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1. The Model

Here, the framework from Ireland (2002) is modified to focus on the relative im-
portance of markup, or cost-push, shocks and technology shocks in an estimated
version of the New Keynesian model. The economy consists of a representative
household, a representative finished goods-producing firm, a continuum of inter-
mediate goods-producing firms indexed by ¢ € [0, 1], and a central bank. During
each period t = 0,1,2,..., each intermediate goods-producing firm produces a
distinct, perishable intermediate good. Hence, intermediate goods may also be
indexed by i € [0, 1], where firm i produces good i. The model features enough
symmetry, however, to allow the analysis to focus on the behavior of a represen-
tative intermediate goods-producing firm, identified by the generic index <.

The activities of each agent, and their implications for the evolution of equi-
librium prices and quantities, will now be described in turn.

1.1. The Representative Household

The representative household enters each period ¢ = 0,1, 2, ... with money M; ;
and bonds B;_;. At the beginning of the period, the household receives a lump-
sum nominal transfer 7, from the central bank. Next, the household’s bonds
mature, providing B; ; additional units of money. The household uses some of
this money to purchase B; new bonds at nominal cost B;/r;, where r; denotes the
gross nominal interest rate between ¢ and t + 1.



During period ¢, the household supplies h;(7) units of labor to each intermedi-
ate goods-producing firm i € [0, 1], for a total of

1
he = / he(i)di
0

during period t. The household is paid at the nominal wage W;. The household
consumes ¢; units of the finished good, purchased at the nominal price P; from
the representative finished goods-producing firm.

At the end of period ¢, the household receives nominal profits D, (i) from each
intermediate goods-producing firm ¢ € [0, 1], for a total of

1
D, = / Dy (i)di.
0

The household then carries M; units of money into period ¢ 4 1, chosen subject
to the budget constraint

M, +T,+ B;_ 1— h: + D B M,
-1+ 14+ t1‘|l‘D( T)(Wihy + t)ZCtﬂL t/T;D‘f' t7 (1)
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where 7 is the constant income tax rate.
The household’s preferences are described by the expected utility function

E i Barfulcr) + ew(My)P) — nhi,

where 1 > 8 > 0 and n > 0. The preference shocks a; and e; follow the autore-
gressive processes

In(a;) = pyIn(ar—1) + cat (2)

and
In(e;) = (1 = p.)In(e) + pIn(er—1) + eer, (3)

where 1 > p, > 0,1 > p, > 0, e > 0, and the zero-mean, serially uncorrelated
innovations €, and €., are normally distributed with standard deviations o, and
Oe-

Thus, the household chooses ¢;, h;, B;, and M, for allt = 0, 1, 2, ... to maximize
its utility subject to the budget constraint (1) for all ¢ = 0,1,2,.... Letting
my = M,;/P, denote real balances, m; = P,/P,_; the inflation rate, w, = W;/P,



the real wage, and \; the nonnegative Lagrange multiplier on (1), the first-order
conditions for this problem are

anl'(cr) = A, (4)

a1 = (1 - T))\twt> (5)

At = ﬁrtEt()\tJrl/TrtJrl)a (6)
atet?/(mt) =N — ﬁEt()\tH/?TtH), (7)

and (1) with equality for all t = 0,1,2, ....

1.2. The Representative Finished Goods-Producing Firm

During each period t = 0,1,2,..., the representative finished goods-producing
firm uses v (7) units of each intermediate good ¢ € [0, 1], purchased at the nominal
price P;(i), to manufacture y; units of the finished good according to the constant-
returns-to-scale technology described by

L e e 10¢/(6:=1)
[ ey,

where, as in Smets and Wouters (2002) and Steinsson (2002), 6; translates into
a random shock to the markup of price over marginal cost. Here, this markup
shock follows the autoregressive process

In(6;) = (1 — pg) In(0) + pg In(0s-1) + €0z, (8)

where 1 > p, > 0, § > 1, and the zero-mean, serially uncorrelated innovation eg;
is normally distributed with standard deviation oy.

Thus, during period ¢, the finished goods-producing firm chooses y (i) for all
i € [0,1] to maximize its profits, which are given by

1
Pl [ i)/
0

The first-order conditions for this problem are

y(i) = [Pi(3)/P) " e

for alli € [0,1] and t =0,1,2,....

6:/(0:—1) 1 ‘ o
- [ PG




Competition drives the finished goods-producing firm’s profits to zero in equi-
librium. This zero-profit condition implies that

| 1/(1-6,)
P - U Pt(z’)lgtdz’]
0

forallt=0,1,2,....

