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Abstract
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1 Introduction

This paper provides a new uniform expansion for a sum of weighted kernel-based regression residuals
from nonparametric or semiparametric models, which has a variety of applications in semiparametric
estimation and testing. Consider an independent and identically distributed (iid) data set {Y;, X" }7,
drawn from the joint distribution of the vector-valued random variable (Y, X"). Henceforth, A"
denotes the transpose of A. Let W := W(X) denote a vector of measurable functions of X with
W; = W(X;), let m(-|W) be a Nadaraya-Watson (NW) kernel estimator of E[Y|W = -], let t,;(W)
be a data dependent trimming function that may depend on a kernel density estimator f(|W) of the
unknown density of W, f(:|W), and let ¢ (X) be any generic measurable and integrable function of X.
Both 7 (-[W) and f(-|W) use a common possibly data dependent bandwidth ,,.

Our primary contribution is a general representation of the empirical process
A 1 & N -
A, (W, ¢) := Tn > {Yi = i (Wi W) i (W) (X)) (1)
i=1

that is uniform in the bandwidth ﬁn, and uniform in both W and ¢. In addition, when ¢ and W are
unknown but can be consistently estimated by ngb and /W, and if E[Y|X] fulfills the index condition
E[Y|X] = E[Y|W(X)] almost surely (a.s.), we also provide a uniform representation of the process
AH(W, 5) that accounts for the estimation effects of W and gg without requiring calculation of pathwise
functional derivatives.

For the example applications we list in the following paragraphs (and many others like them), the
results here can be used to extend otherwise known asymptotic properties of estimators and tests to
allow for data dependent bandwidths and random trimming. We also show that A,, can be used to
develop inference for some new semiparametric models and objects of interest. Our results include
simple theoretically justified data dependent bandwidth choice procedures.

Equation (1) has the form of typical terms that show up in expansions of semiparametric estimators
and test statistics. For example, by defining ¢ accordingly, if W(X) = (X "6y,...,X8;) for a collec-
tion of .J-finite dimensional unknown parameters 64, ...,0;, A,, could be the first order conditions for
a semiparametric weighted least squares estimator of index parameters as in Ichimura and Lee (1991)
or when J =1, A,, could be the first order conditions for semiparametric weighted least squares or
maximum likelihood estimators as those in Ichimura (1993) and Klein and Spady (1993), respectively.
Similarly, if X := (X|", X, , 2], 2, )" and W(X) = (Z] 01 + X, 69, Xo — g(Z1, Z)), then A, could be
the first order conditions for semiparametric weighted least squares or maximum likelihood estimators
that uses ‘control function” approaches as in Escanciano, Jacho-Chédvez and Lewbel (2011) and Rothe
(2009) respectively. Alternatively, if W (X) = X; C X, A, also has the form of test statistics designed
to test nonparametrically the significance of a subset of covariates as in Delgado and Gonzéalez Manteiga
(2001).

When W replaces W in (1), we have a generated regressors model, as (parametrically) described
by Pagan (1984). Semiparametric models with generated regressors include Ichimura and Lee (1991),
Ichimura (1993), Ahn and Powell (1993), Ahn and Manski (1993), Olley and Pakes (1996), Ahn (1997),



Heckman, Ichimura and Todd (1998), Newey, Powell and Vella (1999), Pinkse (2001), Li and Wooldridge
(2002), Das, Newey, and Vella (2003), Blundell and Powell (2004), Heckman and Vytlacil (2005), Lewbel
and Linton (2007), Imbens and Newey (2009), Rothe (2009), and Mammen, Rothe and Schienle (2011b),
among others. The asymptotic variance of general estimators within this class of models is studied by
Hahn and Ridder (2010). Analyses of the properties of generic nonparametric two step estimators with
nonparametric generated regressors, include Song (2008), Sperlich (2009), and Mammen, Rothe and
Schienle (2011a).

We contribute to these literatures in several ways. First, we provide results allowing for stochastic
bandwidths, which can be difficult to obtain using more standard methods of analysis such as U-
statistic or U-processes theory. Second, we show how simple stochastic equicontinuity arguments can
be used to derive the impact of generated regressors on inference. Third, we propose a unified method
for inference in semiparametric models with generated regressors, including estimation, testing, and
bandwidth choice. Fourth, we contribute to the literature on nonparametric two step estimation with
nonparametric generated regressors by providing results for kernel estimators that are uniform in the
bandwidth. In particular, the Appendix to this paper shows how our new results can be used to prove
that, under primitive conditions, the infinite-dimensional nuisance parameter belongs to a certain
class of smooth functions. This then provides primitive conditions for a high level assumption that
is commonly employed in the semiparametric estimation literature (see e.g, Chen, Linton, and van
Keilegom, 2003 and Ichimura and Lee, 2010).

Works devoted to estimation of general semiparametric models include Bickel, Klaassen, Ritov and
Wellner (1993), Andrews (1994), Newey (1994), Newey and McFadden (1994), Ai and Chen (2003),
Chen, Linton, and van Keilegom (2003), Ichimura and Lee (2010) and references therein. Applica-
tions of these general results are frequently difficult because they require an investigation of pathwise
functional derivatives (often up to a second order) and their limits. Our uniform representation of the
process AH(W,@ accounts for the estimation effects of W and gg without requiring the calculation
of pathwise functional derivatives. This is possible here by means of an approach based on stochastic
equicontinuity arguments. Andrews (1994) also used stochastic equicontinuity for estimating semipara-
metric models, but he relied on an asymptotic orthogonality condition that does not always hold in
our setting. One purpose of our results is to show how stochastic equicontinuity can still be used in
situations where the orthogonality condition fails.

Related to our derivation is work on nonparametric and semiparametric estimation with possi-
bly parametric or nonparametric generated covariates. In particular, Mammen, Rothe and Schienle
(2011a,b) study these problems using kernel estimators, and characterize the asymptotic contribution
of generated regressors to the pointwise distribution of their local linear estimator, as well as to the
distribution of optimization estimators. Unlike Mammen, Rothe and Schienle (2011a,b), our results
permit data dependent bandwidths and random trimming for both semiparametric estimation and
testing. In the Appendix material we also provide sufficient conditions for the uniform (in evaluation
point, conditioning variable, and bandwidth) consistency of the NW estimator and related quantities.

Also related is a recent paper by Li and Li (2010) which provides sufficient conditions for the

first-order asymptotic properties of a larger class of kernel-based semiparametric estimators and test



statistics to hold with data dependent bandwidths. Their method of proof requires one to use an
estimated bandwidth first with a ‘rule-of-thumb’ asymptotic representation, i.e. a constant term times
a known power of the sample size, and then establish the stochastic equicontinuity of these generic
estimators and test statistics with respect to this constant term. Our development does not require
this last step. Instead, our results are shown to hold uniformly over sets of admissible bandwidths
which include estimated bandwidths with ‘rule-of-thumb’ asymptotic representations as a special case.
A useful by-product of our proposed method is that bandwidth choice procedures can be readily justified
without further calculations under our assumptions.

To illustrate the general applicability of our results for both estimation and testing, we first apply
them to a semiparametric binary threshold crossing model with sample selection. This model has the
form Y =1 (X "0y — e > 0) D with D =I[go (X) — u > 0], where I (-) represents the indicator function
that equals one if its argument is true and zero otherwise. Here D is a binary variable that indicates if
an individual is selected. An individual who is not selected has both D = 0 and Y = 0, while selected
individuals have D = 1 and choose outcome Y to be either zero or one based on a threshold crossing
model. The function gy (X) and the distribution of e given u are nonparametric, with the motivation
that economic theory drives model specification for the outcome Y, but relatively less is known about
the selection mechanism. We propose a semiparametric maximum likelihood estimator for 6y as in
Klein and Spady (1993), but with a nonparametric generated regressor estimated in a first stage. The
estimator includes both observation weighting and data dependent trimming to increase efficiency. It
also includes a data dependent bandwidth choice that is justified by our asymptotic theory.

For a second application, we construct a directional test for the correct specification of a policy
parameter in this model. More precisely, we consider a researcher who is concerned about misspecifica-
tion of the semiparametric model only to the extent that the misspecification may lead to inconsistent
estimates of an average structural function (ASF) parameter. We show how a directional test can be
developed for this situation using our uniform expansions. Our uniform expansion permits the use
of a data-driven bandwidth choice procedure for this example that leads to a test with better power
properties than alternatives that use bandwidths chosen for estimation.

The paper is organized as follows: Section 2 provides our main uniform expansion results, including
the extension allowing for generated regressors. Section 3 illustrates the utility of these results by
applying them to the new estimator and new test statistic for the binary threshold crossing model with
sample selection described above. Section 4 concludes, and the main proofs of Sections 2 and 3 are
gathered into an Appendix A.

Appendix B for this paper contains new results on uniform rates of convergence of kernel estimators
based on our theorems, and Appendix C contains examples of primitive conditions that suffice to satisfy
some high level assumptions. Similarly, Appendix D provides more example applications of our results,
including a description of how they could be generically applied to derive the asymptotic properties
of semiparametric estimators such as Ichimura (1993), Klein and Spady (1993) and Rothe (2009),
while allowing for data-driven bandwidths, data-driven asymptotic trimming, and estimated weights.
Similarly, to provide another application of the proposed results for testing, Appendix D also contains

a new test for the null hypothesis of zero conditional average treatment effect under selection on



observables. The test is justified under minimal regularity conditions.

2 A Uniform Expansion

Let {Yi, X,/ }7, represent a random sample of size n from the joint distribution of (Y, X ") taking
values in Xy x Xy € R™P. Let (€, F, P) be the probability space in which all the variables of this
paper are defined. Henceforth, X¢ denotes the support of the generic random vector £. Let W be a
class of measurable functions of X with values in R?, and let f (w|W) denote the Lebesgue density of
W (X) evaluated at w € Xy. Define Xy := {W(x) € RY: W € W and = € Xx }. To simplify notation
define W; := W(X;) and W := W (X). We assume that E |Y| < oo, so that the regression function

m(w|W):=E[Y|W =w], we& Xy CR%

is well defined a.s., for each W € W. Under standard regularity conditions, the function m (w| W) can

be consistently estimated by the nonparametric NW kernel estimator

i (w| W) =T (w| W) /f (w| W),

T(w|W) ==Y "YiK; (w—W,),
i=1

~ 1 &

Flwl W)= =3 K (w-W),
=1

where Kj (w) = Hlek‘h(wl), kp, (w;) = h™ Yk (wy/h), k(-) is a kernel function, w = (wy,...,wq)" and
lAtn denotes a possibly data dependent bandwidth parameter satisfying regularity conditions described
in Assumption 5 below. Appendix B provides sufficient conditions for the uniform (in w, W and ﬁn)
consistency of m and related quantities. These new uniform in bandwidth convergence results should
be of some independent interest.

Let fx (x| w,W) be the density, with respect to a o-finite measure puy (), of X conditional on
W = w, and evaluated at x € Xx. Note that X does not need to be absolutely continuous as we
do not require uw (-) to be the Lebesgue measure. To measure the complexity of the class W, we
employ covering numbers. For a measurable class of functions G from RP to R, let [|-|| be a generic
pseudo-norm on G, defined as a norm except for the property that || f|| = 0 does not necessarily imply
that f = 0. Let N(e,G,||||) denote the covering number with respect to |||, i.e., the minimal number
of e-balls with respect to ||| needed to cover G. Given two functions [,u € G a bracket [I,u] is the
set of functions f € G such that [ < f < u. An e-bracket with respect to ||-|| is a bracket [l,u]
with ||l —ul| <, [[l]| < oo and [Jul| < co. The covering number with bracketing Ni,(¢,G,||-||) is the
minimal number of e-brackets with respect to ||-|| needed to cover G. These definitions are extended
to classes taking values in R with d > 1, by taking the maximum of the covering or bracketing
numbers of the coordinate classes. Let [|-[|y p be the Lo(P) norm, i.e. Hf||§7p = [ f?dP. When
P is clear from the context, we simply write [|-|; = [|[[; p. Let A denote the Lebesgue measure.

Let |-| denote the Euclidean norm, i.e. |A]*> = ATA. TLet ||-|,, and [/l)y,0o denote the sup-norms



I flls = S |f(x)| and Hq”w’OO = SUPW ew we Xy lg (w| W), respectively. Henceforth, P* and
E* denote the outer probability and expectation, respectively; see van der Vaart and Wellner (1996).
Finally, throughout C' denotes a positive constant that may change from expression to expression. We

consider the following regularity conditions.

Assumption 1 The sample observations {YZ-,XZ-T}?:1 are a sequence of tid variables, distributed as
(Y, XT), satisfying E[|Y|°|X = x] < C a.s., for some s > 2.

Assumption 2 The class W is such that log N (e, W, ||-|| ) < Ce™"* for some v, < 1.

Assumption 3 For all W € W and x € Xx : f(w|W), m(w| W) and fx (z|w, W) are r-times
continuously differentiable in w, with uniformly (in w, W and z) bounded derivatives (including zero

derivatives), where v is as in Assumption 4.

