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Abstract

We study identification and estimation in a binary response model with random coefficients
B allowed to be correlated with regressors X. Our objective is to identify the mean of the distri-
bution of B and estimate a trimmed mean of this distribution. Like Imbens and Newey (2009),
we use instruments Z and a control vector V' to make X independent of B given V. A con-
sequent conditional median restriction helps identify the mean of B given V. Averaging over
V' identifies the mean of B. This leads to an analogous localize-then-average approach to esti-
mation. We estimate conditional means with localized smooth maximum score estimators and
average to obtain a y/n-consistent and asymptotically normal estimator of a trimmed mean of
the distribution of B. Under the conditional median restrictions, the procedure can be adapted
to produce a y/n-consistent and asymptotically normal estimator of the nonrandom regression
coefficients in the models of Manski (1975,1985) and Horowitz (1992). We explore small sample

performance through simulations, and present an application.

KEYWORDS: Heterogeneity, Correlated Random Coefficients, Endogeneity, Binary Response

Model, Instrumental Variables, Control Variables, Conditional Median Restrictions.

1. INTRODUCTION

Observed variables may affect the binary decisions of economic agents in systematically different

ways due to the influence of unobserved variables. For example, level of education may be positively

1We thank the seminar participants at Rochester as well as Kim Border and Lan Nguyen for helpful discussions.



correlated with the decision of a married woman to work or not. However, the weight given to
education in making that decision may vary from individual to individual due to the influence
of unobserved factors like ability and motivation. It may be that women of higher ability and
motivation not only seek more education but also give greater weight to education in making their
work decisions. The result is that the weight given to education is not the same positive constant
for each woman, but tends to be higher for women with more education. In other words, the weight
given to education is positively correlated with education. A natural way to model this type of
heterogeneity is with a linear index binary response model where the regression coefficients, or
weights, are random variables allowed to be correlated with the observed regressors. We call such
a model a correlated random coefficients binary response model, or a CRCBR model, for short.
The objective of this paper is to identify the mean of the distribution of random coefficients in a
CRCBR model, and then develop an estimator of a trimmed mean of this distribution.

More formally, let a latent scalar random variable Y* = X B* where X = (X7, Xo,..., X)) is a
1 x k vector of random explanatory variables and B* = (B}, Bj, ..., B})  is a kx 1 vector of random
coefficients allowed to be correlated with X. Take X5 = 1, the intercept term. Then X B* = X; Bj+
B3 + X3B5 + -+ XiBj. Define Y = {Y* > 0} = {XB* > 0}. Note that Y = {XB > 0} where
B = AB* for any A > 0. That is, Y is invariant to positive scale normalizations of B*, and so the
distribution of B* can only be identified up to scale.? We assume that Bf > 0 and take A = 1/Bj,
so that the vector of random coefficients that can be identified is B = B*/B} = (1, Ba, ..., Bg).
For simplicity, from now on, we take Y* = XB = X1 4+ By + X3B3 + --- + X Bg.

As indicated in the last paragraph, we normalize on the coefficient of X;. For ease of exposition,

throughout this paper we assume that X; has support IR. However, we stress that this support

2See Cautier and Kitamura (2009) and Ichimura and Thompson (1998) for related discussion.



assumption is not necessary. For example, as we discuss later, X; could have bounded support.
Apart from special cases, what is necessary for purposes of identification is that X; be continuously
distributed. The full support assumption is invoked simply to make subsequent identification and
trimming arguments more transparent.

For ease of exposition, we assume that the mean of B exists and write 5 = IEB.? The model is

Y = {XB>0} (1)

= {e< X} (2)

where e = —X (B — 3). This is the CRCBR model.

Note that the CRCBR model reduces to the standard nonrandom coefficients binary response
model with X exogenous when Bs, the coefficient of the intercept term, is the only random co-
efficient. In this model, By plays the role of the error term (plus nonrandom intercept) and is
uncorrelated with X.

Refer to (2) and recall that e = —X (B — ). We see that if any component of X is correlated
with any component of B, then IEX'e # 0. In this sense, correlation between regressors and
random coefficients implies endogeneity. Thus, we say that a component of X is endogenous if it is
correlated with at least one component of B. To handle this endogeneity, we require instruments
and control variables.

Let &) denote an endogenous component of X. We assume that there exists a vector of instru-
ments, Z, for Xj. This means that at least one component of Z not in X is correlated with X7, and

Z is unrelated to B in a sense to be defined shortly. In addition, we assume that X} = ¢1(Z, V1)

30ur methods do not require that the mean of B exists, and even if the mean exists, 8 need not be the mean, but
can denote any reasonable measure of center of the distribution of B.



where V7 is a random variable independent of Z, and ¢; is a real-valued function invertible in
Vy for each possible value of Z. If Z is independent of B given Vi, then A} is independent of
B given Vp, and so Vi is a control variable for X; with respect to B, as defined in Imbens and
Newey (2009). Under these restrictions, X} can be either a separable or nonseparable function of
Z and Vj. For example, we allow the standard separable case X1 = ¢1(Z, V1) = M(Z) + Vi where
M(Z)=FEX, | Z)and V; = X, — M(Z).