1.3. The Representative Intermediate Goods-Producing Firm

During each period t = 0, 1, 2, ..., the representative intermediate goods-producing
firm hires h;(i) units of labor from the representative household to manufacture
y¢(7) units of intermediate good i according to the constant returns to scale tech-
nology described by

zthi (i) > yu(4). 9)

The aggregate technology shock z; follows the autoregressive process

n(z) = (1 = p;) In(z) + p. In(z1) + ez, (10)

where 1 > p, > 0, z > 0, and the zero-mean, serially uncorrelated innovation ¢,
is normally distributed with standard deviation o,.

Since the intermediate goods substitute imperfectly for one another in produc-
ing the finished good, the representative intermediate goods-producing firm sells
its output in a monopolistically competitive market; during period ¢, the interme-
diate goods-producing firm sets the nominal price P,;(7) for its output, subject to
the requirement that it satisfy the representative finished goods-producing firm’s
demand. In addition, the intermediate goods-producing firm faces a quadratic
cost of adjusting its nominal price, measured in terms of the finished good and

given by
o[ RG]
A R A |
9 lWB_l(i) Yt,

where ¢ > 0 and where m > 1 measures the gross steady-state inflation rate.
The cost of price adjustment makes the intermediate goods-producing firm’s
problem dynamic; it chooses P;(i) for all t = 0, 1,2, ... to maximize its total value,
given by
o0
(1= 7)/XalE D B M[Di(i)/ P,

t=0



where 3')\;/ P; measures the marginal utility to the representative household of an
additional unit of profits received during period ¢ and where

[ [ ) s o

for all t =0,1,2,.... The first-order conditions for this problem are

0 = (1—8)\ [Pﬁ)]at (L) +o0 [%ﬂgtl (%) a2

o [0 ] [

+BoE; {)\t—l—l [
forallt=0,1,2,....

1.4. Symmetric Equilibrium

In a symmetric equilibrium, all intermediate goods-producing firms make identical
decisions, so that (i) = yi, (i) = hy, Pi(i) = P, and d;(i) = D,(i)/P, =
Dy/P, = d; for all i € [0,1] and ¢t = 0,1,2,.... In addition, the market-clearing
conditions My = My_y + T, — 7(Wihy + D;) and By = B;_1 = 0 must hold for all
t=0,1,2, ...

After imposing these equilibrium conditions, (1)-(12) become

- 2
yt:Ct"‘%(?t_l) Yt (1)

In(a;) = pyIn(ai-1) + €ar, (2)

In(e;) = (1= p)In(e) + p.In(e—1) + €er, (3)
agu/(cp) = Ny, (4)

an = (1 — 7) Ny, (5)

At = OriEy(Aes1/Tee1), (6)

arev’ (my) = Ay — BE (A1 /mera), (7)
In(0y) = (1 — pg) In(0) + pg In(0;-1) + €01, (8)
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zhy = Yy, (9)

In(z:) = (1 = p.) In(z) + p, In(2-1) + €1, (10)
2
dy =y — wihy — g (% - 1> Yt, (11)
and
w T T
0 = (1—0)\+0\ (Zt) — o\, (?t - 1> (?t) (12)

0, (72 ) (22 (1)
m m Yt
forall t=0,1,2,....

Use (3)-(5), (7), (9), and (11) to eliminate e;, A, wy, my, hy, and d;. Then the
system consisting of (1)-(12) can be written more compactly as

yt:Ct‘f‘%(%_l)zyt’ (1)

In(a;) = p,In(at—1) + €at, (2)
apu'(c) = BriBfac i/ (cer) /mesa], (6)
In(0) = (1 = pg) In(0) + pg In(0;-1) + €01, (8)
In(z) = (1= p,) In(2) + p. In(z-1) + €2, (10)

and

w1 = (725 [ (20 (2) g
o[z (70 ) ()}

forallt=0,1,2,....