Assumption 4 The kernel function k (t) : R — R is bounded, r-times continuously differentiable and
satisfies the following conditions: [k(t)dt =1, [t'k(t)dt =0 for 0 <1 <r, and [ [t"k(t)|dt < oo,
for some v > 2; |0k(t)/0t| < C and for some v > 1, |0k(t)/0t| < C|t|™" for |t| > L, 0 < L < co.

Assumption 5 The possibly data dependent bandwidth /Hn satisfies P(a, < En <b,) > 1asn— oo,
for deterministic sequences of positive numbers a,, and b, such that: (i) b, — 0 and aln/logn — oo;
(i3) nb2" — 0.

The conditional bounded moment of Assumption 1 can be relaxed to E[|Y|°] < C' by working with
bracketing entropies of weighted Ls—norms instead. Assumption 2 restricts the “size” of the class W
with respect to ||-||.,. van der Vaart and Wellner (1996) contains numerous examples of classes W
satisfying Assumption 2. To give an example, define for any vector a of p integers the differential
operator 92 := 9l Jox{* ... Ox,7, where |a|, ;= >F_, a;. Assume that X’ is the finite union of convex,
bounded subsets of R?, with non-empty interior. For any smooth function A : X C RP — R and some
n > 0, let n be the largest integer smaller than 7, and
|0zh(z) — Ozh(x)]

/|77—Q

17|y = max sup [0zh(z)| + max sup

lal;<n zeXx laly=n 2o |z —w

Further, let C7,(X) be the set of all continuous functions h : X C RY — R with ["lloo, < M. Then,

it is known that log N(e, C},(X), [|"]|o) < Ce™", vy = d/n, so if W C C],(Xx), then d < n suffices

for our Assumption 2 to hold in this example. For extensions to unbounded X see Nickl and Pd&tscher
(2007).

Assumption 3 is used for controlling the bias of m and related quantities. Assumption 4 is stan-
dard in the nonparametric kernel estimation literature, while Assumption 5 permits data dependent
bandwidths, as in e.g. Andrews (1995). In particular, our theory allows for plug-in bandwidths of the
form lALn = ¢h,, with ¢ stochastic and h,, a suitable deterministic sequence converging to zero as n — oo.
Andrews (1995) points out that this condition holds in many common data dependent bandwidth se-

lection procedures, such as cross-validation and generalized cross-validation. Similarly, our results also



apply to deterministic sequences. In particular if /Hn is of the form lALn = ¢n~?, for some constant ¢ > 0,
then Assumption 5 requires that 1/2r < § < 1/d, so r needs to be greater than d/2. That is, a simple
second-order Gaussian kernel can be used when d < 4, in view of Assumption 5.

We now introduce a class of functions that will serve as a parameter space for m. We assume that
for each W € W, Xy is a finite union of convex, bounded subsets of R%, with non-empty interior. Let
T,; be a class of measurable functions on Xx, ¢ (W (z)| W) say, such that W € W and ¢ satisfies for a
universal constant C';, and each W; € W, j = 1,2,

lg (W1()[W1) = q (W2 ()| W)l < CL[[W1 = Wal| - (2)
Moreover, assume that for each W e W, ¢ (/| W) € C};(Xw), for some n > 1, and gl 00 < 00

Assumption 6 (i) m € T,7"; and (it) P(m € T\*) — 1, for some 1, > d/2 and M > 0.

Assumption 6 is a high level condition, some version of which is commonly required in the literature
of semiparametric estimation. See e.g. Assumption 2.4 in Chen, Linton, and van Keilegom (2003)
and Assumption 3.4(b) in Ichimura and Lee (2010). Even for simple cases such as standard kernel
estimators, the verification of assumptions like 6(ii) is rather involved, see e.g. Akritas and van Keilegom
(2001) and Neumeyer and van Keilegom (2010). Appendix C provides primitive conditions for 6(ii)
and similar assumptions, showing how they can be used in complex settings (including ours) that can
include possibly data dependent bandwidths and generated regressors.

We next introduce some technical conditions to handle the random trimming factor
ti (W) := I(f (Wi W) > 7).

where 7, satisfies Assumption 7(ii) below. Define the rates p, = E [supyew I(f (w|W) < 27,)],
An = supyew Aw : f (w] W) < 27,) and

d. = \/logafld V log logn Y

d n
nag

Note that d,, is the rate of convergence of quantities like || f — f I\ oo » Where a,, and b, are as in

Assumption 5.

Assumption 7 (i) For all W € W, and all uw > 0 and 6 > 0 sufficiently small, P(u—20 < f(W|W) <
u+26) < C68; and (i) T, is a sequence of positive numbers satisfying T, — 0, N2a, @ logn — 0 and
n(r, 4d} + p2) — 0.

Assumption 7 is a strong assumption, but it is hard to relax given that uniform results in W € W
are pursued. A sufficient condition for Assumption 7(i) is that f/f is bounded, where f is the derivative
of f. In simpler settings, like for instance when the class VW is parametric, these assumptions can be

relaxed by using a similar approach to that in Robinson (1988). Note that Assumption 7 is only



required if the estimator includes asymptotic trimming, otherwise it can be omitted as in e.g. when
using fixed trimming. Assumption 7(ii) will be weakened in Theorem 2.2 below.
We assume that the weight function ¢ lies in a class ® of real-valued measurable functions of X

satisfying the following regularity condition:

Assumption 8 The class ® is a class of uniformly bounded functions such that log Ni(e, @, ||-||) <
Ce™" for some vy < 2.

Assumption 8 restricts the size of the class ®. The boundedness restriction in Assumption 8 can
be relaxed by requiring instead suitable high order bounded moments for errors and weights.

For any generic measurable and integrable function ¢(-) define

b1 (Xi) = o(X;) — E[¢(X;)[W(X)].

Define the parameter space A := W x ® and a generic element « := (W, ¢) € A. We are interested in

the asymptotic representation of the process (1), i.e.

Ay(a) = \/—Z{Y (Wil W) Yo (W) (X),

that is uniform over o € A.

Define the error-weighted empirical process A, («) as
1 o N
Ap(a) := NG ;{Y, —m(Wi W)}y (Xi).

We prove below that A, and A, are asymptotically uniformly equivalent. This provides a general
uniform representation for An(a) in terms of iid variables. This uniform expansion quantifies the
asymptotic effect from estimating true errors by nonparametric kernel regression residuals. To give
some informal intuition for the asymptotic equivalence between A, and A, ignore trimming effects

for now and write, for each o € A,

7 0 = ROV = 2 3 (3 = AV (X)
i=1 ]

\FZ{Y AW W)YE[G(X0) W (X)] = i + In.

Roughly, the term I3, = op(1) by a nonparametric version of the least squares normal equations, and
the term Iy, is asymptotically equivalent to A, («), because the latter when viewed as a mapping of m
is (stochastically) continuous in m, since (b#v (X;) is orthogonal to functions of W and m is a function
of W. The following theorem formalizes this intuition and extends it to a uniform result in o € A and

in the (possibly data dependent) bandwidth, while also allowing for random trimming.
Theorem 2.1 Let Assumptions 1 — 8 hold. Then,

sup  sup ’An(a) - An(a)‘ - OP*(l)'
anSEnSbn acA



Remark 2.1 If ¢(X) is such that E(¢(X)|[W) = 0 a.s., so ¢i;; = ¢, then estimation of m has no
asymptotic effect in the limit distribution of An(a).

Theorem 2.1 has many applications for semiparametric inference as discussed in the Introduction,

the next section and Appendix D.

2.1 Generated Regressors and Estimated Weights

In this section, we apply our uniform expansion to a setting where residuals are from a semiparamet-
ric index regression model with nonparametric generated regressors, and possibly nonparametrically

estimated weights. Specifically, in this section we assume that
EY|X] = E[Y|v(g0(X1), X)] as.,

for some d-dimensional known function v of X and a conditional mean function gg(z1) := E[D|X1 = x1],
where D is a random variable and X7 is a subvector of X, X; C X. Thus, the conditioning variable
Wy = v(go(X1),X) is known up to the unknown regression go. For notational simplicity we only
consider univariate D but the extension to multivariate D is straightforward. Later in Section 3
we further extend the current setting to Wy = v(6p, go(X1), X) for an unknown finite-dimensional
parameter 6y € © C R?. To simplify the notation, denote Wy; := v(go(X1:), Xi), mo; := m(Woi|Wo),
gi := g(X1;) and go; := go(X1;), for i =1,...,n.

We observe a random sample {Y;, X;", D;}"_; from the joint distribution of (Y, X, D) and esti-
mate gy by some nonparametric estimator g, possibly but not necessarily a kernel estimator. Let ¢q
denote a weight function, and let ¢ denote a ||-||-consistent estimator for ¢g. The estimator ¢ can
be nonparametric, e.g. a kernel or series estimator. We investigate the impact of estimating Wy by
W = v(§(X1), X) and then estimating ¢o by ¢ in the empirical process AH(W,@ The goal is to
provide an expansion in iid terms for the standardized sample mean of weighted and trimmed residuals

. 1 & e~
An(@) = —= > (Y = (Wi W) Yo (W) (X0), (3)
v i=1
where @ := (W, ¢) and W; := v(g§(X1:), X;). Define ¢¢(X;) := ¢o(Xs) — E[do(X)|[Woil, €5 = Y; — mo;

and u; := D; — go;- We show that under regularity conditions
- 1 &
@) =73 {€i08 (X) = wBlogm(Wo)ég (X1 Xul } + 0r(1), (4)

where 9ym(Wo;) :== 0m(v(g, Xi)|Wo)/0g|;-,,-

A convenient feature of the expansion in (4) is that it does not require an analysis of pathwise
functional derivatives, as in, e.g., Newey (1994). This is particularly useful here because the map
g — E[Y|v(g(X1),X)] has no closed form and can be highly non-linear. Note that Jzm(Wy;) is
a standard (finite-dimensional) derivative of the regression involving the ‘true’ index Wy, and the

derivative is with respect to the evaluation point.



To better understand the expansion in (4) and how we use Theorem 2.1 to obtain it, note that
denoting aﬁV(X) = d(X) — E[(E(X,)\W], we can write

8(@) = 7= Y00 = m(TT )} (X)) + 0p(1)
i=1

+ % Z{m(Wo¢!Wo) — m(Wi|W) = (g0i — 51)05m(Wo:) }oi (X;) + op(1),
i=1

where the first equality follows from Theorem 2.1 and P(a € A) — 1. We then show that the third term
in the last expansion is asymptotically negligible. To see this, notice that by adding and subtracting
m(W|Wo),

E [{m(WolWo) = m(W[W) = (g0 — 9)05m(Wo) i (X))

= E [{m(Wo|Wo) = m(W|Wo) — (g0 — 9)05m(Wo) i (X)|
+ E [ {m(W|Wo) = m(W|W)}ori (X))

= [{m(Wo|Wo) = m(W|Wo) = (g0 — 9)05m(Wo) iy (X)] |

where the second equality follows from the orthogonality of ¢ij(X) and functions of W (X). The
absolute value of the last expectation is shown to be of the order ||go — g||% (and it can be made
of smaller order by accounting for higher order derivatives, see the proof of Theorem 2.2 below).
These simple equalities show, without the need to introduce functional derivatives, that there is zero
contribution from estimating Wy in m(W|Wp), and that there is a trade-off between smoothness in
m(v(-, X)|Wy) and rates of convergence of ||go — gl|,- The rest of the proof of the expansion (4) then
follows from stochastic equicontinuity of the first and second terms of (5) at g, as shown below.

To handle the second summand in (5) for a generic first step estimator g, and accounting for higher

derivatives in m(v(-, X)|Wy), we define the empirical processes, for j = 1,...,k, k > 1, and o = (W, ¢),
1 « o
Rjn(a) = n > (90— g:Y 0 m(Woi) i (X;), and
i=1
1 n
Gn(a) =7 Z i E[0gm(Woi) i (X,)| X1, (6)
i=1

where 8éj)m(W0,-) = 0'm(v(g, X;)|Wo) /09|

wy, = |7 — 90|, and gy := 7ty + wy.

., Define also the rates po, := P(f (Wo| Wo) < 27,),

9=9
Assumption 9 The function m(v(g,x)|Wy) is k-times continuously differentiable in g with bounded

derivatives, for all x.

Assumption 10 The estimator & is such that: (i) |Rin(@) + Gp(@)] = op(1) and |Rj,(a)| = op(1)
for all j = 2,....k; (ii) E[D?*|X] < C a.s., wy, = op(n~"/%), Wy € W and P(W eW) — 1; and (iii)
| =0 ll, =0p(1), o € P, and P(¢ € ®) — 1.

10



—d
n

Assumption 11 7, is a sequence of positive numbers satisfying T, — 0, \2a,, % logn — 0 and n(7,, *¢5+

Gn + Phn) — 0.

