Copula-Based Nonlinear Quantile Autoregression™

Xiaohong Chen! Roger Koenker? and Zhijie Xiao®

October 9, 2008

Abstract

Parametric copulas are shown to be attractive devices for specifying
quantile autoregressive models for nonlinear time-series. Estimation of lo-
cal, quantile-specific copula-based time series models offers some salient
advantages over classical global parametric approaches. Consistency and
asymptotic normality of the proposed quantile estimators are established
under mild conditions, allowing for global misspecification of parametric
copulas and marginals, and without assuming any mixing rate condition.
These results lead to a general framework for inference and model specifi-
cation testing of extreme conditional value-at-risk for financial time series
data.
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1. Introduction

Estimation of models for conditional quantiles constitutes an essential ingredient
in modern risk assessment. And yet, often, such quantile estimation and predic-
tion rely heavily on unrealistic global distributional assumptions. In this paper
we consider new estimation methods for conditional quantile functions that are
motivated by parametric copula models, but retain some semi-parametric flexibil-
ity and thus, should deliver more robust and more accurate estimates, while also
being well-suited to the evaluation of misspecification.

We employ parametric copula models to generate nonlinear-in-parameters quan-
tile autoregression (QAR) models. Such models have several advantages over the
linear QAR models previously considered in Koenker and Xiao (2006) since, by
construction, the copula-based nonlinear QAR models are globally plausible with
monotone conditional quantile functions over the entire support of the condition-
ing variables. Rather than imposing this global structure, however, we choose in-
stead to estimate the implied conditional quantile function independently, thereby
facilitating an analysis of potential misspecification of the global structure.

Copula-based Markov models provide a rich source of potential nonlinear dy-
namics describing temporal dependence (and tail dependence). They also permit
us to carefully distinguish the temporal dependence from the specification of the
marginal (stationary) distribution of the response. Stationarity of the processes
considered implies that only one marginal distribution is required for the spec-
ification in addition to the choice of a copula. See, e.g., Chen and Fan (2006),
Ibragimov (2006), Patton (2008) and the references therein for more detailed dis-

cussions about copula-based Markov models.



Choice of the parametric specification of the copula, C', and the marginal dis-
tribution F', is a challenging problem. In this paper, we restrict our attention
to settings in which the choices of C' and F' could be globally misspecified, yet,
they yield correct specification of a conditional quantile function at a particular
quantile. This is obviously a weaker condition than the direct assertion that we
have correctly specified C' and F' themselves, since each of the conditional quantile
functions we consider are permitted to have their own vector of quantile-specific
parameters. Indeed, this distinction between global parametric models and local,
quantile-specific, ones is essential throughout the quantile regression literature,
and facilitates inference for misspecification that arises from discrepancies in the
quantile specific estimates of the model parameters (see Koenker (2005)). More-
over, we are able to derive the consistency and asymptotic normality of our quan-
tile estimator under mild sufficient conditions. In particular, we only assume that
the underlying copula-based Markov model is stationary ergodic, without requir-
ing any mixing conditions, and our moment restrictions are only those necessary
for the validity of a central limit theorem (even for independent and identically
distributed data). Our results are relevant for estimation and inference about
extreme conditional quantiles (or value-at-risk) for financial time series data, as
such data typically display strong temporal dependence and tail dependence as
well as heavy-tailed marginals.

Chen and Fan (2006) and Bouyé and Salmon (2008) have also suggested meth-
ods for estimating copula-based conditional quantile models. Both papers assume
correct specification of the parametric copula dependence function C(+; ) (with-
out specifying the marginal distribution F'). Chen and Fan (2006) first estimate

the marginal F' by a rescaled empirical marginal CDF, and then estimate the



copula parameter « via maximum likelihood. Conditional quantile functions are
then obtained by plugging in the estimated copula parameter and the empirical
marginal CDF. This approach obviously relies heavily on the correct specifica-
tion of the parametric copula function. Bouyé and Salmon (2008) propose to
estimate several distinct, nonlinear quantile regression models implied by their
copula specification. This is essentially the approach adopted here. Bouyé and
Salmon (2008) refer to Chen and Fan (2006) for conditions and justifications of
the asymptotic properties of their estimator. While Chen and Fan (2006) derive
the asymptotic properties of their two-step estimator under the assumptions that
the parametric copula is correctly specified and the time series is beta-mixing with
fast enough decay rate, we obtain the asymptotic properties of the copula-based
quantile estimator allowing for misspecified parametric copula and without any
mixing condition.

The plan of the paper is as follows: We introduce the copula-based QAR model
in Section 2. Assumptions and asymptotic properties of the proposed estimator
are developed in Section 3. Section 4 briefly describes statistical inference and
Section 5 concludes. For simplicity of illustration and without loss of generality,

we focus our analysis on first order QAR processes in our analysis.

2. Copula-Based Quantile Autoregression Models
2.1. First-order strictly stationary Markov models
To motivate copula-based quantile autoregression models, we start with a first-

order strictly stationary Markov process, {Y;}?;, whose probabilistic properties

are determined by the true joint distribution of Y,y and Y}, say, G*(yi—1, ).



Suppose that G*(y;_1,¥;) has continuous marginal distribution function F*(-),

then by Sklar’s Theorem, there exists an unique copula function C*(+,-) such that

G*(Yr-1,9t) = C"(F* (ye-1), F* (),

where the copula function C*(+,-) is a bivariate probability distribution function
with uniform marginals.

