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Abstract

Preferences may arise from regret, i.e., from comparisons with alternatives
forgone by the decision maker. We show that when the choice set consists of
pairwise statistically independent lotteries, transitive regret-based behavior is
consistent with betweenness preferences and with a family of preferences that
is characterized by a consistency property. Examples of consistent preferences
include CARA, CRRA, and anticipated utility.
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1 Introduction

One of the most convincing psychological alternatives to expected utility theory is
regret theory, which was independently developed by Bell [1] and by Loomes and
Sugden [8]. The basic form of the theory applies to choices made between pairs
of random variables. While in Savage’s [12] model the decision maker evaluates a
random variable by weighting its outcomes, regret theory suggests that the decision
maker should also take into consideration the alternative outcome from the other
random variable. This comparison may cause rejoicing — if the actual outcome is

better than the alternative — or regret.

Both Bell and Loomes and Sugden assumed that the evaluation of the regret

should be additive. That is, for two random variables X = (xy,s1;...; 2y, S,) and

Y = (ylysl; s ;ynysn)a

X =Y = plsi(r,y) >0

where p(s;) is the probability of event s; and v is a regret function. If ¢(z,y) =
u(z) —u(y) then this theory reduces to expected utility theory and it is easy to verify
that unless this is the case, such preferences cannot be transitive. One may suspect
the restrictive additive form to be the source of intransitive cycles, but as is proved in
Bikhchandani and Segal [2], intransitivity is built into the regret model: even when

one adopts the more general form

X =Y <= V@p(z1,51),p(51); 5 0(Tn: Yn) p(50)) = 0, (1)

where V' is any increasing (with respect to first-order stochastic dominance) func-

tional, transitivity still implies expected utility.

Regret theory can be used to compare statistically independent lotteries (see
Loomes and Sugden [8]), where the regret felt upon winning z; and not y; is weighted
by pig;. But consider a gambler who chooses to play the Roulette instead of Craps.
While betting on Black in Roulette when the outcome turns out Red, it seems un-
natural that he will compare this outcome to each specific roll of the dice in a Craps

game he did not play (and probably did not even observe). Rather, it may drive him



to regret the fact that he did not play Craps, and the regret is with respect to the

whole alternative distribution. Such feelings are the topic of the present paper.

We discuss a choice problem between two statistically independent lotteries X =
(X1, P15 Zn, pn) and Y = (Y1, q15 - -5 Ym, Gm). When evaluating the lottery X, the
decision maker forecasts his ex-post feelings, and considers his regret or rejoice when
he will know that he won z; but did not play the lottery Y.!' Formally, we analyze
binary relations that are defined by X > Y iff

V((z1,Y), 155 9(20, Y ), pn) = 0 (2)
> V@Y, X), 130 (Yms X)), @)

where 1(z,Y) is the rejoice or regret felt by the decision maker upon learning that
he won z in lottery X which he chose to play out of the set {X,Y}.? We call this
property distribution regret. The question we ask is this: Under what conditions are

distribution-regret relations transitive?

Unlike [2], where it was shown that only expected utility preferences are consistent
with both eq. (1) and transitivity, here we identify two families of preferences that
satisfy distribution regret, i.e. eq. (2), and transitivity. The first are betweenness
preferences, according to which X = Y iff for all a € [0,1], X = aX + (1 — )Y =
Y (see Chew [3, 4], Fishburn [6], and Dekel [5]). The other family is new and is
characterized by a consistency property which includes, as a special case, constant
risk-aversion preferences. We also offer conditions over the regret preferences under
which these two families are the only preferences to satisfy distribution regret and

transitivity.

The paper is organized as follows. The model and a simplification of the regret
function ¢ that is due to transitivity are described in Section 2. In Section 3 we
show that betweenness preferences satisfy distribution regret with a linear regret

functional V'; moreover, if eq. (2) holds with a linear V' then preferences must be

!These feelings do not have to agree with his initial preferences over lotteries. That is, at this
stage we do not rule out the possibility of preference for the outcome x; over Y together with

anticipated regret if X is chosen and x; is drawn. But this will be ruled out by transitivity.
2An additive form of such preferences was suggested without a further discussion by Machina [9]

and by Starmer [13]. We provide additional results in Section 3 below.



betweenness. Consistent preferences are defined in Section 4 and shown to satisfy

distribution regret. We conclude in Section 5.

