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Abstract

I develop a tractable, two-country, real model of macroeconomic interdependence with a role
for net foreign asset dynamics. Absence of Ricardian equivalence in an overlapping generations
structure ensures existence of a well-defined, endogenously determined, steady-state, interna-
tional distribution of asset holdings, to which the world economy returns following temporary
shocks. The model offers a plausible explanation for the failure of statistical tests to reject
the hypothesis of a unit root in series of net foreign assets. Model dynamics after productivity
shocks are significantly different from those of a setup in which net foreign assets do not move
after shocks, such as Corsetti and Pesenti’s (2001a) model. The difference relative to a complete
markets economy in which net foreign asset movements play no role in shock transmission is
smaller. It is amplified if the substitutability across goods rises, if shocks are permanent, and if
steady-state net foreign assets are not zero.
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Stationarity
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1 Introduction

Many recent open economy models de-emphasize the role of net foreign asset accumulation as
a channel of macroeconomic interdependence between countries. This is done either by assuming
unitary intratemporal elasticity of substitution between domestic and foreign goods in consumption
or by assuming that financial markets are complete (or both).! When the elasticity of substitution
between goods produced in two countries is one and purchasing power parity (PPP) holds, the
current account does not react to shocks if initial net foreign assets are zero. This is what happens

in Corsetti and Pesenti’s (2001a) popular model. Complete financial markets, power utility, and
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the assumption of zero initial net foreign assets generate similar results also in situations in which
PPP does not hold because of local currency pricing. Even if net foreign assets respond to shocks
when the elasticity of substitution between domestic and foreign goods differs from one, net foreign
asset movements play no role in shock transmission when markets are complete, as the equilibrium
allocation is independent of the history of asset accumulation.

Avoiding the well-known stationarity problem of open economy models a la Obstfeld and
Rogoff (19954, 1996 Ch. 10), combined with a quest for tractability, is the main reason why
scholars have increasingly adopted frameworks that, de facto, shut off the current account channel
of interdependence or relegate it to a secondary role.

The current account plays a crucial role in the transmission of shocks in the original Obstfeld-
Rogoff model, in which each country is populated by a standard representative household with
constant discount factor. But the absence of a well defined, endogenously determined steady state
makes the conclusions questionable from a theoretical and empirical perspective. The consumption
differential between countries follows a random walk. So do an economy’s net foreign assets.
Whatever level of asset holdings materializes in the period immediately following a shock becomes
the new long-run position, until a new shock happens.?

Determinacy of the non-stochastic steady state and stationarity fail because the rate of growth
of consumption does not depend on holdings of net foreign assets. Hence, setting consumption to be
constant is not sufficient to pin down a steady-state distribution of asset holdings.? This makes the
choice of the economy’s initial position for the purpose of analyzing the consequences of a shock a
matter of convenience. When the model is log-linearized, one is approximating its dynamics around
a “moving steady state.” The results of comparative statics are thus questionable. The reliability
of the log-linear approximation is low, especially for analyses with a longer time horizon than just
the short run, because variables wander away from the initial steady state. De facto, one cannot
perform any sensible stochastic analysis. The inherent unit root problem complicates empirical
testing. The long-run non-neutrality of money that characterizes the results can be attacked on
empirical grounds. Finally, the presence of a unit root in net foreign assets does not square with
the idea of a sustainable foreign debt position in the long run. If net assets can be anywhere with
probability 1 in finite time, one is left wondering about debt sustainability.

Scholars soon recognized the problem in Obstfeld and Rogoff’s seminal model. Some decided

to dismiss it.* Others tried to finesse the current account issue in various ways. Solving the problem

?The same problem exists in the international real business cycle (RBC) model under incomplete markets puth
forth in Baxter and Crucini (1995).

3To my knowledge, Becker (1980) was the first to point out the steady-state indeterminacy issue.

‘Lane and Milesi-Ferretti (2000) use a non-stationary, small open economy model with non-traded goods in their
analysis of the transfer problem. See also Duarte and Stockman (2001). Lane (2002) argues that the PPP assumption
was the main problem of the Obstfeld-Rogoff model. See Lane (2001) for a survey of the literature.



by setting up models in which accumulation of net foreign assets plays no role (or a secondary one)
has become the dominant approach, because it yields theoretically appealing, tractable models.

Nevertheless, the strong assumption of a unitary intratemporal elasticity of substitution be-
tween domestic and foreign goods does not help determine the steady-state distribution of net
foreign assets in Corsetti and Pesenti (2001a). The choice of the zero equilibrium is dictated only
by the fact that, starting from that point, the current account does not react to shocks. The
assumption of internationally complete asset markets is not realistic. Obstfeld and Rogoff (2001)
review evidence in a number of papers in favor of the result that financial markets are more effective
at promoting risk sharing across regions within countries than across countries.’

From a positive perspective, the empirical appeal of models in which net foreign assets do not
react to shocks, or play no role in shock transmission, appears limited. The recent experience of the
United States suggests that the current account indeed plays an important role in the international
transmission of shocks. It is commonly argued that the U.S. experienced a favorable shock to
productivity relative to the rest of the world in the 1990s. Models in which net foreign assets do
not react to shocks cannot explain the recent dynamics of U.S. net foreign assets, nor can they shed
light on the possible relation between the productivity shock and the exchange rate of the dollar.®
The same models can say nothing about the policy questions that accumulation of large foreign
debt poses.”

Standard econometric tests would indeed induce one to think that net foreign asset series
contain a unit root. Table 1 presents the results of augmented Dickey-Fuller tests for annual and
quarterly series of real, per capita net foreign assets for Australia, Canada, France, Germany, Italy,
Japan, New Zealand, the U.K., and the U.S. The sample covers the period 1973-1997.8

Letting B denote aggregate per capita, real net foreign assets, the test adjusts for the presence

of a trend in the data by running the regression:

S
Alog By = 6log B;_1 + a1 + ast + Z k;Alog By_; + errory,
i=1

’See Asdrubali, Sgrensen, and Yosha (1996), Atkeson and Bayoumi (1993), Bayoumi and Klein (1997), Crucini
(1999), and Sgrensen and Yosha (1998). Obstfeld and Rogoff (19954, 1996 Ch. 10) also argue that the complete
markets assumption appears incongruous next to that of sticky prices.

%One could reasonably argue that the productivity shock caused the U.S. to borrow from the rest of the world
and that the capital inflow resulted in the observed exchange rate appreciation. See Cavallo and Ghironi (2002) on
this.

It is sometimes argued that allowing net foreign asset accumulation to play a role is not necessary in models
that are used to answer normative questions because accumulation of net foreign assets has a second-order effect on
welfare. I address welfare issues in work currently in progress.

8Net foreign asset data came from the dataset constructed by Philip Lane and Gian Maria Milesi-Ferretti, available
at http://econserv2.bess.tcd.ie/plane. The series of cumulated current account balances (CUMCA) was used for all
countries. Quarterly series were constructed by interpolating annual data.



where A denotes the first-difference operator. As Table 1 shows, we can reject the null of a unit root
in net foreign assets (Hp : 6 = 0) at the 5 percent confidence level only for Australia at quarterly
frequency.’

Taken at face value, the test suggests that a unit root is a common feature of net foreign asset
dynamics. But judging from the fact that most scholars have rejected the idea of working with
models in which assets are non-stationary, this failure to reject a unit root (even after adjusting for
a trend) raises questions more than it lends clear support to non-stationary models.

A possible interpretation of the results in Table 1 is that the power of unit root tests such
as that performed above on relatively short data series is limited.!? If the tendency of net foreign
assets to return to a long-run, stationary equilibrium after non-permanent real shocks is very slow,
unit root tests on relatively short series will invariably fail to detect it and to reject the hypothesis
of a unit root. The requirement of sustainability of net asset positions suggests that some sort of
stationary, long-run equilibrium (possibly different from zero) should exist for a country’s net foreign
assets. Empirical evidence suggests that the tendency of net assets to return to this equilibrium
is likely to be very slow. Thus, the question is whether we can reconcile theoretical modeling
of macroeconomic interdependence with empirical evidence and sustainability issues in an easily
quantifiable way.

In this paper, I address this question and the model stationarity issue by developing a tractable,
two-country, real model of macroeconomic interdependence in which the elasticity of substitution
between domestic and foreign goods can differ from one and financial markets are incomplete.!!
Absence of Ricardian equivalence in an overlapping generations structure as that used by Weil
in a series of papers ensures existence of a well-defined, endogenously determined, steady-state
distribution of asset holdings across countries, to which the world economy returns following non-
permanent shocks. (See Weil, 1987, 1989a,b, and 1991. Henceforth, I will refer to Weil’s work
without mentioning publication years, except when I am referencing a specific paper.) In this
setup, accumulation of net foreign assets plays a role in the transmission of shocks to productivity.

The model matches the very slow tendency of assets to return to the steady state that one
expects from the data for very plausible parameter values. The force that generates long-run
stationarity and slow return of assets to the steady state after shocks (entry of new households
with no assets in each period) is easily quantifiable. The behavior of each individual household in
the economy is isomorphic to that of the representative household of the Obstfeld-Rogoff model—

and of mainstream macroeconomics. These are distinct advantages over alternative solutions to

°If By < 0 at any time during the sample, the entire series was rescaled to By + B + 1 before taking logs, where
B is the absolute value of the largest negative realization of B;.

10See Hamilton (1994) for a comprehensive treatment of the topic.

"'There is no money nor nominal rigidity or monetary policy in the model, as this is not central to the analysis.



the stationarity issue under incomplete markets, which I discuss below.

In the spirit of Baxter and Crucini’s (1995) two-country analysis and Schmitt-Grohé and
Uribe’s (2003) recent small open economy exercise, I compare model dynamics after country-specific
productivity shocks to those of the benchmark models of the recent literature on macroeconomic
interdependence, namely, the Corsetti-Pesenti (2001a) setup and the complete markets with zero
initial net foreign assets model. For completeness, the comparison includes also the non-stationary
case and a case in which net foreign assets return to the steady state unrealistically quickly. I find
that models that rely on the Corsetti-Pesenti assumption of unitary elasticity of substitution be-
tween domestic and foreign goods can miss quantitatively significant features of shock transmission
dynamics after non-permanent shocks if the true value of the elasticity of substitution differs from
1. The difference relative to a complete markets benchmark in which net foreign assets play no
role in shock transmission is smaller. A similar conclusion holds with respect to the non-stationary,
incomplete markets case or the fast convergence one, especially over the first two-three years after
a shock. The comparison with the complete markets benchmark, the non-stationary economy, and
the case of fast convergence is roughly consistent with Baxter and Crucini’s comparison of complete
markets and a non-stationary, incomplete markets economy and Schmitt-Grohé and Uribe’s findings
for the small open economy case if the true elasticity of substitution between domestic and foreign
goods is not very different from 1.'2 Differences across specifications are more significant if the sub-
stitutability between domestic and foreign goods rises. This can generate arguably non-negligible
differences in dynamics over the short and medium term, in contrast to Schmitt-Grohé and Uribe’s
findings. The small open economy of their model produces and consumes the same good as the
rest of the world. Similarly, both countries produce and consume the same good in Baxter and
Crucini’s model. This prevents Baxter and Crucini and Schmitt-Grohé and Uribe from analyzing
the consequences of changes in the extent to which domestic and foreign goods are substitutable.
More importantly, it removes terms of trade dynamics from the model. I find that terms of trade
movements are important to generate differences across incomplete markets specifications. As in
Baxter and Crucini’s article, the difference between incomplete and complete markets is amplified
substantially if productivity shocks are permanent. Finally, the difference between the incomplete
markets economy of this paper and the complete markets, zero initial wealth benchmark in the case

of non-permanent shocks is more significant if steady-state net foreign assets are not zero in the

12 Although the difference between impulse responses generated by the stationary and non-stationary incomplete
markets models is small over the short and medium term, it would be incorrect to question the relevance of the
model non-stationarity issue. The difference amplifies with the passing of time. Most importantly, the unconditional
variances of net foreign assets, consumption, and other endogenous variables are infinite in the non-stationary model,
even if exogenous shocks are bounded. Even if I focus on a perfect foresight environment in this paper, it is clear that
stochastic simulation of non-stationary open economy models makes little sense. This is not the case for stationary
models.



incomplete markets economy, consistent with evidence in Lane and Milesi-Ferretti (2001, 2002a,
b).

The structure of the paper is as follows. Section 2 presents the model. Section 3 derives the
steady state and illustrates the role of the departure from Ricardian equivalence. Section 4 solves

the log-linear model and analyzes the role of asset accumulation. Section 5 concludes.

2 The Model

The world consists of two countries, home and foreign. In each period ¢, the world economy is
populated by a continuum of infinitely lived households between 0 and N}Y. Each household
consumes, supplies labor, and holds financial assets. Following Weil, I assume that households are
born on different dates owning no assets, but they own the present discounted value of their labor
income.'® The number of households in the home economy, IV;, grows over time at the exogenous
rate m, i.e., Nep1 = (1 + n)N;. I normalize the size of a household to 1, so that the number of
households alive at each point in time is the economy’s population. Foreign population (V) grows
at the same rate as home population. The world economy has existed since the infinite past. It is
useful to normalize world population at time 0 so that N(‘)/V =1

At time 0, the number of goods that are supplied in the world economy is equal to the number
of households. A continuum of goods z € [0,1] are produced in the world by monopolistically
competitive, infinitely lived firms, each producing a single differentiated good. The number of
households grows over time, but the commodity space remains unchanged. Thus, as time goes,
the ownership of firms spreads across a larger number of households. Profits are distributed to
consumers via dividends, and the structure of the market for each good is taken as given. I assume
that the domestic economy produces goods in the interval [0, a], which is also the size of the home
population at time 0, whereas the foreign economy produces goods in the range (a, 1].14

The asset menu includes a riskless real bond denominated in units of the world consumption
basket and shares in firms. Private agents in both countries trade the real bond domestically
and internationally. I assume that shares in home (foreign) firms are held only by home (foreign)
residents to ensure diversity of asset portfolios across agents born in the same period in different

countries.