Differentiating C*(u,v) with respect to u, and evaluate at v = F*(z),v =
F*(y), we obtain the conditional distribution of Y; given Y, =z :

0C*(u,v)

PrlY; <yl¥i =a] = ——-

= C1(F(x), F*(y))-

u=F*(z),v=F*(y)

For any 7 € (0,1), solving
T=PrY; <ylYi = 2] = C1(F (), F"(y))

for y (in terms of 7), we obtain the 7-th conditional quantile function of Y; given
Yi1=ua:

Qy,(tl) = F*HCT (r F*(2))),

where F*~1(-) signifies the inverse of F*(-) and C; '(-;u) is the partial inverse of
C#(u,v) with respect to v = F*(y;). Denote h*(z) = C; ! (1; F*(x)), so we may

rewrite the 7-th conditional quantile function of Y; given Y;_; = x as!

Qy,(tla) = F*H (W (2)) = H"(x).

In this paper, we will work with the class of copula-based, first-order, strictly
stationary Markov models. We allow for most commonly used parametric copula

functions, excluding the Fréchet-Hoeffding upper bound and lower bounds.

!As we can see from the definition, both h* and H* depend on 7. We suppress 7 from h*
and H* for notational simplicity.



Assumption DGP: {Y;:t=1,....n} is a sample from a stationary first-order
Markov process generated from (F*(-),C*(-,-)), where F*(-) is the true invariant
distribution and is absolutely continuous with respect to Lebesque measure on the
real line; the copula C*(-,-) for (Yi_1,Y;)is absolutely continuous with respect to

Lebesgue measure on [0,1]2, and is neither the Fréchet-Hoeffding upper or lower

bounds: min {F*(Y;—1), F*(Yy)} or max {F*(Y;—1) + F*(Y;) — 1,0}.

Denote f*(-) and ¢*(+, ) as the density functions corresponding to the marginal
distribution F*(-) and the copula function C*(-,-) respectively. Assumption DGP
is equivalent to assuming that {Y; : t = 1,...,n} is a sample from a first-order

stationary Markov process generated from (f*(-), g*(:|-)), where
9 Clye-1) = 1O (F (Y1), F7())

is the true conditional density function of Y; given Y; | =y, ;.

2.1.1. The Autoregressive Transformation Model

As demonstrated in Chen and Fan (2006), all the copula-based first order Markov
models can be expressed in terms of an autoregressive transformation model. Let
U, = F*(Y};), then under assumption DGP, {U;} is a strictly stationary first-order
Markov process with the joint distribution of U; and U;_; given by the copula
C*(-,+). Let Ay() be any increasing transformation, then there exist monotone

increasing functions Ay and o such that,

M (F (V) = Ao(F7 (Vi) + o (B (Yir) )&
or equivalently,

Ui =F*(Y,) = AT (Ao (Uir) + 0 (Ui )en)
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where the conditional density of &; given U;_1 = F*(Y;_1) = w1 is

(w1, AT (Ao (ur1) + 0 (us-1)e)) /D (up-1)
(F* (Y1), AT (Ao (F (Yier)) + o (F* (Yie1))e))
D(F*(Y;-1))

fS‘F*(thl):ut—l (5> =

where D(u) = %W, and satisfies the condition that

Ao(ui—q) = E[A(U)| Uy = up—q] = /01 Aq(u) x ¢ (ug—1,u)du.
In the special case that Aj(u) = u, we obtain U; = Ay(U;_1) + o(Us_1)ey, i.e.
Fr (Y1) = Mao(F™ (Vi) + o (F7 (Vi) Jer,
with

1 1
Ao(up1) = E[A(Uy)| U1 = uy4q] = / uc* (ug—1,u)du =1 — / Cf (ug—1, u)du.
0 0

2.2. Copula-based parametric quantile autoregression models

In practice, neither the true copula function C*(-, -) nor the true marginal distribu-
tion function F*(-) of {Y;} is known. If we model both parametrically, by C(-, -; «)
and F(y; ), depending on unknown parameters «, (3, then the 7-th conditional
quantile function of Y;, Qy,(7|z), becomes a function of the unknown parameters
«a and 3, i.e.

Qv (7la) = F(C7N (73 F(, B), 0), B).

Denoting § = (o/, #') and h(z, a, 3) = C; H(1; F(x, 8), ), we will write,

Qy,(7]z) = F~(h(z,, 8), B) = H(z;0). (2.1)

This copula formulation of the conditional quantile functions provides a rich source

of potential nonlinear dynamics. By varying the choice of the copula specification
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we can induce a wide variety of nonlinear QAR(1) dependence, and the choice
of the marginal, choice of F' enables us to consider a wide range of possible tail
behavior as well.

Copula-based models have been widely used in finance, especially in estimating
conditional quantiles as required for Value-at-Risk (VaR) assessment, motivated
by possible nonlinearity in financial time series dynamics. However, in many fi-
nancial time series applications, the nature of the temporal dependence may vary
over the quantiles of the conditional distribution. We would like to stress that al-
though the conditional quantile function specification in the above representation
assumes the parameters to be identical across quantiles, our estimation methods
do not impose this restriction. Thus, we permit the estimated parameters to vary

with 7 and this provides an important diagnostic feature of the methodology.