1.5. The Steady State

In the absence of shocks, the economy converges to a steady state, in which y, = y,
GG =c, My =T, Ty =T, a0 =a, zz = 2, and 0; = 6. The steady-state values a = 1,
z, and 0 are determined by (2), (8), and (10), while the steady-state value = will
be determined by the central bank.
The steady-state values ¢ and r are determined by (1) and (6) as
c=y
and
r=m/s.
Finally, the steady-state value y is determined by (12) as the solution to

wly) = <g> (1;) <eﬁ1>'

1.6. The Linearized System

The system consisting of (1), (2), (6), (8), (10), and (12) can be log-linearized
around the steady state to describe how the economy responds to shocks. Let
9e = In(y/y), & = In(ci/c), 7 = In(my/7), 7 = In(r/r), & = In(as/a), 2 =
In(z/z), and 0; = In(0,/0). A first-order Taylor approximation to (1) reveals that
¢t = 1, allowing ¢; to be eliminated from the system. First-order approximations
to (2), (6), (8), (10), and (12) then yield

ar = Polt—1 + Eat, (2)
9t = B — (1/0) (e — Evfrpgn) + (1/0)(1 = pg)a, (6)
0, = pgbi_1 + cor, (8)
2 = phi1 + €, (10)
and A
Q7 = BOE A1 + (0 — 1)(09: — 2) — s, (12)

for all t =0,1,2, ..., where

o= —yu"(y)/u'(y) > 0.



1.7. Efficient and Inefficient Shocks

A social planner for this economy chooses y;, m;, and hy(i) for all i € [0, 1] and
t=0,1,2,... to maximize

B [ulyn) + ecolme) —n [ haihai]

t=0
subject to
1 0:/(0:—1)
2t [/ ht(i)(etl)wtdi] > Yt
0

for all t =0,1,2,.... The first-order conditions for this problem are

v'(mi) =0 (13)
and

n =z (y;) (14)

forall t=0,1,2,....
Equation (13), of course, indicates that the representative household should

be satiated with real balances, which can be produced at zero nominal cost. Since
(4), (6), and (7) imply that

et (my) = u'(¢p) <1 - %)

in equilibrium, implementing this part of the optimal allocation requires that the
central bank follow the Friedman (1969) rule by setting r, = 1 forallt =0, 1,2, ....

Now consider (14), which defines the efficient level of output y;. In a steady
state, y; = y*, where

u'(y*) =mn/z.

And since, as shown above,

wly) = <g> (12) <eﬁ1>’

the efficient level of steady-state output can be achieved by setting

1
)
[



that is, by subsidizing production.
Next, let g7 = In(y;/y*). A first-order Taylor approximation to (14) then
yields
v = (1/0")z (14)

forall t =0,1,2,..., where
O_* — _y*u//(y*)/ul(y*)‘

Assume from now on that o* = o, either because production is subsidized so as
to make y = y* or because the representative household’s utility function over
consumption takes the constant relative risk aversion form. Under either of these
two conditions, (14) simplifies to

vi = (1/0)%. (14)

Now define the output gap g¢; as the ratio of the equilibrium and efficient levels
of output,

9t =Yt/ Y; (15)

and define the natural real rate of interest ¢; based on the household’s intertem-
poral marginal rate of substitution, evaluated at the efficient levels of output,

atu’(yf) = Bq: By [at+1ul(y:+1)]- (16)

Once again, let g, = g and ¢ = ¢ in steady state, and let §; = In(g;/g) and
G = In(q;/q). Continuing under the assumption that ¢* = o, first-order Taylor
approximations to (15) and (16) yield

Gt =t — U = U — (1/0)5% (15)

and
Cjt = (1 - pa)&t - (1 - pz)ét (16)
forall t=0,1,2,....
In terms of these new variables, the IS curve (6) and the Phillips curve (12)
can be rewritten as

§t = EtgtJrl - (1/0)(7% - Etﬁ'tJrl - th> (6)

and )
¢ﬁ-t = ﬁ¢Et7%t+l + (9 - 1)0'gt — 9t (12)
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forallt=0,1,2,....

Equations (6) and (12) reveal that in the absence of markup shocks, when
6, = 0 for all ¢ = 0,1,2, ..., the central bank can stabilize both inflation and the
output gap, with 7, = 0 and ¢, = 0 for all t = 0,1,2, ..., by letting the nominal
interest rate track movements in the natural rate, with

Tt = qt

forallt =0,1,2,.... More specially, in light of (16), the nominal rate should rise in
response to the preference shock a; and fall in response to a technology shock Zz;.
However, unlike a; and 2;, which impact on the efficient level of output ¢; and the
natural rate of interest ¢;, the markup, or cost-push, shock 0, generates a trade-off
between inflation and output-gap stabilization. For details, see Clarida, Gali, and
Gertler (1999), Gali (2002), and Woodford (2001a). Gali (2002) and Woodford
(2001b) show how a stochastic term like §; appears in New Keynesian Phillips
curves like (12) when nominal wages, as well as nominal prices, adjust sluggishly
to the shocks that hit the economy, as in Kim (2000) and Erceg, Henderson, and
Levin (2000); in this case, however, the additional term is no longer exogenous.
Rotemberg and Woodford (1995) is an earlier paper in which exogenous markup
shocks are considered, albeit in the context of a purely real business cycle model;
exogenous markup shocks also play a key role in Mankiw and Reis’ (2002) sticky-
price model. Finally, inefficient shocks of another kind appear in Dupor’s (2002)
sticky-price model.