Let e denote the number of endogenous components of X and let X = (X,...,X,) denote the
vector of endogenous components of X. For simplicity, assume that Z is a vector of instruments
for each component of X. Let V = (V1,..., V) denote the vector of control variables for X. That
is, as above, for each j, X; = ¢;(Z,V;) where V; is independent of Z and ¢; is invertible in V;
conditional on Z. If Z is independent of B given V', then X is independent of B given V. (Note
that strong instrument independence, namely Z independent of (B, V), implies Z independent of
B given V.) If, in addition, the exogenous components of X are independent of B, then X is
independent of B given V. In this setting, conditioning on V', the source of endogeneity, produces
conditional independence. This suggests a localize-then-average approach to both identification
and estimation.

If X is independent of B given V, and (B,V) satisfies a type of joint symmetry condition,
then conditional median restrictions hold, which generalize the median independence restriction of
Manski (1975,1985). These conditional median restrictions are sufficient to identify F(B | V) in a
distribution-free way that allows arbitrary forms of heteroscedasticity in a conditional error term.
Averaging over V then identifies § = IE'B.

We emphasize that exactly as in the exogenous set-up analysed by Manski (1975,1985) and

Horowitz (1992), our weak conditional median restrictions, by themselves, preclude identifying



features like the average structural function of Blundell and Powell (2004) as well as the associated
average partial effects. See also the discussion in Hoderlein (2010). Identifying such features may
be possible under stronger assumptions, but we choose to follow the maximum score approach in
this paper, and leave such extensions for future work.

We estimate IE(B | V') with a localized version of the smoothed maximum score estimator of
Horowitz (1992), and then average the trimmed estimated conditional expectations to obtain an
estimator of a trimmed mean of the distribution of B.* The conditional expectation estimators
suffer from a curse of dimensionality, but the estimator of the trimmed mean does not. The
averaging overcomes the curse and yields a y/n-consistent and asymptotically normal estimator of
the trimmed mean. An interesting aspect of the estimation procedure is the localization step. We
do not localize directly on V', which would require estimating V', a difficult task, in general. Rather,
we localize on an invertible transformation of V', which is easily estimated with kernel regression
methods. This simplified localization step is made possible by a simple generalization of a result
in Matzkin (2003).

If the conditional median restrictions hold, then the localize-then-average method can be adapted
to produce y/n-consistent and asymptotically normal estimators of the nonrandom slope coefficients
in the models of Manski (1975,1985) and Horowitz (1992). It is well known (Horowitz, 1993) that it
is not possible to achieve y/n-consistency under the maintained assumptions of these authors. How-
ever, the extra information provided by instruments, along with the stronger conditional median
restrictions and the estimation procedure that exploits this information, makes this possible.

Our localize-then-average identification and estimation strategy is very similar in spirit to that

4As discussed in Section 3 and in Appendix B, we use trimming as a purely technical device to assist in asymptotic
arguments. There need be no practical difference between the trimmed mean and the mean 3. The trimmed mean
can be made arbitrarily close to 3 by choosing a large enough trimming constant.



of Imbens and Newey (2009). These authors use instruments and condition on unobserved control
variables to break the dependence of endogenous regressors on multiple sources of unobserved
heterogeneity, and then average over the control variables to identify various structural effects of
interest. They average over estimated control variables to estimate these effects. They do this
in the context of nonseparable models with continuous outcomes. By contrast, we treat the case
of binary outcomes and estimate a measure of center of the distribution of random coefficients,
leading to a very different type of estimator and analysis. Altonji and Matzkin (2005) use a similar
localize-then-average identification and estimation strategy in their earlier work, but do not consider
random coefficients. Blundell and Powell (2004) and Petrin and Train (2006) use related control
function strategies. Our approach is also related to the work of Matzkin (1992), who was the first
to consider nonparametric identification in the exogenous binary choice model.

Lewbel (2000) can estimate the mean of the distribution of random coefficients in a CRCBR
model provided there exists a special regressor with heavy tails that, conditional on instruments,
is independent of the structural error and the other regressors in the model. Hoderlein (2010)
identifies and estimates the mean of the distribution of random coefficients in a binary response
model, but assumes that the error term in the model is independent of instruments given controls.
In our notation, his assumption is that e = —X (B — () is independent of Z given V. However, in the
control function approach taken in this paper, X is a function of Z and V', and so the assumption
that e is independent of Z given V will not hold, in general.

Ichimura and Thompson (1998) identify and estimate the distribution of random coefficients
in a binary response model, but assume that regressors and random coefficients are independent.
They do not treat estimation of characteristics of the random coefficients. Similarly, Bajari, Fox,

Kim, and Ryan (2008) and Gautier and Kitamura (2009) identify and estimate the distribution of



random coefficients in a binary response model, but focus on the case of exogenous regressors, and
also do not treat estimation of characteristics of the the random coefficients. Fox and Ghandi (2010)
focus on identification of the distribution of random coefficients in a more general nonlinear set-up.

Recent panel data literature also studies correlated random coefficients models. See, for exam-
ple, the work of Graham and Powell (2011) and Arellano and Bonhomme (2011). However, both
of these papers are concerned with the case of continuous outcome variables.

A number of authors study identification and estimation of nonrandom coefficients in the binary
response model, allowing correlation between the structural error term and the regressors. Rivers
and Voung (1988) treat the parametric case. Lewbel (2000), mentioned previously, treats the
semiparametric case. Neither exploits the control function approach used in this paper. Vytlacil
and Yildiz (2007) treat nonparametric identification and estimation of the marginal effect of an
endogenous binary regressor.