Assumption 9 is a standard smoothness condition. Assumption 10(i) is a high level assumption
regarding expansions related to the first step estimator. Appendix C provides primitive conditions
for Assumption 10 when g is a NW kernel estimator of gg. Alternative primitive conditions for series
estimators can be found in Escanciano and Song (2010).

Assumption 10(ii) describes the trade-off between number of derivatives in m(v(-,x)|Wp) and the
required rate for ||g — go|| . Similar smoothness trade-offs are noted by Mammen, Rothe and Schienle
(2011a). See also Cattaneo, Crump, and Jansson (2011) for a related finding in a different context.
The high level assumption 10(iii) can be replaced by rates of convergence on || QAS — ¢o ||, as shown
in the examples of Section 3. As mentioned earlier, Assumption 11 replaces and relaxes Assumption
7(ii). The condition on pg, can be relaxed to nq%pgn — 0 if, for instance, {g;}_; are conditionally

uncorrelated given {a;}! ;.

Theorem 2.2 Let Assumptions 1 — 7(i) and 8 — 11 hold. Assume that E[Y|X] = E[Y|Wy] a.s.
Then the expansion in (4) holds uniformly in a, < B < by

Theorem 2.2 quantifies the estimation effect of @, that is, g and (E, in the empirical process An(&).
Although W depends on gg, the Theorem shows that the estimation error g — go only has an asymptotic
impact through the first argument in m(W;|W). For the process A, (@), the contribution from the
second argument is asymptotically negligible due to the orthogonality of (b#v with functions of W.

To illustrate the usefulness of Theorem 2.1 and Theorem 2.2 for estimation and testing, and to show
how they would be applied in practice, in the next section we use them to derive asymptotic theory for
a new estimator of a binary choice model with selection, and then we apply them to the construction

of a new directional specification test.

3 Example: A Binary Choice Model with Selection

Suppose a latent binary variable Y* satisfies the ordinary threshold crossing binary response model
Y* =1 (X Ty —e> 0) with e independent of X, in short e 1. X, and the distribution function of e, F,,
may be unknown. Suppose further that we only observe Y* for some subset of the population, indexed
by a binary variable D, i.e. we only observe Y = Y*D. This is a sample selection model with a binary
outcome. The econometrician is assumed to know relatively little about selection D other than that
it is binary, so let D be given by the nonparametric threshold crossing model D = I[go (X) —u > 0]
where v L X and the function go(X) is unknown. Based on Matzkin (1992), we may without loss
of generality assume gy (X) = E[D|X] and v has a uniform distribution, since then P(D = 1|X) =
Plu < go (X)] = go (X).
We then have the model

[90 (X) —u = 0] (7)

D=
Y =1(X"6y—e>0)D (8)

11



The latent error terms e and u are not independent of each other, so the model does not have selection
on observables. When go(-) is assumed to be linear in X, e.g. ¢o(X) = X6y for some unknown
coefficient vector 8y, and the joint distribution of the errors (e,u)' is assumed to be normal, model
(7) — (8) is known as the ‘Censored Probit Model’ or a ‘Probit Model with Sample Selection,” see
e.g. van de Ven and van Praag (1981) and Meng and Schmidt (1985). Newey (2007) discusses its
semiparametric identification within a larger class of models.!

Let (e,u)’ be drawn from an unknown joint distribution function F (e,u) with e,u L X. Then
g0 (X) = E[D|X] and

E[Y|X] = m[X "6y, go (X)]

so an index restriction with Wy := v(6g, go, X) = (X "6, go(X)) holds, and go (X) is identified from
the selection equation as a conditional expectation. Identification of m and 6 in this model, which
is possible even without an exclusion restriction, has been studied in Escanciano, Jacho-Chavez and
Lewbel (2011), who also propose a semiparametric least squares estimator for this model.?

The class of functions
W= {z— (z'0,9(x):0€0yCRL, geGCCH(Xx), lg— g0l <5}, 9)

for an arbitrarily small 6 > 0 and 74 > p is used for the remaining part of this section.

3.1 Semiparametric Maximum Likelihood Estimation

Following Klein and Spady (1993), we propose a semiparametric maximum likelihood estimator (SMLE)
of 0y in model (7) — (8), and apply our earlier results to obtain limiting distribution theory for this
estimator. Firstly, we haveY = D = 0if u > g9 (X),Y = D =1 if bothe < X "y and u < gy (X), and
otherwise Y = 0 and D = 1. Therefore, P(Y =D =0|X)=P(D =0/X) =1—- E[D|X]=1-go(X),
P(Y=D=1X)=P(Y =1|X) = E[Y|X] = m[X "0y,g0 (X)] and P(Y =0,D =1|X) =1 P(Y =
D =0X)-PY =D = 1|X) = E[D|X] - E[Y|X] = go(X) —m[X 6,90 (X)]. Based on these

probabilities, define the following semiparametric log-likelihood objective function
SR R _ D
L, (0,9) = - > {Yilog[iig] + (Di — Y;)log[Gi — ]} tinti, (10)
i=1

where g; := g(X;) is the NW estimator of gy with possibly data-driven bandwidth ﬁgn, mig =
m(Wi(6,9)|W(0,3)), W(0,9) = (XT0,9(X)), Wi(0,9) = (X, 0,9(X;)) with possible data-driven

bandwidth ﬁn, and #;, is a trimming sequence that also accounts for the possibility that m is close to

LOur methods could also be applied to other related models, e.g., if we replaced (8) with Y = (XTHO — e) D, then
this would be a semiparametric generalization of the standard Heckman selection model, and if we replaced (8) with

Y = max (XTHO —e, 0) D then this would be a semiparametric generalization of Cragg’s (1971) double hurdle model.
2Closely related identification and estimation results include Blundell and Powell (2004) and Ichimura and Lee (1991).

If instead of the assumption e,u 1L X we had the more general assumption v L X and e|u, X ~ e|u, Wy, then the above
model would still hold with F., (e,u|Wo) denoting the conditional distribution of e, u|Wy and the function m (r, g) now
defined as m (7, g) = Feu (7, g|Wo).

12



zero or to g;. More specifically, the trimming has the form
tin 1= H(Tn < mz < /g\z - Tn) X H(Tn < fz)a

where 7, is a sequence of positive numbers with 7, — 0 as n — oo, 7, := Mm(Wi|W), fi :== F(Wi|W),
W; = Wl(g, 9)s W = W(g, g), and 0 is a preliminary consistent estimator for fy. For instance, 6
can be a SMLE with ¢; = 1 and fixed trimming #,,; = I[(X; € A) for a compact set A C Xx (or
non-data-dependent asymptotic trimming). Note that weighting ¢); = 1 and either fixed or non-data-
dependent asymptotic trimming will in general make 0 inefficient, but that does not violate the required

Assumption 14 below for an initial consistent 0. The estimator for 0y we propose is

0 = argmax”, (6,9). (11)

The estimator 6 extends the related estimator in Klein and Spady (1993) for the single-index binary
choice model in two ways. First, the objective function (11) has a nonparametric generated regressor
g associated with selection, which complicates the relevant asymptotic theory. Second, and intimately
related to the first, is that unlike in Klein and Spady (1993), adaptive weighting is necessary here to
improve efficiency due to the presence of the generated regressor.

Sufficient conditions for identification of 6 in this model (which do not require exclusion restrictions)
are provided by Escanciano, Jacho-Chavez and Lewbel (2011), and given identification it is straight-
forward to demonstrate consistency of 9. Given consistency, we now apply the results of the previous
section to derive limiting distribution theory for 5, allowing for data dependent choice of bandwidth,
data dependent asymptotic trimming, and data dependent adaptive weighting for efficiency.

Recall ¢; = Y; — mg; and w; = D; — go;. Further, define v; := g; — u;05m(Wo;), o3, == E[v?|X;),
Vi == Y(Woi) and Jpm(Wo;) := Om(W;(8, go)|W (0, 90))/ 00| g—g,- Also note that

ot; = moi(1 — moi) + (9gm(Woi))? goi(1 — goi) — 205m(Woi)moi(1 — gos). (12)
We shall assume that the following matrix is non-singular and finite (this is little more than a linear

index model identification condition),

90i0gm(Wo:)0, m(Wo;)

moi(goi — mMo;)

Vi - (13)

FO::E[

Define the rates q;, := dj, + wy, and Tpy = inf (4. p(wy (@) W0) <27} fx (2), Where

n

log an? V loglogn _
d/ — + b 1.
\/ na "

Finally, to simplify the notation define my := m(W (6, go)|W (6, g0))-

Assumption 12 (i) The kernel function satisfying Assumption / also satisfies |8(j)/<;(t)/8tj‘ <Ot

for|t| > L;j, 0 < Lj < oo, for j =1,2; (ii) the sequence 7, is such that 7, — 0, nt2 — oo, nT, 2qt — 0

2.2

2¢2 — 0 (iii) The functions o2(-), infoco, mp and inface,(go —mg) are bounded away from zero.

and ngq
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Assumption 13 (i) The regression function go (X) = E[D|X] is estimated by a NW kernel estimator
g with a kernel function satisfying Assumption J with r = p and a possibly stochastic bandwidth /Hgn
satisfying P(l, < Egn < up) — 1 asn — oo, for deterministic sequences of positive numbers l,, and uy,
such that u, — 0, m’ﬁg(lﬁ/log n)" =1 5 oo and m’n_fu%p — 0; (i) the function gy and the density
fx (-) of X are p-times continuously differentiable in x, with bounded derivatives. Furthermore, gqy is

bounded away from zero, go € G C CX}(XX) and P(g € G) = 1 for some ng > p.

Assumption 14 The parameter space Oq is a compact subset of RP and 0y is an element of its interior.
The estimator 0 is \/n—consistent for 6y and 0 is consistent. The matriz Ty is non-singular and
E [1[)%] < 00.

Theorem 3.1 Let Assumption 1 hold for model (7) — (8), and let Assumptions 3 — (i), 9, 11, 12 —
14 hold. Then 0 is asymptotically normal, i.e.

V(0 — 0g) —q N(0,T5Se0p ),
where L'y is given in (13) and

o (Woi)95;0em(Woi )0y m(Woi) o
2 2 ¢2
my; (g0i — mo;)

EO =F

Remark 3.1 A sufficient primitive condition for the high-level Assumption 6(ii) is that 2aSn/log(n) —
oo; see Appendix C.

Remark 3.2 Consider a bandwidth of the form ﬁn = chy, with ¢ a constant to be chosen and h, a
suitable deterministic sequence satisfying the assumptions in Theorem 3.1 above. Then, a natural data-
driven choice for the constant c is one that mazimizes an estimated semiparametric likelihood criterion,

i.e.
n

1 ~ -~
¢, = argmax — Z {Yilog[mi;ﬁn] + (D; — Y;) log[g; — mi;ﬁn]} I(X; € A),

06[57671}@”:%”” i=1
where € is an arbitrarily small positive number, and we have made explicit the dependence of the leave-
one-out version of estimator m; on the bandwidth En Note that the resulting bandwidth ¢,hy, will
automatically satisfy our required assumptions by construction. Furthermore, when using this choice

in (10) no changes to Theorem 3.1 are needed by virtue of our uniformity-in-bandwidth results.

It can be easily shown that using weights 1} := mg; [goi —m0i]/ [ng' goi] leads to a more efficient estimator®
with asymptotic variance I';'!, where the positive definite matrix I, is given by
9gm(Wo)8, m(Wo)

I'n.=F
a?(Wo)

Now let @j = m;(gi — m;)/(6%G;), where 52 = m;(1 — m;) + (93m4)?G:(1 — Gi) — 205mmi(1 — Gi)
and Ogm; := om(W;(6,9)|W(6,9)) /07 |g=g,- Similarly, let 0* be the resulting estimator when the
optimal weight v; = QZZ* is used in (10). Furthermore, let I, =nt Sy 897%@@85 m.5. /52, where
Doz, = Om(W;(0,9)W(0,9))/00|,_5.-

$Whether I';! coincides with the semiparametric efficiency bound of 6y in model (7) — (8) is an open question.
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Corollary 3.1 Let the Assumptions of Theorem 3.1 hold. Then \/ﬁ(g* —0p) —q N(0,T;Y), and
f* —p I'..

The proof of Corollary 3.1 is provided in the Appendix A. The proof of Theorem 3.1 itself is almost
the same (except simpler, since it does not involve estimated weights), and so is omitted. It is shown
that the asymptotic distribution of 9" is the same as it would be if the optimal weights v} and the

regression function m were known instead of estimated.