1.8. The Central Bank

The central bank conducts monetary policy by adjusting the short-term nominal
interest rate according to the modified Taylor (1993) rule

Tt = ppli-1 + Pyli—1 + PrTii—1 + Ep. (17)

The lagged interest rate 7,_; is included among the determinants of the current-
period interest rate 7, to allow for a gradual response of policy to changes in
output and inflation. A sufficiently vigorous long-run response of the interest rate
to inflation, as measured by p,. /(1 — p,), is required to insure that this policy rule
is consistent with the existence of a unique rational expectations equilibrium; for
details, see Parkin (1978), McCallum (1981), Kerr and King (1996), and Clarida,
Gali, and Gertler (2000). Finally, in (17), the zero-mean, serially uncorrelated
innovation &, is normally distributed with standard deviation o,.

10



1.9. Equilibrium Conditions

The workings of the model can now be summarized by the system consisting of
the IS curve

G = Exgrer — (1/0) (e — Eyftegn) + (1/0)(1 = pg)a, (6)
the Phillips curve
¢ty = BOE 1 + (0 — 1) (00 — 2¢) — 0., (12)
and the policy rule
Pt = ppfe1 + P01 + Prfe—1 + Eng (17)

together with the laws of motion for the three exogenous shocks

CAlt = Pa&t—l + Eat (2)

0, = peét—l =+ €ot, (8)
and

ét = Pzét—l + €. (]_0)

More specifically, these 6 equations determine the behavior of the 6 variables g,
’T’At, 7ATt, dt, 9,5, and ét.

2. Solving the Model

Let

and

A

!/
'Ut:{dt 0, 2 8rt} .
Then (17) can be written as
Af? = Bs) + Cuy, (18)

where Ais 1 x 1, Bis 1 x 5, and C is 1 x 4. More specifically, (17) implies

11



CL11:1

bi1 = p,
by = Py
bis = pr
cu=1

Equations (6) and (12) can be written as
DEsY | + FEf), = Gs? + HfY + Juy,

where D and G are 5 x 5, F and H are 5 x 1, and J is 5 x 4.
Equation (6) implies

diy =1
dis =1/0
gua =1
hi1=1/o

Jn=—1/0)(1 = p,)

Equation (12) implies

das = B¢

goa = —(0—1)o
gos = ¢

Joo =1
Joz=10-1

The presence of lagged values in sY implies

dz; =1

12



h31=1

dg =1
gas =1
dsz =1
gs5 =1

Equations (2), (8), and (10) can be written as

Vg = P'Utfl + &4, (20)
where
pe 0 0 O
_ 10 p 00
P= 0 0 p, O
0O 0 0 O
and

!
&t = [ Eat €0t E€xt Ert

Rewrite (18) as
fl=A"Bs) + A 'Cu,.

When substituted into (19), this last result yields
(D+FA'B)E;s}),, = (G+ HA'B)s) + (J+ HA™'C — FA'CP)y,

or, more simply,
Eis) = Ks) + L, (21)

where
K=(D+FA'B)™(G+HA'B)

and
L=(D+FA'B)y Y (J+HA'C-FA'CP).

If the 5 x5 matrix K has three eigenvalues inside the unit circle and two eigenvalues
outside the unit circle, then the system has a unique solution. If K has more than
two eigenvalues outside the unit circle, then the system has no solution. If K has
less than two eigenvalues outside the unit circle, then the system has multiple
solutions. For details, see Blanchard and Kahn (1980).