There is a huge semiparametric literature treating identification and estimation of nonrandom
coefficients in the binary response model with exogenous regressors. A seminal reference for a
direct, or nonoptimization, approach, is the work of Powell, Stock and Stoker (1989) on average
derivative estimation. There are many optimization estimators, including the semiparametric least
squares estimator of Ichimura (1993) and the semiparametric maximum likelihood estimator of
Klein and Spady (1993). Most of these of estimators do not handle general forms of heteroscedas-
ticity in X, even when X is exogenous. A notable exception is the maximum score (MS) estimator
of Manski (1975,1985). However, the MS estimator converges at rate n~'/3 and has a nonstan-
dard limiting distribution, making asymptotic inference problematic. In response to this difficulty,
Horowitz (1992) develops the smoothed maximum score (SMS) estimator. The SMS estimator also

handles general forms of heteroscedasticity, but can converge at a rate arbitrarily close to the para-



metric rate of n~1/2

, depending on the smoothness of the distribution of model primitives, and has
a limiting normal distribution, making standard asymptotic inference possible. Because of these
attractive properties, we use a localized version of the SMS estimator in our localization step in
estimation.

The rest of the paper is organized as follows. The next section develops the localize-then-
average approach to identifying 8 = IEB. Section 3 develops the localize-then-average approach to
estimating a trimmed mean of the distribution of B. We sketch an outline of the argument and state
and discuss the assumptions used to prove that this estimator is \/n-consistent and asymptotically
normally distributed. The proof is quite complicated due to the fact that the estimator is an
average of optimization estimators evaluated at generated variables. A technical innovation involves
establishing a uniform strong maximization condition, used to prove a consistency result uniform
over the localizing variable. While the asymptotic result holds for any number of endogenous
regressors, for ease of presentation, a formal statement and proof of the result is given for the
case of one endogenous regressor. We also show how to adapt the localize-then-average method
to produce a \/n-consisitent and asymptotically normal estimator of the regression coefficients in
the models of Manski (1975,1985) and Horowitz (1992). Section 4 presents simulation results and
Section 5 presents an application. We conclude and give directions for future work in Section 6.

The proof of the asymptotic result for the case of one endogenous regressor is given in Appendix A.

Issues of trimming and local polynomial estimation are addressed in Appendix B.

2. IDENTIFICATION

Recall the CRCBR model as defined in (1) and (2). Recall the definition of the vector of

instruments Z and the vector of control variables V. We observe (Y, X, Z). Our objective is to



identify 8 = IEB. We do so in two stages. In the first stage, we develop conditions under which
E(B | V) is identified. We then average over V to identify IEB. Moreover, we identify E(B | V)
without assuming knowledge of the functional form of distribution of B, while at the same time
allowing arbitrary forms of heteroscedasticity, in X and V, in a conditional error term. Because
of this, conditional versions of the sort of median restrictions imposed by Manski (1975,1985) and
Horowitz (1992) play a role.

Let Sy denote the support of V. Define the conditional expectation f(v) = E(B | V = v).
For each z € Sx and each v € Sy, we make the following conditional median independence and

conditional median zero assumptions:

CMI. med(zx(B — (v)) | X =,V =v) = med(x(B — 5(v)) | V =v).

CMZ. med(x(B — B(v)) |V =v) =0.

Under CMI and CMZ in the general CRCBR model, we get that

medY* | X =2, V=v) = med Xp(V)+X(B-pV))| X =2,V =0

= zfB(w) 4+ med(z(B - pB(w)) | X =z,V =)

= zfB() 4+ med(z(B - () |V =v) (CMI)

= zf(v) (CMZ).

It follows that

Y = {XB>0}

= {e(V) < XB(V)}



where ¢(V) = =X (B—£(V)). Thus, if CMI and CMZ hold, then for each x € Sx and each v € Sy,

med(e(v) | X =,V =v) =0. (3)

This is the key result used to identify f(v) = E(B | V = v) for each v € Sy. It also follows from
this result that arbitrary forms of heteroscedasticity in x and v are allowed in €(v). By averaging
out over v, we identify 8 = IEB.

Assumption CMI defines the precise sense in which Z is assumed to be unrelated to B. Stronger,
more transparent conditions imply CMI. For example, if Z is independent of B given V and the
exogenous components of X are independent of B, then X is independent of B given V, which
implies CMI. When (G(v) = IE(B | V = v), CMZ is implied by a type of joint symmetry condition.
For example, CMZ holds if (B,V) is distributed multivariate normal. Both CMI and CMZ are
satisfied if B = (V) 4+ v, where v is a k-vector, independent of Z and V, whose components
are independent and symmetric about zero. These conditions can be relaxed. For example, the
symmetry conditions can be relaxed if we make a different choice of 3(v).?

