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1AlthoughtheGroves-Ledyardmechanismdoesnotsatisfyindividualrationality,Hur-wicz(1979)andWalker(1981)showthattheLindahlruleisimplementable:theLindahlruleisindividuallyrationalaswellase¢cient.Subsequently,numerousfurthermech-anismshavebeenproposedtosatisfyadditionaldesirableproperties.Theyallassume,however,thatagentsmustparticipateinthemechanism:i.e.,theyassumethatagentshavenofreedomtoleavethemechanism.2SaijoandYamato(1999)consideredavoluntaryparticipationgameinadivisiblepublicgoodscase.Theyshowanegativeresultone¢ciencyofpublicgoodsprovision,andthencharacterizeequilibriumparticipationofthemechanismthatimplementstheLindahlallocationruleinasymmetricCobb-Douglasutilitycase.SaijoandYamato(2010)consideredavoluntaryparticipationgameinapublicgoodeconomy,andshowthatforallagentstheparticipationincentivesinthemechanismsthatimplementtheLindahlrulebecomeweakerasthenumberofagentsintheeconomyincreases.3Muench(1972),Milleron(1972),andConley(1994)discussthedi¢cultyofreplicatingapublicgoodseconomyando¤ervariouspossiblemethods.Milleron�snotionofreplicationistosplitendowmentswithreplicatesandadjustpreferencessothatagents�concernsfortheprivategoodarerelativetothesizeoftheirendowments.2
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Lemma1Anecessaryconditionforastrategypro�lestobeaNashequi-libriumwhenj�[s]j6=0isXui2Supp(�)�[s](ui)�ui('G[�[s];�;C])�ui('G[�(i;�1)[s];�;C])��C('G[�[s];�;C]):3AsymptoticUniformContinuityinRepli-cationsThissectionintroducesourmaincondition,asymptoticuniformcontinuityinreplications,andprovesthemainresultofthepaper.First,wede�neareplicaofoureconomy.Forallu2Uandr2Z++,letur2Ubesuchthatur(g)=1ru(g)forallg2R+.Forall(�;C)2E,let(�r;C)2Eber-replicationof(�;C)suchthat�r(ur)=r�(u)forallu2U.Thiswayofreplicatingapublicgoodseconomywas�rstde�nedbyMilleron(1972).8Itbasicallydivideseachagentintosmallerpiecesasreplicationproceeds.OneofthemeritsofMilleron�snotionofreplicationisthatthee¢cientlevelofpublicgoodsprovisionisinvariantwithreplications.Note,however,thatSupp(�)6=Supp(�r)forallr>1,sincepreferencesarealteredafter8Thissimplede�nitionisanadaptationfromMilleron(1972),butinquasi-lineareconomies.7
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9Smallgroupe¤ectiveness(Wooders,1983,2008)isaconditionforacooperativegame,whichrequiresthatifarelativelysmallpopulationdeviatesandchangesacoalitionstruc-ture,thentheworthofcoalitionsslightlychanges.Continuitywithrespecttoattributes(AllouchandWooders,2008)isaconditionunderwhichasmallchangeinconsumers�at-tributeschangesconsumers�utilitiesandtheinitialendowmentofaprivategood,slightly.8
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Lemma2Theslopeoftheutilityfunctionisuniformlyboundedfromabove,andthecostfunctionisnondecreasingandsatis�esnofreelunch.Supposethat'Gsatis�esAUCR.Then,foranypositiveamountofpublicgoodg>0,thereisa�r2R++suchthat,foranyr��r,noNashequilibriumof�(�r;C;')existsinwhichgormoreunitsofthepublicgoodareprovided.Theorem1Theslopeoftheutilityfunctionisuniformlyboundedfromabove,andthecostfunctionisnondecreasingandsatis�esnofreelunch.Sup-posethat'Gsatis�esAUCR.Then,allNashequilibriumpublicgoodsprovi-sionlevelsconvergetozeroaseconomy(�;C)isreplicated(i.e.,limr!1'G[�[sr];nr;C]=0forallNashequilibriumsequencefsrg1r=1suchthatsr2NE(�(�r;C;'))forallr=1;2;:::).NotethatifconditionAUCRisguaranteedaroundtheequilibriumprovi-sionofapublicgood,theconvergenceresultcanbeestablished.Forexample,considerarulethatiscontinuousaroundtheequilibriumlevelsbutdiscontin-uousatveryhighprovisionlevelswheretheindividualrationalityconditionisnotsatis�edforanybody;clearly,suchaprovisionlevelcannotbeachievedasaNashequilibrium.Althoughthisrulehasdiscontinuity,allsequencescon-vergetozerounderthisrule.Therefore,AUCRisnotanecessaryconditionforconvergence.Conversely,thediscontinuityaroundaNashequilibriummayallowthatapositivelevelofapublicgoodisprovidedatanequilibriumeveniftheAt�rstglance,theseconditionsmayappeartobesimilartoAUCRinthesensethatasmallchangeinonedimensioninducesasmallchangeinanotherdimension.However,AUCRisacontinuityconditiononpublicgoodprovisionlevel,notonutilitylevels.9
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Proposition1Letthedomainofeconomiesbesuchthat(i)theslopeofuisuniformlyboundedfromabove,(ii)uisnondecreasingandconcave,(iii)Cisnondecreasingandweaklyconvex,and(iv)uandCarecontinuouslydi¤erentiablewithlimg!1C0(g)=1orlimg!1u0(g)=0.Then,rule'EGsatis�esAUCR.ThefollowingcorollaryisimmediatefromTheorem1.Corollary1Letthedomainofeconomiesbesuchthat(i)theslopeofuisuniformlyboundedabovebyM<1,(ii)uisincreasingandconcave,(iii)Cisincreasingandweaklyconvex,and(iv)uandCarecontinuouslydi¤erentiablewithlimg!1C0(g)=1orlimg!1u0(g)=0.Then,intheparticipationgameunder'E,everysequenceofpublicgoodslevelsatNashequilibriaconvergestozeroasaneconomyisreplicated.Notethatourdomainrestrictionisstandardandmild.Thekeytotheaboveresultisthatasreplicationscontinue,eachagent�smarginalutilitybecomesverysmall,andherparticipationdecisionhasaverysmallimpactonthelevelofpublicgood.Thefollowingexampleillustratestheimportanceofdomainrestrictionforconcaveutilityfunctions.Withoutthedomainrestriction,therecanbemultiplee¢cientpublicgoodsprovisionlevelsforaneconomy.Example2Considerthefollowingone-personeconomyfuig=Supp(�)andj�j=1suchthatui(g)=(�g3+2g2forg�433227forg>43andC(g)=g:Let'EG[e�;�r;C]=1ife�=�r,and'EG[e�;�r;C]=0,otherwise.Thisisane¢cientrule(ui(g)�C(g)�0forallg�0withequalitiesonlyatg=0;1).Inthisexample,concavityofuisviolated.Allotherconditionsaresatis�ed.ClearlyAUCRisviolatedhere.Indeed,'E(�r;�r;C)=1forallr,andg=1isaNashequilibriumoutcomeforallr.Fixedcontributionruleswithbudgetbalance.A�xedcontributionrulewithbudgetbalance'F=('FG;'FT)issuchthat(i)'FT[e�;�;C](u)=12
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Proposition2Letthedomainofeconomiesbesuchthat(i)theslopeofuisuniformlyboundedfromabove,(ii)uisnondecreasing,and(iii)C(0)=0andtheslopeofCisuniformlyboundedfrombelowbyc>0(C(g1)�C(g2)g1�g2�cforallg1>g2�0).Moreover,supposethatforall�2Nandui2Supp(�),thereexists�G(�)suchthat'FG[�r;�r;C]<�G(�)forallr.Then,'FGsatis�esAUCR.Fortheabovepropositiontohold,itisimportanttohavetheupperboundforthepublicgoodsprovisionlevel:forall�2Nandui2Supp(�),thereexists�G(�)suchthat'FG[�r;�r;C]<�G(�)forallr.Thisconditionisrea-sonable,ifwerequirethat'Fachievesanindividuallyrationalallocationforalleconomies(agentswouldneverparticipateinthemechanismunlessindi-vidualrationalityissatis�ed).12Inthefollowingexample,theindividuallyrationalpublicgoodsprovisionlevelsarenotboundedfromabove.Example3ConsiderthefollowingonepersoneconomySupp(�)=fuigand12Forexample.ifeachagent�scontributionisrestrictedbyabudgetconstraint(!ir�'T[�0;�r;C](uri)forallr2Z++andall�0��r),thenthereisalways�G(�).Thus,thefollowingpathologicalexampleisderivedonlyunderthedeeppocketassumptionthatisunrealisticthoughitisastandardassumptioninaquasi-linearpreferencesetting.13