The proposed QAR model is based on (2.1) but we permit different parameter
values over 7, and write the vector of unknown parameters as 6(7) = (a(7)’, 5(7)")".
With h(z,a,8) = O (r; F(x,3),a), we obtain the following nonlinear QAR

model:

Qv (7Yie1) = FH(M(Yio1, a(7), B(7)), B(7)) = H(Ye-1,0(7)).  (2.2)

This nonlinear form of the QAR model can capture a wide range of systematic
influences of conditioning variables on the conditional distribution of the response.
Koenker and Xiao (2006) considered linear-in-parameter QAR processes in study-
ing similar specifications. Maintaining a linear specification in the QAR model,
however, requires rather strong regularity assumptions on the domain of the asso-
ciated random variables imposed to ensure quantile monotonicity. Relaxing those

assumptions implies that the conditional quantile functions are no longer linear.



From this point of view, copula-based models provide an important path toward
extending linear QAR models to nonlinear quantile autoregression specifications.

The above analysis may be easily extended to k-th order nonlinear QAR mod-
els, but we will resist the temptation to tax the readers’ patience with the notation

required to accomplish this.

2.3. Examples

Example 1: Gaussian Copula
Let ®,(,-) be the distribution function of bivariate normal distribution with
mean zeros, variances 1, and correlation coefficient o, and ® be the CDF of a

univariate standard normal. The bivariate Gaussian copula is given by

Clu,v;0) = 0o (07 (u), @71 (v))

1 /(I)_I(U) /<I>_1(U) o (52 — 2ast + t2) dsdt
— —_— X — S .
2mV1 —a? J_ oo P 2(1 —a?)

Let {Y;} be a stationary Markov process of order 1 generated from a Gaussian

copula C*(u,v) = ®,(®~(u),® ' (v)) and a marginal distribution F*(-). Denote
U, = F*(Y}), then the joint distribution of U; and U;_4 is

Cu_1,up; ) = P (P H(ug_1), D (wr)).

Differentiating C(u;_1, us; o) with respect to u;_1, we obtain the conditional dis-

tribution of U; given U;_; :

C (1, g @) — B (‘bl(“t) — O@l(uf—l)) |

V1—a?

For any 7 € [0, 1], solving

) — 8 (CID‘l(ut) - acb—l(utl))

vV1—a2
9



for u;, we obtain the 7-th conditional quantile function of U; given U, 1 = u;_1 :

Qu,(Tlug1) = @ <04(I)71(ut_1) 4 mq)*l(ﬂ)
= @ (a7 (F (y1)) + VI = 0?07Hr)) = B(r; F* (1), ).

Let Z; = @ Y(U;) = @ Y(F*(Y;)). Then {Z;} is a Gaussian AR(1) process
that can be represented by
Zt = CYZt_l + &

where &, ~ N (0, (1 — a?)) and is independent of Z; ;. We obtain the 7-th condi-

tional quantile function of Z; given Z; 1 :
QZt(T|Zt—1) = b(T) + O(Zt_h with b(T) = m(P_l(T),

a formulation that is the familiar linear AR(1) specification, which induces the
simplest linear QAR model.
Example 2: Student-t{ copula

Let t, ,(-,-) be the distribution function of bivariate Student-¢ distribution
with mean zeros, variances 1, correlation coefficient p, and degrees of freedom v.
And let t,(-) be the CDF of a univariate Student-t distribution with mean zero,

variance 1, and degrees of freedom v. The bivariate t— copula is given by, with

a=(v,p)

Clu, v;0) = tu,(t, " (u), 1, (v))

2_2 t t2 —(v+2)/2
ST Lpst+ )} dsdt.

1 tt () pto(v) (
1 {1 " :
271'\/1—[)2 —00 —00 V(]-_p)

Let {Y;} be a stationary Markov process of order 1 generated from a stan-

dard bivariate t,-copula function C*(u,v) = t,,(¢,*(uv),t,*(v)) and a marginal
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distribution function F*(-). Let U, = F*(Y};), then the 7-th conditional quantile

function of U; given U;_; is given by
Qui(T1Fie1) =t (pt, (F* (Yier)) + o (F* (Yie1))ty 1 (7)) = B* (73 F*(Yimn), p, v),

where

v+1
Moreover, the transformed process {Z; = t,;'(U;) = t,;'(F*(Y;))} is a Student-¢

o(F* (Yier)) = \/ S (B}

process that can be represented by
Zy = pZi1 + 0(Zi1)es,

where e; ~ t,.1, and is independent of Y;_ 1,

o(Zo) = \/ vEZL G

v+1

is a known function of Z;_; = t,;*(F*(Y;_1)). (If and only if the true marginal
distribution F* is also t, then Z; = t;'(F*(Y;)) = Y;). The 7-th conditional

quantile function of Z; given Z; 1, is then given by
QZt (T|ft_1) = pZt_l + O'(Zt—l)t;j.l (T)

Let 0(1) = (p, a(7), 5(7)), where

V(1= AL
alr) = PR () =

(1= p*)t, 10 (7)°
1+v

we can rewrite the conditional quantile function as

Q7| Fis) = pZis +\Jalr) + B(r) 22,

11



This example can be generalized to any first-order Markov models that are gen-
erated from an elliptical copula? and an elliptical marginal distribution of the same
form. The conditional mean is linear and conditional variance is homoskedastic if
and only if the copula is Gaussian with Gaussian marginal.

The Gaussian copula does not exhibit tail dependence, while the Student-
t copula and other elliptical copula have symmetric tail dependence. For many
financial applications, copulas that possess asymmetric tail dependence properties
are more appropriate.