13Blanchard (1985) combines this assumption with a positive probability of not surviving until the next period.

"The assumption of monopolistic competition in the market for individual goods is not central to the results of this
paper. Because the equilibrium of the model will be such that profits are zero in all periods, monopolistic competition
could be replaced with competitive product markets without altering any important result. I retain the assumption
of monopolistic competition as it facilitates the extension of the model to the case of sticky prices, in which profits
are different from zero when the economy is not in steady state.



2.1 Consumers

Agents have perfect foresight, though they can be surprised by initial unexpected shocks. Con-
sumers have identical preferences over a real consumption index (C') and leisure (1 — L, where I
normalize the endowment of time in each period to 1, and L is labor effort supplied in a competitive
labor market). At any time tp, the representative home consumer j born in period v € [—0o0, (]
maximizes the intertemporal utility function:

e}

UZ(,)J‘ _ Zﬂtfto [plog C’;)j + (1= p)log (1 - ij)} , (1)

t=to

with0< B<land0< p< 1.

The consumption index for the representative domestic consumer is:
) 1 o w=1 1 | w=173557
cv = [a: (cr) = +a-a= (cp) ~ } ,

where w > 0 is the intratemporal elasticity of substitution between domestic and foreign goods.'6
The consumption sub-indexes that aggregate individual domestic and foreign goods are, respec-
tively:

0 0
Vi Loa ("7 i, e i N vl (s o
cio= |} [((@o) T ana cp= b [ (o) 7]

where cﬁjz (i) denotes time ¢ consumption of good i produced in the foreign country, and 6 > 1 is

the elasticity of substitution between goods produced inside each country.'”

The representative home consumer enters a period holding bonds and shares purchased in the
previous period. He or she receives interests and dividends on these assets, may earn capital gains
or incur losses on shares, earns labor income, and consumes.

Denote the date ¢ price (in units of the world consumption basket) of a claim to the repre-
sentative domestic firm i’s entire future profits (starting on date ¢ + 1) by V}, and let :r}t’fl be
the share of the representative domestic firm ¢ owned by the representative domestic consumer j

born in period v at the end of period ¢. di denotes the real dividends that firm i pays on date ¢

'5This is a special case of an isoelastic function of a Cobb-Douglas composite of consumption and leisure in which
the intertemporal elasticity of substitution has been set to one. Results do not change in the more general case
in which the elasticity differs from one. Foreign agents maximize an identical function and are subject to similar
constraints.

1SFor the sake of simplicity, I often refer to the representative member of generation v as the “representative
consumer.” Strictly speaking, though, the model I set up is not a representative consumer one, as representative
agents of different generations may behave differently.

"Foreign agents consume an identical basket of goods. Trade in goods is free and each individual good has an
identical real price in the two economies.



(in units of consumption). Then, letting B;’il be the representative home consumer’s holdings of

bonds entering ¢ + 1, the period budget constraint is:
j C i i i
B +/ ( F o — Vi@ )di
0

= (1+mn)BY + / diz?" di + / (Vi = Vi) e di + w Ly’ — ¢y, (2)
0 0

where 1; is the world real interest rate between t — 1 and ¢ and w; is the real wage, both in units
of the consumption basket.!8
The representative domestic consumer born in period v maximizes the intertemporal utility
function (1) subject to the constraint (2). Dropping the j superscript (because symmetric agents
make identical choices in equilibrium), optimal labor supply is given by:
o w

which equates the marginal cost of supplying labor to the marginal utility of consumption generated

=1-

by the corresponding increase in labor income.

The first-order condition for optimal holdings of bonds yields the Euler equation:
1
CY = ———C¢ 4
t 6 (1 n Tt+1) t+1 ( )
for all v < ¢.
Absence of arbitrage opportunities between bonds and shares requires:
di-‘rl +‘/;L+1 . (5)
"/tl

As usual, first-order conditions and the period budget constraint must be combined with

IT+rep =

appropriate transversality conditions to ensure optimality.'?

2.2 Firms

Output supplied at time ¢ by the representative domestic firm ¢ is a linear function of labor de-
manded by the firm:?°

v = 7, L. (6)

'8 Given that individuals are born owning no financial wealth, because they are not linked by altruism to individuals
born in previous periods, BY = z¥' = 0. As noted before, however, individuals are born owning the present
discounted value of their labor income. Foreign agents are subject to a similar period budget constraint.

19Similar labor-leisure tradeoff, Euler equation, no-arbitrage, and transversality conditions hold for foreign agents.

20Because all firms in the world economy are born at t = —oo, after which no new goods appear, it is not necessary
to index output and factor demands by the firms’ date of birth. I do not include capital in the production function
to keep the model simple, as the main purpose of this paper is to illustrate the mechanics of the setup rather than
to match specific features of business cycle fluctuations in actual economies. See Ghironi (2000) for an extension of
the model to include investment in physical capital in the small open economy case.



Zy is exogenous economy-wide productivity. Production by the representative foreign firm is a
linear function of L{*, with productivity Z;.
Output demand comes from domestic and foreign consumers. The demand of home good ¢ by

the representative domestic household born in period v is:
¢/ (i) = (RE)) " (RR)'™ C},

obtained by maximizing C' subject to a spending constraint. RP} is the price of good 4 in units of
the composite consumption basket. RP; is the price of the sub-basket of home goods in units of

consumption. Total demand for home good ¢ coming from domestic consumers is:

"(1+:)t“6; (@) + o+ (1+n)2 c; (i) + Hinc?(z)

(i) = a +nct (i) +n(1+n)e (i) + - - +n(1l +n)' =1 (i)

—1
(1+n)t+10 + .. +(1jn)20t + 2507
+nCE+n(1+n)CZ + -+ n(1 +n)=1C]

(RPtz) -0 (RPt)Ofw

(RP)) ™ (RP)"™ a(1 + n)'er,

where

a

ST Gl i @G+ e
+nCE +n(1+n)CZ + - +n(1+n)t"1CE
a(l+ n)t

Ct:

is aggregate per capita home consumption of the composite consumption basket.?!

Given identity of preferences across countries, total demand for home good ¢ by foreign con-

sumers is
¢i(i) = (RP}) " (RP)"™ (1 - a)(1 +n)'c],
where
1 o
(1-a) +n((11:n)t++ ni + :)C;r (Hn)fn(l : nl)tn 100;*

c =

(I—a)(1+n)

21 At time 0, home population is equal to a. At time 1, it is a (1 + n). Hence, generation 1 consists of an households.
Population at time 2 is a (1 4+n)?. Tt follows that generation 2 consists of an (1 4 n) households. Continuing with
this reasoning shows that generation ¢ consists of an (1 + n)t71 households. Going back in time from ¢ = 0, home
population at time —1 is H_Ln Hence, generation 0 consists of %% households. Population at time —2 is (1f R It
follows that generation —1 consists of wrn)? households. Continuing with this reasoning shows that generation —t

households.

(1+

: an
consists of Tyt



is aggregate per capita foreign consumption.
Total demand for good ¢ produced in the home country is obtained by adding the demands

for that good originating in the two countries. Making use of the results above, it is:

Y,” = (RP}) "’ (RP)* W, (7)

where ¢}" is aggregate world demand of the composite good: ¢V = Nyc; + Njcf.??

Given the no-arbitrage condition between bonds and shares (5) and a no-speculative bub-
ble condition, the real price of firm #’s shares at time fy is given by the present discounted
(e.0)

value of the real dividends paid by the firm from ¢g + 1 on: V}z = > Rto,sdi,, where Ry, s =
s=to+1
-1

, Riyto = 1. At time ?p, firm ¢ maximizes the present discounted value of divi-

[ [T (1+r)

u=to+1

. . o0 .
dends to be paid from to on: Vi +dj = Z; Ry, sdi. At each point in time, dividends are given by
S=1o
after-tax real revenues—(1 — 7) RP}Y}—plus a lump-sum transfer (or tax) from the government—

T}-minus costs—w;Li. The firm chooses the real price of its product and the amount of labor
demanded to maximize the present discounted value of its current and future profits subject to the
constraints (6), (7), and the market clearing condition Y,>' = Y,”(= Y}). Firm i takes the real
price of the sub-basket of home goods, the wage rate, productivity, the rate of taxation of revenues
(1), the transfer received from the government, and world demand of the composite good as given.
Let A! denote the Lagrange multiplier on the constraint ¥;% = ¥;P*. X! is the shadow price of
an extra unit of output in period ¢. The first-order condition for the optimal choice of L yields:

(8)

Wy
A= —.
t=7
At an optimum, the shadow value of output must equal marginal cost. The ¢ superscript has been

dropped because symmetric firms make identical choices in equilibrium.

The first-order condition with respect to RP; yields the pricing equation:

6

A =FR =D -n

A, (9)

which equates the price charged by firm ¢ to a markup over marginal cost. Identical equilibrium
choices by symmetric firms imply that the real price of good ¢ equals the real price of the sub-basket
of home goods in equilibrium.

Using the market clearing conditions Y5 = Y2 and eV = YSW = YPW(= VW), the ex-

pressions for supply and demand of good i, and recalling that symmetric firms make identical

*2Where necessary for clarity, I make use of a “hat” to differentiate the aggregate level of a variable from the
aggregate per capita level.

10



equilibrium choices, labor demand can be written as:

. yw
L= RP -t (10)
Z

Ceteris paribus, firm ¢’s labor demand is a decreasing function of real output price and productivity.

It is an increasing function of world consumption demand.??

2.3 The Government

The government’s only role in the economy consists of taxing firm revenues and rebating tax income
to firms via lump-sum transfers. I assume that the government taxes revenues at a rate that
compensates for monopoly power and removes the markup charged by firms over marginal costs in
equilibrium. The tax rate is determined by 1 — 7 = %, which yields 7 = —ﬁ. Because the tax

rate is negative, firms receive a subsidy on their revenues and pay lump-sum taxes determined by:

T} = TRPY}. (11)

2.4 Aggregation

2.4.1 Consumers

Aggregate per capita labor supply equations are obtained by aggregating labor-leisure tradeoff
equations across generations and dividing by total population at each point in time. The aggregate
per capita labor-leisure tradeoffs in the two economies are:
L=1-1228% oy loed (12)
p Wi p Wy
Aggregate labor supply rises with the real wage and decreases with consumption.
Consumption Euler equations in aggregate per capita terms contain an adjustment for con-
sumption by the newborn generation at time ¢ + 1. As we shall see, this adjustment plays an

important role in the model’s stationarity. It is:?4

1+n n 14+n n
t+1 * * t+1x
¢t = 5——— | ct41 — —C, ¢ =5——— |\, ——C, . 13
ﬂ(l +T’t+1) 1+TL t+1 ’ t ,6(1+7"t+1) t+1 1+TL t+1 ( )
23 Although all domestic firms demand the same amount of labor in equilibrium, I leave the i superscript on labor
demand to differentiate labor employed by an individual firm from aggregate per capita employment, which will be
denoted by dropping the superscript. Optimality conditions for foreign firms are similar.
24To understand the presence of Cttjrrll in the aggregate Euler equation, apply the aggregation formula to both sides

s v 1 v L.
of the Euler equation C{ = ) Ctiqp. It is:
+nCi +---+n(1+n)"'Cf | 1 +nCiq +---+n(l +n)1Ch,
a(l+n)t B+ 7rig1) a(l+n)t

The left-hand side of this equation is equal to ¢;. The right-hand side is ) [(1+n)cepr —nCi] .

1
B(1+7‘t+1
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Newborn households hold no assets, but they own the present discounted value of their labor
income. Using the Euler equation (4) and a newborn household’s intertemporal budget constraint,
it is possible to show that the household’s consumption in the first period of its life is a fraction of

its human wealth, h:

Cl=p(1—B)he CF =p(1—B)hj. (14)

h and h* are defined as the present discounted values of the households’ lifetime endowments of

time in terms of the real wages, respectively:2

+oo “+o00
— * *
ht: E Rt,sws, h’t = E Rtysws.
s=t s=t

The dynamics of h and h* are described by the following forward-looking difference equations:
ht:&—i—wt, h;‘:£+w;ﬂ. (15)
L+ 74 L+ 7
The law of motion of aggregate per capita assets held by domestic consumers is obtained by
aggregating the budget constraint (2) across generations alive at each point in time. Using the
no-arbitrage condition (5) and recalling that newborn agents hold no assets, aggregate per capita

assets of domestic and foreign consumers obey, respectively:

(1+n) (Bt1+ Vi)
(1+n) (Bf + V)

(1 + Tt) (Bt + ‘/;&_1) + tht — Ct,
(1+7e) (Bf + Vi) + wiL; — ¢, (16)

where V; and V;* denote the aggregate per capita equity value of the home and foreign economies
. . . « _ aVr 26
entering period t + 1, respectively ( V; = Nt+17 V= —Nt{rl ).
To explain the adjustment for population growth that appears on the left-hand side of these
equations, consider aggregation of bond holdings in the home economy. When the aggregation
formula is applied to both sides of the individual household’s budget constraint, B; results from

aggregation of bond holdings on the right-hand side. At the left-hand side, we have:

—t
WBtH T T )2Bt+1 + R Bon
+nBly +n(L+n) Bl + .. +n(l+n)"" B,
a(l1+n)

a

*Blanchard (1985) defines human wealth as the present discounted value of future, exogenous noninterest income.
Weil defines human wealth as the present discounted value of after-tax endowment income. Labor income is en-
dogenous in this paper. The definition of human wealth as the present discounted value of an agent’s exogenous
endowment of time parallels those of Blanchard and Weil.

