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Abstract

The method of indirect least squares (ILS) using a proxy for a discrete instrument
is shown to identify a weighted average of local treatment effects. The weights are
nonnegative if and only if the proxy is intensity preserving for the instrument. A
similar result holds for instrumental variables (IV) methods such as two stage least
squares. Thus, one should carefully interpret estimates for causal effects obtained via
ILS or IV using an error-laden proxy of an instrument, a proxy for an instrument
with missing or imputed observations, or a binary proxy for a multivalued instrument.
Favorably, the proxy need not satisfy all the assumptions required for the instrument.
Specifically, an individual’s proxy can depend on others’ instrument and the proxy
need not affect the treatment nor be exogenous. In special cases such as with binary
instrument, ILS using any suitable proxy for an instrument identifies local average
treatment effects.
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1 Introduction

This paper studies the scope of the method of indirect least squares (ILS) and instrumental
variables (IV) methods for the identification of local average treatment effects (LATEs) of
a cause or treatment D on an outcome of interest Y using a proxy W for an exogenous in-
strument Z. We study the case in which the instrument, proxy, and treatment are discrete;
the outcome need not be discrete. Here an instrument Z satisfies definition 3 of Angrist,
Imbens, and Rubin (1996). Three particular features of Z are that (1) it is an exogenous
variable that (2) induces individuals’ receipt of treatment in the same direction, and (3)
drives the outcome only via the treatment. A proxy W for an instrument 7 is a variable
associated with Z, and possibly driven by it, that need not affect the treatment or outcome
and thus need not be an instrument according to this definition. In particular, we assume
that W is mean independent of the treatment and outcome conditional on the instrument.
Examples of possible proxies include an error-laden measurement of an unobserved instru-
ment, a measurement of an instrument with missing or imputed observations, or a binary
coding for a multivalued instrument.

Building on the work of Imbens and Angrist (1994; thereafter IA), Angrist and Imbens
(1995; thereafter AI), and Angrist, Imbens, and Rubin (1996, thereafter AIR), we study
whether ILS and IV methods that use a proxy W for an instrument Z identify local average
treatment effects. In doing so, we establish a relation between an ILS or IV estimand using
the proxy W on one hand and ILS estimands using Z on the other. As we show, ILS
methods that employ a suitable proxy for a multivalued instrument identify a weighted
average of local average treatment effects based on the instrument. This is particularly
troublesome if some of the weights are negative since in this case the sign of the identified
weighted average local effect may be the opposite of that of some, or even all, of the LATEs.
In effect, two researchers seeking to measure the same local average effect using different

proxies for the same instrument may identify weighted average effects of different signs. We



show that the weights are nonnegative if and only if the proxy is intensity preserving for the
instrument, a specific form of dependence of the instrument on the proxy that we discuss.
Furthermore, we show that a similar result holds for IV: IV methods using a function of a
proxy for an instrument identify a weighted average of LATESs based on the instrument. We
demonstrate that the weights are nonnegative if and only if the instrument and the function
of the proxy covary with the proxy concordantly, a particular form of dependence among
the instrument, proxy, and a function of the proxy that we introduce. Thus, researchers
should cautiously interpret estimates for causal effects obtained via ILS or IV (e.g. TSLS)
methods based on a proxy for an instrument including an error-laden measurement of an
instrument, a proxy for an instrument with missing or imputed observations, and a binary
proxy for a multivalued instrument.

The case of a binary instrument Z receives significant attention in the literature. For
example, in the "compliance problem" studied in AIR, the treatment and the treatment
assignment are binary and the latter may serve as an instrument. In this case, LATE
is the average effect of the treatment for the subpopulation of "compliers" who always
comply with the treatment assignment. We demonstrate that for binary Z, ILS or IV
using any suitable proxy for the treatment assignment identifies LATE. Thus, in this case,
identifying LATE via ILS is robust to certain types of measurement error and instrument
misclassification. Also, the fact that ILS using any suitable proxy identifies LATE provides
the foundation for testing the underlying assumptions.

Favorably, the proxy need not satisfy some of the assumptions imposed on the instru-
ment. In particular, the proxy need not be individualistic: an individual’s proxy may
depend on others’ instrument. Further, unlike the instrument, the proxy need not cause
the treatment nor be exogenous but rather it suffices that it is associated with it in an
appropriate sense. If economic theory suggests a proper unobserved instrument, then a

researcher may make use of a suitable intensity preserving proxy to identify an informa-



tive weighted average of local effects. For example, a nonzero weighted average of local
effects provides evidence against the hypothesis of no causal effect of the treatment on the
outcome.

The results of this paper apply to a variety of situations in which researchers make use
of a proxy for an instrument. To illustrate, consider an experiment to measure the effects
of a training program on wage for a population of individuals 7 = 1, ..., n in which financial
aid status denoted by Z is randomized across individuals thereby affecting their enrollment
cost if they attend the program. Denote joining the program by D = 1, otherwise D = 0.
Last, Y denotes wage measured at a subsequent time. For : = 1, ..., n, the econometrician
observes who joined the program and the individuals’ wages, that is realizations of D
and Y, but does not observe the financial aid status of individuals. Instead she only
observes a proxy W for financial aid. The properties of the proxy may vary depending
on the context. The proxy may denote an error-laden measurement of the instrument 2
that incorrectly codes certain individual’s financial aid status. The proxy may also contain
missing observations for certain individuals’ instrument. These observations could be coded
as missing or otherwise replaced by some value which could possibly depend on others’
observed instrument. Further, the proxy may code the instrument information coarsely.
For example, Z may assign individuals zero financial aid, may wave his/her tuition, or may
provide him/her with full financial aid covering tuition and living expenses, and W may
only code whether individuals are assigned financial aid. In turn, this coding may also
contain measurement error. We study these cases in what follows.

Examples in which researchers employ a proxy for an instrument are abundant in the
literature. Consider for example the effects of military service denoted by a binary treat-
ment D on an outcome Y denoting a measure of wage in Angrist (1990) and of civilian
mortality in AIR and let Z denote the Vietnam draft lottery random sequence number

drawn for each date of birth in a given year. Thus, for the year 1951 Z can take on 365



values. Individuals who were assigned a sequence number that falls below a subsequently
announced ceiling (e.g. 125) were potentially drafted for military service. Angrist (1990)
and AIR use a binary proxy W for the lottery number denoting whether the latter falls
below the ceiling. The effect of the lottery number Z on military service need not be fully
captured by the proxy W. For example, Angrist (1990, p. 314) notes that "many men with
low numbers volunteered for the military to avoid being drafted and to improve their terms
of service" and that "there was even a behavioral response to the lottery in enlistment rates
for the 1953 cohort, although no one born in 1953 was drafted."

As another example, Angrist and Krueger (1991) study the returns to education. Here,
the treatment D denotes completed years of education, the outcome Y is a measure of
wage, and Z corresponds to date of birth. Angrist and Krueger (1991) argue that because
of age at entry policy and compulsory schooling law, individuals with different birthdays
may attain different levels of schooling. In particular, age of entry policy typically requires
a student to be 6 years old by January of his/her first year at school. Further, a student is
allowed to drop out of school only after he/she attains a legal age (e.g. 16 years old). Thus,
individuals born earlier in the year may attain less schooling than those born later in the
year because they enter school at an older age and drop out of school earlier. Angrist and
Krueger (1991, p. 995) make use of a binary proxy W for date of birth, such that W = 1 if
the date of birth is in the first quarter and 0 otherwise. Here too the proxy need not fully
capture the effect of date of birth on education. For example, Angrist and Krueger (1991, p.
979-980) state that "the interaction of school-entry requirements and compulsory schooling
laws compel students born in certain months to attend school longer than students born in
other months." AT also apply ILS and TSLS using instruments denoting quarter of birth.
As we demonstrate, in this and the previous example, under certain assumptions, ILS
using the proxy W identifies a weighted average of local treatment effects based on Z with

nonnegative weights.