2 The model and preliminary results

The choice set, denoted by L, is the set of finite-valued lotteries with outcomes in a set
D C R. When comparing a pair of lotteries, the decision maker evaluates each possible
outcome of one lottery against the entire probability distribution of the other. Thus,
in evaluating X = (z1,p1;...;%n,pn) against Y = (y1,q1;- - Ym, @m), the decision
maker considers his feelings of regret or rejoicing if he were to obtain outcome z;
after choosing X over the alternative lottery Y. This evaluation is conducted for
each outcome x; of X. Implicit in this formulation is the assumption that X and
Y are independent lotteries: the probability distribution of Y is unchanged after
the outcome of X becomes known. With this background, we have the following

definitions.

Definition 1 The continuous function v : D x L — R is a regret function if for all
x and Y, ¥(x,Y) is strictly increasing in x and strictly decreasing as'Y increases in

the sense of first-order stochastic dominance.

If the lottery X yields = then ¢ (x,Y") is a measure of the decision maker’s ex post
feelings of regret or rejoicing about the choice of X over Y. This leads to the next

definition:

Definition 2 Let X, Y € L. The regret lottery evaluating the choice of X overY is
V(X,Y) = ((x1,Y),p1; - 59(0, Y), Pn)

Denote the set of regret lotteries by R = {¥(X,Y): X,Y € L}.

Thus, ¥(X,Y) is the ex ante regret lottery the decision maker uses in evaluating
the choice of X over V.3

3For brevity we refer to ¢ and U as regret functions and regret lotteries respectively, even though

they encompass both regret and rejoicing.



Definition 3 A preference relation (that is, a complete and transitive relation) =
over L 1is distribution-regret based if there is a regret lottery W and a continuous
functional V : R — R such that

X=Y iff VII(X,Y) >0 iff 0> V(I(Y,X)). (3)

The aim of this paper is to find conditions over a preference relation such that
it will satisfy distribution regret. Formally, we ask under what circumstances will a

preference relation satisfy eq. (3) above.

Our first observation is that transitivity of a distribution-regret relation leads to
an enormous simplification of the regret function. Instead of evaluating the regret
of receiving the outcome x out of X when the alternative lottery was Y, one can
evaluate regret with respect to the certainty equivalent of Y. In other words, if Y

and Y’ are equally attractive, then the regret of x with respect to both is the same.

Lemma 1 Let = be a distribution-regret preference relation. Then = admits a two-

dimensional regret function ¥* : D x D — R and a regret functional V* such that

X t Y V*(w*(a:laCY)apl;"';w*(xnch%pn) 2 0
= VW (y,ex) @i 30 (Ym, €x) @) <O

where cx and cy are the certainty equivalents of X and'Y respectively.

Proof: For y € D, define ¢*(z,y) = ¢(x,,), where d, denotes, with a little abuse of
notation, the lottery that yields y with probability 1, and define

V*(1/J*($1,y),p1; cee ;¢*(xN7y)7pn)) = V(w<x176y)7p1; cee ;¢(xn75y)7pn)

Then, by transitivity,

XrY <

X > e =

V(§(21,0cy ), 015+ -5 9(Xns 0y ), pp) 2 0 =
V@ (@1, ev),prs -0 (@, ey ) pa) =0



The requirement in Lemma 1 that the relation is a preference relation is restrictive,

as not all distribution-regret relations are transitive. The following is an example of

such a relation.

Example 1 Let

Y(z,Y) = 2° +2° + 2 + 2*E[Y] — E[Y?] — E[Y?] — E[Y] — zE[Y?]

and let
V(@ (e,Y),pis 50, Y),p) = Y pito(;,Y)

Therefore, by eq. (3), X = Y iff

E[X?] + E[X? + E[X] + E[X?|E[Y] —
E[Y?] - E[Y?] - E[Y] - E[X|E[Y? >0

Let

. 315 . 331 . 404
o X = (0.9, 10507 0.5, 1050° 0.2, m)

— 185. 3
o Z=(0.6,182:03, 13

and obtain that X ~Y | Y ~ Z but Z > X.

As a consequence of Lemma 1, we use the following definition of distribution regret

without loss of generality:

Definition 4 The preference relation > is distribution-regret based if there exists

a. A continuous function 1 : D x D — R, strictly increasing in the first argument,

strictly decreasing in the second argument, and such that for all x,y, ¥ (x,x) =

U(y,y).

b. A continuous functional V' : R — R such that

X»=Y iff V(U(X,ey)=0 iff 0> V(T(Y,cx)),

5



where V(X cy) = (U(x1,cy),p1;. . ;0(Tn, Cy), pn) is the regret lottery evalu-
ating the choice of X over dc, (hence over Y ), U(Y,cx) is the regret lottery
evaluating the choice of Y over dc, (hence over X ), and R is the set of such

regret lotteries.