In the next section, we show how to estimate a trimmed mean of the distribution of B with
an analogous two-stage, localize-then-average estimation procedure. One possibility is to localize
directly on the unknown vector V. This requires estimating V', which can be difficult without further
information about the ¢; functions. Other possibilities arise from the fact that B(V) = B(M(V))

for any e-dimensional invertible function M. It follows that 8 = IEG(V) = IEG(M(V')) where the

®The symmetry conditions reflect the choice 3(v) = IE(B | V = v). We make this choice for ease of exposition, so
that 8 is the familiar object IFB. However, other measures of center, corresponding to other localizing functions, are
possible. For example, take B(v) to be the parameter of interest in a localized version of the binary median regression
models of Manski (1975,1985) and Horowitz (1992). For fixed v, CMI and CMZ combined constitute a localized
version of their median independence assumption, which does not require symmetry. Define B = ]EB(V) In general,
B # IEB, but B may still be a reasonable measure of center of the distribution of B.
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expectation can either be over V or M (V). If CMI and CMZ (and therefore condition (3)) hold for
V', then they must hold with M (V') in place of V. Thus, by choosing M judiciously, we may replace
localization on V' with localization on M (V') and thereby simplify the localization step. There are
many possible choices for M. We choose one that leads to the simplest estimation procedure.
Recall that X = (X3,...,X.) denotes the vector of endogenous components of X. Write Sy
for the support of X. Also, write Sz for the support of Z. Fix v € Sy and note that v =
(p7 (x1,2),..., 07 (ze, 2)) for some x = (x1,...,2.) € Sy and z € Sz. It is easy to show (see

Lemma 0 in Appendix A) that there exists an invertible function M such that

Mw)=P{X1 <z1|Z==z},..., P{X. < x| Z=2}).

For example, when e =1, v = v; = (bl_l(:vl, z) and

M(vi) = Fy, (v1) = Fy, (¢7 (21, 2)) = P{X) < a1 | Z = 2}

where Fy, is the invertible cdf of V;j. Therefore, direct localization on v can be replaced by local-
ization on M (v), where each component of M (v) can be easily estimated with kernel regression

methods. We adopt this approach in the next section.

3. ESTIMATION AND ASYMPTOTICS

In this section, we develop a two-stage, localize-then-average estimator of a trimmed mean of
the distribution of B. We prove that this estimator is \/n-consistent and asymptotically normally
distributed. Since the asymptotic analysis is complicated, we first discuss the overall strategy used

to prove the result. Then, after stating and discussing assumptions used to obtain the general
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result, for ease of exposition, we state the main theorem for the case of one endogenous regressor.
Finally, we discuss application of the result to other models, including binary response models
where X is exogenous or endogenous, and slope coefficients are nonrandom. A formal proof of the
main theorem for the case of one endogenous regressor is given in Appendix A.

We begin by describing some of the model primitives in more detail. Let the instrument vector
Z be a 1 x m vector, and let ¢ denote the number of components of Z that are continuous. We
allow the case ¢ = 0, and since Z contains the intercept term, we have that 0 < ¢ < m —1. Let Z¢
denote the 1 x ¢ vector of continuous components of Z.

Recall that e denotes the number of endogenous components of X and X = (X}, ..., X.) denotes
the 1 x e vector of endogenous components of X. For now, we assume that e > 1, and since X5 is
unity, we have that 1 < e < k— 1.5 Recall that V = (V1,...,V.) denotes the 1 x e vector of control
variables corresponding to X. Let d < e denote the number of continuous components of X and
let X denote the 1 x d vector of continuous components of X'

We now develop the first-stage estimator. As discussed at the end of the last section, instead

of localizing directly on V' = v we localize on

M@w)=(P{X) <z | Z=2z},..., P{X. <z | Z =z})

where v = (¢ (21,2), ..., 0. (e, 2)), with € Sy and z € Sy.
Let (Y;,X;,7Z;), i = 1,2,...,n, denote iid observations from the CRCBR model described
previously. Then V; = (Vj1,..., Vi) where, for j = 1,...)e, Vj; = gbj_l(Xij,Zi). Define U; =

(Uila---ane) Where, fOI"j = 1,... , €, Uij = P{X] < Xij ‘ Z = Zz} Note that Uz = M(V;) We

5The case e = 0 is the exogenous case. We stress that our methods cover this important special case, and we say
more about this case at the end of this section. However, different notation is required and so for now, we take e > 1.
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estimate U;; with the standard kernel regression estimator:

Uij = P{X; < Xy | Z = Zi} = En:{?faj < Xy} Kn(Za — Zi)/ zn: Ky (Za — Zy) (4)

a=1 a=1

where K, (t) = K(t/a,) with t € IR™ and o, a positive bandwidth, and K an m-dimensional

kernel function. Define U; = (Uil, ooy Use). For t = (t1,...,ty), we take

Kt = [T KO ). (5)

That is, the m-dimensional multivariate kernel is a product of m univariate kernels. If the bth
component of Z is discrete, then K(®)(t,) = {t;, = 0}. If the bth component of Z is continuous,
then K(®)(t;) is a smooth univariate kernel function, defined in A14 below.

Write U for M (V') and Sy for the support of U. We assume Sy = [0,1]®--- ® [0, 1] (e factors).
Note that 8(V) = B(M~1(U)). By a slight abuse of notation, for each u € Sy, we write 3(u)
for E(B | U = u). Fix u € Sy. Write B, for a compact set known to contain ((u). Following

Horowitz (1992), we estimate (u) with G(u) = argmax S, (b | u) where
beBy

n

Sulb] w) =~ S (¥~ VKGO0 (05 — u)re(25) (0

e
noj=1

where K (t) = K*(t/o,) with t € IR and o, a positive bandwidth, and K, (t) = K(t/7,) with
t € IR°, 7, a positive bandwidth, and K an e-dimensional kernel function. For x > 0, the trimming
function 7,(2) = {|2| < k}.