The paper is organized as follows. Section 2 describes the data generating process and
states the assumptions. We work simultaneously with a structural system and the Rubin
Causal Model (Holland, 1986; AIR). Section 3 gives a general result which demonstrates
that the ILS estimand using a proxy is a weighted average of ILS estimands using the instru-
ment. Further, we introduce the notion of an intensity preserving proxy for an instrument
and show that this property is necessary and sufficient for the weights to be nonnegative.
Section 4 studies identification of causal effects via ILS using a proxy for an instrument.
After stating a general result for multivalued variables, we examine special cases. First,
we study the compliance problem with binary instrument, proxy, and treatment. We then
study the case of a binary instrument and multivalued proxy. Last we study the case of
multivalued instrument and binary proxy. Section 5 shows that IV methods using a proxy
identify a weighted average of local treatment effects based on the instrument. We extend
results in IA and Al to the general case of multivalued instrument, proxy, and treatment
and provide a necessary and sufficient condition for the weights to be nonnegative. For
this, we introduce the notions of mean quadrant dependence and of concordance specifying
dependence among the instrument, proxy, and a function of the proxy. Section 6 relates
the results here to other work on instrument proxy in linear structural systems and nonsep-
arable structural systems with continuous variables and briefly discusses the implications
of the results in this paper on testing the underlying assumptions and the hypothesis of no

causal effects. Section 6 concludes. Mathematical proofs are gathered in the Appendix.

2 Data Generation

This section introduces the data generating process. In stating our assumptions, we work
simultaneously with a structural system and the Rubin Causal Model (Holland, 1986) as
in Vytlacil (2002). In what follows, we extend the assumptions in TA, AI, and AIR to

accommodate a proxy W for the possibly unobserved instrument Z and to permit the



instrument, proxy, and treatment to be multivalued.

Assumption 2.1 Data Generating Structural System: (i) Let I denote a population of in-
dividuals indexed by i =1,..n, n € N* :={1,2,..}. Let Z, W, D, and Y be random vari-
ables ranging over I and taking value' respectively in Sz := {0,1,..., K}, Sy := {0,1, ..., L},
Sp :={0,1,...,J}, K,L,J € Nt finite, and Sy C R, and suppose that E(D) and E(Y)
exist and are finite. (ii) Let a triangular structural system generate the random vectors of
countable dimension Uy, Up, and Uy and the instrument Z ranging over I. The proxy
w; for the instrument, treatment d;, and outcome y; for individual i in population I are

structurally generated as

wi = p(z,uw,),

d; = q(zi,up;), and

Y = T(dz‘,UY,i),

where p, q, and r are unknown measurable functions mapping respectively to Sy, Sp, and
Sy and where z = (z1,...,2,)". The realizations of W, D, and Y are observed, those of

Up,Uy, Uy are not, and z may be unobserved.

Part (i) of Assumption 2.1 introduces the random variables. Part (ii) imposes structure
on the data generating process. We let ¢« = 1,...,n denote individuals in a population
I. The random variable Z takes value in Sz and denotes, under Assumption 2.1(ii), the
instrument. The vector z = (2, ..., 2,)" collects the realizations of Z for all individuals.
Typically, we assume z is unobserved. In some cases, z may be observed and the econome-
trician nevertheless employs a suitable proxy W for the instrument Z as in the examples
discussed in the Introduction. The proxy W takes value in Sy, the treatment D takes value

in Sp, and we denote by Y taking value in Sy the outcome of interest. We let Z, W, and

!Throughout, the support of a random variable X, supp(X):= Sx, denotes the smallest set S such that
P[X eS| =1.



D be multivalued discrete random variables and Y be any random variable. For z € Sy,

we define the potential treatment D(z) as
D(z) :=q(z,Up),

and similarly, for d € Sp, we define the potential outcome as
Y (d) := r(d,Uy)

The random vectors Uy, Up, and Uy reflect the heterogeneity of individuals in population
I. For example, for the same value of the instrument z, d;(z) := q(z,up;) may differ from
d;(z) := q(z,up, ;) and therefore individuals i and j may receive different treatments.

The triangular structure above defines an inherent ordering of variables, implicit in the
potential outcome notation, in which predecessors influence successors but not the opposite
(see Chalak and White, 2008). In particular, the random vectors Uy, Up, and Uy precede
the instrument Z. In turn, Uy, Up, Uy, and Z precede the proxy W, all of which precede
the treatment D, and the outcome Y succeeds all the system’s variables.

Two assumptions are implicit in Assumption 2.1(i7). Following Manski (2010), we refer
to the first one as individualistic treatment receipt and treatment response. In particular,
the potential treatment d;(z) for an individual 7, depends only on his/her variables but does
not depend on others’ treatment assignment or proxies. Similarly, the potential outcome
y;(d) for an individual ¢ depends only on his/her variables. Observe that Assumption 2.1(i7)
permits the potential proxy for an individual i w;(z") := p(z’, uw,) to depend on the vector
of treatment assignment z’ for all individuals. Strengthening Assumption 2.1(i7) to further
restrict the potential proxy to be individualistic (p(z', uw,;) = p(z",uw,) for all z’ and z"
such that 2/ = 2! and all i) gives the "stable unit treatment value assumption" (SUTVA)
also known as "no interference between units" (See e.g. Rubin, 1986; AIR).

The second assumption implicit in Assumption 2.1(i7) is an exclusion restriction which

imposes structure on the impact of the instrument and proxy on the treatment and outcome.
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In particular, Assumption 2.1(i7) states that the receipt of treatment is affected by the
instrument but is not affected by the proxy. This would be violated if for example an
individual who is assigned to treatment decides to not take the treatment because the proxy
incorrectly codes him as assigned to the control group. On the other hand, this assumption
is plausible if individuals believe that the treatment assignment is coded without error.
Similarly, Assumption 2.1(i7) states that the response is affected by the treatment but is
not otherwise affected by the instrument or its proxy. This would be violated if for example
the instrument affects the outcome via a channel other than the treatment.

A notion of the causal effects on D and Y of the intervention z — 2’ to Z, defined as

two points z, 2’ € Sz (see White and Chalak, 2009), for the i** individual can be given by:

Causal effect of = — 2z’ on d; : d;(2") — d;(z), and

Causal effect of z — 2" on y; : yi(di(2')) — vi(di(2)).

The "fundamental problem of causal inference" (Holland, 1986) is that we do not observe
the counterfactuals. For example, we may observe d;(z) or d;(z’) but not both (z # 2/).
We thus focus attention on certain average causal effects over the population /. Together
with Assumption 2.1, our next assumption permits us to equate average causal effects with
differences of conditional average responses. In what follows, 1,, denotes mean indepen-

dence?.
Assumption 2.2 Mean Ignorability of the Instrument:
D(z) L, Z and Y(D(2)) L, Z forallze€Sy.

For controlled or natural experiments, Assumption 2.2 is ensured by randomization
of Z. Also, observe that exogeneity of the instrument, Z L (Up,Uy) where L denotes

independence as in Dawid (1979), is sufficient for Assumption 2.2 to hold by Dawid (1979,

We write X1 L,, X2|X3 if E(X1|X2, X3) = E(X1]X3) provided these means exist and are finite.



lemma 4.2). It follows that under Assumptions 2.1, and 2.2, the average causal effect on
D of the intervention 2/ — z to Z, E[D(2') — D(z)] is identified with E(D|Z = 2') —
E(D|Z = z). Similarly, the average causal effect on Y of the intervention 2z’ — z to Z,
EY(D(%')) — Y(D(z))] is identified with E(Y|Z = 2') — E(Y|Z = z) (see e.g. Rubin,
1978).

The next two assumptions impose structure on the effect of the instrument on the

treatment as in A, AI, and AIR.

Assumption 2.3 Nonzero Causal Effect of Z on D: There exists z,2' € Sy, z < ', such

that Pr[D(z) # D(2')] > 0.

Assumption 2.3 ensures that there is a non-negligible set of individuals for whom the
instrument affects the treatment, that is d;(z) # d;(z'). The next assumption imposes

structure on the way in which the instrument affects the treatment.

Assumption 2.4 Weak Monotonicity: There exists z,7z € Sz, z < 2, such that Pr(D(z) <

D(2')) = 1.