20Tn general, these equations hold in all periods following the initial one. The no arbitrage condition between
bonds and shares may be violated ex post between time to — 1 and to if an unexpected shock surprises agents at the
beginning of period to. Appendix A shows that this issue does not pose problems in this paper.
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This is different from By;1. However, because newborn agents have no financial assets, Bfﬂ =0,

and this expression can be rewritten as:

—t -1 0
+nBl 4+ .. +n(l+ n)~t Bf  +n(l+ n)t Bﬁ_%
(1 + n) a (1 i n)t+1 = (1 + n) By

2.4.2 Firms

Aggregate per capita output in each economy is obtained by expressing production of each differ-
entiated good in units of the composite basket, multiplying by the number of firms, and dividing

by population. It is:
vy = RP,Z, Ly, vy; = RPZ[L;. (17)

For given employment and productivity, each country’s real GDP rises with the relative price of
the representative good produced in that country, as this is worth more units of the consumption
basket.

Aggregate per capita labor demand is:

i '
Ly = RP;““- Lf=RP/

1
- e (1)

where 3" is aggregate per capita world production of the composite good, equal to aggregate per
capita world consumption, ¢}V. It is ¢}V = ay + (1 —a)yf and ¢V =ac; + (1 —a)cf; y¥ = to
ensure market clearing.

Domestic and foreign relative prices are equal to marginal costs, because government subsidies

remove the effect of the monopolistic distortion on pricing in equilibrium:*?
wy wf
RP,=—, RP/=— 19
t Zt t Zt* ( )

Shares are a liability in the balance sheets of firms. In the absence of arbitrage opportunities
between bonds and shares, the aggregate per capita equity value of the home and foreign economies

entering period ¢ + 1 must evolve according to:

1+n d . 1+n _, H
= Y =y L (20)
I+ 741

Vi : - .
! Ty Tt41 t T4 T T4

where d; and df denote aggregate per capita dividends, equal to (1 —7)y + T3 — wiLy and
(1 —7%)y; + T} — wfLj, respectively (7 = 7*).

2T This has no impact on the log-linear model. Firms charge a constant markup, the effect of which would disappear
in the linearized version. The presence of the subsidy simplifies the solution for the steady state.
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2.4.3 Government
The government budget constraint in aggregate per capita terms is:

T =1y, T =71y (21)

2.4.4 Net Foreign Asset Accumulation

Each country’s accumulation of net foreign assets is described by an equation that combines the
budget constraints of households, the fact that shares are liabilities of firms towards consumers in
the respective economy, and the government budget constraints. In aggregate per capita terms, it

is:
(14+n)Biyr = A 4+7) Be+ye —ci, (14+n)Bifyy=1+m)Bf +y; —cf. (22)

For asset markets to be in equilibrium, aggregate home assets (liabilities) must equal aggregate

foreign liabilities (assets), i.e., it must be B, + E;“ = (0. In aggregate per capita terms, it must be:

aB;+ (1—a)Bf =0. (23)

Using (23), equations (22) reduce to y}V = cV: Consistent with Walras’ Law, asset market

equilibrium implies goods market equilibrium, and vice versa.

3 The Steady State

3.1 Indeterminacy of the Steady State and Non-Stationarity in a Representa-
tive Agent Framework

Suppose n = 0. The model reduces to a familiar representative agent framework. Asset accumula-

tion in the home country is described by:%®
Bt+1 = (1 + T’t) Bt + Yyt — ¢t (24)
The consumption Euler equation has the familiar form:

1
EIOEE ) R (25)

Using the Euler equation and the intertemporal version of the home country budget constraint

Ct =

(24) yields the consumption function:

+oo
ct=(1=8) [(1+7) B+ Resys

s=t

28T omit equations for the foreign economy. They are identical to those for home, except for variables being starred.
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Thus, asset accumulation can be written as:

+o0
Bipi=p8(14r)Bi+y: — (1 —5)2Rt,sys- (26)
s=t

Similarly for B}, subject to the constraint aB; 4 (1 — a) Bf = 0. The steady-state version of (26)
is:

! ”] . (27)

Bl-50+7) =7 [1- (-5
Similarly for B", with aB + (1 —a) B" = 0. (Overbars denote steady-state levels.)

Now, consumption must be constant in steady state. For this to happen, the steady-state real
interest rate 7 must be determined by 3 (1 +7) = 1. But if we set 7 = % in equation (27) and
in its foreign counterpart, we see immediately that the steady-state levels of asset holdings (B and
B") and real output (7 and 7*) remain indeterminate.

In addition, if we take the ratio of equation (25) and its foreign counterpart, we have:

G _an
ct CI+1.
In logs, the consumption differential between the two economies is a random walk. Any shock that
changes the consumption differential today has permanent consequences. This happens because,
under incomplete markets—and thus imperfect “risk-sharing”—given an initial (arbitrary) choice
for the international distribution of asset holdings, (asymmetric) shocks cause the distribution to
change permanently by generating initial differences in the behavior of consumption and output.
The representative agent model does not determine the steady-state distribution of asset hold-
ings because consumption growth in the Euler equation does not depend on the country’s holdings
of net foreign assets. Hence, when consumption is set to be constant, nothing pins down an inter-
national allocation of bond holdings. This is the result originally obtained by Becker (1980). All

this changes once n # 0 and new agents with no assets enter the economy at each point in time.

3.2 Population Growth and Ricardian (In)Equivalence
3.2.1 Determinacy of the Steady State

When n is different from zero and new agents with no assets are born on each date, consumption
Euler equations in aggregate per capita terms include consumption by the newborn generation at
time ¢ + 1 in the first period of its life (equations (13)). The law of motion for aggregate per
capita net foreign assets is adjusted for population growth. Because households are born with

no assets, their consumption in the first period of life is a function only of their human wealth
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(equations (14)). But this is also the variable that determines a generation’s initial choice of asset
accumulation. Hence, a link is introduced between aggregate per capita consumption growth and
asset accumulation. The link operates through the discrepancy between assets of agents already
alive at each point in time and assets of newborn agents (zero). It is through this link that a
steady-state distribution of aggregate per capita net foreign assets is determined endogenously in
the model.

If a structure of transfers across generations were in place, such that all generations (including
newborn ones) were characterized by equal asset holdings, the model would reduce to a representa-
tive agent framework, subject to the indeterminacy discussed above. Non-stationarity would follow:
The consequences of temporary shocks would be transmitted across generations through the inter-
generational transfer of assets rather than dying out as a consequence of the birth of an increasing
number of agents with no assets.?? A small departure from Ricardian equivalence—captured in the
model by a rate of birth of agents with no assets (n) that can be very small-is sufficient to solve
the problem. This is entirely consistent with the empirical debate on Ricardian equivalence.

To see the mechanism at work, consider the home economy, and set aggregate per capita
consumption to be constant. It is:

E[l—ﬁ(leF)} N =

= 28
14+n 14+n v (28)

where UZ is steady-state consumption by a newborn generation in the first period of its life. Assume

B(1+7T)
1+n

automatically satisfied as long as n > 0.
From equation (14) and the definition of &, C,, is:

To=p(1-B) T

Hence, aggregate per capita consumption as a function of the steady-state real wage and

< 1 to ensure that steady-state consumption is positive. As we shall see, this assumption is

. (29)

?

interest rate is:
np(1-0)(1+7) _

S FHrn— BT (30)
Under the assumption that Z = 1, steady-state GDP is:
7=RP L. (31)
From the pricing equation,
RP =, (32)

29 The same would be true if agents cared about the welfare of their offsprings and internalized their future budget
constraints.



because the monopolistic distortion is removed by the subsidy 7. It follows that:
7y =wL. (33)
From the labor-leisure tradeoff, it is:
T—1--—_P° (34)

Using equations (30), (33), (34), and a steady-state version of the law of motion for home’s

net foreign assets yields:

= 1 n(1—0)1+7)—T[l+n—-01+7)] ] _

B_?—n{ T[l+n—06(1+T7)] }w. (35)
Similarly, foreign steady-state assets are given by

=1 n(l-0)1+7)—-T1l4+n—-01+7)]) _,

B _?—n{ Fll+n—B(1+7)] }w‘ (36)

Substituting equations (35) and (36) in the asset market equilibrium condition, aB+(1 — a) B* =
0, yields:

1 n(1l-0)1+7)—F[l+n—F(1+T)] _ _
1— *1=0.
F—n{ Tltn—B+7) (1= a)w]
Given non-zero real wages at home and abroad, the only admissible level of the interest rate that
satisfies the market clearing condition is such that (1 +7) =1, or
1-p

T=5" (37)

Substituting this result into equations (35) and (36) yields steady-state levels of domestic
and foreign net foreign assets B = B° = 0. Consistent with the fact that the two economies
are structurally symmetric in per capita terms, the long-run net foreign asset position is zero.
Differently from Baxter and Crucini (1995), Obstfeld and Rogoff (1995a, 1996 Ch. 10), and others,
this position is pinned down endogenously by the model.

Given the level of the interest rate in (37), steady-state consumption becomes ¢ = pw. Hence,
from equation (34), it follows immediately that L = p. (Similarly, @ = pw*, and the foreign
labor-leisure tradeoff implies = p.) Steady-state aggregate per capita employment is vertical in
the (real wage, employment) space. It is determined by the relative importance of consumption
and leisure in utility. The more important consumption, the more labor is supplied to generate
income that is necessary to finance consumption. From J = RPp = Wp and J* = RP p = W*p, we
have yi* = -Z. Steady-state labor demands are: L = RP “ygV =w g and T = RP  “FV =
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w*fwyw'

steady-state real wages (and relative prices) are equal in the two countries: W = w*, which implies

Imposing labor market clearing and taking the ratio of these equations shows that

that consumption and GDP levels are equalized as well (consistent with zero net foreign assets in
equilibrium).

To complete the solution for the steady state, we need to determine the level of the real wage.
From the previous results, 7 = ¢ = 7* = ¢ = 5" = @". Hence, labor demand at home can
be written as L = @ “%. Imposing labor market clearing and using ¢ = pw makes it possible to
conclude that w = 1 (= w*) if w # 1. (If w = 1, steady-state real wages and relative prices are
pinned down by the fact that RP = RP implies a unitary value of the steady-state terms of

trade between home and foreign—the ratio 1}2%_1];*' In this case, one can verify that a Cobb-Douglas

a l—a _ [
a‘%ljf)—lw implies RP = RP' = 1 = @ = @*.) Thus,

consumption equals employment in steady state: In the absence of financial assets, it is optimal to

consumption basket of the form C =

have equal consumption and effort levels, given that labor is transformed into consumption goods
at a unitary rate.?’

To summarize the characteristics of the steady state, it is:

B = B =0, 7=

<
|
al
|
Q

3.2.2 Stationarity: A Preliminary Discussion

The steady state described above is taken as the initial position of the world economy for the purpose
of analyzing the consequences of shocks. The analysis of the log-linear equations that govern the
model’s dynamics in a neighborhood of the steady state will show that the model is stationary as
long as n > 0 and productivity shocks are not permanent: Following temporary shocks, aggregate
per capita variables return to the long-run position above. This sub-section provides a preliminary
discussion of stationarity in the non-linear case.

Letting A}, ; denote assets (including shares in firms) held by the representative household
born in period v at the beginning of time ¢ + 1, the household’s intertemporal budget constraint

is:31

too +o00
Z Ry sC3 = (141¢) Ay + ZRt,swng.
s=t

s=t

30Tn steady state, a newborn household’s consumption is also equal to p. Because (3 (1+7) = 1, the household’s
consumption remains constant at that level as long as the economy is in steady state.

31T have used the equilibrium period budget constraint for dates following an initial shock and the no-arbitrage
condition between bonds and shares in deriving this intertemporal budget constraint.
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Using the Euler equation for the household’s consumption and the labor-leisure tradeoff, it is
easy to show that the household’s consumption of composite good and leisure (evaluated in units of
consumption) is a fraction of the household’s resources over its remaining lifetime (assets, interest

income, and the real value of the remaining life span):

+oo
CY+w (1= LY) = (1= B) [(1+7e) Ay + ) Resws| - (38)

s=t

Aggregating this consumption function across generations and recalling the definition of h yields:
Ct + Wy (1 — Lt) = (1 — ﬁ) [(1 + Tt) A + ht] . (39)

Now, households’ aggregate per capita assets entering period ¢t + 1 are the sum of net foreign
bond holdings and the equity value of the home economy: A;y; = Byt + V;. But aggregate per
capita dividends are zero at all points in time in equilibrium: dy = y — wiLly, yr = RPZi Ly,
and RP; = % imply d; = 0.32 This is intuitive: Labor is the only factor of production, and the
monopolistic distortion is removed by the government subsidy. All income generated by production
is distributed to labor. The dynamics of the aggregate per capita equity value of the home economy
are described by the difference equation V; = —2-V;,; + dit1_ Tp the absence of speculative

14741 1+ret1
bubbles, it follows that V; = 0 V¢ in equilibrium. Hence, equation (39) can be rewritten as:

ct +wi (1 —Le) = (1= B) [(1 +1¢) By + ha)

and taking the home aggregate per capita labor-leisure tradeoff in (12) into account yields the

aggregate per capita consumption function:
ct:p(l—ﬁ)[(l—i-rt)thLht]. (40)

Foreign aggregate per capita consumption obeys a similar equation. In each period, countries
consume a fraction of their asset holdings (principal and interest income) and of their human
wealths.

