqgv kdyh ehhq pdgh1 Revhuyh wkdw wkh vhw ri qhw wudghv wkdw |lhog dv jrrg

58



ru ehwwhu xwlolw| wkdq rqh*v hqgrzphqw e lv jlyhq e| A EE�c f�c e� � Zh fdoo wklv wkh vhw ri

Sduhwldq wudghv/ dqg ghqrwh lw e| A W

Ee�

Zh vkdoo h{dplqh wkh v|pphwulf Qdvk htxloleuld iru wklv jdph lq sxuh vwudwhjlhv/ jlyhq

e| wkh ixqfwlrq j G . $ ?n � dfc �o � Jlyhq d edujdlqlqj sdlu � dqg �c wkh sd|r� jlyhq wkh

hqgrzphqwv dqg vwudwhjlhv lv jlyhq e| wkh Qdvk edujdlqlqj vroxwlrq ryhu wkh vhw ri ihdvleoh

qhw wudghv=
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Zh kdyh dvvxphg wkdw wkh wkuhdw srlqw iru hdfk sod|hu lv wkh orzhvw sd|r� lq wkh vhw ri

ihdvleoh wudghv1 Wklv hqvxuhv wkdw wkh prgho lv frqvlvwhqw zlwk wkh rqh glphqvlrqdo fdvh

zkhuh edujdlqlqj rffxuv ryhu wkh jdlqv wr wudgh/ jlyhq wkdw hdfk sod|hu uhfhlyhv wkhlu

ghpdqg1

Wkh h{shfwhg sd|r� wr djhqw � zlwk wkhvh vwudwhjlhv lv irupdoo| jlyhq e|=
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e%e+� Ee�� ghqrwh wkh h{shfwhg sd|r� li hdfk djhqw frqvxphv khu

hqgrzphqw1 Rxu �uvw revhuydwlrq lv wkdw wklv rxwfrph lv d Qdvk htxloleulxp1

Sursrvlwlrq ; Wkh vwudwhj| jf
Ee� ' E�c �� iru doo e 5 .c frqvlvwlqj ri ghpdqglqj wkh rqo|

wudghv wkdw duh qrq0qhjdwlyh iru erwk jrrgv/ irupv d Qdvk htxloleulxp zlwk d sd|r� ri T f

iru hdfk djhqw1

Surri1 Vlqfh _ ' � dqg k ' � wkhq A Ejf
Ee�� c e�� _ �A Ejf

Ee�� c e�� ' f iru doo e�c e� 5 .c

wkhuhiruh wkh htxloleulxp sd|r� lv T f� Wr vhh wkdw wklv lv d Qdvk htxloleulxp revhuyh wkdw

iru doo | 5 �A Ejf
Ee�� c e�� q ifj wkhq � Ee� n |� 	 � Ee�� � Wkhuh dgmxvwlqj rqhv ghpdqg wr

lqfoxgh pruh srwhqwldo qhw wudghv fdqqrw lqfuhdvh rqhv sd|r�1 Vlploduo|/ lqfuhdvlqj rqhv

xwlolw| ghpdqg rqo| uhvxowv lq qr wudgh dw doo/ dqg d }hur sd|r�1 Wkxv jf Ee� ' E�c �� irupv

d Qdvk htxloleulxp1
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Wklv uhvxow vlpso| dvvhuwv wkdw lw lv d Qdvk htxloleulxp wr uhshfw hdfk rwkhu*v surshuw|1

Li wkhuh duh qr jdlqv wr wudgh wkhq wklv lv dovr wkh prvw h!flhqw htxloleulxp/ dv zh vhh lq

wkh qh{w sursrvlwlrq1

Sursrvlwlrq < Vxssrvh wkdw wkh hqgrzphqw exqgoh e vdwlv�hv r�RR� � ibemb 5 ?j c dqg
wkhq doo h!flhqw htxloleuld duh ri wkh irup j Ee� ' E�c k� c k 5 dfc �o �

Surri1 Jlyhq wkdw � Ebe� ' b� Ee� c wkhq lw lv h!flhqw iru hdfk djhqw wr frqvxph wkhlu

hqgrzphqw1 Wkxv wkhuh duh qr jdlqv iurp wudgh/ h{fhsw wkh qhhg wr uhdfk dq djuhhphqw1

Khqfh wkh surri iru sursrvlwlrq +9, dssolhv wr ghprqvwdwh wkdw _ ' � lv wkh xqltxh h!flhqw

htxloleulxp/ zkloh wkh ydoxh ri k lv luuhohydqw1

Jlyhq wkdw suhihuhqfhv duh krphwkhwlf/ wkhq li djhqwv ghpdqg wkh Sduhwldq qhw wudghv/