Assumption 2.4 requires that q(z,Up) is locally monotonic with probability 1. 1A, Al
and AIR discuss the plausibility of this assumption and the consequences of its failure.
For J = K = 1, Assumption 2.4 essentially rules out from the population "defiers" who
systematically undertake the opposite treatment than that assigned to them (see AIR).
When Assumption 2.4 holds for all £ — 1,k € Sz, we order the instrument values such
that D(0) < D(1) < ... < D(K) with probability 1. Given Assumption 2.2 this implies
E(D|Z =0) < E(D|Z =1) < .. < E(D|Z = K). This imposes a particular from of
dependence of the treatment on the instrument, namely that E(D|Z = [) is monotone in [
for all [ € Sz. In linear structural systems, the instrument Z is required to be "relevant,"
that is correlated with D. Here a specific form of relevance is imposed. We discuss this

further in Section 4. If Assumption 2.3 also holds for all £k — 1,k € S, we show that
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we then obtain F(D|Z = 0) < E(D|Z = 1) < ... < E(D|Z = K). For example, when
J = 1, Assumption 2.4 ensures that with probability 1, D(2') — D(z) is either 0 or 1.
Assumption 2.3 further gives that that Pr[D(z') — D(z) = 1] # 0 so that the average
causal effect of Z on D is nonzero, E[D(z') — D(z)] # 0. Assumption 2.2 then gives that
E[D|Z = 2] — E|D|Z = 2] # 0.

The last assumption concerns the proxy W.

Assumption 2.5 Conditional Mean Independence of the Proxy from the Treatment and

Outcome Given the Instrument:
D1, W|Z and Y L, W|Z

Assumption 2.5 ensures that the proxy W is irrelevant for predicting the average treat-
ment and outcome given the instrument information Z. Assumption 2.1 ensures that the
treatment and outcome are not affected by the proxy thereby eliminating a possibility
through which Assumption 2.5 may be violated. Assumption 2.5 may also be violated if
the proxy and the treatment or outcome are jointly driven by factors other than the instru-
ment, or if the proxy is contaminated based on the treatment or outcome. Assumption 2.5
holds, when (Up, Uy ) LW|Z so that conditional on Z, W does not predict the heterogeneity
in treatment receipt and response. When the proxy is individualistic, W = ¢(Z, Uy), As-
sumption 2.5 is satisfied provided (Z, D,Y") L Uy which can hold for example when Uy, is
measurement error occurring at random in recording the instrument, when Uy, is a binary
indicator for missing at random instrument values which the proxy codes by L = K + 1 so
that W = ZUw + L(1 — Uy ), or trivially when Uy is constant and W is a binary proxy
for a multivalued instrument.

The next Proposition shows that exogeneity of the instrument and proxy (Z,W) L

(Up, Uy) is sufficient for Assumptions 2.2 and 2.5 to hold.

Proposition 2.1 Suppose that Assumption 2.1 hold. If (Z,W) L (Up,Uy) then Assump-
tions 2.2 and 2.5 hold.

11



2.1 Comparison of Instrument and Proxy

It is useful to compare the assumptions imposed on the instrument Z and the proxy W. (1)
In contrast to the instrument Z, W need not be determined individualistically, it could be a
function of the instrument of all individuals. For example, the econometrician may impute
missing instrument observations provided Assumption 2.5 is satisfied. (2) We assume that
an individual’s treatment, and through it outcome, may be affected by his/her instrument
but not by his/her proxy. (3) We do not require that the proxy is exogenous. In particular,
we do not assume that (Up,Uy) L W or that D(z) L,, W and Y(D(2)) L,, W for all
z € Sz. If we have that (Up,Uy) L W|Z then D(z)L,,W|Z and Y (D(z))L,,W|Z. Given
Assumption 2.2, this implies that D(z)L,,W and Y (D(z))L,,W. (4) In sharp contrast to
Assumption 2.3 for the instrument, the proxy need not cause the treatment. Thus, the

proxy W need not satisfy all the assumptions imposed on the instrument Z.

3 ILS Using A Proxy For An Instrument

To state a result relating the ILS estimand using a proxy to those using an instrument,
it is convenient to introduce the following notation. For all k, k' € Sz, k < k', such
that E(D|Z = k) # E(D|Z = k'), define ayy the ILS estimand using the instrument Z
evaluated at k and k'

_E(Y|Z=FK)-E(Y|Z =k
A k! 1= E(D|Z =FK)—E(D|Z=k)

Similarly, for all I,I" € Sw, | < ', such that E(D|W = 1) # E(D|W = 1), define 3, the
ILS estimand using the proxy W evaluated at [ and [’:

E(Y|W =0')— E(Y|W =1)
E(DIW =0) = E(D|W =1)’

ﬁz,z' =

This section demonstrates that 3, can be represented by a weighted average of a1y,
k € Sz|{0}. The results of this section do not require the structure in Assumption 2.1(ii)

as they apply to any discrete random variables Z, W, D, and any random variable Y.
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3.1 Intensity Preserving Proxy
We begin by providing a definition for a property that a proxy for an instrument may have.

Definition 3.1 Intensity Preserving Proxy: Let Z and W be as in Assumption 2.1(i) and
put Apy = Pr(Z < k|W = 1), k € Sz, 1 € Sw. For ,I'! € Sw, | < l';, we say that
that the proxy W at (1,1") is positively (respectively negatively) intensity preserving for the
instrument Z if Ay > Ay (respectively Ny, < Ay ) for all k € S;. We say that W is
positively (respectively negatively) intensity preserving for Z if for all I,1I" € Sy, such that
L<U', W at (I,I') is positively (respectively negatively) intensity preserving for Z. Last, we
say that W (at (1,1")) is intensity preserving for Z if W (at (1,1')) is either positively or

negatively intensity preserving for Z.

The notion that W is positively (respectively negatively) intensity preserving for Z
corresponds to the definition in Lehmann (1966) of Z being either "positively (respectively
"negatively") regression dependent” on W. Intensity preservation is thus a restriction on
the probability distribution of (Z, W). If a proxy W is positively intensity preserving for
Z then knowledge of W being small increases the probability of Z being small. Intensity
preservation at ([,1") is the corresponding local notion.

Often researchers use a deterministic function of the instrument W = f(Z) as a proxy.
Then a sufficient but not necessary condition for W to be intensity preserving for Z is that

f is monotonic.

Proposition 3.1 Let Z and W be as in Assumption 2.1(i) and for f : Sz — Sy let W =
f(Z). Suppose that f is an increasing (respectively decreasing) monotonic function. Then
W is positively (respectively negatively) intensity preserving for Z. Further, monotonicity

of f 1s not necessary for W to be intensity preserving for Z.

3.2 ILS Using A Proxy

The next result establishes a relation between 3, and a1, k € Sz[{0}.
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Theorem 3.2 ILS Using a Proxy: Suppose that Assumption 2.1(i) and 2.5 hold. Let
My =Pr(Z =k|W =1),k € Sz, 1 € Sw, and suppose that E(D|Z = k—1) # E(D|Z = k),
k=1,.,K and Y1 My — Met) E(D|Z = k) # 0. Then Brus LI € Sw, I <1, exists, is

finite, and is equal to a weighted average of cu_1 -

K
_ L
Bl,z/ = Vi Qk—1k,
k=1

with weights
i |BE(D|Z=k) - E(D|Z =k~ DI Ao = A)]

m=k

Y SR B(DIZ=p)-B(D|Z=p- D[k OCwr — Am)]

and S8 1/2;1/ = 1. Further, order the elements of Sz such that E(D|Z = k—1) < E(D|Z =

k), then 0 < l/ll’ll, ...,vll’(l, <1 if and only if W at (1,1") is intensity preserving for Z.

Theorem 3.2 demonstrates the consequences under Assumption 2.5 on the ILS estimand
of substituting a proxy W for an instrument Z. Theorem 3.2 applies to any discrete
random variables Z, W, D, and any random variable Y. In particular, Z need not be a valid
instrument here. The result shows that (3, ,, the ILS estimand using the proxy W evaluated
at [ and [’, is a weighted average of the ILS estimands formed using the instrument Z and
evaluated at adjacent points of Sz. The condition ZkK:o()‘k,l’ — M) E(D|Z = k) # 0 is
clearly violated if Z 1 W since then Ay = A, for all kK € Sy and [,I' € Sy. While the
weights sum up to 1, they could be negative. It follows that 3, could be negative or equal
to 0 even when ay,_;;, > 0 for all £ € Sz\{0}. When the instrument is suitably relevant so
that E(D|Z =k —1) < E(D|Z = k) for k =1, ..., K, a necessary and sufficient condition

for the weights to be positive is that W at (I,!’) is intensity preserving for Z.