Because dividends are zero, y; = w¢Ll; in equilibrium. Therefore, using the labor-leisure

tradeoff and the consumption function (40 ) returns:

ye = wr — (1= 5) (1= p) [(1 +7¢) By + ] - (41)

32Because Tt = TYt, it is dt = (1 — T) Yt —+ T’t — 'tht =Yt — ’U)tLt.
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Substituting equations (40) and (41) into the law of motion for domestic aggregate per capita net

foreign assets in (22) and recalling the definition of h; yields:

ftr),  wi=(1-0) Yooy Resws
1+n 1+n '

By = (42)

Equation (42) describes aggregate per capita accumulation of net foreign assets as a function
of the paths of the world real interest rate and of the real wage. A similar equation holds for
foreign net foreign assets. Showing stationarity of the non-linear model requires determining the
paths of domestic and foreign real wages (in particular, of h and h*) as a function of assets as well
as the path of the world interest rate. Non-linearity of labor demand makes it hard to proceed
analytically. Nevertheless, intuition can be gained from the partial equilibrium analysis of a small
open economy version of the model along the lines of Obstfeld and Rogoff (1996 Ch. 3.7).

Suppose a is sufficiently close to 0 that the home economy has a negligible impact on foreign.
The world interest rate is determined only as a function of foreign variables. Suppose further that
the foreign economy is in steady state, so that the world interest rate is constant: r; = r Vt. Allow
temporarily for structural asymmetries between home and foreign, so that » may differ from 7 such

that (14 7) = 1. If the domestic real wage is constant (w; = W), equation (42) reduces to:

B(1+47) B(l+4+r)—1_
By = B
t+1 1+n t+ (1 +n) w
If % < 1, net foreign assets converge to the steady-state level %E starting from

any initial position. The intuition is simple. Suppose an unexpected, temporary shock caused
the economy to move to a position that differs from the steady state. Eventually, entry of new
households with no assets in each period at a rate such that % < 1 “wipes out” the consequences
of the shock on aggregate per capita net foreign assets.?? In turn, convergence of net foreign assets

to the steady state ensures stationarity of the economy.

The World Interest Rate FEquation (42) and its foreign counterpart yield an equation for the
determination of the world interest rate in the two-country, general equilibrium world. Multiplying
equation (42) by a and its foreign counterpart by 1—a, adding the resulting equations, and recalling

the asset market equilibrium condition (23) yields:

w _ w
wy = (1=0)hy" (43)
331f the steady-state world real interest rate is such that 8(147) = 1 (as it is in the general equilibrium, two-
country model of this paper), the condition % < 1 is automatically satisfied as long as n > 0 and net foreign

assets converge to B =0.
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However, from the equations for h and h*, it must also be the case that:

hV = hity +wy’ (44)
t 1+ 741 L

Equations (43) and (44) yield the following equation for the world interest rate:

w
I (45)
pwy

The real interest rate between ¢ and ¢ + 1 reflects world-wide growth in real wages between those

two periods, adjusted for the discount factor.

3.3 Antecedents and Alternative Approaches

In the Introduction, I discussed two possible ways to circumvent the issue of indeterminacy of
the steady state and non-stationarity, by assuming unitary intratemporal elasticity of substitu-
tion between domestic and foreign goods in consumption and/or complete asset markets. These
assumptions appear to dominate the recent literature, at least in what some call “new open econ-
omy macroeconomics.” As I mentioned, they amount to shutting off the current account channel
of interdependence or relegating it to a secondary role in many scenarios. Here, I discuss other
approaches to the problem.

Buiter (1981) is the first antecedent to my approach. He shows that an overlapping generations
model with finite lifetimes can deliver a determinate, non-degenerate distribution of asset holdings
across countries. Frenkel and Razin (1987) develop a model of macroeconomic interdependence
that relies on Blanchard’s (1985) assumption that agents face a non-zero probability of dying at
each point in time along with entry of new households with no assets in each period.>* When
agents die, their assets are transferred to insurance companies that cover their outstanding debts.
Frenkel and Razin use the Blanchard demographic structure “to conduct a meaningful analysis
of budget deficits in the absence of distortions” (p. 311) rather than with the explicit purpose
of generating stationary dynamics for their open economy model. (They use the departure from
Ricardian equivalence implied by Blanchard’s structure to make the timing of taxes and spending
matter.) However, it turns out that Blanchard’s structure works much in the same way as Weil’s
in generating steady-state determinacy—the main difference being the inclusion of a probability of
death. (Extending the Weil setup to Blanchard’s would be a matter of relatively straightforward
algebra, but it would add little to the main point of this paper.) Weil (1989b) uses a continuous-

time version of the setup in this paper, with exogenous endowment income that is identical across

#See also Yaari (1965).
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generations, to generalize Buiter’s (1981) results.?® Cardia (1991) uses the Blanchard framework
in her small open economy model. A discussion of some properties of the Weil structure in a
discrete-time, small open economy model with exogenous interest rate and labor income can be
found in Obstfeld and Rogoff (19956, 1996 Ch. 3.7). I generalized it to a model with nominal
rigidity, markup pricing, capital accumulation, and endogenous labor supply in Ghironi (1999,
2000).36 More recently, Smets and Wouters (2002) rely on the Blanchard specification in a small
open economy setup. The contribution of this paper in relation to this literature is to show the
implications of the Weil assumption and clarify the functioning of the model in a discrete-time,
two-country, general equilibrium environment with endogenous labor income that is in line with the
recent literature in international macroeconomics, yet more tractable than models that are built
with the explicit purpose of matching business cycle features of actual economies.

Other scholars have pursued different ways to generate determinacy and stationarity, which
do not rely on changes in the dynamics of population. Correia, Neves, and Rebelo (1995) develop
a representative agent model of a small open economy in which a stable steady state exists for em-
ployment and the ratios capital/employment, consumption/capital, and net foreign assets/capital.
The approach pursued here has the advantage of generating a steady state for variables that are
directly relevant for normative analysis.3” Mendoza (1991) and Obstfeld (1990) obtain station-
arity by assuming that the rate of time preference depends on consumption and, through this,
on net foreign assets, an approach originally proposed by Uzawa (1968) and initially introduced
in continuous-time, open economy models by Obstfeld (1981a, b). Corsetti, Dedola, and Leduc
(2002), Kim and Kose (2003), and McDonald and Guest (2001) are recent examples of the same
approach. Smets and Wouters (1999) assume that agents derive utility from asset holdings. Heath-
cote and Perri (2002) and Neumeyer and Perri (1999) introduce a cost of bond holdings in the
consumers’ period budget constraint. Benigno, P. (20015) makes a similar assumption. Kollmann
(2002) and Schmitt-Grohé and Uribe (2001) obtain stationarity of their small open economy mod-
els by assuming that the interest rate at which the home economy can borrow internationally is
given by the world interest rate plus a premium that increases in the country’s stock of foreign
debt. All these assumptions ensure that the equilibrium rate of consumption growth depends on
asset holdings, so that setting consumption to be constant pins down a steady-state distribution of
net foreign assets. They all yield tractable models, which avoid some of the complications of the

framework developed here. Nonetheless, on one side, the gain in terms of tractability is limited: All

35Tn Weil (19890), it is exchange rate indeterminacy a la Kareken and Wallace (1981) that results in indeterminacy
of the current account. Exchange rate indeterminacy is not a relevant issue here. It can be resolved in monetary
versions of the model by designing monetary policy at home and abroad appropriately.

36See also Devereux (2003).

37Stationary dynamics of these variables ensure that their second moments are well defined, which facilitates welfare
evaluation.
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models mentioned above are solved by numerical methods. On the other side, assumptions about
the functional form of the discount factor, utility from asset holdings, cost of bond holdings, or the
determination of the interest premium appear more ad hoc and harder to quantify on empirical
grounds than assuming that a small number of households with no assets enter the economy in
each period. In the Weil-world of this paper, each individual household in the economy behaves
as the representative agent of the original Obstfeld-Rogoff setup. Aggregate per capita assets are
stationary, individual household’s are not.3®

In a recent paper, Schmitt-Grohé and Uribe (2003) compare five different versions of the
small open economy model (Uzawa preferences, cost of portfolio adjustment, debt elastic premium,
standard non-stationary setup, complete markets) and conclude that all models deliver similar dy-
namics at business cycle frequencies (though consumption is smoother under complete markets)
when they are parameterized to match the behavior of the Canadian economy. This finding is
somewhat unsurprising, at least as far as stationary, incomplete markets models are concerned.
Different solutions to non-stationarity under incomplete markets should deliver similar results if
they are parameterized to match a given economy. There is no presumption for it to be other-
wise. The similarity of results across the stationary, incomplete markets results, the non-stationary
model, and the complete markets world is more striking.?® There are several possible explana-
tions. Canadian net foreign assets are a relatively small fraction of GDP. Since stationarity or
non-stationarity matter through changes in net foreign assets, model parameterizations to match
an economy where net foreign assets are a small fraction of GDP are bound to generate similar
results. We shall see that, in the model of this paper, with zero steady-state net foreign assets, the
small size of elasticities of endogenous variables to net foreign assets implied by plausible parameter
values causes the paths of consumption after non-permanent shocks to be fairly close to those of a
non-stationary version, the Corsetti-Pesenti model, or a complete markets setup (though the latter
is somewhat smoother). This is in line with Schmitt-Grohé and Uribe’s findings (and with those
of other studies, including Baxter and Crucini, 1995). Yet, the dynamics of labor effort and GDP
delivered by the Corsetti-Pesenti model are quite different from those of the alternatives. Thus, if
the true elasticity of substitution between domestic and foreign goods differs from 1, approximating

it with this value may miss important features of business cycle transmission. In addition, we shall

38Searching for a determinate non-stochastic steady state is not the only approach to macroeconomic interdepen-
dence under incomplete markets. Ljungqvist and Sargent (2000) describe a number of models in which a stationary
equilibrium is defined in terms of a stationary probability distribution of asset-holdings/state-of-nature pairs. They
discuss conditions under which this distribution exists and is unique. Clarida (1990) and Devereux and Saito (1997)
use a similar approach. However, this is different from the more traditional approach in international business cy-
cle analysis, which typically starts from the linearization (or higher order approximation) of the model around a
deterministic steady state.

39 Though supported also by results in Baxter and Crucini (1995), Chari, Kehoe, and McGrattan (2002), Heathcote
and Perri (2002), and Kehoe and Perri (2002).
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see that the difference between complete and incomplete markets increases with substitutability

between goods and shock persistence.

4 Dynamics: The Role of Asset Accumulation

The model of Section 3 can be safely log-linearized around the steady state. From here on, sans-
serif variables denote percentage deviations from the steady-state levels obtained in the previous
section. As usual, it is convenient to solve the log-linearized model for cross-country differences
(xP = x, — x} for any pair of variables x and x*) and world aggregates (x}' = ax, + (1 —a)x}).
Solutions for individual country variables can be recovered easily from those for differences and

world aggregates.

4.1 Country Differences

In log-linear terms, the difference between domestic and foreign relative prices equals the difference

between real wages adjusted by relative productivity:
RPP =wpP —zP. (46)

RP? is also the terms of trade of the home economy—the price of the representative home good in
units of the representative foreign good.

Relative employment is:
LP = —wRPP — 7P = —wwP + (w—1)ZP. (47)

A higher real wage differential is associated with higher real prices in the home economy and lower
employment. The impact of productivity depends on w. For given wage differential, if the elasticity
of substitution between domestic and foreign goods is larger (smaller) than one, a larger domestic
productivity than foreign raises (lowers) domestic employment relative to foreign because it lowers

relative prices more (less) than it causes employment to decrease directly. If w = 1, productivity

affects relative employment only through its impact on the wage differential (if any): LY = —w}.
Relative GDP is:
¥ =RPY + 1P +27 = — (w—1) (w - Z7). (48)

World demand has no impact on the output differential, because it affects domestic and foreign
output equally. If w > 1 (w < 1), a domestic productivity advantage raises (lowers) output for
given real wage. When w = 1, domestic and foreign real outputs are equal regardless of relative

productivity: y; = yj.
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The labor-leisure tradeoffs in (12) determine the real wage differential as a function of con-

sumption and employment differentials:

wp = cf + = P_\b (49)

The real wage is positively related to consumption and employment.
Combining (47) and (49) yields:

1—p
LP=——— 7 _JucP —(w—-1)ZP"]. 50
If % > — (w — 1) (which is always satisfied if w > 1), relative employment is related negatively to
the consumption differential. If w = 1, LP = —cP. In this case, equations (47) and (50) imply

cP = wP. Substituting this result into equation (49) yields L = 0. Thus, it must be the case that,

if the elasticity of substitution between domestic and foreign goods is one, ¢; = ¢}, wy = wy, and
L; = L;. Consistent with Cole and Obstfeld’s (1991) original result, unitary intratemporal elasticity
of substitution ensures that domestic and foreign consumption, the real wage, and employment are
equal regardless of productivity, mimicking features of the economy under internationally complete
asset markets.