13



Assuming from now on that there are exactly two eigenvalues outside the unit
circle, write K as

K= M*IN]\/[7
where
| N O
N = l 0 No ]
and
My, M,
M = )
[ My, My ]

The diagonal elements of N are the eigenvalues of K, with those in the 3 x 3
matrix N7 inside the unit circle and those in the 2 x 2 matrix /Ny outside the unit
circle. The columns of M~! are the eigenvectors of K; M, is 3 x 3, M5 is 3 X 2,
My is 2 X 3, and My, is 2 X 2. In addition, let

_ | I
=[]

where Lq is 3 X 4 and Ly is 2 x 4.
Now (21) can be rewritten as

lMll M121Etsg+1:lNl 0 1[M11 M12‘|Sg+lMll MlQ]lLllvt

My Moy 0 N My Moy My May Lo
or
Ets%t+1 = le%t + Q1v; (22)
and
Etsét_H = N23%t + Qavy, (23)
where o -
Ti—1 M A
5}} =My | §—1 | + My ;]J%tt ) (24)
| i1 -
[ ftfl ] [ Qt T
S = Mo Qtfl + May A | (25)
L ﬂ-til -

Q1 = My Ly + MioLo,

14



and
Q2 = Moy Ly + MayLo.

Since the eigenvalues in N, lie outside the unit circle, (23) can be solved

forward to obtain
s%t = —N{let,

where the 2 x 4 matrix R is given by

vec(R) = vecZNQJQgPJ Zvec N, 7 Qo P?)

j=0 3=0
Z Y]vec(Qq) = Z[P ® Ny Nivec(Qs)
Jj= j=0
[](st) — P® Ny vec(Q2)
Use this result, along with (25), to solve for
Q Tt—1
[ ﬁt ] =51 -1 | + Savy, (26)
! i1
where
Sl - —MgélMgl
and

Sy = —My,' Ny 'R.

Equation (24) now provides a solution for s},:

T
s1, = (M1 + M13S1) | Gi1 | + MiaSouy.
Ty
Substitute this result into (22) to obtain
Tt (]
Yo | =53 | G- | + Savr, (27)
7ATt 7?[-t—l

where

Sy = (M + M1251)71N1(M11 + M;257)

15



and
Sy = (M + Mi1251) "1 (Q1 4+ N1Mi2Ss — M12S5P).

Finally, return to

i = A'Bs)+ A 'Cw

_ A-lp I(3x3) Tt
- S, Y-t

T¢—1

+ A7'B l g@’“) ] v, + A" Cw,
2

which can be written more simply as

Ti—1
fP=Ss| 91 | + Sevs,
M1
where
I
_ 4-1 (3x3)
5o a0
and

S2
Equations (20) and (26)-(28) provide the model’s solution:

Se = A'B [ Ogaxa) ] LAl

Str1 = HSt + W€t+1

and
ft - U‘St7

where

~ !
St = { Tem1 Y1 Tem1 Qe O % 5rt} )
R N N !
ft - [ Tt Yp Ty ] ;
!
&t = [ Eat €0t E€xt Ert } )

Ss S4
Im= 7
[ Ouxzy P ]

W — [ 0(3)(4) ] ,
T4xa)

16
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and

| S5 Se
o-[5 %)

Notice that, in this solution, the rows of U should simply reproduce the rows of
IT: U1 = Hl, U2 = H2, and U3 = H3.

3. Estimating the Model

The model has implications for three observable variables: output, inflation, and
the short-term nominal interest rate. The model’s parameters are (3, o, n, 7, @,
T Prs Pys P> 05 25 Pas Pos Py Tay O6, 02, and o,

Since 7 is the steady-state rate of inflation, its value can be chosen to match the
average inflation rate in the data. And since, according to the model, the steady-
state nominal interest rate is given by r = 7/, a value for # can be chosen so that
the implied value of r equals the average nominal interest rate in the data. The
three parameters 7, 7, z serve only to pin down the steady-state level of output;
hence, values for these parameters can be chosen to match the average level of
detrended output in the data. Set o = 1, implying the same level of relative
risk aversion implied by a utility function that is logarithmic in consumption.
Set # = 6, implying a steady-state markup of 20 percent, and set ¢ = 50, the
same value chosen by Ireland (2000, 2002). Finally, since z; corresponds to the
real business cycle model’s technology shock, set p, = 0.95 and o, = 0.007, as
suggested by Cooley and Prescott (1995).