In (6), the function K (t) smoothly approximates the indicator function {¢ > 0}. The function

K*(t) is the integral of a smooth univariate kernel function, defined in A14 below. We define K (t)
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as in (5), with e replacing m. Since all the components of U are continuous, each K©®)(t;) is a
smooth univariate kernel function, also defined in A14 below.

In (6), note that we only trim on Z¢, the continuous components of Z. For ease of expo-
sition, we assume that Z¢ has support IR°. Then 7, trims the jth summand in (6) when the
(rescaled) denominator of Uj gets too close to zero. This prevents so-called ratio bias, as explained
in Appendix B. If ¢ = 0, then Z is discrete and so trimming is unnecessary. Equivalently, 7,(z) = 1.

Recall that § = IEB = IEG(U). For k > 0, define the trimmed mean
B = ERWU)Te(X, Z2°). (7)

where 7.(x, z) = {|z| < k}{|z| < k}. We view B, as the parameter of interest. If § < oo, then
Bx — [ as kK — oo. That is, B; can be made arbitrarily close to § by choosing x large enough.
The trimming in (7) prevents boundary bias and ratio bias in the estimator of f;. If ¢ = d = 0,
then X and Z, and therefore, U, are discrete and so trimming is unnecessary. Equivalently, we
take 7, (x,z) = 1 and the estimand is #. If § = oo, then [, can be viewed as a robust measure of
the center of the distribution of B.

We estimate (3, with

b= 230 BOmC. 26). ©

As explained in Appendix B, trimming on both XZC and ZZ-C prevents boundary bias by trimming
B(UZ) when U; gets too close to the boundary of Sy, while trimming on ZZ-C prevents ratio bias by
trimming 3(U;) when the denominator of U; gets too close to zero.

We emphasize that the fixed trimming in (7) and (8) is a purely technical device that, as

explained in Appendix B, could be replaced with asymptotically negligible trimming so that the
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limiting estimand would be identically 8 = IEB in general. However, the cost involves lengthening
an already long paper and the practical benefit is negligible, since x can be chosen to be a very
large number, implying no practical difference between 3, and .

We get that

N 1 n

B = B = =3 [B0) ~ BOD] 7l XE,2E) + 3 [BUIT(XC, 20) 5] - (9)
=1 =1

The second term on the RHS of (9) converges to zero as n — oo by the LIE and a LLN, and when
rescaled by /n, has an asymptotic normal distribution by a standard CLT. The first term on the

RHS of (9) equals

=S [B@) - AU (€, 2E) + 3 [B(U) - B me(XE, 20). (10)

S
I
—
-
I
—

Write §(u) for the kx e matrix B%B (). By a Taylor expansion of each 3(U;) about the corresponding

Ui, we get that the first term in (10) equals

SEES

ié(ffi*)(ffi — U)X, Z5) (11)
=1

where UZ* is between [72 and U;.

Three of the above terms make first order contributions to the asymptotic distribution of B,.;: the
second term in (9), the second term in (10), and the term in (11). The second term in (9) quantifies
the first order contribution to the asymptotic distribution of BK when the U;’s are observed. The
contributions of the second term in (10) and the term in (11) quantify the penalties paid for having

to estimate each U;. We show that the second term in (10) can be decomposed into two terms,
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each of which makes a first order asymptotic contribution.

Notice that B,.g is not a standard optimization estimator, but rather an average of optimization
estimators. Moreover, each component optimization estimator is based on generated variables. As
such, B,.g requires a different method of analysis than a more standard estimator. We now sketch
the basic strategy used in establishing the limiting distribution of B,.g. We begin by stating and
discussing the significance of several results that will be useful in this regard.

The first is a uniform consistency result. Recall that Sy = [0,1] ® --- ® [0, 1] (e factors). Let
U, denote a compact subset of Sy defined below. We show that as n — oo,

sup |B(u) — Blu)| = 0p(1). (12)

ueUy

We use (12) to help establish a rate of uniform consistency, stated and discussed next. A technical
novelty in proving (12) involves establishing a uniform version of an identification condition called

a strong maximization condition. That is, we show that for any § > 0,

inf |[S(B(u)|u)— sup Sb|u)|>0 (13)
uEUx b= (u)| 6

where S(b | u) is the population analogue of S, (b | w).

Standard results can be used to establish y/n-consistency and asymptotic normality of the
second term in (9). However, more is needed to handle the second term in (10) and the term in
(11). These terms are averages of differences (or derivatives) of optimization estimators involving
generated variables. The strategy used to analyze these terms is to replace each summand involving
generated variables with a summand that involves only original observations plus a remainder term

that has order o,(1/y/n) uniformly over Sy;. One can then neglect the average of remainder terms
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and analyze the friendlier average of approximating terms using more standard methods. The
principal means to this end are two results involving rates of uniform convergence.