3.2 A Tailor-Made Specification Test

We next illustrate the usefulness of our uniform convergence results for constructing test statistics.
A policy parameter of considerable interest in applications of binary choice models is the average
structural function (ASF). See, e.g., Stock (1989), Blundell and Powell (2004) and Newey (2007). In

our binary choice model with selection, the ASF is given by

7= [ [ maT o001y )

where F% is a particular marginal distribution for X and f, is the density of gg. In this context,
suppose we are concerned with possible misspecification of the semiparametric binary choice model
only to the extent that it leads to inconsistent estimation of the ASF ~*. Our goal is construction both
of a test and an associated bandwidth choice procedure that concentrates power in this direction.
Consider a directional specification test with these alternatives in mind, testing the correct specifi-
cation of the model
Hy : B[Y[X] = m[X "6y, go (X)] as,

against alternatives for which
BI{Y — m(X 0, g0 (X))}6. (X, go(X))] # 0, (14)

where ¢, (X, go(X)) = fg(g0(X))dF% (X)/f (Wo| Wo).
We propose constructing such a test based on

1 & o~ e~ -
Toh, = —= > {Yi — m(W;|W;)}ou (X5, Gi) i,

where W, = (X 5, Ji)s 0 is a v/n-consistent estimator for 6y, such as (11) from the previous section,

QAS* (Xi,0i) = ﬁg(@-)dF Y (Xi)/ ﬁ, ﬁg is a kernel estimator for the density of gg resulting from integrating

ﬁ- = f(WZ|/WZ), tin = ]I(ﬁ > 7,) and hy, in T, p, denotes the bandwidth used in estimating m. Set

02 := Ele2¢+%(Xi, g0i)], and consider the variance estimator
1 ¢ = = g
o= - DAY — m(Wi W)} (X3, Gi )i,
i=1
where ¢ is based on a uniformly consistent estimator of E[dF % (X5)|W3).
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Theorem 3.2 Let Assumption 1 hold for model (7) — (8), and let Assumptions 3 — 7(i), 9, 11 and 13
— 14 hold. Assume also that ¢. (-, go) is bounded. Then, under Hy,

~—1
o max 1, —q N(0,1
an<hn<bn mofin d ( ’ )’

whereas under the alternative (14), 5= |maxa, <p, <b, Tn| —p 00.

Remark 3.3 Let hy, denote the solution to the optimization problem MaXg, <hy,<bn Ln,h,- Our uniform
i bandwidth theorems allow us to choose the bandwidth by this optimization, which leads to a test with
better power properties than a test that uses a bandwidth /Hn optimized for estimation like that described

in remark 3.2. See e.g. Horowitz and Spokoiny (2001) for a related approach in a different context.

4 Concluding Remarks

We have obtained a new uniform expansion for standardized sample means of weighted regression resid-
uals from nonparametric or semiparametric models, with possibly nonparametric generated regressors.
The expansion is uniform in the generated regressor, random bandwidth, and the weights. We have
shown by examples how these results are useful for deriving limiting distribution theory for estimators
and tests. Additional example applications of our uniform expansions are provided in Appendix D to
this paper.

For estimation, we showed that a simple data driven bandwidth choice procedure could be used
where the rate is chosen by the practitioner based on theory and the constant is chosen by minimizing
the same objective function that is for estimation. A topic for future research is consideration of more
general selection rules where the rate might also be chosen by minimizing some estimation criterion.

Less is known about optimal bandwidth rates for testing. We choose the bandwidth to maximize
the test statistic in the region of admissible bandwidths, and show that this choice is permitted by our
asymptotic results.

The appealing properties of our estimators and tests regarding data driven bandwidths, possibly
nonparametric generated regressors, random trimming and estimated weights are made possible by
the use of uniform convergence in these aspects. We have shown how this uniform convergence, when
combined with standard stochastic equicontinuity arguments, allows us to establish the desired expan-
sions without the need to introduce functional derivatives, which can be difficult to deal with in these
contexts.

Our results should have applications beyond the types considered here. For example, expansions of
the kind provided by Theorem 2.1 and Theorem 2.2 are the key ingredient in proving the consistency

of bootstrap procedures for estimation and testing in semiparametric models.

Appendix A Main Proofs

Before we prove our main results we need some preliminary results from empirical processes theory.
Define the generic class of measurable functions G := {z — m(z,60,h) : € ©,h € H}, where © and H

are endowed with the pseudo-norms |-|g and |-|,,, respectively.
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Lemma A.1 Assume that for all (6p,ho) € © x H, m(z,0,h) is locally uniformly Lo(P) continuous,

in the sense that

E sup im(Z,0,h) —m(Z, 80, ho)|”

0:100—6] o <8,h:|ho—hl,, <6

< C¢,

for all sufficiently small 5 > 0, and some constant s € (0,2]. Then,

Ny(e G, -l <N <(%)2/S,@, H@> x N ((%)2/ H, Ha) .

Proof of Lemma A.1: The proof can be found as part of the proof of Theorem 3 in Chen, Linton,
and van Keilegom (2003, p. 1597), and therefore is omitted. Q.E.D.

Lemma A.2 Let Assumptions 3 and 8 hold. Then, for each W1 and Ws in W, and all § > 0,

sup [E[p(X) W1 (X) = Wi ()] = E[p(X)[Wa(X) = Wa()]]lo < C[W1 = Wa -
Proof of Lemma A.2: The proof follows from Lemma A2(ii) in Song (2008), noting that Assumption
3 implies his condition (A.35) with s = 1. Q.E.D.

Let S be a class of measurable functions of X. Let {¢;, XZ-T ", denote a random sample from the joint
distribution of (&, X T) taking values in Xy X Xx € R'*P and define the weighted empirical process,
indexed by s € S,

W, (s) 1= % S 6is(Xi) — Blgis(X).
i=1

We say that ¥,, is asymptotically uniformly p-equicontinuous at sg € S, for a pseudo-metric p on S, if
for all € > 0 and n > 0, there exists 6 > 0 such that

lim sup P* sup W, (s1) — Wp(so)| >e| <.
n— o0 $1€8:p(81,80)<d
The following result gives sufficient conditions for uniform |-||,-equicontinuity of ¥,. One important

implication of the uniform equicontinuity is that W, (5) = ¥, (sg) + op(1), provided ||5 — s¢||5 = op(1).

Lemma A.3 Assume E[¢?|X;] < L a.s., and let S be a class of uniformly bounded functions such that
log Ni(e, S, ||-ll5) < Ce™ for some vs < 2. Then, V,, is asymptotically uniformly |-||,-equicontinuous
at so € S, for all sg.

Proof of Lemma A.3: Define the class of functions G := {({,2) — &s(x) : s € S}. Let at :=
max{a,0} and a~ := max{—a,0} denote the positive and negative parts of a, respectively. Let
{[s1j,8u5] + 7 = 1,...; Ne = Npy(&,S,[]"[l5)} be a family of e-brackets (with respect to [|-[|,) covering
S. Then, it holds that {[{Ts;; — & sy, ETsuy — E7 8] © j = 1,...,N:} is also a family of LY/2e-

brackets covering G. Then, by our assumptions, G has finite bracketing entropy, and hence, ¥, is
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||-|,-equicontinuous at all points in S. Q.E.D.
Throughout the Appendix we use the notation, for i = 1,...,n, and W € W,
tni(W) :=1(f (W;| W) > 71,,/2) and Aty; (W) := ?m(W) — tni(W). (A-15)

Similarly, define %,,; = {f\m(/I/I?) and At,; =t — tni(W).
Lemma A.4 Under the Assumptions of Theorem 2.1, sup,e 4 |Rn(a)| = op«(1), where
1< _
Ry(a) == —= Z{Yi — m(W;[W)} At (W)o(X;).
(=
Proof of Lemma A.4: Write
1 <& 1 < Iy
Ry(a) == Tn Z{Yi — m(Wi W)} At (W) (X;) + 7n Z{m(Wi|W) — m(W;|[W) At (W)é(X;)
i=1 i=1
= Rln(()é) + RQn(Oé).
We shall prove that sup,c 4 |Rin()| = op+(1). By Cauchy inequality
1 1 1/2 1 1/2
_ < | = . - . . 2 . 2(x. )
—= [Rin(e)] < (n ; \Atm<W>\> (n ;{Y m(Wi| W)} [ At (W)] 6 <XZ>>
Thus, using the simple inequalities, with f; (W) = f (W;| W) and i w) = f(WZ| W),
[ Atni(W) < I(f (W) 2 7 /DU; (W) < 7) +1(fi (W) = 7)([f; (W) = fi (W) | > 7/2), (A-16)
I(fi (W) < ) S L(f; (W) < 2) + L Fi (W) = fi (W)] > 7). (A-17)
and the uniform rates for || f — f ”12/\/,007 we obtain

) 1 F f
sup |Rin ()| = Op+ | vVnpn + \/ET

acA n
= Op*(l).

The proof that sup,e 4 |Ron ()| = op=(1) follows the same steps as for Ry, hence, it is omitted. Q. E.D.
Proof of Theorem 2.1: We write, with At,;(W) defined in (A-15),

) 1 & N 1 < _
An(a) = —=> {Yi = (Wi W) tni(W)S(Xi) + —= > _{Yi — m(Wi| W)} Aty (W)(X:)
(= (=
=: Sp(a) + Ry (a),
By Lemma A4, R, («) = op«(1), uniformly in « € A.
To handle S,, we shall apply Theorem 2.11.9 in van der Vaart and Wellner (1996) to the array
Zni(A) = n7Y2(Y; — m(X)I(f (Wi W) > 0.57,)¢(X;), where A = (m, W, ¢) € A, and A == T,I" x
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W x ®. By Triangle inequality, Assumption 7, definition of 7,/ and the monotonicity of the indicator

function, it follows that

Z Elsup | Z,i(A2) — Zni()‘l)‘2]

=1
< C6? 4+ CE[I(0.57, — C6? < f (W] W1) < 0.57, + C6%)]
<08,

where the sup is taken over Ao = (ma, Wa, ¢o) € A such that |[ma —my|| <6, [|[Wa2 — Wil < 62 and
lp2 — ¢1|ly < 9, for a fixed Ay = (m1, Wi, ¢1) € A. Then, using the notation of Theorem 2.11.9 in van
der Vaart and Wellner (1996), for any £ > 0,

N AL < N (55 T ) N ([55] Willlle ) % ¥ (550 1)

Hence, by Lemma B.2 in Ichimura and Lee (2010) and Assumption 8, A satisfies fol Nyy(e, A, LY) < oo.
On the other hand, for any é > 0, by Chebyshev’s inequality

> B Znil A 11 Znilly > 6)] < Co'2E[|(Y = m(X)|I(|(Y —m(X))| > Cn'/?5)]
=1
CE[|(Y — m(X))[’
- nl/2§2

— 0.

Hence, the conditions of Theorem 2.11.9 in van der Vaart and Wellner (1996, p. 211) are satisfied and
Yoy Zni(N) — E[Zpi(N)] is asymptotic stochastic equicontinuous with respect to the pseudo-metric
p(A1, A2) = max{||ma — mi| ., [|[Wa — Wiy, ||¢2 — ¢1]ly}. The stochastic equicontinuity, Assump-
tion 6 and our results in Appendix B imply that, uniformly in o € A,

Sn(@) = % D Y= m(WiW)ti(W)$(X,) = VaE{m(Wil W) — m(WilW) Has(W)$(X0)] + op- (1),
1=1

=: App(a) — A, (a) + op=(1).

We shall prove that

1 n
sup Aon(a) — NG ;{Y —m(W;|W)}o(X;)| = ops(1) (A-18)
and
sup | Ara(e) = = 3V~ m(WIW)} (X)W = o (1) (A-19)
ae,,Ié)l In \/ﬁ v i 7 i || — OpP* .

The equality in (A-18) follows from the same arguments in Lemma A.4. We prove now (A-19). To sim-
plify notation denote ¢, (w) := E[p(X;)|W; = w], a € A, and note that Ay, () = Eftg (W) tri (W) (m(W;|W)—
m(W;|W))]. We write

m(w|W) — m(w|W) = a, (w| W) + rp(w| W),
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where
an (w| W) = £ (w| W) (T (| W) = T (w| W) = m(ulW) (F (w| W) = £ (w] 7))
T (w|W) :=m(w| W) f(w] W) and

f(w[ W) — f (w| W)
F(w[ W) £ (w]W)

ro(w| W)= — an (w|W).

From the results in Appendix B we obtain that sup |r,(w| W)| = op+(n~"2) under our assumptions
on the bandwidth. It then follows that Ay, («) is uniformly bounded by

/ tor () ti (w)[T (] W) = T (w] W)]duw (A-20)
- / tor (W) i (W) (| W) [F (] W) = (] W)]duo (A-21)

+ op-(n"1?).