Example 3: Joe-Clayton copula

The Joe-Clayton copula is given by:

Clu,v;0) =1—{1—[(1—a@")7"+ (1 =0")" = 1] Y7}k,

where & = 1 —u, a = (k,y) and k > 1, v > 0. It is known that the lower tail
dependence parameter for this family is A\;, = 2-/7 and the upper tail dependence
parameter is Ay = 2 — 2/%. When k = 1, the Joe-Clayton copula reduces to the

Clayton copula:
Clu,v;a) = [u™®4+v"*=1]"Y%  where o=~ > 0.

When v — 0, the Joe-Clayton copula approaches the Joe copula whose con-
cordance ordering and upper tail dependence increase as k increases. For other
properties of the Joe-Clayton copula, see Joe (1997) and Patton (2006). When
coupled with heavy-tailed marginal distributions such as the Student’s ¢ distri-

bution, this family of copulas can generate time series with clusters of extreme

2An elliptical copula is a copula generated from an elliptically symmetric bivariate distribu-
tion.
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values and hence provide alternative models for economic and financial time series
that exhibit such clusters.

For the Joe-Clayton copula, one can easily verify that
Ch(ur,ug ) = (1 —upy)* (1 —ak )~ 0FD
x[(1—ar )77+ —ah)™ =107+
X [1—{(1—af )77+ 1 —ak) -1} VL

For any 7 € [0, 1], solving 7 = C (u;_1, uy; ) for u;, we obtain the 7-th conditional

quantile function of U, given u;_; based on the Clayton copula:
Quy (Tlue—r) = [(77*/ ) — Dy + 1]V

Note that this expression and the similar expressions in the foregoing examples
provide a convenient mechanism with which to simulate observations from the re-
spective models. See Bouyé and Salmon (2008) for additional examples of copula-

based conditional quantile functions.

3. Asymptotic Properties

In this section, we study estimation of the copula-based QAR model (2.2). The
vector of parameters 6(7) and thus the conditional quantile of Y; can be estimated

by the following nonlinear quantile autoregression:

min » o (Vi = H(Y,1,0)), (3.1)

where p,_(u) = u(r — I(u < 0)) is the usual check function (Koenker and Bassett
(1978)). We denote the solution as 5(7’) = argmingee Y, p, (Y — H(Y;_1,0)).

13



Then the 7-th conditional quantile of Y; given Y;_ 1, can be estimated by
Qv (7Yiy =) = H(@,0(r)) = F~ (¢ (7. F (2, B(r).@(7)) . B(r))

3.1. Consistency

To facilitate our analysis, we define

0C (u,v;a)

02C (u, v; @)
ou ' '

clu,v;a) = W

Ci(u,v;a) =

Denote C'(7,u; ) as the inverse function of C(u,v;a) with respect to the ar-
gument v, and H(z,0) = F~Y(C{ (7, F(x; 3), a); B).
We first introduce some simple regularity conditions to ensure consistency of

our QAR estimator 6(7).

Al. The parameter space O is a compact subset in R*.

A2. (i) F(;8) and F~'(-;8) (the inverse function of F(-;3)) are continuous
with respect to all their arguments; (ii) the copula function C(u,v;q) is
second order differentiable with respect to v and v, and has copula density
c(u,v;a); (iii) C7'(7,u; ) (the inverse function of C}(u,v; ) with respect

to v) is continuous in « and w.

A3. (i) The true 7-th conditional quantile of Y; given Y;_;, Qy,(7|Y;—1), takes the
form H(Y,_1,0(7)) = FYC{ (7, F(Y,_1; 8(7)),a(7)); B(7)) for a 6(r) =
(a(7)', B(1)) € © for almost all Y;_;; (ii) The true unknown conditional
density of Y; given Y; 1, ¢*(+|Yi—1), is bounded and continuous, and there

exist €; > 0,p > 0 such that Pr [¢*(Qy,(7|Yi—1)) > 1] > p.

14



A4. For any € > 0, there exists a ¢ > 0 such that, for any [|§ — (7)|| > e,
ELPr{[H(Y,—1,0) = Qv (7]Yi1)[ > 0 | g7 (Qv,(7]Yi-1)) = @]} > 0.

A5, (i) E (supgpee | H (Yi-1,0)]) < oo; (ii) {Y:} is stationary, ergodic and satisfies

assumption DGP.

Assumptions Al - A4 and A5(i) are mild regularity conditions that are typ-
ically imposed even for parametric nonlinear quantile regression of Y; given x;
with i.i.d. data {(Y;, x;)}}~;. Thus they are natural conditions for our nonlinear
Markov model (with z; = Y;_;). Assumption A5(ii) is a very mild condition on
temporal dependence of {Y;}. Although we do not assume the correct specification
of the parametric functional forms of the copula C(-, @) and the marginal distri-
bution F'(-, ), we assume that the parametric functional form of the conditional
quantile H(Y;_1,6(7)) is correct at the 7-th quantile (assumption A3(i)). Hence,
we do not need any beta-mixing decay rate condition on {Y;} that is assumed in
Chen and Fan (2006). See Beare (2008) for temporal dependence properties of

copula-based strictly stationary Markov processes.

Theorem 3.1. (Consistency) For any fixed 7 € (0,1), under Assumptions Al -
A5, we have: 0(t) = 0(7) + op(1).