Recall X = (A1,...,X.) denotes the vector of endogenous components of X, and Sy the
support of X. For z = (x1,...,2.) € Sy and z € Sz, define U(z,z) = (Ui(z1, 2), ..., Uc(z, 2))
where Uj(zj,2) = IP{X; < z; | Z = z) and Uz, z) = (Ui(x1,2),...,U.(2e,2)) where ﬁj(xj,z) =
P{X; < x; | Z = 2). For cach = € Sy, define € to be the subvector of z corresponding to the
continuous components of X. For each z € S5 define 2¢ to be the subvector of z corresponding to
the continuous components of Z. Define X, = {z € Sy : |2°| < k} and Z, = {z € Sz : |2°| < K}

Define U, = {U(z,z) € Sy : x € Xy, z € Z,;}, a compact subset of Si;. We show that

S U(z,2) =U(z,2)] = Op(1/vnay) (14)
sup B(u) = B(u)] = Op(1/vnasour™). (15)

An analysis of the second term in (10) leads to an influence function representation for 3(u) — B(w).
A remainder term associated with this representation is a product of two factors, one associated
with the gradient of S,(b | u), the other associated with the hessian of S, (b | u). (Of all the
remainder terms associated with (3, this one requires the most delicate analysis.) Using (14) and
(15), we show that the factor associated with the gradient has order O,(1/v/nale,7¢™!) and the
factor associated with the hessian has order O,(1/y/na%o275). The product of these two factors
has order O, (1/na2¢o372¢t2). Provided a2¢o272¢t2 > n=1/2, this product has order 0,(1//n) and
so can be ignored.
2¢ 3 2e+2

It is instructive to identify the sources of the term a; o, 777 in the rates just discussed. The

gradient contributes a factor of afo,7¢t!: a factor of 7¢ is automatically inherited from S, (b | u),
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while the o, factor comes from differentiating gn(b | u) with respect to b to form the gradient. The
additional factor o 7, comes from a one term Taylor expansion of the jth summand of the gradient
about Uj: the linear term, Uj —Uj, accounts for the factor of af,, while the coefficient of this linear
term accounts for the factor of 7,, since differentiating a kernel function results in a rescaling by

271 contributed by the hessian

the reciprocal of the bandwidth. Next, consider the factor of af,o
of S,,(b | u). The sources of bandwidth factors are the same as for the gradient, except there is an
extra factor of o, from differentiating S, (b | u) twice with respect to b to form the hessian.

Note that, especially when both e and ¢ are positive, there is a curse of dimensionality when
estimating ((u) for each u € U,. However, there is no curse of dimensionality when estimating [y,
no matter how large the values of e and c. This is due to averaging the optimization estimators
to construct ﬂA,{. To see how this happens, consider once again the second term in (10). When
the influence function representation of 3(U;) — B(U;) is expanded and combined with the sum
over ¢, what remains are essentially various zero-mean U-statistics of orders two, three and four.
We apply the Hoeffding decomposition to represent each as a sum of degenerate U-statistics. The
higher order degenerate statistics are negligible, while the degenerate U-statistics of order one drive
the asymptotics. But these statistics are averages of summands that are themselves population
averages over all but one of their arguments. Through a sequence of conditional expectations, each
of which involves a change of variable resulting in a rescaling by a bandwidth factor, we flush out
all bandwidth factors from denominators. This results in a /n rate of convergence for the second
term in (10) for arbitrary e and c. Something similar happens for other terms, leading to a \/n
rate of convergence for ﬂA,{. It is also important to note that to flush out all the bandwidth factors
it is critical that the bias reducing kernels that are used have derivatives that are odd functions

over symmetric intervals. Bias reducing kernels that are sums of even degree polynomials defined
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on symmetric intervals (cf. Miiller (1984)) possess this property, for example.

We now formally state the assumptions used to derive the limiting distribution of B,.g. Recall

the definitions of the regressor vectors X, X, and XC, along with their respective supports Sy,

Sy, and R?, with respective dimensions k, e, and d satisfying k > e > d. Recall the definitions of

the instrument vectors Z and Z¢, with respective supports Sz and IR®, with respective dimensions

m and c satisfying m > c¢. Recall the definitions of the latent random vectors V and U, with

respective supports Sy and Sy. Finally, recall the definitions of X, Zx, and Uy, the respective

trimmed supports of X, Z¢, and U.

Al.

A2,

A3.

A4.

A5.

A6.

(Y;, Xi,Z;), i = 1,...,n are iid observations from the CRCBR model. (Y, X, Z) is a generic
observation from this model: ¥ = {XB > 0} where X = (X1, Xs,...,X;) = (X1, X). X3
has support IR. Xo = 1, the intercept term. X = (X}....,X;) is the vector of endogenous
components of X. Each X; = ¢;(Z,V;) where Vj is independent of Z and ¢; is differentiable

in V; and invertible in Vj given Z. V = (V4,...,V¢). B = (1,Ba,..., By), where B; = B}/ B},

with B} > 0.

U = M(V), where M is a differentiable, invertible function from Sy onto Sy such that for
each u € Sy with corresponding v € Sy, there exist z = (x1,...,2.) € Sy and z € Sz such

that u=M(v) = (P{X1 <x1 | Z==z2},..., P{X. <z | Z=2z}). U= (Uy,...,U).

The exogenous components of X are components of Z.

The support of X given U = v is not contained in any proper linear subspace of IR¥.

The distribution of X; conditional on X = and U = u has an everywhere positive density.

f(z1 | Z,u) denotes the pdf of X; given X =7 and U = u, and is continuous in 1 and w.
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AT.

AS.

A9.

A10

Al1l.

Al2.

A1l13

Al4.

A1l5.

f(Z | u) denotes the pdf/pmf of X given U = u, and is continuous in u.
B(u) is a twice continuously differentiable function of u on Sy.

For each u € U,, there exists a known compact set B, containing [3(u).
. The correspondence from u € U, to B, is upper hemi-continuous.
med(z(B — B(u)) | X =z,U =u) = med(z(B — f(u)) | U = u).
med(z(B — B(u)) | U =u) =0.