We now look at terms (A-20)-(A-21). Firstly, it follows from our results in Appendix B that the
difference between T (w| W) and E(T (w| W)) is op-(n"/2). Secondly, under Assumption 7(ii) we can

replace t,;(w) by one. Hence, uniformly in o € A,
/La (w) [T (w| W) = T (w]| W)]dw = /La (w) [T (w| W) = E(T (w| W))]dw + op-(n""/?)
- %ZY]-/LQ (w) Kn(Wj — w)dw — /Loc( ) E(Y;Ky(Wj — w))dw + op+(n~"/?),

=—Zba )Y = Elua (W5) m(W;|W)] + op+(n™?),

where the last equality follows from the change of variables u = h~1 (W, —w), Assumptions 3, 5 and the
fact that, uniformly in a € A, [ 1o (w) Kp(W; —w)dw = [ ¢(z) ([ fx (z|w, W) Kh(W - w)dw) dex =

[ o(x)fx (z|W;,W)dz + O(b). Likewise, the term (A-21) becomes [t (w)m(w|W)[f (w|W)
f(w] W)]dw = n~1/? > i1 ta (W) m(Wi W) — Eleg (W) m(W;|W)] + op- (n_1/2). In conclusion, we

have uniformly in a € A, that Ay, (a) = n~1/? > =1 ta (W5) [V —m(W;|W)]+op- (n=1/2). This proves

(A-19) and hence the result of the Theorem. Q.E.D.

Proof of Theorem 2.2: We write, using m; := T?L(WAW),

A, (@) ~ 72 Z{Y i Ytnid(X Z{Y i} Aty d(X;)
=: 5,(@) + Ra(Q).

We write R, (@) = n~ 23" | eiAb,id(Xi) —n /2 S {i; —moi Y Atnid(X;) =: Ry, — Rop. Note that,
by the arguments of the proof of Lemma A4, the first term in the last equation satisfies Ry, (@) = op(1),
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while the second term can be further decomposed as
B = == > (i — m(IW|W)}Atwid (X Z{m (Wi ) — moitAtwid (X;)
= Rgn;a_—k Egn;b.
We can further write, using (A-16),
E|Ronal < || (M= m)I(f 2 70/2) llyy oo VIP(FWiW) < 7,) (A-22)
L= LT 2 ) o S S L

The results in Appendix B and (A-17) yield

n

VaP(FW, W) < 7,) = Op(n"?(p + 77 dy)),

~

I (7 = m)I(f > 70/2) llyy,oo = Op(7; tdn) and || (2 = m)I(f > 70) [lyy,oe = Op(7; 'dn). Thus, from
(A-22) and the previous rates
Egn;a = Op(7;'d,)Op(n*/? (pn + 7t + 7, 2d2))
=op(1).
Similarly,
ffzn;b = Op(w,)Op(nt/? (pn + 77 M + 7, 2d2))
= op(1).

~

Recall aﬁV(X) = ¢(X) — E[(}E(X)]W] Then, using R, (@) = op(1) and Theorem 2.1, we can write
&) = ST (X0 ST S (g0 — 5 LD (WG (X,
\/ﬁ ZEZ¢W(XZ) + Z_: \/ﬁ ;(QOZ gz) jlag m(WOZ)¢W(Xz)
- 1 ~
ZZ{m WorlWo) — m (Wil Wo) — (g0s — 5i) ;05" m(Woi) o (X:)
=1 j=1 ’

in Z{m@%) — ()} (X0) + op(1)
)+ Z Rjn(@) 4 Rin(@) + Ron(@) + 0p(1). (A-23)

To handle A, (@), we apply Lemma A.3 with S = {s(z) = ¢(z) — E[¢(X)|W = W(x)] : a« € A}. Let
{Wi : k=1,.., N1} be an e?-net covering of W with respect to the sup-norm ||-|| .. Let {{¢;, ¢u;] :
j=1,...,Naoc} be an e-bracket covering of ®. Then, it holds that {[¢;; — E[¢pu;(X)|Wi] — Ce?, ¢uj —
E[¢ij(X)|Wg] + Ce?]} is an e-bracket covering of S with respect to ||-||,. In fact, for each E[¢(X)|W]
we can find j and k such that ¢;; < ¢ < ¢y; and [|[W — Wy || < €2, and by Lemma A.2,

El¢y;(X)|Wy] — Ce® < E[¢(X)|W] < El¢y;(X)|Wi] + Ce.
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Hence, log N{j(e, S, ||-||;) < Ce™" for some vs < 2.

In A we define the pseudo-metric

palar, az) == max {||[W1 — Wal| . |61 — @25}, aj == (W), ¢5), j = 1,2.

A consequence of the stochastic equicontinuity of A, (a) and that pa(@, o) = op(1) is that

An(a) = Ap(ag) +op(1). (A—24)
On the other hand, by our Assumption 10(i) and an application of Lemma A.3 with S = {s(z) =

E[0gm(Woi) iy (X)| X1 = 1] : a € A}, we obtain

3" Rju(@) = —Ga(@) + op(1)
j=1

= —Gn(ag) +op(1). (A-25)

~

The proof concludes by showing that both Ry, (@) and Ry, (@) are op(1). It follows from a Taylor
expansion that |Ri,,(d)] = Op(y/n ||i — 9oll5,) = op(1). To show that R (@) = op(1), we first show
that the empirical process Q,(a) := n~ Y231 | ¢ (X;)m(W;|W) is stochastically p4-equicontinuous.
To that end, consider the class of functions H = {z — s(z,a) = {¢(x) — E[¢p(x)|W]} m(W|W) : ¢ €
®, W € W}. By the Triangle inequality and Lemma A.2, it follows that Elsup |s(Z, as) — s(Z,o1)[] <
C62, where the sup is taken over ap € A such that pa(az,a1) < 8, for a fixed a; € A. Then, the
stochastic equicontinuity follows from Lemma A.1. Then, by continuity and p4(@,ag) = op=(1), it
follows that Ry, (@) = n~2 52" {m(Woi|Wo) — m(Woi| Wo) }ég (Xi) + 0p+(1) = 0p-(1). These results
along with the equality in (A-23) and the expansions (A-24) — (A-25) yield the desired result. Q.E.D.
Proof of Corollary 3.1: Our estimator satisfies the first order condition

Opn . "*Zm

(2

~

n i=1 ' mz@* (§Z o mza*)

Simple algebra and a standard Taylor series expansion around 6y yield

~

Y;gi — Difng. = Vi — fivig,|Gi — [Di — §i] fivie, — Dig (6" — o),

where 6 is such that |6 — 6| < |§ — 6| a.s. It then follows that, for a sufficiently large n,

GiOgm . ; 897”2 S

5. (9 — w*) m.z.)
=7 (A — A2n> (A-26)
where
n i=1 29* gl B 19*) '
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We obtain now some rates of convergence for kernel estimates that will be useful in subsequent argu-
ments. Note that

To show the convergence of the right hand side (r.h.s), using a simplified notation, we write

sup 3 f (w6, g) — g f (w]0, g)| < sup |9p f(w]d,g) — Edpf(w]6, g)]

~

+ sup ’EaGf(wleag) - 89f(w‘07g)‘
= [1n + [2n7

where the sup is over the set a,, < /Hn < bp, 0 € Oy, w e Xy and g € G. From Lemma B.8, it follows
that

log a;? V loglogn
I, = Op- ¢g "na4g 8
n

By the classical change of variables and integration by parts, for any a, < h < b,,

 [onfwl6.0) - aus (w10,9)] = 358 | X0 1 (U0 ) ~ ausulo,g)

_ / B m(w — uhl9, g)K (u) du — By f (w]d, g).

where m (w]0,g9) = r(w|0,9) f (w|0,g9) and r(w|6b,g) := E[X|W (0,9) = w]. By a Taylor series

expansion,
41 _ _
I, =0 <b;; 15 6%, 1aw1mH@Xgm> =0 h).

The proof for T follows the same arguments as for f, and hence is omitted. Therefore by simple but

somewhat tedious algebra one can show that
| Fourng.(18,3) — fouma, (1Wo)||_ = Op- (dr) + | £0mg. (-18",3) ~ fopma, (1Wo)|
= Op*(l),

where the second equality uses that f Ggmé\*(W) is Liptschitz in W, and where

J - \/loga;2 V loglogn .

n na;]; n

To simplify the notation, we define

©; = aemigifgﬁlié X Aﬁiz@ : @’z =: Q13 X O,
g; Mg (9i — Myg.)
and note that T',, = n~* S Digr LBitin can be written as
n n
Fn - n_l Z @zz;n + n_l Z(Dz - @\z)@_l@an
i=1

i=1

n
=073 Bilin + 0p (1),
1=1
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By the continuous mapping theorem it can be shown that, uniformly in 1 <i <n and a, < /Hn < b,,

b1 = Wi 0;9 2 aam(WOii?frm(Wm) +op(1)
=t ¢1; +op(1)
and
Poi = 20" )+Op( {d +n7 V2 4w, }) (A-27)
=1+op(1),

where 2;(6) := moi(goi — moi)/mia(go;i — mig). Hence, since n=1 S| (t;n — 1) = op(1), we obtain by

the uniform consistency of @; and the law of large numbers,

n n n
Zn_lzwﬂrn‘lZ(@—w)(in—1)+n‘12%(?m— 12 — ;) +op(1)
=1 i=1 i=1
=TI+ op(1).

We now show that Ay, in (A-26) has the expansion
1 & ~ Dx AT
Ay = 7 ;[Yz — Mgy P15 (07 ) 02: (0% )tin, + 0p(1)
1 n
= — Z vid1; + op(1), (A-28)
vn i

where ¢A51i = 512([9\*) = Ogm g, /@-2 is a uniformly consistent estimate of ¢1; = ¢1,(6p), with ¢1;(0) :=
Ogmig/ aiz, 0 € B©g. To prove the first equality of the last display it suffices to prove that

T Y1V i (Bt — (B V) = 02 (1) (A-29)
=1
and
Z (i = igo) (@1 — 61(87))p2s (6% )i = 0p(1). (A-30)

\/_

To that end, write the L.h.s of (A—29) as

~

\/— Z€z¢lz 902ztm 9021 A Z mzeo mz@o (90 24 (1022(9 ) )

We shall focus on the second term in the last display, as the first term is of smaller order. This second

term can be written as

~ ~ A~ o~

1 . ~ T o I ~ * n
7 > [mig, — fvioy)61i(Bai — 02:(6%))tin + 7 > [mig, — fivioy |61 02i(0%) (Fin — Tin)
i=1 1=1

= Cln + C2n'
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The uniform rates in (A-27) and our results on kernel estimates imply that
Cin = Op(n'/2g217h)
=op(1).
Similarly, since for sufficiently large n,
[Ein = ton| < T(|s — ma| > 7) + 1(1(Gi — ) — (g0 — ma)| > 7),

it can be shown that

Cop = OP( 1/2 2 1)

qn n
= Op(l).
On the other hand, we write quﬁli — ¢1; as
~ ~ 1
¢Z_¢29*:/\— al_a ¢Z Z_i* )
vl biaﬁbi—bza*{ o )}

where, with a simplified notation,

. Do~ - P
a; == [0 g, = fi00T; — Tidpfi, ag. := [, 0om .,

by =[50 = Ti(fi — Ti) + (@)° 61 — §:) — 263 (1 — Ga),
c o= agﬁ- — m;0g fZ and bg, = f%*ag. Then, from these expressions and the previous rates for

derivatives, we obtain that uniformly in 1 <i <n and a, < ﬁn < by,
$1i = $1:(67) = Op(qy)-

The last display shows (A-30) in a routine fashion.
Finally, to prove the second equality in (A-28) we apply Theorem 2.2 with the class
dgmg  m(go —m) }
d=<x— ox,0):= :0€0g,p,
{ #(2,9) my(go —me)  o(x) ’
where dpmy = Im(W; (6, g0)|W (0, 90))/08|y_y and my = m(W (6, go)|W (0, go)). By our assumptions
»(X,0) is bounded and satisfies

lo(x,01) — @(z,02)] < CL(x)[01 — 02,

for all 01,05 € ©g and CL(-) such that E[C?(X)] < co. Hence, Assumption 8 is satisfied. Then, using
E[0gm(Wip)|Wo] = 0 a.s., which can be shown as in Ichimura (1993, Lemma 5.6, p. 95), we conclude
(A-28).

Similar arguments to those used above for Ay, show that

m,(gZ m;) g "

.~ 1
Agp = = — = — — Gi) @2idritin + op(1)
n \/_ Z 0_292 (gZ Za*) Zn ; (A 3 vt

3

\/_Z gl ¢2Z )(blz( )tm—l-Op(l)

= op(1),
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where (ggi := M5, /i estimates consistently ¢o; = ¢2;(00), with ¢2;(6) := mig/go;- The last equality fol-
lows from an application of Theorem 2.2 with W = {& — W (z) = 2} and ® = {X; — ¢2;(0)¢2;(0) : 6 € Op} .
Thus, we conclude that

Dk _ 11 1 - b
\/ﬁ(e —6y) =T, % ;%‘ﬁlz +op(1),

and the result of the corollary follows from the Lindeberg-Lévy Central Limit Theorem and Slutsky’s
Lemma. The proof that I'y = I', + op(1) follows the same arguments as that of I;;1 = I'™L + op(1)
and is therefore omitted. Q.E.D.