A Wc wklv uhvxowv lq wkh prvw h!flhqw sd|r� srvvleoh lq wklv wudglqj jdph/ gh�qhg e|
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zkhuh jW Ee� ' E�c f� c iru doo e 5 .� Krzhyhu wklv lv qrw d Qdvk htxloleulxp zkhq wkhuh duh

jdlqv iurp wudgh1 Lq wkdw fdvh vrph djhqw kdv dq lqfhqwlyh wr ghpdqg pruh wr d�hfw wkh

rxwfrph ri edujdlqlqj1

Wkhuh duh jdlqv wr fkrrvlqj d qhw wudgh gl�huhqw iurp }hur zkhqhyhu e�%*e
�
% 9' e�+*e

�
+�

Ohw D eh wkh suredelolw| wkdw wklv rffxuv4;1 Zkhq D : fc wkhq vhwwlqj k ' � lv qr orqjhu

wkh prvw h!flhqw Qdvk htxloleulxp1

Sursrvlwlrq 43 Wkhuh lv dq 0 : f vxfk iru D 5 Efc 0� wkh prvw h!flhqw Qdvk htxloleulxp

uhvxowv lq dq djuhhphqw hyhu| shulrg dqg sd|r�v vwulfwo| odujhu wkdq T f� Dw wkh htxloleulxp

djhqwv fodlp qhw wudghv wkdw duh vwlfwo| zlwklq wkh vhw ri Sduhwldq wudghv/ A W

Ee� �

Surri1 Iluvw �{ wkh ghpdqg ohyho _ ' �� Wklqn ri wkh jdph dv rqh iru zklfk wkhuh lv d

sod|hu iru hdfk hqgrzphqw ohyho e� 5 .c � ' �c ���c ?� Dvvrfldwh wr hdfk hqgrzphqw wkh

vwudwhj| k� 5 dfc �o � Zh douhdg| nqrz wkdw k�
' � iru hdfk sod|hu irupv d Qdvk htxloleulxp1

Krzhyhu wklv lv qrw wkh rqo| htxloleulxp1

Revhuyh wkdw iru _ ' �c sd|r�v duh frqwlqxrxv lq k� Ixuwkhupruh/ iru k vx!flhqwo|

forvh wr �c sd|r�v duh vwudwhjlf frpsohphqwv/ zlwk sd|r�v orfdoo| lqfuhdvlqj dv zh ghfuhdvh

4;Ohw H +h, @ i�hm� 5 ?j
W
H> wkhq � @

S
hl5H S

�
hl
�qS

hm5H+hl, S
�
hm
�r

=

5:



k� Wkxv wkhuh h{lvwv dq 7k 	 �c vxfk wkdw wkh vwudwhjlhv pd| eh uhvwulfwhg wr dfc 7ko � Wkh

frqwlqxlw| lq k hqvxuhv wkh h{lvwhqfh ri dw ohdvw rqh pl{hg vwudwhj| htxloleulxp zlwk

vxssruw vwulfwo| lq dfc 7ko � Wkh vhw ri Qdvk htxloleuld lv forvhg/ wkxv zh pd| vhohfw wkh prvw

h!flhqw htxloleulxp zlwk wkh vxssruw ri k lq dfc �o � Jlyhq wkdw zh kdyh hvwdeolvk wkh

h{lvwhqfh ri dw ohdvw rqh htxloleulxp zlwk sd|r� juhdwhu wkdq T fc wkhq zh nqrz wkdw k ' �

fdqqrw eh d vwdeoh htxloleulxp1

Qrwlfh wkdw d vpdoo lqfuhdvh lq _ fdxvhv d glvfuhwh ghfuhdvh lq sd|r�v/ dqg khqfh lw lv

qrw orfdoo| rswlpdo wr gr vr1 Zkhq wkh suredelolw| ri wkh jdlqv D lv vx!flhqwo| forvh wr f

wkhq zh dssurdfk wkh sd|r�v iurp wkh rqh glphqvlrqdo ghpdqg jdph1 Lq wkdw fdvh _ ' � lv

d xqltxh ehvw uhso|/ khqfh iru D vx!flhqwo| forvh wr fc _ ' � lv xqltxh ehvw uhso|1 Iru vlplodu

uhdvrqv lw pxfk dovr eh wkh prvw h!flhqw Qdvk htxloleulxp/ rwkhuzlvh zh frxog �qg d pruh

h!flhqw Qdvk htxloleulxp wkdq _ ' � lq wkh fdvh D ' fc zklfk zh nqrz lv qrw srvvleoh1
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