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Corollary2Letthedomainofeconomiesbesuchthat(i)theslopeofuisuniformlyboundedfromabove,(ii)uisnondecreasing,and(iii)C(0)=0andtheslopeofCisuniformlyboundedbelowbyc>0(C(g1)�C(g2)g1�g2�cforallg1>g2�0).Supposethatforall�2Nandallui2Supp(�),thereexists�G(�)suchthat'FG[�r;�r;C]<�G(�)forallr.Inavoluntaryparticipationgameunder'F,everysequenceofthepublicgoodslevelatNashequilibriadiminishestozeroastheeconomyisreplicated.Healy(2010)treatsadomainofcontinuousandmonotonepreferences;thus,hisdomainisnotnecessarilyquasi-linear.Hefocusesonaclassofallocationrulesthatsatisfyequilibriumparticipation(EP),whichguaranteesthatallagentsintheeconomyvoluntarilychoosetocontributethefee.Whenagents�preferencesarequasi-linear,anallocationrule'=('G;'T)satis�esEPifui('G[�;�;C])�'T[�;�;C](ui)�ui('G[�(i;�1);�;C])forall(�;C)andallui2Supp(�),where�(i;�1)(ui)=�(ui)�1and�(i;�1)(u)=�(u)forallu2Supp(�)nfuig.Heshowsthatifthe�xedcontributionrulewithbudgetbalancesatis�esEP,theneverysequenceofNashequilibriumlevelsofapublicgoodgoestozeroastheeconomyisreplicatedfollowingthede�nitionbyMilleron(1972).However,EPisratherstrong:forexample,the�xedcontributionrulewithe¢ciencydoesnotsatisfyEP.13Withe¢ciency,the13Inthe�xedcontributionrulewithe¢ciency,the�xedfeeisdeterminedsuchthatifallagentsintheeconomyparticipateinthepublicgoodprovision,thee¢cientlevelofthepublicgoodisprovided.14
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Lemma3Letthedomainofeconomiesbesuchthat(i)theslopeofuisuni-formlyboundedfromabove,(ii)uiscontinuouslydi¤erentiable,increasing,andweaklyconcave,(iii)limg!1u0(g)=0,and(iv)C(0)=0andCiscon-tinuouslydi¤erentiable,increasing,andconvex.ThesetofNashequilibriainthevoluntarycontributiongameis8<:x2Yj2N�Xj����xj=0forallj=2N�maxandgmax�=C�10@Xj2N�maxxj1A9=;;(1)whereg�i2argmaxg�0ui(g)�C(g)foralli2N�,gmax��maxi2N�g�i,andN�max�fi2N�jg�i=gmax�g.Wecaneasilycon�rmthattheNashequilibriuminthevoluntarycon-tributiongameisnotnecessarilyunique.WefocusonthesymmetricNashequilibrium,inwhichagentswhohavethesameupaythesamecontribution.Usingthesymmetricequilibrium,weconstructthevoluntarycontributionrulewithsymmetry.Forall(�;C)2Eandalle���,thevoluntarycontributionrulewith14Asimilargameandnotationscanbede�nedforallsubpopulatione���,analogously.15
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Proposition3Letthedomainofeconomiesbesuchthat(i)theslopeofuisuniformlyboundedfromabove,(ii)uiscontinuouslydi¤erentiable,in-creasing,andweaklyconcave,(iii)limg!1u0(g)=0,and(iv)C(0)=0andCiscontinuouslydi¤erentiable,increasing,andconvex.Then,'VCGsatis�esAUCR.ThefollowingcorollaryisanimmediateimplicationofTheorem1.Corollary3Letthedomainofeconomiesbesuchthat(i)theslopeofuisuniformlyboundedfromabove,(ii)uiscontinuouslydi¤erentiable,increas-ing,andweaklyconcave,(iii)limg!1u0(g)=0,and(iv)C(0)=0andCiscontinuouslydi¤erentiable,increasing,andconvex.Inaparticipationgamewith'VC,everysequenceofpublicgoodlevelsatNashequilibriadiminishestozeroastheeconomyisreplicated.5ConcludingRemarksThispaperhasaddressedthenatureandsigni�canceofthefree-ridingprob-leminavoluntaryparticipationgame.WeexaminetheallocationrulesunderwhichtheNashequilibriumlevelofapublicgoodconvergestozeroasagentsintheeconomyarereplicatedtolargenumbers.Weintroduceacon-tinuityconceptforapublicgoodsprovisionrule,AUCR.Ifapublicgoodsprovisionrulesatis�esAUCR,theneverysequenceoftheequilibriumlev-elsofapublicgoodconvergestozerothroughMilleron�s(1972)replication.16
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