4 Identification of Local Causal Effects via ILS using
a Proxy

We employ the results of Section 3 to study the identification of local causal effects via ILS

using a proxy for an instrument.
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Proposition 4.1 Identification via ILS Using a Proxzy: (a) Suppose that Assumptions 2.1,
and 2.2 hold, and that Assumptions 2.3 and 2.4 hold for k, k' € Sy (k < k'). Then ay

exists, is finite, and is equal to the weighted conditional average causal effect oy ;.-

oy = Z%’E[Y(j) =Y (= DID(k) <j < D] = o p,

with
Pr[D(k) < j < D(K')]

> Pr[D(k) < j < D(K)]

]:
and where 0 < w; <1 and ijl wj = 1.

wj; =

(b) Suppose further that Assumptions 2.8 and 2.4 hold for all k — 1 and k, k € Sz|{0},
that Assumption 2.5 holds, and that Zszo()‘k,l’ — M)E(D|Z = k) # 0. Then 3, exists,
is finite, and is identified with a weighted average of aj_, :

K

_ LU«
ﬁl,z/ = Vi Q1>
k=1

where Zszl l/fk’l, = 1. Further, 0 < l/ll’l,, ...,vl[’! < 1if and only if W at (1,1') is intensity

preserving for Z.

Proposition 4.1(a) directly extends theorem 1 of Al with binary instrument to accom-
modate a generally multivalued instrument. As AI demonstrate, ILS using an observed in-
strument identifies a weighted average of local average treatments effects for subpopulations
of individuals whose treatment receipt is induced by the instrument. Al refer to ag ; in the
case of binary observed instrument as the "average causal response." When Z is unobserved
oy i is not directly estimable. Part (b) of Proposition 4.1 demonstrates the consequences of
using a proxy for an instrument on the identification of local effects via ILS. Under the stated
assumptions, the ILS estimand 3, ;, is a weighted average of "average causal responses" eval-
uated at adjacent points of the support of the instrument. It follows that 3, is a weighted
average of local average treatments effects for subpopulations of individuals whose treat-

ment receipt is induced by the instrument. Since the weights could be negative, 3, may
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be negative even when all the local average effects are positive. Assumptions 2.2 and 2.3
24 for all k — 1,k € Sz, ensure that E(D|Z =0) < E(D|Z =1) < ... < E(D|Z = K).
Thus, a necessary and sufficient condition for the weights to be nonnegative is that W at
({,1') is intensity preserving for Z. This holds for example when the proxy is a monotonic
function of the instrument as shown in Proposition 3.1. Next, we examine the consequences

of Theorem 4.1 for special cases of interest.

4.1 The Compliance Problem With Proxy for Unobserved Treat-
ment Assignment

Consider the case in which J = K = L = 1 so that the treatment assignment (instrument),
proxy, and treatment can each take on only two values. Suppose that realizations of the
instrument are observed without error. Proposition 4.1(a) gives that under the stated
assumptions the ILS estimand oy ; exists, is finite, and is identified with the local average
treatment effect (LATE) ag ;:

_EY|Z=1)-E¥|Z=0) _ ] o
1= Epiz =1~ B(DiZ =) = P ()~ YOIDO) = DO) = 1] = o,

As discussed in AIR, in this case, ay ; is identified with ag ;, the average treatment effect for
the subpopulation of "compliers," the individuals who always comply with the treatment
assignment.

Suppose now that the econometrician only observes realizations of the proxy W for the
instrument Z. Then under Assumptions 2.1 -2.4 condition ",_(Ax1 — Meo) E(D|Z = k) #
0 reduces to Z £ W or (A11 — A1) # 0, and given Assumption 2.5 ILS using the proxy W
identifies the LATE, ag ;:

_EBEYW=1)-EY|W=0)
Fo = E(D|W =1)— E(D|W =0)

EY (1) =Y(0)[D() = D(0) = 1] := ag,y.-

Indeed multiplying the numerator and denominator in the expression for ag; by (A1 —

A1) gives the expression for 3, (see also Herndn and Robins, 2006, theorem 5). The
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result demonstrates the robustness of ILS methods to certain types of measurement error
in the instrument for the purpose of identification of LATE. Examples include the case of
"error at random" in recording the treatment assignment. Another example is the case of
imputed "missing at random" assignment values.

We emphasize that the proxy need not satisfy all the assumptions required for the
instrument. In particular, the proxy need not be individualistic: an individual’s proxy
could depend on other individuals’ assignment. Also, importantly, the proxy need not
cause the treatment nor be exogenous. Instead, it suffices that DL, W|Z, Y 1,,W|Z, and
that Z ) W. This significantly relaxes AIR’s conditions to identify LATE: any suitable

proxy for the instrument can be used to identify the LATE.

4.2 Multivalued Proxy for Binary Instrument

It is also of interest to consider situations in which the instrument is binary and a proxy
for it is multivalued so that K = 1 < L. For example, the proxy may code instrument
observations that are missing at random. To illustrate, the instrument Z may be a binary
treatment assignment, and the proxy W may take on three values Sy = {0,1,2} corre-
sponding to being assigned to the control group (W = 0), to the treatment group (W = 1),
or to missing assignment information (W = 2). Suppose further that the treatment is
binary, Sp = {0, 1}. In this case, Proposition 4.1 gives that, under the stated assumptions,

the ILS estimand (3, evaluated at any [,I' € Sy is identified with the LATE ag ;:

B = e pi 1) — B3 = EY () = Y OID() = D) = 1] i= aj,.

Under Assumptions 2.1-2.4, the condition Zi:o(Ak,l/ — M) E(D|Z = k) # 0 reduces to
(A — A1) # 0. Interestingly, 3, could be evaluated at any [,I" € Sy including I = 2
denoting a missing instrument observation. For example, f3; , is identified with ag; under

Assumptions 2.1-2.5 provided that (A;2 — A11) # 0 which can hold for example if A\;; =1
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so that recorded instrument observations are correct and A;, # 1 so that the missing
instrument observations are not solely from the treatment group. This result demonstrates
that identifying LATE via ILS is robust to certain types of instrument misclassification.
More generally, the treatment can take on J + 1 values such as when it has multiple
intensities. Examples include the number of courses an individual completes at a training
program or the number of years of education an individual receives. Proposition 4.1 then
gives that under our assumptions 3, evaluated at any [,I" € Sy is identified with the

average causal response g, a weighted average of LATEs:

EY|W =1)— E(Y|W_l Z“

By = E(D[W =1 — E(D|W = Y(i—1[D(0) <j < D) :=ag;.

4.3 Binary Proxy for Multivalued Instrument

Often econometricians employ a binary proxy for a multivalued instrument so that K >
1 = L. For example, the proxy may code information less finely than the instrument.
Proposition 4.1 demonstrates that ILS using W identifies a weighted average of local treat-
ment effects based on Z. For example, let K = 2 so that the instrument can take on three

values. Suppose further that the proxy and treatment are binary L = J = 1. Then
— EY|W=1)- EY|W=0) 0.1, 0,1 «
/80,1 T E(D‘Wzl)_E(D’W ) I/l 1+I/2 alz
= v E[Y(1) - Y(0)|D(0) < D(1)] + vy  E[Y/(1) — Y/(0)|D(1) < D(2)].

with
01 _ [E(D|Z =1) = E(D|Z = 0)](A11 — Aro + Ao — Aap)]
LY BE(DIZ =p)— E(DIZ =p— ][0, At — Amo)]
0,1 [E(D‘Z - 2) (D|Z = 1)”(/\21 - >\2,0)]

2 TS EDIZ = p) - B(DIZ = p— DI, et — o)l

To illustrate, consider the training program example discussed in the Introduction.
Suppose that the unobserved instrument Z denotes whether individuals are offered zero

financial aid (Z = 0), partial financial aid in the form of waived tuition (Z = 1), or full
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financial aid covering tuition and living expenses (Z = 2). Suppose that the proxy records
only whether individuals are offered financial aid (W = 1) or not (W = 0). Suppose
that the proxy is coded without error so that Agg = Ao = 1 and Ag1 = g1 = 0. Since
Noo > Ap1 and Ay g = Ao+ Ao =1 > Ay, we have that the proxy is intensity preserving

for the instrument and therefore the weights are positive and given by

01 E(D|Z =1)— E(D|Z =0)
= |E(D|Z =1)— E(D|Z =0)]+ [E(D|Z =2) — E(D|Z =1)]\21’
o [E(D|Z = 2) = B(D|Z = D]

- [B(D|Z=1)—-E(D|Z=0)]+ [E(D|Z =2) — E(D|Z =1)]As;