3.2. Normality

We introduce the following additional notation:

OH (x;0)

O*H (x;0)
a0 '

Hy(z,0) =
o(, ) 90007

N Hgg(l’, 9) =

15



Given the consistency of /9\(7'), we only need to impose the following additional
conditions in a shrinking neighborhood of 6(7). Denote Oy = Ay x By = {0 =
(o, 3 €0 :]0—0(1)| = 0,(1)}. We assume:

A6. (i) Hg(Y},l,G) and Hgg(Yt,l,H) are well defined and measurable for all
) 2

Hy(¥i1,0)| ] < oo (i)
Hpo(Y;_1, 9)’) < 00; (iv) V/(7) and Q(7) are finite non-singular,

0 € ©g and for almost all Y;_; (ii) Elsupyee,

where

Vir) = B [g"(Qurl¥in) Hol¥ior, 00r) Hy Vit 0(r) ]
E [Hg(yt,l,9(7))Ho(1@,l,e(7)f] . (3.2)

=
2
I

We impose assumption A6(i)(iii) for simplicity. We could replace assumption
AG6(i)(iii) by assuming that only Hy(Y;_1,0) exists for § € 6, and satisfies some
milder regularity conditions such as those imposed in Huber (1967) and Pollard
(1985) fori.i.d. data, and Hansen et al. (1995) for stationary ergodic data, without
the need of the existence of Hyg(Y;_1,6) satisfying A6(iii).

Comparing our assumptions A1-A6 to the regularity conditions imposed in
earlier papers (e.g. Weiss (1991), White (1994), Engle and Mangenelli (2004), and
the references therein) on parametric nonlinear quantile time series models, we do
not need any mixing nor near epoch dependence of mixing process conditions (see
our A5(ii)), and our moment requirement is also much weaker than the existing
ones (see our A5(i) and A6(ii)(iii)). Both these relaxations are important for
financial applications that typically exhibit persistent temporal dependence and

heavy-tailed marginals.
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Denote f(-;3) as the parametric density of F'(-;3), and

(CL’ « 6) (T u a)‘u=F(m,B) = C;1<T§ F<I76>7a)
with Cl_ul(T;U,Oé) — W) | (l’ Oé,ﬁ) z—o‘j‘ﬂ and Fg(l’,ﬁ) — aFa(;ﬁ).

Then V(1) and §(7) defined in (3.2) can be expressed as follows:

[ Voalr) Vas(r) [ Qualr) Qus(r)
VO = | Vaulr) Vsl ]’Q“)‘{ﬂﬁam Qs(7) } (3:3)

[ @) b e e an ]
Voolr) = B | T (i b0 (Yiis0()

L e @uGli)); o OF T (Y1 0r). B()
Veslr) = B | G ry e 1s0) T ]

b | R (5130 C s F(Yica, ). ) Vi, )|

Via (1) = Vag (T)T )

| - 10(7)), B(r “L(A(Yi130(r), B(r)
Vasr) = B |g(@y (rly, ) 2 Yim1i0(r). B(r)) OFHA(Yic:B(r). >>]

o3 op

6 (Qu, (71¥i-1)) OF " (h(Yi-1:0(r)), () - .
[ (Qy, (T]Yi-1)) ap Cro (T F(Y,_y, B(7)), a(7) F ﬁ(Yt—lvﬂ(T)) ]

[ 9" (Qy, (7]Yi-1)
T B Qe

+ 2F

2

>}2 (Ol (73 F(Yer, B(r), a(r))] - F

ﬁmpﬁ(r))Fﬁ(YH,ﬁ(r))j |

= _ 1 . T T .
U0alr) = B | g e B A o)
-1 0(T T T
Qap(r) = FE Wha(ﬁl;e(T))aF (h(Ytal/ée( ), B(7)) ]
r 1 1, . alr . . T
B | gyt Ve8GR F (Yo, (7). a(r) Ea(Yior. 5()

{f
Qsa(T) = Qap(n)’;
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Qua(r) = E 6F‘1<h<n_5ée<r>>,ﬁ<f>> aF*(hm_géew»,ﬁ(r))T]
v o | QF (Y3 0(r)), B(r) O (5 F (i, B(7), 7)) - B (Vi () T
o3 F (@, (7[Yee))

L E[[CMI(T;F(Yt1»ﬁ(7))7a(7))]2

F 7))F t—1,O(T .
ot HL SO b vica ) Ea¥icn, )

Theorem 3.2. For any fixed 7 € (0,1), under Assumptions Al - A6 and (1) €

int(©), we have:

Vi (8(r) = 0(r)) = N(O,7(1 = )V (1) ')V (7)),

with V(1) and () are given in (3.2) (or (3.3) equivalently).