Proof of Theorem 3.2: Using our uniform rates for kernel estimators one can show that ¢ (Xi,9i)
converges uniformly to ¢, (X, go(X)) with a rate Op(7; (g, +n~1/?)), so that

\/— Z W ‘W )] (5*(X27§2) ¢*(Xza gOz)) ni — OP( 1/27-71_1%21)'
Hence, by Theorem 2.2 in the main text with ® = {z — ¢.(x, go;)} , uniformly in a,, < By < b,
n,h W W ¢* XugOz ni — Uz¢* XugOz +op(1
\/—Z (W)l ( )i, WZ ) +op(1).

On the other hand, it is straightforward to prove that 52 = 02 4 op(1). The limiting null distribu-
tion then follows from the Lindeberg-Lévy Central Limit Theorem and Slutsky’s Lemma. Under the

alternative,
1 1 « o ~
—=Top == ) [Yi = m(W;|W;)]dw(Xi, Gi)tni,
ST = 5 D0 = TG (X, 50
converges to E (g;¢.(X;, go;)) # 0, and hence the consistency follows. Q.E.D.

Appendix B Uniform Consistency Results for Kernel Estimators

This section establishes rates for uniform consistency of kernel estimators used in the paper. These
auxiliary results complement related ones in Andrews (1995) and Sperlich (2009), among others, but
we impose different conditions on the kernel functions and provide alternative methods of proof. Unlike
Mammen, Rothe and Schienle (2011a), we consider uniform in bandwidth consistency and rates, though
we do not provide uniform limiting distributions. Einmahl and Mason (2005) also study uniform in
bandwidth consistency of kernel estimators, but they did not consider the extension to kernel estimators
of (possibly nonparametrically) generated observations, as we do. The results of this section, which
should be potentially useful in other settings, are more general than required for the proofs of the main
the results in the text.

We first state some well-known results from the empirical process literature. Define the generic
class of measurable functions G := {z — m(z,0,h) : 0 € ©,h € H}, where © and H are endowed with
the pseudo-norms |-|g and |-|,,, respectively. The following result is Theorem 2.14.2 in van der Vaart
and Wellner (1996, p. 240).
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Lemma B.1 Let G be a class of measurable functions with a measurable envelope G. Then, there

exists a constant C such that

1
B (IGlg) < CIIGl, | /1+ 108Ny e.6. -]

The following result is the celebrated Talagrand’s inequality (see Talagrand, 1994). Rademacher vari-
ables are iid variables {g;}7_; such that P(¢; =1) = P(g; = —1) = 1/2.

Lemma B.2 Let G be a class of measurable functions satisfying ||g||., < M < oo for all g € G. Then

it holds for all t > 0 and some universal positive constants Ay and As that

. Agt? Aot
Zsig(Zi) +t <2dexp | -2 5 | Texp (——2> ,
pt G nog M

where {€;}1' | is a sequence of iid Rademacher variables, independent of the sample {Z;}?  and 0(_2; =

supgegvar(g(Z)).

P Gmllg > A1 | E
max [|Gllg > A

We now proceed with the main results of this section. Let T be a class of measurable real-valued
functions of Z and let W be a class of measurable functions of X with values in R%. Define Xy =
{(W(z) € RT: W € W and = € Xx}. We denote by ¢ := (p,w, W) a generic element of the set
V=7 x Xy xW. Let U7 :=7T xIxW, for a compact set I C Xyy. Let f (w| W) denote the density
of W(X) evaluated at w. Define the regression function ¢(¢)) := E[p(Z)|W (X) = w|. Henceforth,

we use the convention that a function evaluated outside its support is zero. Then, an estimator for

m(¥) := c(¥) f (w| W) is given by

nlw) = o D (20 1 (L),
i=1

where K (w) =[]0 k(w), k (-) is a kernel function, h := h,, > 0 is a bandwidth and w = (wy, ..., wg) .
We consider the following regularity conditions on the data generating process, kernel, bandwidth and

classes of functions.

Assumption B.1 The sample observations {Z; = (Y;", X," )T}, are a sequence of independent and
identically distributed (iid) variables, distributed as Z = (YT, XT)T.

Assumption B.2 The class W is such that log N (e, W, ||-|| ) < Ce™" for some v,, < 1.
Assumption B.3 The density f (w| W) is uniformly bounded, i.e. | fll,y o, < C.

Assumption B.4 The kernel function k (t) : R — R is bounded, r-times continuously differentiable
and satisfies the following conditions: [k (t)dt =1, [t'k(t)dt =0 for 0 <1 <r, and [ |t"k (t)|dt <
00, for some r > 2; |0k(t)/0t| < C and for some v > 1, |0k(t)/ot] < C|t|™" for |t| > L, 0 < L < .

Assumption B.5 The possibly data-dependent bandwidth h satisfies P(a, < h <b,) — 1 as n — oo,

for deterministic sequences of positive numbers a, and b, such that b, — 0 and a®n/logn — .
n
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Given the class W and the compact set I C X)), we define the class of functions

Ko := {$—>K<M_TW(”“’)> :weI,WGW,he(O,l]}.

Our first result establishes the complexity of the class Ky, which is crucial for the subsequent analysis.

Lemma B.3 Under Assumption B./, for a positive constant Cy,
N[] (0157K:07 H||2) < C€_UN(€2,W, ||||oo)) for some v > 1. (B'?’l)

Proof of Lemma B.3: Let W, ..., Wx,_ be the centers of an e2—cover of W with respect to |-,
where Ni. = N(&2, W, |||l..)- Fix 4, 5 = 1,..., N1, and consider the marginal class

Ko = {x—>K<%WJ($)> :wel,he(o,l]}.

We will show that under our assumptions, Ko ; is a VC class for each j, hence N(e, Ky ;) < Ce™" for

d
some v > 1. Notice that Ko ; = H]CO,j,l where
=1

—W.
Koji = {x Sk (wlfﬂ(l‘» cwy € I, h € (0, 1]} ,

where I} := {w; : w € I} and W, (z) = (Wj1 (2),..., W;q(z))". Hence, by Lemma 2.6.18 in van der
Vaart and Wellner (1996, p. 147) it suffices to prove that Ky ;; is a VC subgraph class. Moreover, by
the same lemma, without loss of generality (as k is of bounded variation), we can assume that k is
non-decreasing on R. Recall that Kg ;; is a VC subgraph class if and only if its class of subgraphs is a
VC class of sets, which holds if the class

Sk = {{(m,t) :k <W_TW> <t} cwp €I, h € (0,1]},

is a VC subgraph class. But this follows from an application of Lemma 2.6.18 in van der Vaart and
Wellner (1996, p. 147), after noticing that

Sic = {{(.8) - hk™H(8) —wy + Wiy () > 0} - wr € b € (0,1]}

where k=1(t) = inf{u : k(u) > t}. Then, Lemma 2.6.15 and Lemma 2.6.18(iii) in van der Vaart and
Wellner (1996, p. 146-147) imply that the class Ko ; is a VC class for each j = 1,..., Ni.. Set, for each
e >0, N2€j = N(s,ICO,j).

On the other hand, our assumptions on the kernel imply that

K (z) — K(y)| < |z —y| K*(y), (B-32)
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where K*(y) is bounded and integrable, see Hansen (2008, p. 741). Hence, for any K (w — W (-) /h) €
Ko, there exist W; € W, wj;, € I and hj;, € (0,1], j =1,..., N1 and k = 1,..., No.j, such that
2]

() () () ()
() (e

< O™ IE[ (w hj )>}+25

< C%e?

2
<2F

+2F

1

where recall W; is such that |[W — Wj|_ < 2, and the second inequality uses that K is bounded to
conclude |K ((w — W (X))/h) — K((w — W; (X))/h)| < C. Hence, (B-31) follows. Q.E.D.

The following lemma extends some results in Einmahl and Mason (2005) to kernel estimators with

nonparametric generated regressors.

Lemma B.4 Let J =I° = {w € Xy : |w—v| < e, v €I}, for I a compact set of Xy C R? for some
0 < e < 1. Also assume that Assumptions B.1 — B.5 hold. Further, assume that Y is a VC class, with

envelope function G satisfying

M >0: G(2)I{W (X)eJ} <M, a.s. (B-33)
or for some s > 2
sup  E[G*(Z2)|W (X) = w] < oo. (B-34)
(Waw)ewxJ

Then we have for any ¢ > 0 and b, | 0, with probability 1,

sup Vnhe |my,(v) — Emp ()|

limsup sup v =:Q(c) <
n—oo c1<h<b, /((log(1/h%))V loglogn) ' ’

where ¢, := ¢ (logn/n), v:=1/d in the bounded case (B-33) and v := (1/d — 2/ds) under assumption
(B-34).

Proof of Lemma B.4: We only prove this lemma for the unbounded case, the proof for the bounded

case follows similar steps and therefore is omitted. For any k= 1,2, ..., and ¢ € T, set ny, := 2¥, and

on(Z:) == ¢ (Z)1 {G (Z) < c;,j/S} ,

where s is as in (B-34).
For fixed hg, 0 < hg < 1, and for nj_1 <n <ng, we I, ¢, <h<hgand p €T, let

) = g Yo 20 K ()

29



First, we shall prove that under our assumptions there exists a constant @ (¢) < oo, such that with
probability 1,
lim sup A = Q1 (¢, (B-35)

k—00
where .
sup vn ‘mh ) — Eﬁ@é )(zp)‘
eV
A := max sup
M1 SNk ) <h<hg v/ ((log(1/h%)) V loglog n)

To that end, for ¢ € ¥; and ¢, < h < hg, let

vn(Zi ) = (Z;) K <%(XZ)> and v} (Z:,0) == ¢ (Z:) K (T

Define the class Vi (h) := {’Uf(Lk)(-,T/}) : 1 € U} and note that for each v,(Lk) € Vi(h),

supll o (2, ), = sup sup o) (2, 9)] < 1Kl €, 1/°.
z€EZ Zypevy
Also, observe that
— W (X)) |?
Bl (200 < Eln(2.0)P] < B || (20 1 () ]

Using a conditioning argument, we infer that the last term is

< [Eie @)W 00 =i () £ (| W)

< o/th2 (w) f (w — wh| W) du

<cC HKHSA 11l 0 ht =: C1h?

Thus,
sup E[v(2)]*] < C1h. (B-36)
veVi ()
Set for j,k >0, hj = 2/ ¢y, and define Vik = {fu}(lk)(',w) c¢ e V¥rand hjp < h < hjii}. Clearly by
(B-36),
sup E[[v(2)]?] < C’h;{k =: aik. (B-37)

UEVj,k
Define the product class of functions Gy := K¢ - C - T, where

Koz{x—>K<w%W($)> :weI,WGW,he(O,l]}

and C = {z — f(2) =1{G(2) < ¢} :c>0}. It is straightforward to prove that, for some positive
constant C,

N[~](€7g07 ”H2) <N (CEv]C()? H”2) X N(CE,C, ””2) x N (CE7T7 ””2) : (B'38)
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Hence, by Lemma B.3 and our assumptions on the class T, we obtain that log N,(e, Go, ||-[[5) < Ce™,
for some v < 2. Note that V;x C Go, so log Nj(g, Vjk, [|-ll;) < Ce™ also holds.

Define [, := max{j : hj, < 2hg} if this set is non-empty, which is obviously the case for large
enough k. Also, define

ajp = \/nkh;{k (‘log(l/hik)‘ v loglognk).

Then, by Lemma B.1 and (B-37), for some positive constant C3, for all k sufficiently large and all

Stz

i=1

sup
UEVJ k

< C’3aj,]c (B—39)

where {g;}_, is a sequence of iid Rademacher variables, independent of the sample {Z;}" ;.
By definition, 2hy, ; = hj,+1% > 2ho, which implies that for ng_y < n < ng, (e}, ho] C [che. by k)
Thus, for large enough k£ and for any p > 1,
ly—1

Ar(p) = {8k 2 241G +p)} € | {n max_|[|VnGyl|,, > A1(Cs +p)aj,k},

_1<n<n
j:0 k—1>N>NE

where Cf is the constant in (B-39) and A; is the universal constant in Lemma B.2.
Set for any p>1,j>0and k > 1,

pik(p) =P < max H\/EGnij,k > A1(C3 -I-P)aj,k) .

ng_1<n<nyg

Note that , /nkhdkc,llés 2Jd/2 /TeCry > NCny, log log ny, > ¢ (log log nk)2 and that aik/nkh;l,k > log log ny,
for all k sufficiently large. Hence, applying Talagrand’s inequality, see Lemma B.2, with aé = a?k,

M =||K| c;kl/ and t = pa; j, we obtain

Azp=ajy, Agpaj perl?
pin(p) <2 |exp 5k | e [ — 2Pk
) [ < "'fChj,k> ( 1K llos

Agp? 214/2 A
<2 |exp <— 2P log lognk> + exp —J\/nkcnk log log ny,
C 1Ko
e | Agp21/21/2
<2(logng)” @ +2(logny) Kl

<4 (IOg nk)_pAS )

where Az := A3 (1/C A cl/2/ |K||,)- Since Iy < 2logny, for large enough k,

-1
P*(Ay(p)) < Pi(p Zp]k < 8(log ng)'~#5.