. When ¢ = 0 and e > 0, take o, = 1, 0, x n77, and 7, x n~ 7, with 0 < o < 1/6,
0<7<1/(4e+4),0 <7,and 30 +7(2e+2) < 1/2. When ¢ > 0 and e > 0, take a,, x n™¢,
opxn % and 7, xnTT, with 0 < < 1/4¢, 0< 0 <1/6,0 <7 <1/(4de+4), 0 <7, and

2ac + 30 +7(2e +2) < 1/2.

When estimating U;; in (4), K (t) = [Ty, K®(t;), with K®)(t) = {t = 0} when t, is discrete,
and K®)(t) = K, (t) when t;, is continuous. K,(t) has support T = [—1, 1], integrates to unity,
and satisfies [, tPICo(t)dt = 0, p = 1,...,pq, where p, is the smallest even integer greater
that 1/2c. K*(t) satisfies %K*(t) = K5 (t) where K, (t) has support T, integrates to unity,
and satisfies [, tPK,(t)dt =0, p=1,...,ps, where p, is the smallest even integer greater that
1/20. When localizing on u in (6), K(t) = [Ti_; K®(t,), with K©®(t) = K,(t) where K, (t)
has support 7', integrates to unity, and satisfies [, tPIC-(t)dt =0, p = 1,...,p,, where p; is the

smallest even integer greater that 1/27. Moreover, K/ (t) exists and satisfies [ K. (t)dt = 0.

7€ =(Zy,...,7Z.). Let D, be the vector of discrete components of Z. Let f(Z¢ | D) denote
the density of Z% given D,. Then f(Z° | D,) = f(Z1 | Za,...,Ze,D.) x --- x f(Z. | D,).

Each univariate conditional density in this product is bounded away from zero on Z,, and
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has p, bounded derivatives. On X, ® Z, U(x, z) has p, bounded partial derivatives with

respect to each component of Z¢.

A16. Let f(U | Z,XB(u)) denote the density of U given Z and X3(u). Then f(U | Z, X((u)) =
fUL | Usy.. .U, Z, X B(u)) X -+ - X f(Ue | Z,XF(u)). Each univariate density in this product
has p, bounded derivatives. Define g(U, Z) = 2IP(e(U) < Xp(U) | U,Z) — 1, where €(U) =
—X(B —p(U)). g(U, Z) has p; bounded partial derivatives with respect to each component

of U. The marginal density of U is continuously differentiable.

A17. The pdf/pmf of Z given X((u) = s and the marginal pdf of X3(u) at s have p, bounded

derivatives with respect to s.

A18. Let S(b | u) = Eg(u,Z2)f(u | Z){Xb > 0}7.(Z). Let H(b | u) denote the hessian matrix

%;US (b | w). Each component of H(b | u) is continuously differentiable with respect to b.

A19. For each u € Uy, H(B(u) | u) is positive definite.

Assumption Al defines the sampling assumptions as well as properties of X and B. Assuming
that X; has support IR is done for ease of exposition. X; can have bounded support, in which
case a straightforward adaptation of Corollary 3.1.1 in Horowitz (1998) suffices for identification.
Trimming is also more complicated in the bounded support case. It is convenient, but not necessary
to include an intercept term. Al also defines key instrument and control function assumptions.
Assumption A2 concerns localization. Lemma 0 in Appendix A states conditions under which A2
holds.

Assumptions A3 through A12 are used in proving the uniform consistency result (12). (See the

proof of Lemma 1 in Appendix A.) A3 is not necessary, but is assumed for convenience. A4 can
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be viewed as a type of rank condition, ensuring that there is sufficient variation in X given U to
establish the strong maximization identification condition (13). Note that A4 implies that each X
must be a nonconstant function of Z given U;. A4 and A5 are local versions of support conditions
used by Manski (1985,1985) and Horowitz (1992) to establish their identification results. A1l is

CMI and A12 is CMZ with U in place of V. A1l and A12 imply the key identification condition

med(e(u) | X =2, U =u) =0 (16)

for all z € Sy and u € Sy, where €(U) = —X (B — ((U)). Note that (16) is just (3) with U in place
of V. Assumptions A6 and A7 are used to show the negligibility of a bias term in the proof of (12).
Assumptions A8 through A10 relate to the conditional expectation F(u). A8 imposes smoothness
assumptions on 3(u) needed to carry out various Taylor expansions. A9 is a standard compactness
assumption. A10 is a mild regularity condition used in establishing (13).

A13 gives sufficient conditions on bandwidths ay,, o,, and 7, for allowable values for e and c.
Note that ¢ < 7. This implies that n™? > n~7. That is, o,, the bandwidth used to smoothly
approximate {t > 0}, is asymptotically wider than 7, the bandwidth used to localize on U. This
is used to handle a bias term in a consistency proof. Note that the bandwidths must be wide to
overcome the estimation uncertainty introduced by the generated regressor vector U. For example,
ife=c=1and a =0 =7 —¢, for € very small positive, then A13 states that the bandwidths
must be proportional to n™® where o < 1/18. We conjecture that the values of a, o, and 7 in A13
can all be multiplied by two using more refined uniformity methods such as those in Bickel and
Rosenblatt (1973), but we do not pursue this here. Al4 gives conditions on the kernel functions.