Suppose instead that the proxy only records whether individuals’ tuition is waived. In
this case, A\;; = 1 and A\ g = 0. We then have Aoy > Ag1 = N1 =0and Ay g = No+A10 =
X0,0 < Ao1+ A1 = Ay = 1. Since the proxy is intensity disrupting for the instrument, one

of the weights must be negative. Indeed, the weights are given by

01 _ [E(D|Z =1) = E(D|Z = 0)](1 = Az0)]
' T [E(D|Z =1) - BE(D|Z = 0)](1 - \ao)] — [E(D|Z =2) — E(D|Z = 1)]As’
e [E(D|Z = 2) = E(D|Z = 1)[(=)20)

[E(D|Z =1)— E(D|Z =0)](1 - X\ag)] — [E(D|Z =2) — E(D|Z = 1)]\g’
and 19" is negative. Now suppose that E[D(1) — D(0)] = 2E[D(2) — D(1)] > 0 and
that As9 = % then = 3 and ol = —<. It follows that (3, is negative whenever
0<ag, < leafg in which case the sign of 3, is the opposite of that of the two LATEs
ag, and af 5.

These two examples are special cases in which the proxy is a deterministic function
of the instrument. This need not hold in general. For instance, error in recording the
instrument is sufficient for one of the weights in the expression for 3, to be negative.

To illustrate, consider the first financial aid proxy but now suppose that A\gg = 0.9, A\ g =

0025, /\071 = 005, and )\1,1 = 0.925. Then A070 =0.9>0.05= AO,l and ALO = 0.940.025 <
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0.05 +0.925 = A; ;. It follows that one of the weights is negative and therefore that the
sign of 3, ; may be the opposite of that of the two LATEs in the expression for j3 ;.

As discussed in the Introduction, Angrist (1990), AIR, and Angrist and Krueger (1991)
employ a binary proxy that is a monotonic function of a multivalued instrument. Thus by
Proposition 3.1 these proxies are intensity preserving for their respective instruments. It
follows that under the assumptions of Proposition 4.1, ILS using these proxies identifies a
weighted average of the LATEs evaluated at adjacent instrument values with nonnegative
weights.

The results of this section demonstrate the need to interpret 3, carefully since it is a
weighted average of LATEs. Further, even when the signs of the LATEs in the expression
for 3, coincide, 3, ; may have the opposite sign if one or more of the weights are negative.

This possibility arises if and only if the proxy is not intensity preserving for the instrument.

5 Identification of Local Causal Effects via IV using a
Proxy For An Instrument

Often researchers employ IV methods such as TSLS for the purpose of identifying average
causal effects. Consider a function g(Z) of the instrument where ¢ : Sy — S, is a function

mapping Sz to S, := {0, ..., M}, M € N* finite. Then the IV estimand 3% is given by:

g . CoY,9(2)) _ E{Y[g(%) - E(¢(2))]}
“7 Cou(D,g(2))  E{Dlg(Z) - E(9(2))]}’

The particular choice g(Z) = E(D|Z) corresponds to the method of two stage least squares

whose estimand we denote by 35°". Theorem 2 of IA demonstrates that for binary treat-
ment with observed instrument Z and ¢(-) monotonic, /7, is identified with a weighted
average of LATEs of_,,, k=1, ..., K with nonnegative weights. Theorem 2 of Al general-
izes this result to cover multivalued treatment in the case of TSLS where g(Z) = E(D|Z).

The next theorem extends the results in IA and Al in three directions. First, we give a

necessary and sufficient condition for the weights in the expression for an IV estimand /7, as
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a weighted average of ILS estimands 3, ;;, [ =1, ..., L, to be nonnegative. Second, we show
that under Assumption 2.5, the IV estimand /7, using a proxy W is a weighted average
of ILS estimands using the instrument Z, ay_1%, K = 1,..., K and we give a necessary
and sufficient condition for the weights to be nonnegative. These two results hold for any
random variables as defined in Assumption 2.1(7). Last, we show that under Assumptions
2.1-2.5, the IV estimand [, using the proxy W is identified with a weighted average of
LATEs af_,,, k=1,.., K.

5.1 Mean Quadrant Dependence and Concordance

The following definition of mean quadrant dependence is useful in stating the next theorem.
Although mean quadrant dependence and intensity preservation may hold for any random
variables, we state the definitions for discrete random variables to avoid introducing new

notation.

Definition 5.1 Mean Quadrant Dependence: Let W be as in Assumption 2.1(i) and let V
be a random variable that takes value in S, with E(V') finite. We say that V is positively
mean quadrant dependent on W if E(VIW < 1) < E(V) for alll € Sy and that V is
negatively mean quadrant dependent on W if E(V|W < 1) > E(V) for alll € Sy. We
say that V is mean quadrant dependent on W if V' is either positively or negatively mean

quadrant dependent on W

V is positively (respectively negatively) mean quadrant dependent on W if the expected
value of V' given that W <[ for any [ € Sy is not larger (respectively not smaller) than
the unconditional expected value of V. Noting that?® for all [ € Sy,

M
> Pr(V=m|W <) = E(VIW <),

m=1

*We have Y30, Pr(V > m|W < 1) = Y00, 5,0, Pr(V = pW < 1) = 33,0, 57 Pr(V = p|W <
)=S0 pPr(V =p|W < 1) = E(V|W <1).
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a sufficient condition for V' to be mean quadrant dependent on W is that (W, V') are either
"positively quadrant dependent" so that Pr(V > m|W <) < Pr(V > m) for all [ € Sy
and m € S, or "negatively quadrant dependent" so that the previous condition holds with
the sign reversed (Lehmann, 1966). In turn, a sufficient condition for this is that either W
is intensity preserving for V' (so that Pr(V > m|W =) is monotone in [ for all m € S,) or
conversely that V' is intensity preserving for W (Lehmann, 1966, lemma 4).

Using argument similar to lemma 4 in Lehmann (1966), the next proposition gives two

increasingly stronger conditions than mean quadrant dependence.

Proposition 5.1 Let W and V' be as in Definition 5.1. Consider the following statements:

(a) E(VIW = 1) is non-decreasing in | € Sy,
(b) E(VIW < ) <EWV|W ) foralll'e Sy, <!, and

(¢) E(VIW < 1)< E(V) foralll € Sy.
We have (a)=(b)=(c).

As discussed in Section 2, Assumptions 2.1, 2.2, and 2.4 for all £k — 1, k, k € S5, imply
that E(D|Z = 1) is monotone in [ for all [ € Sy, a form of dependence between D and Z
analogous to condition (a).

Definition 5.1 is a restriction on the joint distribution of (W, V'). We are interested in
the special case in which V' = ¢g(W). The next proposition demonstrates that monotonicity

of ¢ is sufficient but not necessary for mean quadrant dependence.

Proposition 5.2 Let W be as in Assumption 2.1(i) and let g : Sw — S, be an increas-
ing (respectively decreasing) monotonic function such that E(g(W)) exists and is finite.
Then g(W) is positively (respectively negatively) mean quadrant dependent on W. Further,

monotonicity of g is not necessary for g(W') to be mean quadrant dependent on W.
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As g(W) is a function of a proxy for an instrument, we are concerned with the joint
probability distribution of (Z, W, g(W)) and particularly with the following notion of de-

pendence among the instrument Z, proxy W, and g(W).

Definition 5.2 Concordance: Let Z and W be as in Assumption 2.1(i) and let g : Sw — S,
with E(g(W)) finite. We say that the instrument Z and a function g(W') of the proxy covary
with W concordantly if either [E(g(W)) — E(g(W)|W < 1—1)][Agi—1 — Ax,] is nonnegative
for all (I,k) € {1,..., L} x Sz or nonpositive for all (I,k) € {1,...,L} x Sz.