For any x and 2/, let X =Y =¢, and X' =Y’ =§,». Then X ~Y and X' ~ Y’
imply that V((¢(z,2),1)) = 0 and V((¢(2',2'),1)) = 0. Thus, ¥(z,z) = (2, 2').
Hence, the assumption that for all z,y, ¥(z, ) = ¢(y,y) (Definition 4a) is necessary.

3 Betweenness preferences

The preferences > satisfy betweenness [3, 4, 6, 5] if all indifference curves are linear;
that is, if X > Y implies X = aX + (1 —a)Y > Y for all @ € [0,1]. In this section

we show that all betweenness preferences satisfy distribution regret.
Proposition 1 Betweenness preferences satisfy distribution regret.

Proof: For z € D, let u, be a vNM utility function that determines the indifference
curve through ¢,. Obviously, X > Y iff X is above the indifference curve through
Y, which is also the indifference curve through 4.,.. That is, X = Y iff E[u,., (X)] >
Uey (cy). Define (x, cy) = ey () — tey (cy) and V(R) = E[R] to obtain

XrY <
Elue, (X)] 2 ue, (cy) <=
EV(X,cy)] 20 <=

V(¥(X,cr)) 20
|

The proof of Proposition 1 also shows that betweenness preferences admit a linear
distribution-regret functional V. In fact, betweenness preferences are unique in this

respect.



Proposition 2 The following two conditions are equivalent:

a. The preference relation = is betweenness.

b. The preference relation = satisfies distribution regret with a linear functional V
of the form V(¥ (X, cy)) =D, pitb(xi, ey ).

Proof: By Proposition 1 and its proof, (a) = (b). To show that (b) = (a),
suppose that V(¥ (X,Y)) = >, pi(x;, cy). Then

X~y = V(U(X,ey) = ptb(zicy) =0
=1

Y~ = V(I(Yiey) =Y atb(yicy) =0

i=1
Hence
1 1  p; "N g
V(‘I’(gX + §Y7 cy)) = ; Ew(%, cy) + 221 51/1(% cy) =
Therefore X + 1Y ~ §,, ~Y ~ X, hence the claim. n

In particular, transitivity together with an additive regret functional of the form
in eq. (2) does not imply expected utility when the two lotteries are statistically

independent.*

4 Consistency

We offer another set of transitive distribution preferences. Unlike betweenness pref-
erences where there is little connection between the shape of different indifference
curves, the preferences we discuss in this section exhibit a very high degree of in-
terdependency among indifference curves. We call this property consistency. To

illustrate this concept, consider the set of CARA (constant absolute risk aversion)

4See also Machina [9], footnote 20.



preferences: X = (z1,p1;..-;Tn,Pn) = Y = (Y1,q1; - - - Ym, @) iff for every suitable
AP

X+)\:(x1+)‘:p1;--';xn+)\n)ty"i_)\:<y1+)‘7q1;-~';ym+)\>qm)-

Once we know the shape of one indifference curve, (segments of) all other indifference

curves are determined by it.

Definition 5 The preference relation > over L is consistent if there is a continuous
function f(x,\) such that

a. f is strictly increasing in both x and A

b. For every x,y in the interior of D there is A such that f(x,\) =y

o

. Forallz,y € D and A, f(x,\) > x if and only if f(y,\) >y
d. For all X,Y € L and for every (relevant) A,
X =Y i f(XN) = VN

where f(Z,A) == (f(z1,A), 7153 (2, ), 10) for any Z = (21,1155 20,70).

The following are examples of consistent preferences.
Example 2
a. If = is CARA, let f(z,\) = x + X and if > is CRRA (constant relative risk

aversion), let f(x,\) = Az and obtain that both types of preferences are con-

sistent.%

b. Let £ be the set of lotteries with positive outcomes, and for A > 1, let f(z,\) =
(z 4+ 1)* — 1. Define the indifference curve through d; to be

{X: @IX])?+EVX]} =2

®See Safra and Segal [11] for a discussion of constant risk aversion in general non-expected utility

theory.
6Because the choice set £ for CRRA preferences consists of lotteries over non-negative numbers,

i.e. D =Ry, Definition 5c is satisfied.



Define Ax implicitly by
(B (XA + E[V (X, Ax)] = 2

The existence of A\x follows by continuity. The preferences that are represented
by V(X) = 1/Ax are consistent.

c. Let = be rank dependent ” with the utility function u. Let f(z,\) = u=*(u(z)+
A) and let X = (z1,p1;...; %0, pn) with 23 < ... < z,,. We obtain for the rank

dependent functional
U(f(X,N) = U(f(x1,A),p15 -5 f(n, )y pn) = U(X) + A

and > is consistent. [ |

A preference relation > over lotteries in £ is consistent on a complete domain if
the domain D of outcomes of lotteries in £ satisfies the following condition: if for
some z,y € D and A, f(z,\) =y then for any z € D, f(z,\) € D.