Now, log-linearizing the consumption function (40) and its foreign counterpart, taking the

difference of the resulting equations, and recalling asset market equilibrium yields:

p_pl-F D
C; —ﬁ(l_a)Bt—th. (51)

The consumption differential in each period reflects the net foreign asset position of the two

economies and the differential between domestic and foreign human wealth.

Relative human wealth obeys:
hy = Bhits + (1= B)wy. (52)

Today’s difference in the real value of an agent’s lifetime is higher the higher tomorrow’s difference
and today’s real wage differential. Because w; = w; when w = 1, unitary intratemporal elasticity
of substitution implies h; = hj.

Using (49), (50), and (51), relative human wealth can be written as a function of the stock of

net foreign assets and the productivity differential:

o Bltpw=Dlp _ p(=p)(1=8" o pA=Hw=1,p
T opwtB(—p) N B(L—a)[pw+ B(1 - p)] pw+pB(1—p) Tt

(53)
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To complete the solution, we need an equation for asset accumulation. Log-linearizing the
laws of motion for domestic and foreign net foreign assets yields:

Bt+1:H—n<BBt+Yt_Ct>a BtH:l—i——n(BBt + Vi _Ct>' (54)

B and B* are defined as % and daﬁ, respectively, because B = B =0. As steady-state asset
holdings are zero, changes in the real interest rate have no direct impact on asset accumulation.
If w=1,y; = y; and ¢; = ¢f. Hence, to preserve asset market equilibrium (Bf = —1%B;), it
must be B; = By = 0 V¢: If the elasticity of substitution between domestic and foreign goods is
one, consumption levels are equalized across countries, accumulation of net foreign assets plays
no role in the transmission of shocks, and current accounts are always zero: y; = ¢; and y; = cj.
Corsetti and Pesenti (2001a) extended Cole and Obstfeld’s (1991) result to the case of sticky prices.
The resulting tractability of the model made the w = l-assumption a benchmark for much of the
subsequent literature.

Using equations (48), (49), (50), (51), and asset market equilibrium, the difference between
the laws of motion in (54) yields:

1+pwp—1) w(l—a) (w—1)(1-a)
Bl+n)l+pw-DI " @+n)I+p@-D"  T+n)L+pw-1)

Equations (53) and (55) constitute a system of two equations in two unknowns (the endogenous

Bttt hP + ZP, (55)

state variable B and the forward-looking variable h”) plus the exogenous relative productivity term
ZP. For the purpose of verifying determinacy of the solution, focus temporarily on endogenous

variables. We can write:

hD hD %ﬂ—& _ 2(9(1—9[)(1—(6)2 -
t+1 _ t — +p(w— B2 (1—a)[14+p(w—1
[ Bii1 ] N M[ B; } , M= _ w(l—a) 1+/?8w/3—p1§)

(A+n)[I+p(w-1)]  BI+n)[1+p(w—1)]

If n = 0, the matrix M has eigenvalues % and 1. Since 8 < 1, the number of eigenvalues outside

the unit circle equals the number of non-predetermined variables, ensuring that the system of
equations (53) and (55) has a determinate solution (Blanchard and Kahn, 1980). The second
eigenvalue exactly equal to 1 is consistent with non-stationary net foreign asset dynamics in the
case n = 0. If n becomes strictly positive, this eigenvalue is pulled inside the unit circle, delivering
stationarity of net foreign assets. Graphing the characteristic polynomial for the matrix M shows
that the solution remains determinate when n > 0.

I assume 7y = ¢Zy—1, Zf = ¢Zf 1, ¥t > 0,0 < ¢ < 1 (t = 0 is the time of an initial,
surprise impulse below). Hence, ZP = ¢Z£ 1- If ¢ =1, impulses to productivity have permanent
consequences, causing the economy to move to a new steady state, different from that described in

Section 3.2, because of non-stationarity of the productivity process.
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The stock of net foreign assets and the levels of exogenous productivities describe the state of

the economy in each period. The solution of the system (53)-(55) can be written as:

Bit1 = nppBi + npznZy, (56)

h{ = 1o Bt + o z0 27, (57)

where npp is the elasticity of time-t + 1 assets to their time-t level, ngzp is the elasticity of
time-t 4+ 1 assets to the time-t productivity differential between home and foreign, n,pp is the
elasticity of h?” to time-t assets, and n,p,p is the elasticity of hP to ZP. The values of the
elasticities n as functions of the structural parameters of the model can be obtained with the
method of undetermined coefficients as in Campbell (1994).40 Stationarity of net foreign assets
requires ngg < 1. As mentioned above, this happens whenever n > 0. A favorable shock to
relative domestic productivity causes domestic agents to accumulate net foreign assets to smooth
consumption dynamics for plausible parameter values if ¢ < 1 (see below). Hence, ngzp > 0.
Plausible parameter values ensure that 7,0 5 and 1,0 ,p are positive too.*!

If w=1, nyoyzp = ngzp = 0: Asset accumulation does not react to shocks (B; = 0) and
h? = 0 V¢. In this case, one-time productivity shocks have only temporary effects.

Given any pair of endogenous, non-state variables x and x*, the solution for their difference

can be written in a similar fashion to (57),
XtD = nxDBBt + nxDZDZtD, (58)
and the relevant elasticities can be obtained with the method of undetermined coefficients.*2

4.1.1 Impulse Responses

Equations (56)-(58) can be used to trace the response of cross-country differences to impulses to
productivity and illustrate the importance of some key parameters.

I start with the following benchmark parameter values: 8 = .99, p = .33, w = 1.2, a = .5, and
n = .01. Periods are interpreted as quarters. The choice of n is higher than realistic, at least if one
has developed economies in mind and n is interpreted strictly as the rate of growth of population.*?

I use n = .01 as a benchmark example and discuss the implications of lower (and higher) values in

408ee Appendix B.

41 Cavallo and Ghironi (2002) show that a sticky-price variant of the model can replicate the observed qualitative
pattern of foreign debt accumulation and exchange rate appreciation for the U.S. if ¢ = 1. More plausibly, inclusion
of physical capital in the model will make it possible to reproduce U.S. dynamics for non-permanent shocks.

42Details are in Appendix B.

13 The average rate of quarterly population growth for the U.S. between 1973:1 and 2000:3 has been .0025.
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what follows.** In contrast to n, I use a lower than realistic value of w, consistent with the RBC
literature. Estimates from the trade literature suggest that values significantly above 1 would be
reasonable.*® T explore the consequences of higher w below.

Figure 1 shows the dynamics of aggregate per capita real net foreign assets, the employment
(or labor effort) differential, the GDP differential, and the consumption differential following a 1
percent increase in relative domestic productivity.*® I consider three values of ¢ in the figure (0,
.5, and .9) and omit (but mention) the responses for ¢ = 1. Table 2 summarizes the values of the
elasticities 1 implied by the benchmark parameterization as ¢ varies.

When ¢ < 1, the home economy accumulates net foreign assets following the shock to smooth
the effect of the latter on consumption (Figure 1.a). When the shock is purely temporary (¢ = 0),
net foreign assets decrease monotonically in the periods after the initial one. A more persistent
increase in productivity (0 < ¢ < 1) causes the home economy to continue accumulating assets
for several quarters before settling on the downward path to the steady state. In all cases, the
speed at which net foreign assets return to the steady state once the productivity differential has
died out is extremely slow, consistent with the low rate of entry of new households in the economy.
This is consistent with the inability of statistical tests such as augmented Dickey-Fuller to detect
stationarity over samples that are far too short if the speed of return to the steady state is indeed
as slow as in Figure 1.a (or even slower).

Appendix B shows that the sign of 77,0 g and 1,0 g (the elasticities of the employment and real
GDP differentials to net assets) is the opposite of the sign of 1.0 5 (the elasticity of the consumption
differential to net assets). For most plausible combinations of values of the structural parameters
8, p, w, ¢, a, and n, it is n.og > 0. Intuitively, accumulation of net foreign assets allows the
home economy to sustain a higher consumption path than foreign. It follows that n;pp < 0 and
nyop < 0: Ceteris paribus, accumulation of net foreign assets causes domestic agents to supply less
labor than foreign, the domestic real wage and relative price are higher than abroad (the terms
of trade appreciate), and domestic GDP falls relative to foreign. On impact, a favorable shock
to domestic productivity causes domestic employment and GDP to rise above foreign in figures
1.b and 1.c (because 100 and 1,0 zp, the elasticities of the employment and GDP differentials

47

to relative productivity, are positive).*" Domestic employment and GDP are higher than foreign

1 Extending the model to incorporate probability of death as in Blanchard (1985) would make it possible to
reproduce the dynamics generated by n = .01 in this paper with a lower rate of entry of new households by choosing
the proper value of the probability of death. The choice of .01 can thus be rationalized in terms of mimicking the
behavior of a more complicated, yet largely isomorphic setup.

*5See Feenstra (1994), Harrigan (1993), Hummels (1999), Shiells, Stern, and Deardorff (1986), and Trefler and Lai
(1999).

46The responses in this figure and in the following ones have been rescaled by multiplying by 100, so that, for
instance, .3 denotes .3 percent rather than 30 percent. Impulse responses for other variables are available on request.

4TThe positive elasticity of equilibrium employment to productivity is related to the negative elasticity of the
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for a longer time the more persistent the shock.’® But the latter causes net assets entering the
following period to be positive (ngzp > 0) if ¢ < 1. Hence, n,p0pnpzp < 0 and ¢ < 1 ensure
that the real GDP differential is returning to the steady state from the period after the shock
on. (In particular, n,pp < 0 and n,pp < 0 cause the employment and GDP differentials to
return to zero from (slightly) below after Z” has died out.) Instead, the consumption differential
is positive throughout the transition dynamics (and larger the more persistent the shock, Figure
1.d). Note that, because n,pop and 1,pp are very small, the deviations of the employment and
GDP differentials from the steady state become very small once the productivity shock has died
out. Cross-country differences caused by net foreign asset accumulation are quantitatively small
when w is close to 1. Consistent with intertemporal optimization, the consumption differential is
smoother than the GDP differential. The deviation of the consumption differential from the steady
state is substantially smaller than that of the employment and GDP differentials even in the first
few periods after the shock.

The home economy accumulates no assets if the shock is permanent (¢ = 1). In this case,
domestic GDP and consumption rise permanently above foreign exactly by the same amount in
the period of the shock. Instead, there is no employment differential.

To further illustrate the role of n, figures 2 and 3 show the responses of net assets and GDP
and consumption differentials to a one-time productivity impulse with no persistence (¢ = 0) in the
cases n = 0 and n = .5, respectively. The n = 0-case corresponds to a non-stationary, flexible-price
version of the standard Obstfeld-Rogoff (1995a, 1996 Ch. 10) model. The temporary shock has
permanent consequences on assets and the consumption and GDP differentials. As the n = .5-case
shows, raising n to an absurd value makes the speed of convergence of asset holdings to the steady
state much faster (in this case, ngp = .67 as opposed to ngp = .994 with n = .01).4

Finally, Figure 4 displays the responses of assets and GDP and consumption differentials to
a zero-persistence shock when n = .01 but w = 4. The range of variation of endogenous variables
caused by the shock in this case is an order of magnitude larger than with w = 1.2. Cross-country
differences caused by asymmetric shocks are bigger if goods are more highly substitutable across

countries.

relative price differential (see Appendix B). Domestic equilibrium employment rises above foreign because a lower
domestic real price generates more demand for home goods.

8 Though 1, p,p =0if ¢ = 1.

YLane (2002) argues that the setup of this paper cannot generate fast convergence to the steady state. The
(extreme) example of this paragraph shows that this claim is incorrect. The true question is whether or not one
wants to have fast convergence of net foreign assets to the steady state. The evidence on time series properties of net
foreign assets in the Introduction suggests that slow convergence to the steady state is empirically appealing.
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4.2 'World Averages

Completing the solution of the model requires solving for the levels of world aggregate variables,
to be used in conjunction with cross-country differences to determine individual country variables.
World averages are defined as weighted averages of individual country variables, with weights

a for home and 1 — a for foreign, respectively. The following equations hold:

RPYV =wlV —ZlV, (59)

LYV = —wRPY +yIV — ZIV (60)

vV =RPYV 4LV + 7V, (61)

v =c", (62)

wW =V 2 W (63)
I—p

Equation (59) is the optimality condition that relates world prices to marginal costs. Equation (60)
determines world labor demand, which is a function of world demand of the consumption basket.
Equation (61) yields the level of world production. Equation (62) is the world market clearing
condition, equivalent to international asset market equilibrium. Equation (63) is the worldwide
labor-leisure tradeoff. Equations (59)-(63) constitute a system of five equations in five unknowns—
RPY, wV, LV, y/. and c}¥—as functions of exogenous world productivity, Z}V. The solution is

(regardless of the value of w):

RPYV = LV =0,

w =y =d"=71". (64)

World productivity changes translate into changes in GDP, consumption, and the real wage. These
changes have offsetting effects on real pricing and employment, which remain insulated from changes
in productivity. Equation (43) yields h}V = w}V' = ZJV. Finally, equation (45) implies that the
world real interest rate between today and tomorrow must equal world productivity growth between

the two periods:
1 =205 — 2},

From these results, it follows that a purely temporary productivity shock (¢ = 0) has only
transitory effects on world aggregates and the real interest rate. In particular, ry, 11 = —Z}", and

to
I’tZO\V/t>t0‘|‘1
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4.3 Complete Asset Markets

Suppose now that the elasticity of substitution between domestic and foreign goods differs from 1,
but agents at home and abroad have access to complete asset markets in one-period, contingent
securities. (I do not present the complete markets economy in detail. Rather, I focus on the key
implications of the complete markets assumption. The underlying setup is the extension of the
model in the technical appendix of Benigno and Benigno, 2001, to the case in which w # 1.) In this
case, net foreign holdings of contingent securities (net foreign assets) play no role in the solution for
the dynamics of other endogenous variables. To see this, observe first that the solution for world
aggregates is left unaffected by the change in the menu of assets available to agents. The results
in (64) still describe aggregate world dynamics following changes in productivity. The solution for
cross-country differences is instead affected as follows.