Clearly, a sufficient condition for Z and g(W) to covary with W concordantly is that

W is intensity preserving for Z and that g(WW) is mean quadrant dependent on W.

5.2 Identification of Local Causal Effects via IV using a Proxy

Part (a) of the next theorem demonstrates that the IV estimand using a function g(1V) of
a suitable proxy W for Z is a weighted average of ILS estimands using the instrument 7
and provides necessary and sufficient conditions for the weights to be nonnegative. Part
(b) further demonstrates that under our assumptions, IV identifies a weighted average of

local treatment effects.

Theorem 5.3 Identification via IV Using a Proxy: (a) Suppose that the hypothesis of
Theorem 3.2 holds for alll —1 and l, | € Sw|{0}, that E(g(W)) exists and is finite, and
that for m, == Pr(W = q), q € Sw, Zj:o 1, E(DIW = q)lg(q) — E(g(W))] # 0. Then the
IV estimand [, exists, is finite, and is equal to a weighted average of cy_1:

L L K

By = Z By, = Z Z ¢Zq,k05k71,ka

1=1 =1 k=1

where

So mlglq) — E(g(W))]
ST E(DIW = q)[g(q) — E(g(W))]’

ul = [E(DIW = 1) — E(D|W =1 - 1)
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and

k= v,
with S0 pd =S8 oM =Sk S ¢}y, = 1. Further, order the elements of Sy such
that E(D|W =1—-1) < E(D|W =1), then 0 < ui,...,pJ <1 if and only if g(W) is mean
quadrant dependent on W . If also the elements of Sz are ordered as in Theorem 3.2, then
0< @1, 87, 51,07 x < 1if and only if the instrument Z and g(W) covary with the
proxy W concordantly.

(b) Suppose that Assumptions 2.1, 2.2, and 2.5 hold and that Assumptions 2.3 and 2.4
hold for all k — 1 and k, k € Sz|{0}. Suppose further that Zf:o()‘k,l — A1) E(D|Z =
k) #0 for alll € {1,...,L} and Zﬁlzo TmE(DIW = m)[g(m) — E(g(W))] # 0. Then the
IV estimand [, exists, is finite, and is identified with a weighted average of Oy g-

L K
W= Z Z ¢l,ka2—1,k'
I=1 k=1
If the elements of Sw are ordered as in (a) then 0 < ¢f 1,15, ..., 051, ...07 < 1 if and

only if the instrument Z and g(W') covary with the proxy W concordantly.

Observe that for L = 1 and any function g, 7, is equal to 3, ;. Further, the concordance
condition in Theorem 5.3(a) for the weights gbfk to be nonnegative restricts the sign of
[E(g(W)) — E(g(W)|W < 0)[Aro — Axa] or equivalently the sign of Agg — Ag1, to be the
same for all £k € Sz. In this case, the results in Theorem 5.3 reduce to the results in
Proposition 4.1.

Theorem 2 of TA provides a sufficient condition for pf, ..., 19 to be nonnegative, namely
that E(DIW =1—-1) < E(D|W = 1) for all | € Sy|{0} and that g(W) is monotone
in W. Indeed, Proposition 5.2 shows that monotonicity of ¢ is sufficient for g(1V) to
be mean quadrant dependent on W and thus for u, ..., 4 to be nonnegative given the
ordering of the elements of Sy . Also, theorem 2 of Al considers the special case of TSLS in

which g(W) = E(D|W). In this case, ordering the elements of Sy such that E(D|W =
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[l —1) < E(D|W =) gives that g(W) is monotonic in W and therefore that the weights
pSES | uTSLS are nonnegative.
Similar to the discussion in Section 4, because the IV estimand is a weighted average of

LATE with potentially negative weights, one should carefully interpret estimates for causal

effects obtained via IV using a function of an instrument or of a proxy for it.

6 Further Comments

6.1 Nonseparable Structural System with Discrete Variables

For linear structural equations, IV using a measurement that is "valid," that is uncorrelated
with the unobserved causes of the response Y, and "relevant," that is correlated with the
causes of interest D, identifies the causal effect of D on Y. As pointed in Heckman (1996,
p. 460), this measurement need not be uncorrelated with the unobserved drivers of D. In
particular, it need not be exogenous in the reduced form equation. Accordingly, Chalak and
White (2009) distinguish between observed exogenous instruments (OXI) and proxies for
unobserved exogenous instruments (PXI). As they show, for linear structural systems, IV
methods using a valid and relevant proxy for an unobserved exogenous instrument identifies
the causal effect of the treatment on the response.

Schennach, White, and Chalak (2009) study the method of ILS in a general nonsepa-
rable structural equations system with continuous cause, response, and instrument. They
demonstrate that ILS using an observed exogenous instrument identifies a weighted average
marginal effect with some of the weights possibly negative. They show that in special cases,
such as when the treatment is separably determined, this weighted average effect reduces to
an instrument-conditioned average marginal effect. Further, they show that the availability
of two or more suitable proxies for an unobserved exogenous instrument permits estimating
this weighted average effect.

This paper studies a general nonseparable structural system with discrete instrument,
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proxy, cause, and a general response. We demonstrate that ILS and IV methods using a
proxy for an instrument generally identify a weighted average of local causal effects based
on the instrument. This analysis thus complements the results in Chalak and White (2009)
and Schennach, White, and Chalak (2009). It is of interest to study the consequences in
the continuous case (see e.g. Herndn and Robins, 2006, theorem 6) of the dependence

properties between the proxy and the instrument introduced here.

6.2 Implications for Testing

The results of this paper provide a way to test two hypotheses of interest. First, the
availability of a proxy for an unobserved instrument permits testing the hypothesis of no
causal effect of the treatment. In particular, under this hypothesis the weighted average
effect identified by ILS using a proxy should be zero. This hypothesis could also be tested
via IV using a function of a proxy. Second, the availability of one multivalued proxy or
of two binary proxies for a binary instrument permits identifying the same LATE via ILS
using the multivalued instrument evaluated at any two adjacent points of its support or
using any of the two binary proxies. This provides the foundation for tests of the underlying

assumptions. We leave developing these tests for future work.

7 Conclusion

We study the scope of the method of indirect least squares (ILS) and of instrumental
variables (IV) methods for the identification of local effects of an endogenous cause D on
an outcome of interest Y using a proxy W for a possibly unobserved instrument Z. We
study the case in which the instrument, proxy, and treatment are discrete; the outcome
need not be discrete. ILS using a suitable proxy W for an instrument Z identifies a
weighted average of local treatment effects based on the instrument Z. The weights are

nonnegative if and only if the proxy is intensity preserving for the instrument. Similarly,
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IV using a function of a proxy for an instrument identifies a weighted average of local
treatment effects based on the instrument and the weights are nonnegative if and only if
the instrument Z and g(W) covary with the proxy W concordantly. Thus, researchers
should carefully interpret estimates for causal effects obtained via ILS or IV, such as the
method of two stage least squares, using an error-laden proxy for an instrument, a proxy for
an instrument with missing or imputed observations, or a binary proxy for a multivalued
instrument for example. Positively, the proxy need not satisfy all the assumptions required
for the instrument. In particular, the proxy need not be individualistic, it can depend on
other individuals’ instrument. Importantly, unlike the instrument, the proxy need not cause
the treatment nor be exogenous. This is particularly useful because in special circumstances
such as when the instrument is binary, ILS using any suitable proxy identifies local average
treatment effects. Last, it is of interest to study the consequences in the continuous case
of the dependence between a proxy and an instrument studied here. Also, it is of interest
to develop tests for the underlying assumptions and for the hypothesis of no causal effect
based on the availability of one or more proxies for an instrument. We leave this for future

research.
Mathematical Appendix

Proof of Proposition 2.1: We refer to lemmas 4.1, 4.2, and 4.3 of Dawid (1979) in
what follows. To show that (Z,W) L (Up,Uy) is sufficient for Assumption 2.2 to hold,
lemma 4.2(i) gives (¢(z,Up),7(q(2,Up),Uy)) L Z and thus that (D(z),Y(D(z))) L Z
which implies Assumption 2.2. To show that (Z, W) L (Up,Uy) implies Assumption 2.5,
we make use of the converse of lemma 4.3 which, as stated in Dawid (1979, p. 5), holds.
This gives (Up,Uy) L W|Z. Applying lemma 4.1 gives (Z,Up,Uy) L (Z,W)|Z. Then
lemma 4.2(i) gives (¢(Z,Up),r(q¢(Z,Up),Uy)) L W|Z or (D,Y) L W|Z which implies

Assumption 2.5. W
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Proof of Proposition 3.1: We first prove sufficiency. Suppose that f is an increasing

monotonic function. We have

0if f(k) <1
Ay =Pr(Z <EkEW=1)=< ce(0,1]if f(k) =1
1if f(k) > 1
since for f(k) = [, there may exist ki, ... < kp, h < K, such that f(ky) = ... = f(kn) = L.