Remark 1. When the marginal distribution function of Y is completely known

F(y,B) = F(y), V(1) and Q(7) reduce to the following simplified forms:

- 9" (Qy,(7]Yi1)) RN CalNT
vir) = B{ LU i e (vialr) |

1
b {[f@n(fm_lm

Remark 2. When both the copula function C*(u,v) = C(u, v; o) and the marginal

Q) = sho(Yiosialrla(Yiosia(r)

distribution F*(y) = F(y; 8) are correctly specified, the parameters 0(7) define an
explicit one-dimensional manifold in ©, as illustrated in the examples of Section
2.3. 'To the extent that the estimated 9(7) departs from this curve we can infer

various forms of misspecification. See, for example, Koenker and Xiao (2002).
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4. Inference

The asymptotic normality of the QAR estimate also facilitates inference. In or-

der to standardize the QAR estimator and remove nuisance parameters from the

limiting distribution, we need to estimate the asymptotic covariance Matrix. In

particular, we need to estimate (7) and V(7). Let

Qv (7|Yie1) = H(Yi-1,0(7)),

and let ]/”\ =f (,B) be the plug-in estimate of the parametric marginal density

function. Then (7) can be estimated by

wit

)

h

)

n,oq (T)

)

n,a8(T)

)

n,8a(T)

n88(T) =

= =) ==———ha(Yi-1;0(7))

n 5 ha(Yi_1;0(7))ha(Yi1:0(7) T
= {f(Qy, (T|Yi=1)) }2 (Yi—150(7)) ha (Y1 0(7))

1< 1 . ~OF Y (h(Y;-1;0(1)), B(7))

n = f(Qv,(7]Yio1))
- ) jLOéA(Ytil;g(T)) C N F(Yi_q B(r)), a(r) F Yi1 BN T:
n = {F(Qv, (Y1)} e (73 P(Yie, (7)), (7)) Fp(Yeen, B(7) T

= Qn,aﬁ(T)T;

OF L (h(Yi—1;0(7)), B(r)) OF ~(h(Y,—1;0(1)), B(r))
a5 3

OF 1 (h(Yy—1;0(1)), B(r)) Cp.l (15 F(Yie1, B(r)), 6(7) Fs(Yio1, B(7) T

: o F(Qy, (7]Yi-1))

[CLH (75 F(Yie1, B(1)),6(7)))?

{ {F(Qy, (7|Yi-1))}

Sk
M=

t=1

S
M=

~
Il

F(Yy1, B(r)) F(Yeor, B(7)) T

S
NE

o
Il
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Next, the true (unknown) conditional density of Y; given Y;_1, ¢*(Qv,(7|Yi—1)),

can be estimated by the difference quotients,

G(Qyi(tlYi) = (1i = 7i21)/(@Qw(Til Yier) — Qwi(Tia[Yin)),

for some appropriately chosen sequence of {7;}’s. Then the matrix V(7) can be

estimated by

% Voa(™) Vias(7)
Vo) = | &7 ~
) n6a(T)  Vaps(T) ]
with
o 1, §(Qy,(rlYimn)) YINY ST
Vi,aa(T = - =~ = ha }/t—ﬁa 7))ha }/t—l;e T ;
aa(T) 0 2 (O (V) )2 ( (7)) hal (7))
A -~ ~ T
5 1~ 9@y, (1]Yi-1)) ; 50 WOF N (W(Yio136(7)), B(7))
Voag(T) = — =t h (Y 1;0(7
= 2 R Q) 95
1 ; E(QY‘(TW]&_O) h Yt_l'/ﬁ\T Ci N F(Yi_q B(r)),a(r)E, ) BNT|
+ n; I AE a(Ye—1;0(7))C1, (75 F(Yio1, B(7)), a(7)) (Y1, 8(7)) " | 3
‘711,,(304(7—) = ?n,aﬂ(T)T;
n -1 0(™). B(r -1 f—l'A B(r T
t=1
25~ 9@y (rlYien)) OF M hYiess 0. BO) 1y L By, a0 (Y. BT
+ 0 2= F(Oy. (1Yo r) o7 o (T3 F (Y1, B(7)), (7)) Fa(Yi-1, B())

o Ly IO o p(viy, B @) E (Yemr, B Ep (Vi B

Wald type tests can then be constructed immediately based on the standard-
ized QAR estimators using Q,(7) and V, (7). The copula-based QAR models and
related quantile regression estimation also provide important information about
specification. Specification of, say, the copula function may be investigated based

on parameter constancy over quantiles, along the lines of Koenker and Xiao (2006).
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In addition, specification of conditional quantile models can be studied based on
the quantile autoregression residuals. For example, if we want to test the hypoth-

esis of a general form:
Ho: R(O(1)) =0
where R(f) is an ¢-dimensional vector of smooth functions of 6, with derivatives

to the second order, the asymptotic normality derived from the previous section

facilitates the construction of a Wald statistic. Let

R(O(r)) = {81219(9) L 5’1?0(9)]

denote a p x ¢ matrix of derivatives of R(6), we can construct the following re-

I

0=06(t)

gression Wald statistic
Wor = nROE) [~ DREE) Vo) Q) Valr) 2] REO))
Under the hypothesis and our regularity conditions, we have
War = X,

where x§ has a central chi-square distribution with ¢ degrees of freedom.

5. Conclusion

There are many competing approaches to broadening the scope of nonlinear time
series modeling. We have argued that parametric copulas offer an attractive frame-
work for specifying nonlinear quantile autoregression models. In contrast to fully
parametric methods like maximum likelihood that impose a global parametric
structure, estimation of distinct copula-based QAR models retains considerable

semiparametric flexibility by permitting local, quantile-specific parameters.
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There are many possible directions for future development. Inference and
specification diagnostics is clearly a priority. Extensions to methods based on
nonparametric estimation of the invariant distribution are possible. Finally, semi-
parametric modeling of the copula itself as a sieve appears to be a feasible strategy

for expanding the menu of currently available parametric copulas.