Starting from a symmetric steady state, perfect “risk” sharing in complete asset markets
implies that the consumption differential is zero in all periods: cf) =0 Vt.>" Substituting this into
the relative labor-leisure tradeoff condition shows that the cross-country employment differential is
proportional to the real wage differential under complete markets:

wP = ﬁLtD. (65)
Equation (50) and ¢ = 0 yield the solution for the employment differential as a function of relative
productivity. This can be combined with (65) to solve for the equilibrium real wage differential. It

is:

P - e )
Gl i o

Hence, the relative pricing and GDP equations (46) and (48) return:

1
RPP - 7D
D w—1 D
vt T+pw—1)" (69)

At no point in the solution did we have to use the law of motion for net foreign asset holdings.
When asset markets are complete and w # 1, net foreign holdings of contingent securities do
move over time in response to relative GDP movements. However, these changes in net foreign

assets are determined residually. They do not affect the dynamics of other endogenous variables,

50See the technical appendix of Benigno and Benigno (2001) and Ljungqvist and Sargent (2000) on the properties
of complete markets.
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which are independent of the history of the economy as represented by the stock of net foreign
assets accumulated by each country. For this reason, it is irrelevant for the results of this paper
whether markets are complete only at the international level, preserving the market incompleteness
represented by intergenerational heterogeneity in the benchmark economy of this paper, or whether
markets are complete across and within countries, so that intergenerational differences inside each

country are “insured away.””!

4.4 Country Dynamics and Asset Accumulation

Given solutions for differences and world averages, individual country levels of variables can be
obtained easily. For any pair of variables x and x*, it is x = x"V + (1 — a)x” and x* = x" — axP.

I perform a simple experiment to gauge the role of net foreign asset accumulation for indi-
vidual country dynamics. Suppose reality is such that markets are incomplete, w = w® # 1, and
convergence of net foreign assets to the steady state after non-permanent, asymmetric productivity
shocks is slow. I am interested in evaluating what is missed by trying to approximate reality with

R and net

any of the following alternatives: (a) Assuming that markets are incomplete, w = w
foreign assets return to the steady state quickly after non-permanent shocks (an unrealistically
high value of n); (b) Assuming incomplete markets in a non-stationary, representative agent setup
in which w = wf and net foreign assets never return to the steady state (n = 0); (c) Assuming
that markets are incomplete, but w = 1 as in Corsetti and Pesenti (2001a); (d) Assuming w = w?
with complete asset markets.??

The results of the previous sub-sections already allow us to draw a number of qualitative con-
clusions. The Corsetti-Pesenti assumption that w = 1 implies that consumption and employment
levels in the two countries are equalized regardless of productivity and that consumption is tied
to GDP, so that net foreign assets do not move after shocks. In this case, there is no endogenous
persistence in the changes in consumption and other variables triggered by changes in productivity.
If the true elasticity of substitution between domestic and foreign goods differs from 1, the paths of
variables following shocks are different. Countries run current account imbalances following asym-
metric shocks. They accumulate (or decumulate) foreign assets. If asset markets are incomplete,
cross-country differences in aggregate per capita levels of consumption and other variables persist
(beyond the persistence of the shock if this is not permanent) until net foreign assets return to the

steady state. If asset markets are complete and w # 1, the cross-country consumption differential is

51Tf w = 1, the complete and incomplete markets solutions coincide.

2Tille (2001) analyzes the consequences of differences in the values of 6 (the elasticity of substitution between
individual goods produced inside each country) and w for the transmission and welfare effects of exogenous monetary
shocks in a non-stationary, incomplete markets model with nominal rigidity. I focus on how important it is if w differs
from 1 for model dynamics under incomplete and complete markets.
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zero in all periods, and there is no endogenous persistence in employment, GDP, wage, and relative
price differentials.

Section 4.2 showed that y}¥ = ¢/ = Z}V and L}V = 0 regardless of w and of the structure of
asset markets. Ifw =1y, =y =ci=cf =w=w; =Z" and LY =0. But L}V =LP =0
implies Ly = L} = 0. In contrast to the w # 1-case, employment levels in individual countries do
not react to productivity under the assumption of unitary intratemporal elasticity of substitution
between domestic and foreign goods. If the true elasticity of substitution between domestic and
foreign goods differs from 1, the description of the economy provided by the w = 1-approximation
generates errors in the characterization of the impact effects of a productivity change and misses
the transition dynamics caused by asset accumulation. If asset markets are incomplete in reality,
assuming complete markets erroneously removes the dependence of the equilibrium on the history
of asset accumulation.

The open question is how significant the differences in results across specifications are from a
quantitative perspective. For instance, the impulse responses for the benchmark parameterization
of Section 4.1.1 suggest that errors caused by the w = l-approximation (alternative (c¢) above) may
be more significant in the characterization of the path of employment than in that of consumption,
the reason being the absence of a reaction of employment to productivity in the w = 1-case.
Consumption differentials generated by asset accumulation per se are likely to be small because
of the small elasticity of the consumption differential to net foreign assets for plausible parameter
values. Nevertheless, we expect the error in the characterizations of consumption generated by
alternatives (c¢) and (d) to become larger if the true w is further away from 1 and if productivity
shocks are more persistent (if ¢ is higher).

Figure 5 presents the responses of home consumption, the terms of trade, employment, and
GDP to a 1 percent impulse to home productivity for the benchmark economy and alternatives
(a)-(d). (I include the responses of the terms of trade to facilitate comparison with the results of
Baxter and Crucini, 1995, and Schmitt-Grohé and Uribe, 2003. I focus on impulse responses for the
home economy. Results for the foreign economy are similar. Diagrams are available upon request.)
I assume the same parameter values as in Section 4.1.1 for the benchmark economy, which I repeat
here for convenience: § = .99, p = .33, w = w® = 1.2, a = .5, and n = .01. I assume that the
shock has relatively high persistence: ¢ = .9 (although this value is at the low end of the range
that can be found in the RBC literature). I set n = .5 in alternative (a) (stationary model, fast
convergence).” Figure 6 repeats the exercise for w® = 4. The diagrams on the left side of each
figure are the impulse responses (rescaled by multiplying times 100), the diagrams on the right

present the differences between the response of the variable under consideration and the responses

>3 The value of n is irrelevant in the w = 1 and complete markets cases.
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under alternatives (a)-(d).

The home economy consumes and produces the same good as the rest of the world in Baxter
and Crucini (1995) and Schmitt-Grohé and Uribe (2003). This amounts to w — oo in the setup
of this paper: Goods produced at home and abroad are perfect substitutes. When this happens,
the relative price ratio between home and foreign (the terms of trade) is 1 in all period (or 0
in log-linear terms). To clarify the comparison of my results with those of Baxter and Crucini
(1995) and Schmitt-Grohé and Uribe (2003), Figure 7 repeats the exercise of figures 5 and 6 for
wf = 1,000, 000.

The w = 1 and complete markets approximations (alternatives (c¢) and (d), respectively) gen-
erate identical paths of consumption (figures 5.a.q, 6.a.a, and 7.a.a) that are smoother than those
for the other cases. Similarly, Schmitt-Grohé and Uribe (2003) find that complete markets generate
a smoother response of consumption to productivity shocks than alternative model specifications.
Figure 5.a.a suggests that differences across specifications for consumption dynamics are negligible,
at least for approximately three years after the shock, when w® = 1.2. The widest difference in con-
sumption responses to the shock at time 0, when the shock happens, is that between the incomplete
markets, non-stationary case (alternative (b)) and the w = 1-consumption path, which amounts to
.0076 percent of steady-state consumption.’® This difference remains constant over time. Figure
5.a.b plots the differences in responses between the benchmark economy and the alternatives as
percentage of steady-state consumption. The difference between the benchmark and alternative
(a) (fast convergence) starts at .0018 percent, increases initially, peaks at .0041 percent, and then
decreases toward 0 as consumption returns to the steady state in both cases. The absolute value
of the difference between the benchmark and alternative (b) starts at .0028 percent and increases
monotonically as consumption in the benchmark converges to the steady state, whereas it settles
at a permanently higher level when n = 0. The difference between the benchmark economy and
alternatives (¢) and (d), which decreases over time owing to stationarity of consumption in all three
cases, is initially .0048 percent. This paper does not address the question of whether these differ-
ences are negligible on welfare grounds. (This should be done in an explicitly stochastic setting.)
But it is certainly the case that differences appear negligible from a positive perspective if w® is
close to 1.

As expected, differences across specifications widen significantly when w* = 4 (Figure 6.a.b).

As for the case w® = 1.2, the widest difference is that between alternative (b) and alternatives (c)

% Let € denote the rescaled deviation of consumption from the steady state during period ¢ in scenario 4 in
. =i . .
Figure 5.a.a. Then, consumption after a 1 percent productivity shock in scenario i is ¢ = €+ 1&¢, and ¢; — ¢ =
e (o
R R D , o - o o
= 100 is the difference between consumption in scenario 4 and consumption in scenario j as a percentage
of steady-state consumption.
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and (d), which is .0344 percent of steady-state consumption. The difference between the benchmark
and alternative (a) starts at .0048 percent, peaks at .0228 percent, and falls to zero over time. The
absolute value of the difference between the benchmark and alternative (b) starts at .0059 percent
and increases over time (.01 percent after 28 quarters). Finally, the difference relative to alternatives
(c¢) and (d) starts at .0285 percent and decreases over time. A higher, but arguably realistic value
of the elasticity of substitution between domestic and foreign goods in consumption as suggested by
the trade literature results in differences across consumption paths for different model specifications
in the short and medium run that remain small, but harder to classify as negligible.

What happens if w — o0, so that both countries produce the same good and there is no scope
for terms of trade dynamics in the model? The difference between the benchmark and alternatives
(¢) and (d) rises to .0458 percent (Figure 7.a.b). Increasing the substitutability across domestic
and foreign goods from close to 1 to a value in the range estimated by the trade literature causes
the difference to increase significantly. The effect of going all the way to perfect substitutability
is smaller. Consistent with Baxter and Crucini’s (1995) and Schmitt-Grohé and Uribe’s (2003)
findings, the difference between consumption paths under the benchmark and under complete
markets is noticeable, but small.>® Interestingly, Figure 7.a.b shows that the differences between
the benchmark economy and the non-stationary alternative is extremely small for the first 8 quarters
or so of the exercise, significantly smaller than for the previous values of w® (—4.2-107® on impact
against —.0028 when wf = 1.2 and —.0059 when wf® = 4). (Also the difference between the
benchmark and alternative (a) starts extremely small in this case.) Schmitt-Grohé and Uribe’s
(2003) result that the difference in short-run dynamics between a stationary model with plausible
speed of convergence of net foreign assets to the steady state and a non-stationary economy is
negligible in the short run emerges also from the model of this paper when home and foreign goods
are perfect substitutes. This suggests that the absence of terms of trade dynamics implied by
perfect substitutability across domestic and foreign goods is important to explain Schmitt-Grohé
and Uribe’s findings. Once domestic and foreign products are allowed to differ and the terms of trade
respond to shocks, differences between incomplete markets specifications become more pronounced
also in the short run. Put differently, terms of trade movements are important to generate noticeable
short-run differences in responses across plausible incomplete markets scenarios.”

Results on employment (figures 5.b.a, 6.b.a, and 7.b.a) are similar. Differences in responses

5See also Heathcote and Perri (2002) and Kehoe and Perri (2002).

56 As shown in the figures, the home economy’s terms of trade (RP?) deteriorate as a consequence of a favorable
productivity shock that increases the supply of domestic goods when w is finite. In the case of a non-permanent
shock, a lowering of the domestic relative price below foreign is responsible for higher labor effort at home than
abroad. It should be noted that differences across scenarios cannot follow from differences in the dynamics of the
world real interest rate, as this is a function of the path of world productivity only, which does not change across
scenarios.
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are small. They are negligible if w = 1.2, except relative to the w = l-approximation. They
become wider if w® = 4. Figure 5.b.b shows that the difference between the benchmark and
the non-stationary case starts at .0021 percent of steady-state labor effort when w® = 1.2 (.0079
percent when w? = 4, Figure 6.0.b) and increases over time. The absolute value of the difference
between the benchmark and the complete markets economy (alternative (d)) starts at .0036 when
wf = 1.2 (.0384 percent when w® = 4) and decreases over time. The w = l-approximation
(alternative (c)) causes an initial error equal to .0592 percent when wf?
to .4666 percent when w® = 4. (The labor effort and GDP differences between the benchmark

and the w = l-approximation are measured on the secondary vertical axis.) As suggested above,

= 1.2, which increases

the Corsetti-Pesenti (2001a) assumption of unitary elasticity of substitution between domestic
and foreign goods can cause more significant errors in the description of labor effort dynamics by
implying that employment does not react to productivity shocks. If the true w is significantly
different from 1 (but finite), the difference between the benchmark and the complete markets
model (d) in terms of employment dynamics is somewhat larger than the difference in consumption
responses. As figures 7a.b and 7.c.b show, the same result emerges when domestic and foreign
goods are perfect substitutes, in contrast to Schmitt-Grohé and Uribe’s (2003) conclusion that only
differences in consumption dynamics are noticeable in this case. The wealth effect of net foreign
asset accumulation on the supply of labor effort at home and abroad in a two-country, rather
than small open economy, setup motivates this difference in results. However, Schmitt-Grohé and
Uribe’s result that there is a negligible difference between the (plausible) stationary case and the
non-stationary one in the short run emerges also with respect to labor effort when both goods
produced at home and abroad are perfect substitutes.