The model’s remaining 8 parameters, p,., Py, Pxs Po> Pg> Tas 06, and o, can be
estimated by maximum likelihood. To begin, let {d;}~_, denote the series for the
logarithmic deviations of detrended output, inflation, and the short-term nominal
interest rate from their average, or steady-state, values:

1 In(y,) —In(y)
dt = 7?('15 = ln(m) — 111(7'(')
T4 In(r;) — In(r)
Equations (29) and (30) then give rise to an empirical model of the form

St41 = ASt + B€t+1 (31)

and
d, = Cs,, (32)

17



where A =11, B =W, C is formed from the rows of U as

Uz
C= Us )
U

and the vector of serially uncorrelated innovations

!
Et+1 = | €at+1 €0t+1 Ezt+1 5rt+1}

is assumed to be normally distributed with zero mean and diagonal covariance
matrix

20 0 0
0 o620 0
V="Eeaen= | o2 0

0 0 o2

The model defined by (31) and (32) is in state-space form; hence, the likelihood
function for the sample {d;}{_; can be constructed as outlined by Hamilton (1994,
Ch.13). Fort =1,2,...,T and j = 0,1, let

o o Qg

§t|t—j = E(St|dt—j7 dtfjfla i) dl)»

Et\t—j = E(St - §t|t—j)(5t - §t\t—j>/7

and X
dt|t7j — E(dt|dt,j, dt,jfl, ceey dl)

Then, in particular, (31) implies that
§1|0 = FEs; = 0(7><1) (33)

and
vec(X1)0) = vec(Es18)) = [Iagxa9) — A ® Al 'vec(BV B'). (34)

Now suppose that 5,;,_; and 3;;_; are in hand and consider the problem of
calculating 8,1 and X;; 1. Note first from (32) that

dt|t71 = Cst\tfl-

Hence
up = dp — dt|t71 = C(St - §t|t71)

18



is such that
E'LL{LL; = C’Et‘t,lcl.

Next, using Hamilton’s (p.379, eq.13.2.13) formula for updating a linear projec-
tion,

S = Spp—1 T [E(s¢ — Sgp—1)(dy — CZt\t—lY] [E(dy — Czt|t—1)(dt — Jt|t—1>/]71ut
= §t|t71 —+ Eﬂt,lC/(C'Eﬂt,lC')*lut.

Hence, from (31),
Sp1)t = Adyp—1 + ASy1C'(CTy-1C") My
Using this last result, along with (31) again,
St+1 — Sev1pe = A(Se — Sepp—1) + Begr — AZﬂt,lC'(C’Zt‘t,lC’)’lut.
Hence,
Sip1p = BVB' + ASy; 1A' — ASyy 1O (CEyy1C) 1Oy, A
These results can be summarized as follows. Let

S = §t|t71 = E(3t|dt—1a dt72> ) dl)

and
X = Et\t—l = E(St - §t|t—1)(5t - §t|t—1)/-
Then
Sp41 = Asp + Kyuy
and
dt = Cgt + U,
where

up =dy — E(dt|dt—17 dt727 ---»d1>»
Eutug = CEtC, = Qt,

the sequences for K; and ¥; can be generated recursively using

Kt = AZtC/(CZtC,)_l

19



and
Y1 = BVB + AL A — AEtC'(CZtC”)”C’ZtA’,

and initial conditions §; and ¥, are provided by (33) and (34).
The innovations {u;}._, can then be used to form the log likelihood function
for {d;}I_, as

T T
InL =— <£) In(27) — E Zln 1] — lzu;Qt_lut'
2 2 t=1 2 t=1

4. Evaluating the Model

4.1. Variance Decompositions

Begin by considering (31), which can be rewritten as
s = As;_1 + Bey,

or

(I — AL)St = B€t7
or

St = Z AjBé‘t,j.

J=0

This last equation implies that

o
Sk = Y A’ By,
j=0

o0
Eisiry = Z A’ Begxj,

j=k
k=1
Sepk — EiSpyn = Z AJBEkaj,
Jj=0
and hence
S /
Yp = E(St+k - Et3t+k)(3t+k - Et5t+k)

BVB' + ABVB'A' + A2BVB'AY + ...+ A*¥" 1BV B’ AV,
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In addition, (31) implies that
¥ = lim %}

k—o0
is given by
vec(E°) = [Iugxa9) — A @ Al 'vec(BV B).

Next, consider (30) and (32), which imply that
St = E(forx — Efern) (fron — Erferr) = USU,
»/ = lim >l =Usr,
EZ = E(dt+k - Etdt+k)(dt+k - Etdt—&-k), = 0220/7

and
»d = Jim Y=o

Let © denote the vector of estimated parameters, and let H denote the covari-
ance matrix of these estimated parameters, so that asymptotically,

O ~ N(6° H).

Note that the elements of X7, »°, Ei, ¥/, 3¢, and ¥4 can all be expressed as
nonlinear functions of ©:

X =y4(0),
so that asymptotic standard errors for these elements can be found by calculating
VgHV{' .

In practice, the gradient Vg can be evaluated numerically, as suggested by Runkle
(1987).
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