The following is the main result of this section.

Proposition 3 If the preference relation > is consistent on a complete domain then

it satisfies distribution regret.

Proof: For every Z € L, define A\(Z) to be the number A such that f(cz,\) = 0.
The existence of A(Z) is implied by Definition 5. Let U be the representation of >
satisfying U(d,) = x for all z. Define ¥(x,cy) = f(z,A\(Y)).? That is, ¥(x,cy) is
the number into which z is transformed via f by applying A(Y) to it, where A\(Y') is

the number that transforms the certainty equivalent of Y to 0. For example, if > is

"According to the rank dependent theory (Quiggin [10]), for X = (x1,p1;...;Tn, pn) with o7 <

... < x,, the preferences = can be represented by

U(X) = u(z1)g(pr) + iy u(z:)g(X—y pi) — 9(35—1 p))]

8We assume that 0 € D. If this is not the case, then for some d € D, let f(cz,A(Z)) = d and use

the normalization ¢ (x, ) = d in Definition 4.
90Observe that 1 (z,x) = ¥(z,cs5,) = f(x,A(62)) = 0.

9



CARA, then A\(Z) = —cz and ¥(z,y) = x — y. By the completeness of the domain,
for any x € D we have f(z,A\(Y)) € D. Let

FXANY)) = (f(x, AY)),p1;- -5 fan, A(Y)), pn)
= (Y(z1,¢v),pis- -3 0(@n, v ), pa) (4)
= \IJ(X, Cy)

By consistency

X»Y ~b. =
FXAY)) = FAY)) ~ ey avy) = 0o ==
U(f(X.A(Y))) = U(f(Y,A(Y)) = U(6y) =0

Let
(The second equation sign follows by eq. (4)). Therefore

XY <—
U(¥(X,cy)) =
V(U (X, cy)) =

0 <
0
Hence > satisfies distribution regret. [ |

Not all preferences are consistent. We present next an example that does not

satisfy distribution regret and therefore is not consistent.

Example 3 Let > have a linear indifference curve Z such that the preference relation
above it is strictly quasi-concave.'® Let X,Y,Z € Z. Under the supposition that >
satisfies distribution regret, we have V(U (X, cz)) = V(¥(Y,cz)) = 0, and by the
linearity of Z, for all a € (0,1), V(¥(aX + (1 —a)Y,cz)) = 0.

Let Z’' be a lottery on a non-linear indifference curve above Z and let X’ and Y’

be such that

V(X' cz) =V(X,cz) and U(Y' cp) =V (Y, cy) (5)

10Preferences are strictly quasi-concave iff X = Y implies aX + (1 — )Y =Y for all a € (0, 1).

10



By continuity of 1 there exist such X', Y’, Z’ close to Z. Distribution regret implies
that X' ~ 7" and Y/ ~ Z'. It follows from (5) that

V(X' +3Y ep) = V(X + 1Y ep)

Hence V(¥(3X'+1Y",¢z)) = 0 and yet by the assumption that all indifference curves

above 7 are strictly quasi-concave it follows that %X "+ %Y’ w 7' a contradiction. W

The converse of Proposition 3 is not true. As is demonstrated by the next example,

there are distribution-regret preferences that are not consistent.

Example 4 Define the betweenness preferences = by X ~ §, iff E[u,(X)] = uq(a),

where
T a<0
ua(r) = (6)
ga(z) a>0
and where for o > 0,
x <0
ga(7) = (7)

Let

and obtain that = can be represented by a function V, given by X ~ dgx) for X
such that E[X] < 0, and for X with E[X] > 0, X ~ d,, where « solves

EX]|+auk=(1+a)a = (8)
_ (=) + V(1 - p)? + 4B[X]
2

These preferences satisfy betweenness, therefore by Proposition 1, they satisfy distri-

bution regret.

Observe that
E[X]>0 and Pr(X <0)>0 = X > dgxx 9)

11



This follows because py > E[X] > 0 and if X ~ §,, then by eq. (8) we have
a > E[X].