Approximation errors caused by alternatives (a), (b), and (d) are negligible when one considers
GDP in the case w!* = 1.2 (Figure 5.d.b). (In period 0, the differences (a) — benchmark, benchmark
— (b), and (d) — benchmark are close to .0002, .0003, and .0006 percent of steady-state GDP
respectively.) As for employment, the w = l-approximation causes the largest error: .0932 percent
of steady state GDP at t = 0. Higher substitutability across goods amplifies the errors (Figure
6.d.b): In period 0, the differences (a) — benchmark, benchmark — (), benchmark — (¢), and (d) —
benchmark are .0049, .0059, .72, and .0288 percent, respectively. If the true value of w is significantly
different from 1, the Corsetti-Pesenti model results in the largest error in the characterization of
GDP dynamics following productivity shocks. The inaccuracy of the complete markets model is of
the same size as for consumption dynamics. Again in contrast to Schmitt-Grohé and Uribe’s (2003)
findings, perfect substitutability between domestic and foreign goods and the resulting absence of
terms of trade movements cause a wider difference between GDP responses relative to consumption

responses under the benchmark and alternative (d). However, w — oo reproduces Schmitt-Grohé
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and Uribe’s finding of negligible differences in GDP dynamics across the benchmark specification

and the non-stationary alternative.

4.4.1 Permanent Shocks

Baxter and Crucini (1995) find that the difference in impulse responses between complete and
incomplete markets economies is amplified if shocks are permanent (¢ = 1). For comparison of
results, Figure 8 presents the responses of home consumption, the terms of trade, labor effort,
and GDP to a permanent domestic productivity shock with wf = 1.2, 4, and 1,000,000. Since
endogenous, non-predetermined variables jump immediately to the new permanent position when

¢ = 1, the panels in Figure 8 have w’

on the horizontal axis and the response level on the vertical
axis.

Net foreign assets do not move in the model of this paper if asymmetric shocks are permanent.
When ¢ = 1, optimal consumption smoothing dictates that consumption and GDP increase exactly
by the same amount on impact and remain there forever. This is true regardless of the value of
the rate of entry of new households in the economy (n). More specifically, since agents do not
accumulate assets in response to permanent shocks, the responses of consumption, labor effort, and
GDP are identical regardless of the value of n, including the non-stationary case n = 0.

As in the case of a non-permanent shock, complete markets and the Corsetti-Pesenti (2001a)
setup yield the same response of consumption to a permanent shock regardless of the value of w’.
The response reflects the impact of the shock on world productivity, i.e., .5 percent in all cases.
The response under complete markets and the Corsetti-Pesenti (2001a) setup is smaller than in the
benchmark economy. The difference ranges between .0833 when w’* = 1.2, .375 when wf = 4, and
.5 when w’* = 1,000,000. As in Baxter and Crucini (1995), permanent productivity shocks result
in much larger differences in responses between complete and incomplete markets.

The labor effort does not respond to the productivity shock in the benchmark economy and in
the Corsetti-Pesenti setup. (For this reason, Figure 8.c¢ shows only the response for the complete
markets economy with w = w’.) Thus, the Corsetti-Pesenti setup does not result in any error in
the characterization of labor effort if the productivity shock is permanent. In both the benchmark
economy and the w = l-approximation, consumption moves just as much as GDP, and agents
exactly consume the real value of the permanent increase in productivity in all periods without
altering their labor effort relative to the steady state. Consumption rises by less in the Corsetti-
Pesenti setup because home’s terms of trade deteriorate by more, which causes the real value of

domestic output to increase by less as a consequence of the shock.?” Agents increase their supply of

5TThe results in Appendix B make it possible to verify that the impact deterioration of the terms of trade in
the Corsetti-Pesenti setup is always equal to the size of the shock (1 percent), regardless of its persistence. When
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labor effort under complete markets. They do so by more the higher the value of w’*. To understand
this, observe that higher substitutability across domestic and foreign goods makes smaller terms
of trade movements necessary to keep international goods market equilibrium after shocks. Thus,
the higher w’?, the smaller the response of the terms of trade to the shock. At the same time, the
higher w’, the larger the positive impact of any given terms of trade deterioration on domestic
labor demand. When w?® is close to 1, the complete markets economy behaves very similarly
to the Corsetti-Pesenti scenario. Relative price movements are such that labor effort moves by
very little. Regardless of w®, domestic and foreign consumption levels are equal to average world
productivity, as in the Corsetti-Pesenti scenario. But w’ # 1 implies that employment and GDP
levels now differ across countries—and consumption and GDP can differ in each country. To keep
consumption constant at the w = 1-level in both countries in a situation in which goods are more
highly substitutable, domestic output must increase by more than in the w = 1-scenario, foreign
output must increase by less (or even decrease if w® is sufficiently high). For this reason, domestic
labor demand increases after the shock, foreign labor demand falls, the more so the higher the value
of wf. Thus, the difference in the characterization of the employment response to a permanent
shock between the complete markets case and the benchmark scenario, which is larger than for a
non-permanent shock even for w? close to 1, becomes substantially wider as goods become better
substitutes across countries. Similar conclusions hold for GDP responses: The Corsetti-Pesenti
approximation underestimates the response of GDP to the shock. Complete markets overestimate
the response. The errors are larger than for non-permanent shocks and become more significant if

R increases. Finally, it should be noted that, if w® — oo, no deterioration in the terms of trade

w
following the shock and no adjustment in labor effort result in consumption and GDP increases by

the same amount as the productivity shock under the benchmark specification.

4.5 Non-Zero Steady-State Net Foreign Assets

Ghironi, Iscan, and Rebucci (2003) extend the model of this paper to allow for non-zero steady-
state net foreign assets, consistent with the evidence in Lane and Milesi-Ferretti (2001, 2002a, b).
This is accomplished by assuming that households in the two countries have different discount
factors and steady-state levels of productivity can differ across countries.®® Non-zero steady-state
net foreign assets have important consequences for the dynamics of the model. When steady-state
assets are zero, the impact of the interest burden on previously accumulated debt is lost in the log-

linearization of (22). Yet, interest payments on existing debt matter a great deal in international

the shock is permanent, RP? falls permanently by 1 percent. As Corsetti and Pesenti point out, terms of trade
adjustment is the centerpiece of international interdependence in their model.

58 Different discount factors are enough to generate non-zero steady-state net foreign assets. Differences in steady-
state productivities are introduced for empirical purposes. See also Buiter (1981) and Weil (19895).
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interdependence, as suggested by Lane (2002). Allowing for non-zero steady-state assets makes it
possible to preserve the effect of the interest burden on debt in the log-linear model. Indeed, it
implies that the risk-free world interest rate becomes an additional state variable in the solution.
As demonstrated in Ghironi, Iscan, and Rebucci (2003), the solution of the model with non-zero

steady-state net foreign assets can be written as:

Bir1 = nppBt+ g1t +npzlt + npz-Li,
1 = NpBe+ 0t + 0z Ze + 1,225,
Xt = NeBBt+ Nertt + Nezlt + Npz-Zi,
Xp = NgeBi A Nyertt + Npe g2t + Nge g Z{ (70)

where {x;,x} } is any pair of endogenous variables in the model other than net foreign assets and the
interest rate. (It is no longer possible to separate cross-country differences and world aggregates
in the solution of the model and obtain solutions for individual country variables as in Section
4.4.) Non-zero steady-state net foreign assets introduce an additional channel through which the
past history of the economy matters for current dynamics relative to the model with zero steady-
state assets. The effect of net foreign asset accumulation on cross-country differentials is amplified.
Figure 9 shows impulse responses for a calibration of the extended model in which domestic agents
have discount factor 3 and foreign agents have discount factor a3, with o = .999. (The value of «
is very close to 1 because even small differences in discount factors across countries generate large
steady-state asset positions. I choose « close to 1 to minimize the risk of overstating the effect of
interest payments on non-zero long-run asset positions.) I assume 7Z =7 =1. Other parameter
values are as in the benchmark case above: 8 =.99, w = 1.2, a = .5, p = .33, n = .01.%

The relatively small difference between impulse responses of the model in this paper and those
of the complete markets economy for ¢ < 1 was motivated by the fact that net foreign asset
accumulation had a small impact on cross-country differentials. Figure 9 sheds light on the impact
of non-zero steady-state net foreign assets on the responses to shocks. Figure 9.a presents impulse
responses at home and abroad following a home productivity shock with no persistence.’ Figure
9.b repeats the exercise for ¢ = .75. Comparison of figures 9 and 1 shows a sizable amplification

effect of interest payments on cross-country differentials, especially on the consumption differential.

»The steady state is such that B > 0 (F* <0),e>¢,L< L, w >w", RP > RP", § < 7*. Domestic agents
are more patient than foreign and accumulate steady-state assets, which make it possible to sustain relatively higher
consumption with a smaller labor effort. Lower labor supply generates a higher equilibrium real wage and relative
price. The labor effort differential prevails on the relative price differential in generating lower GDP at home than
abroad, where higher GDP is required to pay interest on the accumulated debt.

0Percentage deviations of net foreign assets from the steady state are now defined as B; = 95t and B} = %BE,
where the latter is to be interpreted as the deviation of foreign debt from the steady state. Equilibrium requires

B: = Bf. In Figure 9, B1 denotes the deviation of net foreign assets from the steady state at the end of the period.
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(Figure 9 presents responses of home and foreign variables for ease of interpretation. The size of
implied cross-country differentials for comparison with Figure 1 is easy to gauge.) I refer the reader
to Ghironi, Iscan, and Rebucci (2003) for a detailed interpretation of the results of the model with
asymmetric steady state. Here, I observe that, interestingly, the home economy runs down its net
foreign assets in Figure 9 after an initial small increase, before the economy returns to the steady
state. The reason is that the shock causes the foreign terms of trade (not shown) to appreciate
sufficiently, and so the consumption value of foreign output (i.e., foreign GDP) to increase enough,
that the foreign economy can take advantage of this and of a lower interest rate to reduce its
debt below the steady state, while at the same time enjoying higher consumption, consistent with
its relative impatience. As a consequence of these effects, the differential ¢; — ¢ is negative in
response to the shock, in contrast to Figure 1. The behavior of net foreign assets implies that home
consumption falls below the steady state as productivity returns close to 1, again in contrast to
what happens in the symmetric steady-state model. Lower home assets (foreign debt) generate less
interest income for home agents to spend on consumption, and therefore lower consumption, for
the parameter values above.

Comparing figures 9.6 and 5 shows that non-zero steady-state net foreign assets amplify the
difference between the dynamics of the model economy of this paper and those of the benchmark
complete markets economy with zero initial net wealth that is so common in the literature. Ghironi,
Iscan, and Rebucci (2003) show that non-zero long-run net foreign asset positions result in realistic,
asymmetric responses to world productivity shocks in the home and foreign economies and in net
foreign asset movements that are not predicted by the standard model with zero steady-state assets,
according to which the current account reacts only to relative shocks. If one believes that markets
are incomplete and long-run net foreign asset positions are not zero, Figure 9 suggests that complete

markets cum zero initial net assets may not be a good approximation of reality.5!

5 Conclusions

I developed a tractable model of macroeconomic interdependence under incomplete markets that
solves the well known stationarity problem of several open economy models while preserving a role
for the current account and asset accumulation in the transmission of exogenous shocks.

The model builds on Obstfeld and Rogoff’s (19954, 1996 Ch. 10) work, but also on the interna-

tional RBC literature, exemplified by Baxter and Crucini (1995). In the models of macroeconomic

61 As hinted above, a problem with the model briefly discussed in this subsection is that even small differences
between discount factors in the two countries such as that in the parameterization above result in steady-state net
foreign assets (or debt) that are significantly larger than 100 percent of GDP, possibly amplifying the effect of interest
rate payments beyond what is realistic. Thus, the relevance of the channel discussed here should not be overstated
quantitatively in a model without physical capital.
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interdependence under incomplete markets presented in those papers, the steady-state distribution
of asset holdings across countries is not determined endogenously. The initial position of the world
economy for the purpose of log-linearizing and analyzing the consequences of shocks is treated as
an exogenous parameter and chosen as a matter of analytical convenience. It is a point to which the
economies never return following disturbances, regardless of their temporary or permanent nature.
The distribution of asset holdings changes permanently when shocks happen because countries can-
not fully insure against the disturbances, and there is no mechanism that generates a return to the
original position. In such frameworks, one must be wary when analyzing the results of simulations
that extend beyond a short horizon, as variables are wandering away from a point to which they
will never return. This may generate spurious results, as wealth transfers across countries triggered
by shocks are always permanent, even if shocks are not. In a stochastic setting, this implies that
the unconditional variances of endogenous shocks are infinite, even if the shocks are bounded. In
a perfect foresight setting that is used to analyze the consequences of different shocks (say, pro-
ductivity and demand shocks), nothing ensures that the initial position should be the same across
shocks. If we think of these surprises as happening at different points in time, the initial position
for the second shock will differ from that for the first, which should imply an altogether different
set of log-linear equations.