Then, for arbitrary [ < ',

0if f(k) <l<l
Ak,l_Ak,l’: cE (0,1] 1fl§f(k’)<l,
1-¢, e (0,1], ifl <l < f(k)

and therefore for all [,I" € Sy, [ <l', we have Ay; > Ay p for all k € Sy.

Similar arguments shows that if f is a decreasing monotonic function then for all [,1’ €
Sw, Il <l', we have Ay ; < Ay for all k € Sy.

We provide an example to show that the monotonicity of f is not necessary for W to

be intensity preserving for Z. Suppose that K = 3, and that Z is uniformly distributed so
that P(Z = k) = 1 for k = 0,1,2,3. Suppose that

0if Z=0,2
W:{lﬁZ:L3'

We have
k

Ay =Pr(Z <k[W =1)=> Pr(Z=pW =1),

p=0
and by Bayes’ theorem

Pr(W =1|Z = p)Pr(Z = p)
K P(W =11Z=k)Pr(Z=k)

Pr(Z =p|lW =1) =

Thus A()’() = % > 0= A(),l, Al,O = % = A171, A270 =1> % = A271, and A370 =1= A371 and

therefore W is intensity preserving for Z. B

Proof of Theorem 3.2: Assumption 2.1(i) ensures that E(Y") exist and is finite and

thus E(Y|Z = k) and E(Y|W = 1) exit and are finite for all £ € Sz and [ € Sy. By
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Assumption 2.5

EYW = )=) EY|W=1,Z=m)Pr(Z=m|W =1)

m=0

We can write

EY|W = )= E(Y|W =1)

= (1= X)) = (A =D X)ENYZ=0)+ Y (s — M) E(Y|Z = m)
= ) p = M) [B(Y|Z = m) — E(Y|Z = 0)]

Substituting for

E(Y|Z =m)— E(Y|Z =0) :Zm: EY|Z=k) —E(XY|Z=k-1)],

k=1
we obtain
K m
EYW=I)=EXYW=0)=> Ay —Ana) Y [EY|Z=k) - E(Y|Z=k—1)]
. m=1 k=1 K
=Y [BE(Y|Z=k) - EY|Z=k=DID_ Omr — Ans)]-
k=1 m=k

Similarly, by Assumption 2.1(i), E(D) exists, is finite and thus E(D|Z = k) and E(D|W =
l) exist and are finite for all kK € Sz and | € Sy. By Assumption 2.5, a similar derivation

as above gives

BDIW = 1)~ EDIW =1) =3 (s — M) E(DIZ = )

K K
= N E(DIZ =k~ BE(D|Z =k - 1)][Y_ (Amr — A
k=1 m=k
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Given that E(D|Z =k —1)# E(D|Z =k), k=1, ..., K, we have
K
EY|W=I)—EY|W =1) = Zak 1k[E(D|Z = k)= E(D|Z = k=1)][>_ (Ams—A
m=k

Since Zf:o()\k,l’ — M) E(D|Z = k) # 0, we have that 3, exists, is finite, and is given

by
5 EY|W =10)— EY|W =1)
v E(DIW =1') = E(DIW =1)
_ S ak[E(D|Z = k) — E(D|Z = k = D]y A = Am)]
S lE(D|Z = p) = E(D|Z = p = DI, Mg = Am)]
K
L
= Vp Qg1
k=1
It is immediate that the weights are such that Zk v ” = 1. All weights 1/2’1/, k =

1,..., K, are nonnegative if there does not exist yk’ v yk, k. k" € {1, ..., K} with numerators
of opposite sign. If E(D|Z = k) — E(D|Z = k — 1) > 0, this is equivalent to either
S Ay > 08 A forall ke {1, K} or S5 Ny < K N, forall ko€
{1,..., K}. Noting that Zgzk Amg = 1 —Ap_qy, for k= 1,..., K and | € Sy and that

Ag; =1 for all [ € Sy completes the proof. H

Proof of Proposition 4.1: (a) The proof directly extends the proof of theorem 1 of
Angrist and Imbens (1995) for binary Z to the general multivalued case, K > 1. Let I(A)
denote the indicator function of the event A and define p,, ; := I(D(k) > j) for k € Sz and
j € SpU{J+1}, then p,o=1and p, ;,, =0 forall k € Sy. Let Z¥ = I(Z = k). Given

Assumption 2.1, we write

and
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Given Assumption 2.1(i), E(Y|Z = k) exist and is finite for all £ € S;. Using the above

expression for Y, we can write:
E(Y|Z = K)—-EXY|Z=k)
K

= Zz’f WZ =k - E]Y_ Z"Y(D(k)|Z = k|

= E[Y( (K)1Z =] = E[Y(D(k))|Z = k].
Under Assumption 2.2, we have Y (D(k)) L,, Z for all k € Sy and thus
E[Y(D(K))|Z = ¥] - E[Y(D(k))|Z = k] = E[Y/(D(F)) = Y/(D(k))].
Using the expression for Y (D(k)) we have
E[Y/(D(K)) = Y(D(k))]

J
= E[Z(/Ok’,j — P g1 — Prj + Pri)Y (G)]

= E[(Pk',o - Pk,o)y(o) + Z(pk’,j - pk,j)(Y(j) -Y(—1)) - (pk/,JJrl - Pk,J+1)Y<J)]
= Z oy — Py (Y () =Y (j = D),

where the last equation follows because p;, o =1 and pj, ;,; = 0 for all k € Sz.
Assumption 2.4 ensures that for k, k' € Sz, k < k', pp; — py; equals 0 or 1 with

probability 1 for all j € Sp and we can write:

J
EY|Z = k/) —~EBEY|Z=k)= ZE(Y(]) -Y(j— 1)|pk’,j — Prj = 1) Pr(ﬂk',j — Pk = 1)
= ZE[Y(J') =Y (i = 1|D(k) <j < DK Pr[D(k) < j < D(K)].

Similarly, under Assumption 2.1, we write
K
D = ) Z'D(k), and
k=0
J
D(k) = Z(pk,j - Pk,j+1)j-
§=0
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Given Assumption 2.1(i), E(D|Z = k) exist and is finite for all £ € Sz. Using the expression

for D, we write:
E(D|Z = K)- E(D|Z=k)
= E(DK)|Z=F)—EDKk)|Z=k).
Under Assumption 2.2, we have D(k) L,, Z for k € Sz. Then
E(D(KNZ =k)— E(D(k)|Z =k)= E(D(K') — D(k)).
Substituting for the expression for D(k) gives

E(D(K) = D(k))

J
= E[Z(Pk' — P g1 — Pry + Prjr1)]]

7=0
J
= E[Z(Pk/ pk:,j) - (pk’,JJrl - :Ok,J+1)J]
7=1
J
= E[Z(pk’ pk,])]v
7j=1

where the last equality follows since p, ; ., = 0 for all £ € Sz. Assumption 2.4 gives that

J

E[Y (pwj—peg)] =Y _PrD(k) < j < D(K)],

j=1 j=1
and Assumption 2.3 then ensures that ijl Pr[D(k) < j < D(K')] > 0. Taking the ratio
of E(Y|Z =k)—-E(Y|Z=k) to E(D|Z =F)— E(D|Z = k), it follows that ay  exists,
is finite, and is identified with the weighted conditional average causal effect aj . It is
immediate that 0 < w; <1 and ijl wj = 1.