22



6. Appendix: Mathematical Proofs

Proof of Theorem 3.1: We denote Y;_; as z;. Then 6(7) = arg mingee > (Yi—
H(x,0)) where p,(u) = u(t — I(u < 0)). Define

et =Y, — Qv (7|v) =Yy — H(xy,0(7)).
Then Q,(7]z;) = 0 and
Y, = H(xz,0(7)) + &, Prle, <0|zy] =7.
Denote
H(xy,0) = H(x,,0) — H(x,0(7)) and ¢, (Ys, 2, 0) = p,(e¢ — H(z,0)) — pr(e0),

and
1 n
Qn(e) = E Z %’(th7 T, 9)
t=1

Then it is easy to see that
0(r) = arg min Qn(0) and 6(r) = arg rapelélE [Qn(0)] .

We apply theorem 2.1 of Newey and McFadden (1994) to establish consistency.
The compactness of © (assumption Al), continuity of F [@,(0)] with respect to
0 € © (assumptions A2 and A3) are directly assumed. It remans to verify uniform
convergence (supgpeg |@n(0) — E[Qn(0)]| = 0,(1)), and that 6(7) is the unique
minimizer of E [Q,(6)].
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Notice that under assumptions A2 and A3, ¢, (Y}, 2, 0) is continuous in 6 € ©
and measurable in (Y, x;). Since
sup |g,(Ys, 4, 0)| = sup | (e, — H(we,0)) — p,(e0)| < sup [H (wy, 0) — H(z,,0(7))]
0co 0co 0cO

we have E (supyeg |¢- (Y2, 24, 60)]) < oo under assumption A5(i). These and com-
pactness of © (assumption Al) and stationary ergodicity of {Y;} (assumption
A5(ii)) together imply that all the conditions of proposition 7.1 of Hayashi (2000)
hold. Thus, by apply the uniform law of large numbers for stationary ergodic

processes (see, e.g., proposition 7.1 of Hayashi (2000)), we obtain the uniform

convergence: Supgeg |Qn(0) — E [Qn(0)] | = 0p(1).
Next we verify that £ [Q,(f)] is uniquely minimized at 6(7). Recall that the
true but unknown conditional density and distribution function of Y; given z; are

g*(+|z¢) and G*(-|x;) respectively, and use the following identity

pr(u—v)—p(u) = —v (u)+ (u—v){I(0>u>v)—I10<u<wv)}

- / (I(u < s)— I(u < 0)}ds, (6.1)
where
Y (u)=7—1I(u<0), and by definition FE [¢),(e¢)|z:] = 0.

we have, with simplified notation H, = H(z, ),
Hy

4 (Ve 24,0) = p (0 — Hy) = p,(e0) = —Hi () + ; {I(er < s) = I(er < 0)}ds.
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thus E'[Q,(0)] = E{E[q.(Y;, x,0)|x]} and

E[Qr(ﬁ; Ty, 9)|$t]

_ E{ N e < ) - I(er < 0)}ds|xt}

Hy

= 1(Ft>0)E{/OHt](0§5tSs)ds|xt}—I—l(ﬁt<0)E{/0](3§5t§0)ds|xt}.

Notice that under Assumptions A3,
_ ﬁt
1(H,>0)E / I(0 < g < s)ds|ay
0
o H, 5+Qy, (T]z¢)
— 1(Ht > O)/ / g (ylzy)dy | ds
0

Qv (T]@¢)

H, 5+Qy, (]xt)
> 1(Hy>0)1(g"(Qui(r|ze) > 61))/0 [/ 9*(y|1‘t)dy] ds

Qy, (T]@t)

> S1(H: > 0)1(g"(Qu(rlz) > e) H,

and similar result can be obtained for the case H; < 0. Thus,

BlQu(0) = SE [1(g"(@Qu(rla) = e) H,

which, under Assumption A4, is strictly positive. Thus for any € > 0, @,,(9) is

bounded away from zero, uniformly in 6 for ||[§ — 6(7)| > . W

Proof of Theorem 3.2: We obtain the asymptotic normality using Pollard’s
(1985) approach. In particular, we apply Pollard’s (1985) theorem 2 except that
we replace his i.i.d. assumption by our stationary ergodic data assumption A5(ii),
(note that we could also apply theorem 7.1 of Newey and McFadden (1994)).
Recall that /0\(7') = argmingee ~ »_, p,(Y; — H(x4,0)), and under our theorem 1,
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5(7) € Oy with probability approaching one. Note that ¥ (u) = 7 — I(u < 0)
is the right-hand derivative of p,(u) = u(t — I(u < 0)). (p,(u) is everywhere
differentiable with respect to u except at u = 0). Under assumption A6(i), the
derivative of p_(Y; — H (x4, 0)) with respect to 6 € ©g exists (except at the point
Y; = H(z4,0)), and is given by

i (0) = [r = 1(Yy < H(x,,0))] Ho(x1,6).
By the mean value theorem,
pr(Yi = H(w,,0)) = p.(Yy — H(z, (7)) + (0 = 0(7)) "0, (0(7)) + |0 = 0(7) ]| 72(6)

with
— T 9) —
) = 0= 8D Tl2ul®) — (O]
16 =67l
where 6 € Oy is in between 6 and 6(7). Likewise,

Elp,(Ye—H(x1,0))] = Elp,(Yi—H (¢, 0(7)))]+(0—0()) " Bl (0(7)]+10 — 0(7)I| Elre(6)].
Since E[r — I(Y; < H(xt,0(7)))|z:] = 0 under assumption A3, we have, under
assumptions A3, A5 and A6(i)(iv), that Elp,(Y; — H(x,0))] has a second-order