Suppose that the preference relation > is consistent. Let —1 < s, ¢t < 0, and A
be such that f(—1, ) = s and f(t, \g) = 0. For every z >t we have

E [(z, %; -1, f;i)} =t, hence (z, 11%; -1, %) ~ (t,1)

Consistency implies that

(f(z Xo), 2 s, 224) ~ (0,1) (10)

As the certainty equivalent in eq. (10) is not greater than 0, it follows from the
definition of > that

1+¢ s(z —1t)

s(t — z)

:O:>f<2,>\0>: 1+t

From eq. (6) we have (—1, %; 1, %) ~ 0g, hence by consistency and monotonicity
(5,5 F(1, ), 5) ~ Or0.0) (11)
The expected value of the last lottery is

S st—l_ st

st— 2 — F(0.0) > 0
st oTri 1 f0) >

which together with eq. (11) contradicts eq. (9). |

We have seen so far that betweenness and consistent preferences satisfy distribu-
tion regret (Propositions 1 and 3). There are betweenness preferences that are not
consistent (Example 4), there are consistent preferences that are not betweenness
(e.g., rank dependent, see Example 2¢), and there are betweenness preferences that
are consistent (e.g., expected utility or weighted utility, see Example 5 below). The
next question is whether there are distribution-regret preferences that are neither
consistent nor betweenness. We do not know the answer to this question for the
general case, but suppose that in addition to distribution regret, the regret function

has the following property:

Definition 6 The regret function 1 is commutative if for all x,x',y, v,
U(x,2") =Py, y) = d(x,y) =9 y) (12)

12



It turns out that if the regret function is commutative, then the converse of Propo-

sition 3 holds.

Proposition 4 If the preference relation = satisfies distribution regret with a com-

mutative regret function 1, then it is consistent.

Proof: Let d € R be such that ¥ (z,x) = d for all z € D. (Definition 4a implies that
d exists.) Define f(x, \) =y where ¥(z,y) = d — A. That is, for all x and A,

Ul f(z,A) =d— A (13)
Let X = Y, hence by distribution regret, V(¥ (X, cy)) > 0. As by eq. (13)
Ulex, flex, A)) = ¥ley, fley, X)) =d— A
we have from eq. (12) that ¢¥(cx,cy) = ¥(f(cx, ), f(cy, A)), hence
W(0eyscy) = W(0fexn), ey, A))
Thus, d., = J., and distribution regret together imply that dr ) = Of(ey \)-
Next, another application of eq. (13) and then eq. (12) implies that
(i, ex) = (f (@i, A), flex, A))
Therefore, W(X,cx) = ¥(f(X, ), f(cx,\)). Hence,
V(U(X, ex)) = V(T(f(X,A), flex, A)) = 0,
and f(cx, A) is the certainty equivalent of f(X, A). Similarly, f(cy, A) is the certainty

equivalent of f(Y, A). Hence, consistency. [ |

We saw in Example 2 that CARA, CRRA, and rank dependent preferences are
all consistent (and hence satisfy distribution regret). We show next that they are
commutative. For CARA, let ¢(z,y) = f(x, A(6,)) = v — y; for CRRA, let ¢(z,y) =
f(x,A(6y)) = z/y; and for rank dependent preferences with the utility function w, let

Ula,y) = fla,A(0y) = v (u(z) — uly)).

Example 4, which satisfies betweenness, is not consistent. The next example

shows that betweenness and consistency do not imply expected utility. It also satisfies

13



eq. (12). Hence, consistency, commutative 1, and (non-expected utility) betweenness

are compatible.

: “1: . s Do v(T)pi > v(Y)a;
Example 5 Weighted utility (Chew [3]): Let X »= Y iff Soen S Then

Zi v(T;)p; v(cy)
S @ © Tley)
)

— Z[V(xz) B v(cy

XY —

@) Tz 0

Let ¢(x,2') = vi@) _ 2@) T4 g readily verified that 1) is commutative. [

m(z)  7(@)

5 Concluding remarks

We established that betweenness and consistent preferences are two families of tran-
sitive preferences that satisfy distribution regret. Moreover, if the regret function
1 is commutative then transitivity and distribution regret implies consistency, and
betweenness and consistent preferences become the only two families of transitive pref-
erences that satisfy distribution regret. That weighted utility, which is a special case
of betweenness preferences, satisfies distribution regret was known from Machina [9]
and Starmer [13].1' Our first contribution is to show that all betweenness prefer-
ences satisfy distribution regret. The second family of preferences we discuss, that of

consistent preferences, is a new class that may be of independent interest.

In Bikhchandani and Segal [2] it was shown that if the alternatives X and Y are
fully correlated, then transitive regret implies expected utility. In this paper we find
that at the other extreme, where X and Y are statistically independent, a large class of
non-expected utility models are compatible with transitive regret. The intermediate

case of not perfectly correlated X and Y is the subject of future research.

HThese authors used the additive regret function in eq. (1) rather than the distribution regret

function in eq. (2).
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