(b) Given (a) and that Assumptions 2.3 and 2.4 hold for all k,k — 1 for k € Sz\{0},
we have that oy, exists, is finite, and is identified with aj_, ,, for all k € Sz\{0}. Since

ZkK:()()‘k,l’ — M) E(Y|Z = k) # 0, and since Assumptions 2.1, 2.2, and 2.3-2.4 for k — 1, k,
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k€ Sy give E(D|Z = k—1) < E(D|Z = k), the result obtains immediately from Theorem
3.2. 1

Proof of Proposition 5.1: Picking I’ = L gives that (b) = (¢). We show that
(a) = (b). For any [,I' € Sy, [ <l', we have
SM mPr(V=mW <)
Pr(W <)

Zm omPr(V = mW<l)+Z _omPr(V = ml<W<l’)
Pr(W <1l)+Pr(l <W <)

and

EVIW < I)=

EVIW < U)=

To show that E(V|W <) < E(V|W <) it suffices to show that

M M
Pr(l <W < 1)) mPr(V=mW <) <Pr(W <)Y mPr(V=ml<W <)
m=0 m=0

Note that

M M 4
ZmPr(V = m,l<W§l’)=ZZmPf(V:m,W:Q)
m=0

m=0 g=I+1

Mol
Z Z mPr(V =m|W = q) Pr(W = q)
m=0 g=i+1
l/
= > B(VIW =q)Pr(W =q),
q=l+1

and similarly

l
ZmPrV m,W <1)=> " E(V|W =p)Pr(W = p).

m=0 p=0

By (a) E(V|W = p) is non-decreasing in p. Thus

M l
Pr(l < W<I)Y mPr(V=mW<Il)=Pr(l<W <)Y EVW =p)Pr(W = p)
m=0 p=0

< Pr(l<W <U)E(V|W =) Pr(W < 1)

U M

IN

q=l+1 m=0

which completes the proof. Wl
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Proof of Proposition 5.2: We have

1 L
7
E(gW)W < )= E(gW)) =Y —+—g(g) = Y _ mmg(m)
q=0 Zp 07p m=0
! 1 L
= — Drag(q) = Y wmg(m)
q=0 szo Tp m=l+1
1 L L
Zm— Tm
= Z( ll+1 )T9(q) — Z Tmg(m)
4=0 Zp 0Tp m=I+1
We also have
I . ! L
S (e Z Tm= D, 7
Tg = m m-
q=0 p 07 4=0 Zp 07 m=i+1 m=I+1

Now suppose that ¢ is an increasing monotone function so that g(I) < g(I') for [ < I'. Let

g =min{g(l +1),...9(L)} and g = max{g(0),...g(I)}. Then g > g and

l L l L L L
Z(E”T’—*fm)wqg(q) < gZ(M <9 Z Z

+
Suppose instead that ¢ is an decreasing monotone function so that g(I) > g(') for [ < I'.
Let g = min{g(0),...g(/)} and g = max{g(l +1),...g(L)}. Then g > g and
! - - L L
Z ml+1m >gz mleqEQZWmZZF
q= p 07p p 07p m=l+1 m=l+1
We provide an example to show that monotonicity of ¢ is not necessary for g(W) to
be mean quadrant dependent on W. Let K = 3, and W be uniformly distributed so that
PW=1) = % for [ =0,1,2,3. Suppose that

0if W =0,2
gmq_{lﬁW:LS'

Then E(g(W)) = 3 and E(g(W)|W < 0) =0, E(gW)[W < 1) = 3, E(g(W)[W <2) =3,

and E(g(W)|W < 3) = 3. Thus, E(g(W)|W <1) < E(g(W)) for all [ € Sy,. R

Proof of Theorem 5.3: (a) From Theorem 3.2 we have that for all [ and [ — 1,

I € Swl{0}, B,y exists, is finite and is given by 3, ,; = SE Vﬁc’l,ak,l,k. Arguments
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similar to those in theorem 2 of TA and theorem 2 of Al give that 5%, = S21" | u! By, We

state these for completeness. We have
E{Y[g(W) = E(¢(W))]} = E{EX[W)[g(W)—E(g(W))]}
= Y 1 EYW =q)g(q) — E(gWV))],

exists and is finite since E(Y'|W =1), g(I), and E(g(W)) exist and are finite for all [ € Sy.

Since
> " mla(q) — E(g(W)] =0,

we can rewrite the above expression as

Y mEY W = q)— E(Y|W =0)][g(q) — E(g(W))]

= Y m[EY W =q) - EY|W =0)]lg(q) — E(9(W))]
Substituting for

E(Y|W =q)— E(Y|W =0) = iEmW =) —EY|W=1-1),

=1

gives
S m) EYIW = )= EY|W =1-1)][g(q) — E(g(W))]

= S EYW =)~ EYW =1-1)Y mlole) ~ E(g(W))

q=l

= D BiwE(DW =1) = E(DIW =1-1)) " m,[g(g) — E(g(W))],

q=l

given that E(D|W =1) — E(D|W =1—1) for all l and [ — 1, [ € Sy |[{0}.

A similar derivation shows that

E{D[g(Z) ~ E(9(2))]} = ) mE(DIW =q)lg(a) — E(g(W))]

= STIEDIW =)~ BE(DIW =1-1)] Y ,[g(q) — E(g(W))],

=1 q=l
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exists and is finite since E(D|W =1), g(I), and E(g(WV)) exist and are finite for all [ € Sy.
Dividing the expression for E{Y[g(Z) — E(¢9(Z))]} with the expression for E{D[g(Z) —
E(g(Z))]} which we assume is nonzero gives that 59, = S, 1 By, where St =1
is obvious.

The weights pf, | = 1,...,L, are nonnegative if there does not exist yj,uj, [,I' €
{1, ..., L} with numerators of opposite sign. With E(D|W =1) — E(D|W =1—-1) > 0 for
all [ € {1,..., L}, this is equivalent to % m,[g(¢) — E(g(W))] not having opposite signs

q=l"4q

for any [,1' € {1,..., L}. But

Zﬂq[g(q) — E(g(W))]
= qug (gW)(1 = Zﬂtﬂ

-1

= Zoﬂq ZOW q).

—
Noting that E(g(W)|W <[-1) = Zlq - Zlﬂl - 9(q) and that E(g(W)|W < L) = E(g(W))
gives that 0 < uf,...,pf < 1if and only if E(g(W)|W <) < E(g(W)) for all [ € Sy or
E(gW)|W <1) > E(g(W)) for all I € Sy .

The weights ¢, (1, k), (I',k") € {1,..., L} x {1, ..., K} are nonnegative if there does not
exist @]y, iy (LK), (I, K) € {1,.., L} x {1,..., K}, with numerators of opposite signs.
With E(D|W = 1) — E(D|W =1—1) > 0 forall | — 1,1 € Sy and E(D|Z = k) — E(D|Z =
k—1) >0 forall k—1,k € Sz, this is equivalent to Zq  Tqlg(q) — E(g(W))][Zizk()\ml —
Am.—1)] not having opposite signs for any (I, k), (I', k") € {1,...,L} x {1,..., K'}. Using the
expression for ZqL:l m.l9(q) — E(g(W))] from above and that Ay_1; = 1 — 2% _ A, we

have

> " wilal@) = E@WNID - g = A1)

m=k
-1 -1
N = > Tag(@)][Ar—1i1 — Akl
q=0 q=0
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Dividing by Z;_:lo 7, > 0 preserves the sign of this expression and gives

-1
Tq

[E(g(W)) — Z 9@ Ar—1-1 — Ap-1y]

q=0 szo T‘-P
= [E(g(W)) = E(gW)IW <1 = D][Ak-10-1 = Mpri].

Since Ax; ;-1 = Agy; = 1 for all I € {1,...,L}, the weights are nonnegative if and only
if [E(g(W)) — E(gW)IW < 1 — 1)][Agi—1 — Agy] is either nonnegative for all (I,k) €
{1,..., L} x Sz or nonpositive for all (I,k) € {1,...,L} x Sz.

(b) Under Assumptions 2.1, 2.2, and 2.5, and Assumptions 2.3-2.4 for all £ — 1 and
k, k € Sz|{0}, and given Y1 ((Awr — M) E(D|Z = k) # 0, Proposition 4.1 gives that
B, 1, exists, is finite, and is identified as 3, ;; = S Vi_l’lozzfm for all [ € {1,...,L}.
Assumptions 2.1, 2.2, and 2.3-2.4 for all k—1,k, k € Sy, give E(D|Z =k—1) < E(D|Z =

k), the result then follows from part (a). W
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