Then, (B-35) follows from Borel-Cantelli by taking p sufficiently large, e.g. p > 3/As.
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Next, for ng_1 <n<ng,wel, ¢, <h<hgand p €T, let

M) = o o7 (4 K (=),

where @, (Z;) = ¢ (Z;)1 {G (2) > c;kl/s}. Then, following the same steps as in Lemma 4 in Einmahl
and Mason (2005, p. 1400), we obtain, with probability 1,
sup Vnhd ‘mﬁf) () — Emﬁf) (zb)‘

eV

lim  max sup =0. (B-40)
koconkasnsnk gy <pchy  / ((log(1/h9)) Vloglog n)
Finally, (B-35) and (B-40) together prove the result. Q.E.D.

Our next results involve uniform convergence rates for kernel estimators. For a, and b, as in

Assumption B.5 and r as in Assumption B.4 , define

log an® V log 1
dn::\/oga VOgogn+bT

nad "

The following are classical smoothness conditions that are needed to control bias.

Assumption B.6 For all W € W and x € Xx: (i) f (w|W) and (it) m (w| W) and fx (z|w, W) are
r-times continuously differentiable in w, with uniformly (in w, W and x) bounded derivatives (including

zero derivatives), where r is as in Assumption B.J.

Define as in the main text m (w| W) := E[Y|W = w], w € Xy C R% and its nonparametric NW
estimator is i (w| W) := T (w| W) /f(w| W), where T (w| W) := n~h~ Yo YK ((w—W;)/h) and
FwlW) =n"th= 37 K (w = Wi)/h).

Lemma B.5 Let Assumptions B.1 — B.6(i) hold. Then, we have,

sup sup | f(w|[W) — f(w|W)| = Op+(dy,).
an <h<b, weXyy;Wew

Proof of Lemma B.5: Write

~ o~ o~ o~

sup | f (w|W) — f(w|W)[ < sup | f(w|W) — Ef(w|W)[ + sup |[Ef(w|W) — f(w|W)|
= [1n + I2n7

where henceforth the sup is over the set a,, < h < b,, w € Xy and W € W. An inspection of the proof
of Lemma B.4 with ¢ () = 1 shows that we can take I = X)y, so we obtain

log a;,® V log log n
I1p = Op- \/ & "nadg &
n

By the classical change of variables, Taylor expansion and Assumptions B.4 and B.6, Iz, = Op- (b]).
Q.E.D.

The following results establish rates of convergence for kernel estimates of m (w| W) and T (w| W).
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Lemma B.6 Let Assumptions B.1 — B.6 hold. Then, we have

sup sup  [T(w|W) — T(w|W)| = Op+(dy).
an <h<b, weXy;Wew

Proof of Lemma B.6: The proof for T follows the same arguments as for f, and hence, it is omitted.
Q.E.D.
Define

to(w| W) =1(f (w| W) > 7,)  and  L(w| W) = L(f (w| W) > 7).

Lemma B.7 Let Assumptions B.1 — B.6 hold. Then, we have

sup sup  [m(w|W) — m(w|W)|t (w| W) = Op« (1, dn) + Op- (7, °d7)
an<h<b, weXyy;WeW

and

sup sup  [m(w|W) — m(w|W)[tn(w| W) = Op+ (7, dy).
anSthn wEXw;WEW

Proof of Lemma B.7: We write
(w|W) = m(wW) = ay (w| W) + 1 (w] W),
where
an (w| W) = £ (w| W) (T (| W) = T (w| W) = m(ul|W) (F (w| W) = £ (w] 7))
T (w| W) i=m (w| W) f (w| W) and

f(w| W) — f (w] W)
F(w| W) f (w] W)

rn(w| W) = — an (w|W).
Since f~!(w|W)t,(w| W) is bounded by 7, !, we obtain from previous results sup |r,(w|W)| =
Op+(1;72d?). For the second equality, note that

n

T (w| W) — T (w| W)

= — m(w|W
f(w[W) i

m(w|W) — m(w|W) = =~
(w[W) = m(w|W) { W)

f<w|w>—f<w|w>}_

Hence, since m is uniformly bounded, we obtain the uniform bound
(0 |W) = m(w W)t (] W) < 7 |T (w] W) = T (w] W)|
7 [l W) = f (w W) fm(w]W))
= Op+ (7, *dy).

Q.E.D.
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We now consider stronger versions of Assumptions B.5 and B.4 that are applicable to derivatives
of kernel estimates such as

() = e Y e (20 K (S5
i=1

where K (w/h) = l%(wl/h)Hfl:2k(wl/h), where k (u) = dk(u)/Ou is the derivative of the kernel function
k.

Assumption B.7 The possibly data-dependent bandwidth h satisfies P(a, < h < b,) — 1 as n — oo,

for deterministic sequences of positive numbers a, and b, such that b, — 0 and a%t?n/logn — ooc.

Assumption B.8 The kernel function k(t) : R — R is bounded, r-times continuously differentiable
and satisfies the following conditions: [k (t)dt =1, [t'k(t)dt =0 for 0 <1 <r, and [ |t"k (t)|dt <
oo, for some r > 2, ‘a(j)k(t)/at” < C and for some v > 1, ‘8(j)k(t)/8tj| < CIt™" for |t| > Lj,
0<Lj<oo, forj=1,2.

Lemma B.8 Under the conditions of Lemma B.4 but with B.7 and B.8 replacing B.5 and B./, respec-
tively, we have for any ¢ > 0 and b, | 0, with probability 1,

sup Vnh®2 i, (1) — Enip (¢)]

v
limsup sup vt =:Q(c) < 0.

noo ci<hs<b, 4/ ((log(1/h9)) Vloglogn)

Proof of Lemma B.8: The proof follows the same steps as that of Lemma B.4, and hence it is
omitted. Q.E.D.

Appendix C Some Primitive Conditions

This section provides primitive conditions for some of the high level assumptions in the main text of
the paper. These high level conditions can be classified into into three classes: 1. Assumptions on the
smoothness and boundedness conditions regarding densities and regression functions; 2. Asymptotic
inclusion assumptions for nonparametric estimators; and 3. Other high-level assumptions regarding
properties of these estimates. Assumptions 3, 6(i) and 9 in the main text belong to class 1. Assumptions
of type 3. Primitive conditions for assumptions in the class 1 are generally model specific, see e.g. Klein
and Spady (1993) for parametric generated regressors. Here we focus on primitive conditions for classes
2 and 3.

Assumption 6(ii) in the main text requires that P(m € T,") — 1, for some 7,, > d/2 and M > 0.

That is, it requires one to prove that

[m (Wy(z)| Wy) —m (Wa(z)| Wa)
sup
w€Xx W1, WaeW W1 — Wal

— Op-(1) (C-41)
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and
Pm(:|W) e Cli(Xw)) — 1 for al W e W. (C-42)

We now provide primitive conditions for (C-41) and (C-42) when densities are bounded away from
zero. Similar arguments can be used to find primitive conditions with vanishing densities when random
trimming is used, simply multiplying the rates d,, and da, below by 7, 1.

To verify (C-41), we write

T (Wi ()| Wa) — T (Wa(z)| Wa)
F (W) W)
|7 (Wa(@)| Wa) = F (WA @) | Wh)| i (Wa(a)| Wa)

+ — .
f(Wh(z)| Wh)

m(Wi(z)| Wh) —m (Wa(z)| Wa) =

(C-43)

Define ¢ := (z, W1, W) € U := Xx x W x W,

oty s (e (AW (W) - (0

and

n
mp(z, ) = # 2%,1(22',7!))-
i—=
It is straightforward to prove that, for each ¢ € ¥,
Efjon1(Zi,9)P] < Ch.
Then, arguing as in Lemma B.4 one can show that

sup  sup |1 (¢) — Emp (¢)] = Op-(din),
anSthn wE‘If

where

log an® v loglogn
dip = e .

nay,
On the other hand, the typical arguments used to handle the bias of kernel derivatives yield

sup sup |Emyp ()] = Op«(1).
an<h<b, peW¥

A similar conclusion can be obtained for the other terms in (C-43). Then, a primitive condition for
(C-41) is that dy,, = O(1).

To give a primitive condition for (C-42) we consider the case d = 2, which arises in models such as
the binary choice model with selection discussed in the main text. In this case, we can take 7, = 141,
with 0 < 7y < 1. Then, (C-42) reduces to showing that, for j = 1,2, for each W € W,
|om (w| W) [Ow; — om (w'| W) Jow;|

/|77q

sup
wF#w’ |'lU —w

Op-(1). (C-44)
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To that end, define for ¢ := (w,w’) € ¥ := Xy x Xy,

_ 1 <« h - - W (X; : WX
mh’Q('lp) = nhd+2 Z_;E’w — wl‘nq {KJ <wT()> — KJ <%()>}7

1 n
=: nhit2 Z vn2(Zi, ¥),
=1

where Kj(w) = 0k(w;)/0wik(wy) and Ko(w) = Ok(ws)/Owsk(w:), w = (wy,ws). Then, using the

arguments of Lemma B.4 one can show that

sup  sup [mp () — Emp2(1)] = Op«(dan),
an <h<bn HEW

and

sup  sup |Emp ()| = Op«(1),
an<h<by HEV

\/log an®Vloglogn
don = )

where

n agll+4

Hence, for d = 2 a primitive condition for Assumption 6(ii) is that na8/log(n) — oo and Assumption
B.8 above hold. For a general d a similar approach can be used, provided that the corresponding kernel
derivatives are of bounded variation. Similar conditions such as Assumptions 10(iii) and 13(ii) can be
verified analogously.

Next, we consider primitive conditions regarding the first step estimator in Assumption 10 when g;

is the NW estimator. Consider the following assumption:

Assumption C.1 (i) The regression gg is estimated by a NW kernel estimator with a kernel function
satisfying Assumption B.j with r = p and a possibly stochastic bandwidth ﬁgn satisfying P(l, < Egn <
up) — 1 as n — oo, for deterministic sequences of positive numbers l, and w, such that u, — 0,
n(1%/logn)" =1 = 0o and nui™ — 0; (i) the function gy and the density fx (-) of X are p-times
continuously differentiable in x, with bounded derivatives. The density fx (-) is bounded away from

zero. Furthermore gy € G C C’Xj(XX), P(g e G)— 1, for some ng > d.

Examples of random bandwidths that satisfy our assumptions are plug-in bandwidths of the form
lAtgn = ¢hg, with ¢ is bounded in probability and h,, a suitable deterministic sequence. If hg, = en™9,
for some constant ¢ > 0, then Assumption C.1(i) requires that 1/2p < 6 < (k — 1)/pk, so p needs to
be greater than pr/2(k — 1).

We now prove that under the primitive condition C.1 above, the high level Assumption 10(i) in the

main text and || — gol|, = op(n~'/?%) hold. To that end, using our Theorem 2.1, without trimming
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and with the class W (z) = {1}, we obtain that
Rip (@) == % Zn:(g(n‘ — )0y m(Woi) iy (X;)
=72 Z — Gi)Ogm(Wo:) by (X Z — 90:)dgm(Woi) iy (X3)
Z — 901) E(@m(Woi) iy (X:)| X15) + 0p(1).
Hence, |R1, (@) + G, (@)| = op(1). Similarly, for 2 < j < k,

Rjn 04 \/— Z 9goi — gz gOz gz)j 18(]) (W02)$JW(XZ)
\/— Z )(g0i — §i)j_lag§j)m(WOi)$JW(Xi)
Z — g0:)(90i — §z’)j_laéj)m(W0i)¢A5¢V(Xi)

Z ((90: — §)" =10 m(Wa) bty (X3) | X11) + 0p (1)

= OP(1)7

where the last equality follows from Lemma A.4 in Appendix A. On the other hand, an application of

Lemma B.7 implies

N logn _
n

Finally, the condition P(§ € C}/%(Xx)) — 1 can be verified as in (C-42) above.

Appendix D Some Generic Applications

In this section, we illustrate the general applicability of Theorems 2.1 and 2.2 in the main text to
a variety of settings in semiparametric estimation and testing. In particular, we summarize how the
asymptotic distribution of semiparametric estimators such as Ichimura (1993), Klein and Spady (1993)
and Rothe (2009) may be derived using our results, which allow for data-driven bandwidths, random
trimming and estimated weights. We also propose a new test for the null hypothesis of zero conditional
average treatment effect, and discuss its properties based on the main results of the paper. Throughout
this section technicalities are omitted for the sake of clarity, since our goal here is only to sketch how

our results could be used for classes of applications beyond the specific ones provided in the main text.