(i.e., E[p,,(0)] has a first-order) derivative at 6(7) that is nonsingular, and is given

by

V(r) = —E {g" (H(a.0)) Hy(ar, 0(r)) Hy . 0(7)) |

Thus condition (i) of Pollard’s (1985) theorem 2 is satisfied. Condition (ii) of
Pollard’s (1985) theorem 2 is directly assumed (0(7) € int(©)), and his condition

(iii) holds due to our theorem 1 (H/H\(T) — 0(7’)H = op(1)). We shall replace his

condition (iv) by a CLT for stationary ergodic martingale difference data. Since

Bl ()] = E{E (r =10, < H{wy, 0(r)))|e) Holw,, 0(7)) } =0,
Varlp, (0(r)ed = 7(1 = 7)Holwn, 0(7)) Hole, (7))
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Under assumptions A3, A5(ii) and A6(iv), we can apply the CLT for strictly
stationary ergodic martingale difference sequence (see, e.g., Hayashi (2000, page

106)), and obtain:

;%Z%wwéNmm—mw»

with
O(r)=E {Hg(xt, 6(r)) Ho(x:, e(T)W} .

Thus it remains to verify that condition (v) (stochastic differentiability) of Pol-
lard’s (1985) theorem 2 holds:

&5, (r6) = Elr(0)
v, 1+ [0—007)]

for each sequence of balls {U,} that shrinks to 6(7) as n — oco. Since

(0= 00) 0u®) — 0 (6(r))]
r(f) = 10— o(m] ’

— 0 in probability

Pollard’s (1985) condition (v) holds provided that

1 i(0) — 0 (0(7))] — Elp(0) — o, (0(7
Z[w() ¢ (0(7)] = Elp, (0) — ¢4, (6(7))]

su —
oot |n 16 —6(n)]

— 0 in probability
t

for each sequence of balls {U, } that shrinks to §(7) as n — oc.

Recall that ¢, (0) = [r — I(Y; < H(z,0))] Hy(y,0), we have:

i (0) = @1, (6(7))
= Hy(we,0) [1(Yi < H(x,6(r))) = I(Yi < H(w1,0))]
o+ { Ho1,0) = Hol, 0r) } [r = 1(Y; < H(z,, 6(7))]
Ruy(8) + Rui(6).
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Under assumption A6(i)(iii) we have: for all U,, C Oy,

0
FE <F H, )
) @E‘”%”D<m

0cU,

By assumption A3,
E[Ra(0)] = E ({ Ho(w, 0) = Hylwe, 0(r)) } BT = 1Y, < H(w,,0(7)))|z.}) = 0.

Thus, under assumptions A5(ii) and A6(i)(iii), by the uniform law of large num-

bers for stationary ergodic processes, since U,, C Oy C © we obtain:

1 < Roi(0) — B[Ry (0
Ly (0) — B[R (0)]

oo | W

sup
9cu, |1

for each sequence of balls {U,} that shrinks to §(7) as n — oco. Consequently,

Pollard’s (1985) condition (v) holds provided that

1 Ru(f) - E[Ru(0)]
st il D D e

=op(1 6.2
sup | (1) (6.2)
for each sequence of balls {U,} that shrinks to 0(7) as n — oo.

For any positive sequence of decreasing numbers {¢, }, denote U, = {0 € O :

0 #0(r),]|0 —0(T)|| < en}. Then, under assumption A.6(i)(ii), we have:

a0
E
<96Un 16 —6(r)l 9 )

< E(sup Hg[Et, HXE[
9€@0 QEUTL

mn<m%mm%4m<ﬂ@ﬂmﬂ>
10— 000 t

For all § € ©y, under assumption A6(i)(iii), we have

H(xy,0) = H(zy,0(7)) + Hy(20,0(7)) T (0 — 0(7)) + (6 — 9(7))THeeéxt,§)(9 —0(7))
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with £ (SUPéeeo

Hpg(z1,0) D < 00. Therefore, under assumptions A3 and A6(i)(iii),
conditioning on x;, there exists a small €¢(z;) > 0 such that for all § € ©y with
|0 — 0(7)|| < e(z:), we have that Y; — H (z¢,0(7)) and Y; — H (x4, 0) are of the same
sign. Hence, under assumptions A3 and A6(i)(ii), conditioning on z; and for any
en < €(xy) with €, \, 0, we have:

I(Y; < H(z,, 6())) — 1(Y; < H(z0,0))
b (I? 16— 8] '”“"t)

0€U:|0—0(r)|<e(x:) 16 —6(7)||
+ E sup 1(7T, < oy Lt < Hlw,6(r)) = 1Y, < H(w,.6)),
0€U,:|0—0(7)|<e(x:) 16 —6(7)||

< const.g*(H(x,0(T))) X sup
[ASSH

HQ(SEt, 9)

hence for ¢, \, 0,
_Ru(0)
E | sup < const. E | {sup
09U,

||9 o0(7)|l 0€60
This and the uniform law of large numbers for stationary ergodic processes now

Hy(xy,0 H} X g (H(a:t,Q(T)))) < 00.

imply that (6.2) holds. Therefore Pollard’s (1985) theorem 2 is applicable and
we obtain the desired normality result: \/5(5(7') —0(1)) = N(O,V(r)"'r(1 —
HQT)V(r)™!). =
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