The model of this paper endogenously pins down the steady-state distribution of asset holdings
across countries in a world of incomplete markets. A (small) departure from Ricardian equivalence
in an overlapping generations framework is sufficient to generate determinacy of the steady state
and stationarity. Following non-permanent shocks, the world economy returns to the original steady
state. This makes it possible to log-linearize the model knowing that departures from the steady
state generated by non-permanent shocks are temporary, implying a significant improvement in the
reliability of the log-linear approximation.

The model offers a reasonable explanation for the inability of statistical tests to reject the
hypothesis of a unit root in net foreign asset series. Standard tests on relatively short data series
may fail to detect stationarity simply because the speed at which assets return to the steady state
after a shock is very low, as the model suggests it is for realistic parameter values. At the same
time, stationary net foreign assets around a long-run position—that need not be zero—are easier to
reconcile with the idea of sustainability of a country’s foreign debt position.

Models that circumvent the stationarity issue by shutting off the current account or relegating
net foreign assets to a secondary role (assuming unitary intratemporal elasticity of substitution
between domestic and foreign goods in consumption and/or complete asset markets) can miss im-
portant positive features of the economy if this is (more realistically) characterized by incomplete

financial markets and an elasticity of substitution that differs from one. These models fall short of
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explaining key features of recent empirical evidence for the U.S. and other economies. A number
of authors have observed that market incompleteness per se is not sufficient for models to replicate
quantitative features of international business cycles. (See, for example, Chari, Kehoe, and Mc-
Grattan, 2002.) Yet, several scholars have pointed out that incomplete markets are necessary for
models to explain important puzzles in international macroeconomics. (Among others, Corsetti,
Dedola, and Leduc, 2002; Duarte and Stockman, 2001.) Once one decides to work with an incom-
plete markets model for realistic quantitative analysis, reliability of the solution requires addressing
the model stationarity issue. The model of this paper illustrates an approach for doing so that is
alternative to other devices explored in the recent literature. The model provides the starting
point for building a theoretical framework that can be used to explain recent dynamics for the U.S.
and other economies and for answering a number of policy questions. It is a starting toolkit for
reconsidering several results of the literature on international RBC. Including investment and accu-
mulation of physical capital in the analysis will allow a better comparison of results. Once nominal
rigidity and a role for monetary policy are introduced, the results of this paper call for re-thinking
the findings of several recent studies on monetary policy in open economy that de-emphasize asset

accumulation.%2

Appendix A. Asset Accumulation in the Initial Period

The no-arbitrage condition (5) will be generally violated when agents are surprised by an initial,
unexpected shock at time t5. (In a stochastic, rational expectations model, the condition would
involve expectations that may be incorrect ex post.) Equations (22) hold in all periods after the
initial shock, but may not hold at time tg, because unexploited arbitrage opportunities may exist
between tg — 1 and ¢y3. This appendix shows that this issue does not poses problems in this paper.
Focus on the home economy. Without using (5) between to — 1 and ¢g, the dynamics of (aggregate

per capita) consumer assets in the initial period are described by:
(1 +n) (Bigs1 + Vio) = (L +1¢) Byy + dig + (1 +n) Vi + wiy Ly — c4-
It is: dyy = (1 — 7) ygy + Tty — Wiy Ly, and Ty, = Tyy,. Hence,

(1 + n) Bt0+1 = (1 + T’t) Bto + Yty — Cto-

62See Cavallo and Ghironi (2002) for a version of the model that incorporates money and nominal rigidity. Ghironi
(2000) develops a small open economy version with nominal rigidity and investment in physical capital. Benigno P.
(2001b) evaluates the gains from international monetary coordination in a representative agent, stationary, incomplete
markets world.
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But this is the same equation as in (22). In particular, because By, was determined at time g — 1,

when the economy was in steady state, By, = 0. Thus,
(1+n) Biyt1 = Yty — Cto-

This is the same equation that is obtained from the law of motion for domestic net foreign assets

in (22) by setting By, = 0. Bf ., is determined by —1%= B, (1.

Appendix B. Solving the Model with the Method of Undetermined
Coefficients

This appendix describes the undetermined coefficients solution of model for cross-country differ-
ences. The solution makes it possible to explore the role of changes in relative country size for
interdependence across countries.

Equations (55) and (53) can be rewritten as follows:

0 = —(Hn) 1+ p(w— D)L + 1 pt Gl o —whP 4 - DZP, (7
0 = —lpot A= PP+ (1= 0) (1 - ) p
+(1=B)pw-1)Z7 +B[1+p(w—1)]h7,. (72)

Conjecture the solution:

Bii1 ~ B:
I ja = BBy, T pznZl, (73)
B
hY = Top T, T hozp zp. (74)

Conjecture (73)-(74) is isomorphic to equations (56)—(57) in the text, with ngp = g, Npzr =

(1—a)nggp, Mg = nfff, and npzp = Nppzp. To obtain solutions for the elasticities Npp,

NBzD, TRo R, and 1Mo zp, proceed as follows. Substitute the conjecture (73)-(74) into (71) and (72):

B
0 = et plo - 1] (Tosyo + 2P ) +1L- o+ B 5o
B,
—w<77hDB1 +77hDZDZt> +(w—-1)ZP,
B, 1-3 B
0 = —[pw+ﬂ(1—p)](nhngl +77hDZDZt>+(1_ﬂ)(1_p)p7ﬁ1_ta
~ B, _
+(1=B)pw=1)ZP +B[1+p(w—1)] [UhDB (77331— +NpzpZ; ) +77hDZD¢ZtD] ,

where I have made use of ZP | = ¢ZP in the second equation.
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Now equate the coefficients on -2

lfa:
~ 1 ~
0 = —Q+n)[l+pw-1npp+|1 —P+ﬁﬂw]3 — WipD B,
- 1-p5 -~ -
0 = —[pw+pB(1—p)nep+(1-75)1 —P)PT +B[1+p(w—1)] 0,0 pTEE-
The first relation implies:
- 14+ plw—1)_ 1—p+ Bpw
o = — (1) =g, TP (75)
Substituting into the second relation, we obtain a second order polynomial in ngg:

0 = {[perﬂ(l_p)](1+”)+1—P+ﬂpw}%ﬁ33

HL=B) (L= p)pr i~ [t (1 p)) TP
—ﬁ[1+p(w—1)](1+n)wﬁ233

= T'(ngg)

Further manipulation makes it possible to simplify the polynomial as:

2

0 (ips) = {(1%%)%—n(l—p)(l—a>W}ﬁBB
Note that:
I'(£o0) = —o0,
r(0) = _w<o,
I = n(1-8)pll+pw-1)]>0,
N o 1 Bl4pw-1)
F(E) = (1—p) 3 - <0

Hence, the polynomial I' (7j5) has two roots: one between 0 and 1 and one between 1 and 3~
(uninteresting). Once the stable root g € (0,1) has been obtained by solving the quadratic

equation I' (gg) = 0, npp follows from (75). For m,pp to be positive, it must be N <
1—p+Bpw

BI+n)[I+p(w—1)]’
Turning to the coefficients on ZP, we have:

which is satisfied for plausible parameter values.

0 = —(1+n)[1+p(w—1)]Npzp —wippzp +w —1,
0 = —Jpw+BA—=p)Mpozp +(1=0)p(w—1)+B[1+p(w—1)](MopNpzp + Nppz0d),
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from which we obtain:

o Blw-1(-9)
Bz (I+n){pw+B(1—p)=Bo[l+p(w—1)]}+ puwnpop’
ﬁthD = —(]. —i—n) WﬁBZD + wT_l

Both these elasticities are positive for a broad range of sensible parameter values.

Inspection of the results obtained thus far shows that the solutions for ngp, Ngzp, M40 B,
and 1,0 zp are not affected by changes in the relative size of the two countries. Because ngp and
npp 7o in equations (56)-(57) are equal to g and 7,0 40, respectively, the elasticity of aggregate
per capita net foreign assets to its past level and the elasticity of the human wealth differential
to the productivity differential are not affected by country size. This is so because ngp relates a
domestic variable to itself and 7,0 b relates a cross-country differential to another. By definition,
relative country size must be irrelevant for these elasticities. Instead, ngyp = (1 —a)ngzp and
NypB = ﬁlb_ﬂaﬂ imply that the elasticity of asset accumulation to the productivity differential and of
the human wealth differential to net foreign assets change with country size. The larger the domestic
economy (the closer a to 1), the smaller the elasticity of net assets to the productivity differential.
Intuitively, a productivity differential relative to a foreign economy of negligible size (a — 1) has
no effect on the home economy’s incentive to accumulate or decumulate assets. The elasticity of
the human wealth differential to net foreign assets is smaller the smaller the home economy (the
closer a to 0). If home is a small open economy (a — 0), a given productivity differential relative
to foreign causes a larger movement in domestic aggregate per capita net foreign assets. To keep
a given, desired smoothness of the consumption path following a larger reaction of assets to the
shock, n;,p g must fall.

Given solutions for ngg, Ngzp, Mypp, and Nypzp, it is easy to recover the other relevant
elasticity parameters from the equations in Section 4. In what follows, I assume that parameter
values are such that ngg, ngzp, Nypp, and n,pzp are all positive and w > 1. This is sufficient to
be able to sign most elasticities below.

The elasticities of the consumption differential to assets and relative productivity are, respec-
tively:

p(1—5)
NePB = F A ) +npop >0, Nepzp =npoz0 > 0.

As for the real wage and relative price differentials:

l—p 1—p plw—1)
NwP B 1+p(w_1)ncDB y  MNwDzD 1+p(w_1)ncDZD+1+p(w_1) s
Nrppp = MNywop >0, Ngpoyzp =nyupzp —1 < 0.
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(Plausible parameter values yield 7,00 < 1.) Finally, the elasticities of the employment and real
GDP differentials are:

nop = —wnuop <0, nppyzp = —wnuozp +w—1,

Mop = — (@1 uop <0 n0z0 = — (@~ 1) (noz0 — 1) > 0.
Given n,opzp <1, nrpzp >0 w(l —n,pzp) > 1, which holds for plausible parameter values.
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Table 1. Augmented Dickey-Fuller test, aggregate per capita real net foreign assets
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5% Critical Value
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Table 2. The benchmark solution, cross-country differences

B:
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Figure 1. Impulse responses, net foreign assets and cross-country differences
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Figure 2. The non-stationary case
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Figure 5. Model comparisonp= .9, = 1.2
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Figure 5, continued
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Figure 6. Model comparisong= .9, = 4

a.a. Consumption

a.b. Differences, consumption

0.6
gi % —e— Benchmark
. 0
! —m—(a
0.3 @
02— ——b
. I ﬂlvl
o1 LW (©), @)
0 RRRARRARRARRRIREL \‘ﬁ‘?ﬁ"%’%‘w"‘?’%?'?'}‘? 2]
0 510152025 30354045505
b.a. Terms of trade
—e— Benchmark
—=—(a)
(b)
©
——(d)

0 5 101520 253035404550 55

—=—(a)
——(b)
(c), (d)
'0.02 TTTTTTTT T T T T T T T T T T T T T T T I T T T T T T T T T T T T T T T T T T T T T IT T T
0 5 10 15 20 25 30 35 40 45 50 55
b.b. Differences, terms of trade
0.025 0.6
0.02 -yaekemes L 05
0.015 - —m—(a)
0.01 0.4 (b)
0.005 f 0.3
0 L op | @
-0005 ,W‘&‘Q%A“ ' (C)
001 +— e + 0.1
'0.015 IR R AN I NN AN INERINEEAN D 0

0 5 10 15 20 25 30 35 40 45 50 55




Figure 6, continued
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Figure 7. Model comparisong= .9, ¢S = 1,000,000

a.a. Consumption

0.06
T e I
0.02 (b)
0 Y
(©), (d)

-0.04 TTTTTTTT T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T TTTTTTTTT

a.b. Differences, consumption

0 5 10 15 20 25 30 35 40 45 50 55

0.6
gi 4: —e— Benchmark
03 | B -
02 | % ——)
0.1 R (©), (d)

0 HHHHHHHHHHH\\‘T\‘\.HTH?

0 5 1015 2025 3035 4045 5055
b.a. Terms of trade

0.2
-0.2 —e— Benchmark,
0.4 @, (b), (d)
-0.6 +— (c)
-0.8

-1 -
'1.2 TTITTTTT T I I T T T T T I T T T I T T T AT I AT T T I TIT T ITTITTITTT

0O 6 12 18 24 30 36 42 48 54

1.2

0.8
0.6
0.4
0.2

b.b. Differences, terms of trade

0 4 8 121620 24 28 32 3640444852 56




Figure 7, continued
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Figure 8. Model comparisong= 1

a. Consumption

b. Terms of trade

1.2 4 1,000,000

-1

-1.2

@ Benchmark, (a), (b) m(c) o (d)

1.2
1
0.8
0.6
0.4
0.2
0 \ ‘
1.2 4 1,000,000
@ Benchmark, (a), (b) m(c), (d)
c. Labor effort
1.5
1
0.5
0 A -

1.2 4 1000000

m (d)

2.5

d. GDP

1.5

0.5

T e -

1.2

4 1,000,000

mBenchmark, (a), (b) m(c) o (d)




Percent deviation from steady state

Percent deviation from steady state

Impulse responses to a shock in

N

Figure 9. Asymmetric steady state
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