D1 Ichimura’s (1993) Estimator

Consider the class of functions W = {x — W () := v(f,z) : § € © C R}, where v(-,-) is a known

function, i.e. v(#,r) = 270. The class W trivially satisfies Assumption 2 in the main text. Denote
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Wy := W (6y), Wip := v(0p, X;) and W;(0) := v(0, X;) for i = 1,...,n, where {Yi,XZ.T}?:l is a random
sample from the joint distribution of (Y, X T)T that fulfills the index restriction E[Y|X] = E[Y |Wy] =

m(Wy) for 6y € ©. Consider the following semiparametric least squares function
1 n
= Z: tnilY; — Mg}, (D-45)

where 9 == m(Wi(0)|[W(8)), tni := ]I( FOW;(6)|W (6)) > 70), T — 0 as n — oo at a rate that satisfies
Assumption 11 in the main text, and 0 is a preliminary consistent estimator for 6y, i.e. 0 could be an
estimator that minimizes (D-45) but with #,; = I(X; € A) for a compact set A C Xy, and both m and
f defined as in Section 2 in the main text. The proposed estimator 0 of fp is the minimizer of this

objective function:

o~

0 = arg gélélsn @) . (D-46)

The asymptotic distribution of the estimator will be established here by a combination of standard

methods and our Theorem 2.1. Consider the first order conditions
— /09SO = 7 - Z{Y M5} Op T i (D-47)

where Opm,; := Om(W;(0)|W(0))/00]|,_-. By a Taylor series expansion,
i 0=0
\/ﬁ(é\_ 00) \/— Z{Y mzﬁo}aﬁmzﬂotnz +op (1)

where G, = n71Y ", %\magﬁli(;@érﬁig and @ is such that |§ — 6| < |§— 0o| a.s. By the uniform
consistency results in Appendix B, and the continuous mapping theorem, it follows that
Gn —p A() =: E[agm(Wlo)agm(Wlo)], (D—48)

where gm(Wig) := Om(W;(8)|W(0))/00|g—p,. By another application of the results in the main text

with the uniform consistency of dpmig, shown in Appendix B, we have

\/— Z{Y Moo }OpMigytni = Ay * \/— Z{Y m(Woi) }oem(Wio) +op (1),

where the equality above follows from the fact that E[0ym(W;o)|Wy] = 0, see Ichimura (1993, Lemma
5.6, p. 95). An application of Linderberg-Lévy CLT then yields

V(0 — 6p) =4 N(0,AF'EAGY),
where = = E[var(Y|X = X;)9pm(W;0)d, m(W;o)].
Remark D1.1 Delecroix, Hristache, and Patilea (2006) have also derived the asymptotic properties
of Ichimura’s (1993) estimator with random (non-vanishing) trimming and uniformly in the band-
width, while Hardle, Hall, and Ichimura (1993) have shown the first order asymptotic properties of the
semiparametric least squares estimator are not affected when plugging in a data-dependent bandwidth

chosen jointly with 0 in (D-46) using fixed trimming. Our result above essentially combines these

features, while extending them to vanishing trimming.
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D2 Klein and Spady’s (1993) Estimator

Klein and Spady (1993) consider the binary choice model of the form
Y =1(X "6y —u>0), (D-49)

where u and X € Xy C R are independent. Consider the class of functions W = {x — W () :=
v(0,x) : # € © C R}, where v(-,-) is a known function, i.e. v(f,z) = x'6. As before, denote
Wo := W (6y), Wig := v(0o, X;) and W;(0) :=v(0,X;) for i = 1,...,n, where {Yi,XZ-T}:.L:l is a random
sample from the joint distribution of (Y, X T)T generated from model (D-49). In this case, the regression
of Y given X satisfies the index restriction E[Y|X] = E[Y|Wy] =: m(Wy) for 6y € ©. Our results can
be used here to establish the asymptotic properties of a variant of Klein and Spady’s (1993) estimator.
First, define the semiparametric likelihood function as
1 <& -
Ly (0) = - > {Yilog[iig] + (1 — Y;) log[1 — fivig]} tim, (D-50)
i=1

where Mg, and t;, are like those in Section D1 above but with § replaced by one, and fis a preliminary
consistent estimator for 0y (see Klein and Spady, 1993, footnote 4, p. 399 for examples). Similarly,
both m and f are defined as in Section 2. The proposed estimator 0 of 0 is the maximizer of this

objective function:
6 = arg max.,, (0). (D-51)
0O

The asymptotic distribution of the estimator can be established here by a combination of standard

methods and Theorem 2.1 in the main text. Now consider the first order conditions

~

0 = iy Ln(8) = % S - g (D-52)
=1

where QZZ.(; = Opmglm (1 — mz)]"" and dym; is as in Section D1 above. Now by a Taylor series

expansion,

~ a1 N e
\/5(0 — 90) = Hn 1% g {Y; - mieo}%@\tm +op (1) )
=1

where " -
1 " O 0T o _ ~
Hy==%" 000, and [§— ] < |6 — o] as.
ni- m (1 —mg)

From results in the main text, the uniform consistency results in Appendix B, and the continuous

mapping theorem, it follows that
H, —p Ay = E[0ym(Wi)d, m(Wig)[m(Wip)(1 — m(Wig))] 1], (D-53)

where Jgm(Wj) is as in Section D1. By another application of the results in the paper along with the
uniform consistency of ¢ we have, using that E [Ogm(Wip)|Wo] = 0,

% ZZ:;{YYZ - mi@@}&i@gi‘n = % ZZ:;{Y; — m(WOZ‘)}TJZ)wO “+ op (1) ,
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where 19, = Opm(Wio) /[m(Wig)(1 — m(Wig))]~L. Tt then follows from (D-53) that

n

-~ N _ 1 Yz — m(WZ ) :
Vi) = 851 S | s (V) op 1),

and an application of Linderberg-Lévy CLT yields
V(0 — ) —a N(0,AH).

Remark D2.2 The trimming function #;, here is slightly different from Klein and Spady’s (1993) in
that the latter behaved like a smoothed indicator. As in Klein and Spady (1993), the asymptotic
variance A, ! equals the semiparametric efficiency bound for the binary choice model as originally
derived by Chamberlain (1986) and Cosslett (1987). The main novelty here is that this asymptotic
distribution is shown to hold for potentially data-driven bandwidths.

D3 Rothe’s (2009) Estimator
Rothe (2009) considers the estimation of #y in the ‘endogenous’ binary choice model of the form
Y =1(X "y —u>0), (D-54)

where u is independent of X := ()Z' ¢ X - ex e X Xz_e C R%% only conditionally on V where

Xe = go(j(:_e, Z)+V, E[V\X‘e,Z] =0, go is a vector o?conditional mean functions of each of the
dg.
and some dz-vector of exogenous instruments Z. Notice that dg =dg. +dz_.. Let X := (XT,zMT,
and consider the class of functions W = {z — W (#,g) := v(0,g,2) : 0 € © C RiX, g € G}, where

-‘endogenous’ components of X, i.e. X€, given the dg_.-‘exogenous’ components of X, i.e. X ¢,

v(+,+,+) is a (1 + dg.)-dimensional known function, i.e. v(f,g,x) = (Z'60,2° — g(Z7%2))". As before,
denote Wy := W (0o, 90), Wio := v(0y, 90, X;) and W;(0,g) := v(0,9,X;) for i = 1,...,n, for an iid
sample {V;, X'}, from the joint distribution of (Y, X ). In this case, the regression of Y given X
satisfies the index restriction E[Y|X]| = E[Y|Wy] =: m(Wj) for 6y € O, and gy € G. Our results can
be used here to establish the asymptotic properties of an efficient version of Rothe’s (2009) estimator.

Rothe (2009) proposes estimating 6 as in (D-51) where g := m(W; (0, 9)|W (0,9)), tni = I[(X; € A)
for a compact set A C Xg, and both m and f defined as in Section 2 in the main text. This
type of fixed trimming affects the asymptotic distribution of his estimator. Consider instead &,; :=
]I(f(W,(g, 9)|W(6,9)) > 7), T — 0 as n — oo at a rate that satisfies Assumption 7 in the main text,
and 0 is a preliminary consistent estimator for 6y, i.e. Rothe’s (2009) original estimator, which uses
fixed trimming toi = ]I()Z'Z € A) for a compact set A C X 5 - The first order conditions are like (D-52).
Similar arguments as in Section D2 and repeated application of Theorem 2.1 and Theorem 2.2 in the

main text yields

N 1< N T
\/ﬁ(@ — 90) = Hglﬁ E {Y; - mieo}%eotm +op (1) s
i=1

1 & 1 — ~
= Aalﬁ ;{Yi — m(Wo;) }big, — Aalﬁ ; Etig,0gm(Woi )| X ¢, Z]V; +op (1),
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where dgm (W) := Om(W;(00,9)|Wo)/0G|g=g,, and the last equality holds uniformly in the bandwidth
from Theorem 2.2 in the main text with v, = 9pm(Wo;)/[m(Woi)(1 — m(Wy;))]~!. Finally, an
application of Linderberg-Lévy CLT yields

V(0 = 0o) —q N(0,A5" + A UoAY),
where Uy = E[f(Woi)Vz’VinT(WOi)] and

agm(Woi)agm(W()i

S(WOZ) =k m(WOZ)(l — m(Wg,

) ‘X‘—@,Z] :

)

Remark D3.3 The asymptotic variance of the estimator here is different from Rothe’s (2009) because
Rothe (2009) uses a fixed trimming function, i.e. #,; = I(X; € A) for a compact set A C X, that
appears everywhere in the limiting distribution. However, if we neglect his trimming effect, taking
twi =1 foralli=1,..., n, then both expressions for the asymptotic variance will coincide, (see Rothe,
2009, Theorem 3, p. 55). Unlike Rothe’s (2009) original calculations that use results in Chen, Linton,

and van Keilegom (2003), the results in the main text can be used to allow for plug-in data driven

bandwidths and random trimming, while avoiding the need to calculate pathwise derivatives.

D4 A New Nonparametric Test for Treatment Effect Heterogeneity

Consider the potential outcome framework in program evaluation where one observes a random sample
{Y;, Dy, X, }7_, from the joint distribution of (Y, D, X ") that satisfies

Y=Y (1)D+Y(0)(1-D),

where Y (D) denotes the outcome under treatment (D = 1) or without it (D = 0), and X represents
a vector of observed covariates. Suppose we are interested in the null hypothesis of zero average
effects conditional on the covariates (CATE) as in Crump, Hotz, Imbens and Mitnik (2008) under

unconfoundness (see Imbens and Wooldridge, 2009, for an up-to-date survey). The null hypothesis is
Hy: EY (1) =Y (0)|X] =0, a.s.

where Y (D) is independent of D given X, and the standard overlapping assumption holds, i.e. 0 <
p(z) < 1, where p(x) := Pr(D = 1|X = x) is the propensity score.

Crump, Hotz, Imbens and Mitnik (2008) provide a test of Hy. The motivation is that it is useful to
know if a treatment has benefits for individuals with specific characteristics X, regardless of whether it
affects outcomes or not on average in the population. Here we provide a different test, with a bandwidth
that can be tuned in a data dependent way to improve power.

The following proposition demonstrate that Hy can be tested based on the sample mean
~ 1 & N
B () 1= —= 3 {Di =P (X)WL (X, < 2) 2 (X))
i=1

where p (z) and f(a:) are NW estimators of p (x) and f (z), respectively, estimated with bandwidth &
that satisfies certain assumptions in the main text. The justification of the testing procedure is given

in the next result, which proof is standard and hence is omitted.
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Proposition D.1 E[Y (1) — Y (0) |X] = 0 a.s. if and only if E[{D —p(X)}f2(X)Y|X] =0 a.s.

From Theorem 2.1 in the main text, the empirical process ﬁmh is asymptotically equivalent under
the null of zero CATE to

R, (x) = % S D — p (X HY; — EYGIXH2 (X)1(X; < 7).
=1

which can be used to approximate the distribution of the Cramér-von Mises functional

Cn — En 2Fn d 9
s / R (2) P Fy (da)

where F), represents the empirical distribution function of {X;}” , . Let T denote the solution to the
optimization problem for C,,. As pointed out in the testing section of the main text, our results permit
choosing the bandwidth in this way, which should lead to tests with better power properties than when
the bandwidth is chosen with other objectives in mind (such as estimation). See e.g. Horowitz and
Spokoiny (2001).

Set m(-) := E[Y;|X = ] and let m(z) denote the NW estimator of m(z). The asymptotic null
distribution of C,, should be well approximated by the bootstrap process

R (2) = % SOUD: - B XY — (X)) (X0 T(X < 2) G,
=1

where the variables {(;}7_, are independently generated from the original sample from a random
variable ¢ with bounded support, mean zero and variance one. The theoretical justification of this
multiplier-type bootstrap can be demonstrated using standard methods, given our results regarding the
process ﬁmh. The conditions for the justification of the proposed test are rather mild. We only require
Assumptions 1, 4, 5, and the conditions: (3’) m(z) and T'(z) := p(x)f(x) are r-times continuously
differentiable in z, with bounded derivatives (including zero derivatives); and (6°) f,T € C}/,(Xx) and
P(f,T € Cl/(Xx)) — 1 for some n > d/2, where T() == p)f ().
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