Note that we use the same univariate kernel function, namely Ky, for each continuous component
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of Z. Likewise, we use the same univariate kernel function, IC,, for each component of U. This is
done for notational convenience. Bias reducing kernels satisfying the stated conditions are found
in Miiller (1984). A15 gives conditions on the joint density of the continuous components of Z
given the discrete components of Z, as well as conditions on U(xz,z). These conditions are used
along with A14 to show that the bias term EU (z, z) — U(x, z) is negligible. A16 gives smoothness
conditions on the components of the joint density of U given Z and X ((u). It also gives conditions
on a certain conditional expectation. A17 gives smoothness conditions on other densities. A16 and
A17 are used along with A14 to show that a bias term consisting of a certain expected gradient is
negligible. A18 and A19 give regularity conditions on the Hessian of the population analogue of

the sample criterion function S, (b | u).

Under assumptions Al through A19, we can show that BAK — B = % w1 fn(W5) + 0p(1/4/1)
where W; = (Y;, X, Z;,U;) and f,(W;) has mean zero and finite variance. Moreover, we can show
that f,(W;) = fOW) + £2 W) + 12 (W;) + £ (W) where each term has mean zero and finite
variance. The term f((W;) comes from the second term in (9), both f,gQ)(Wi) and fr(lg)(Wi) come
from the second term in (10), and f7(14)(Wi) comes from the term in (11). It follows from a standard

CLT and Slutsky’s theorem that

\/E(/Bli - ﬂn) ~ N(07 E)

where ¥ = IEf,, (W) f,(W)'. This result holds for e > 0 and ¢ > 0.7 The cases e > 0 and ¢ = 0
require the choice of bandwidths o, and 7, for smoothly approximating the indicator {¢t > 0} and

localizing on U, respectively. The cases e > 0 and ¢ > 0 are more complex to analyze since they

"The result also holds for the case e = 0 of no endogenous regressors, but under slightly different conditions. We
briefly discuss these conditions at the end of this section.
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require the choice of bandwidths a,, o, and 7, for estimating U, approximating {¢t > 0}, and
localizing on U, respectively. Proving the asymptotic results in complete generality is quite tedious
and adds nothing to understanding. Because of this, we prove the result for the case e = ¢ = 1,
while letting k, the number of components of X, and m, the number of components of Z, be
arbitrary. The arguments used to handle this case readily extend to cover general e > 0 and ¢ > 0.

Consider the case e = ¢ = 1 with k& and m arbitrary. Assumption A16 requires that d > 1,
and so when e = 1 we require that d = 1. In this case, X = X“, U = M(V) denotes the scalar
random error associated with X, and from A15, Z¢ denotes the single continuous instrument for
X. For ease of notation, we write Z for Z¢. Recall from A14 the definitions of Ko, Ky, and K.
For ease of notation, we suppress the subscripts «, o, and 7, because each kernel function is easily
identified by its argument. Thus, we write IC,,(Z, — Z;) for ICo((Zk — 2i)/am), Kn((X;8(U;)) for
Ko (X;8(Ui)) /o), and K (U; — Us) for K- ((Uj = Uy) /).

We begin by noting that the term f(1)(1;) has the same form for all values of e and ¢. We get

FOW) = BU)Te(X)7e(Zi) = B

We now give the forms for fT(ZQ)(W/Z-), fr(f)(Wi), and f7(l4)(I/VZ-) for the case e = ¢ = 1, with k£ and
m arbitrary.
We start with the most complicated term, f,gQ)(Wi). For i # j # k # i, define the function

To(Xi, Zi)7x(Z))

FuWe Wy We) = PECEEITEE (30 | U] a7)

X

(2Y; = DK (X;8(U)) X}, (U = Ui)

{ X < XHKn(Zk — Z){Dk = Dj} — Ei{ X < Xj}Kn(2k — Zj){Dx = Djj}
f(Z5,Dj)
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where the expectation IF; in the last line of the display is an expectation over Wy, given Wj.

Next, for (i, 4, k,l) with no equal components, define the function

Fu W Wy Wy = T ZTED) gy (18)

2 2
QpOnTy

X

(2Y; — 1)Ka(X;8(U)) X4, (U; — Uy)

{ Xk < X} Kn (2 — Z5){ Dk = Dy}
f(Z5,Dj)
E;Kn(Z21 — Zi){D1 = D;} — Kn(21 — Z;{D1 = Dj}
f(Z5,Dj)

where the expectation IF; in the last line of the display is an expectation over W; given W;.
Finally, define féQ)(Wi) = fu(P, P,W;)+ fn(P, P, P,W;), where, for example, f, (P, P, W;) is the
expectation of f, (W;, W;, Wy) over W; and W; given Wy, evaluated at Wy, = Wj.
Next, we define fég)(Wi). For i # j, define the function

e(Xi, Zi) 7 (Z5)

OnTn

Fa(Wi, W) = [H(B(U;) | U]~ (2Y; — DKW (X, 80U XjKn(Uy = Us) . (19)

Define £ (W;) = fu(P,W;) — fu(P, P).
Finally, we define f\"(W;). Let 6(u) = 28(u). For i # j and i # j # k # i, define the

functions

fawawy) = XD (20)

n

{&) < X}Kn (25 — Z){D; = Di} — E{X; < Xi}Kn(Z; — Z,){D; = Di}
f(ZZ7DZ)
7 (X, Zi)

{X < XKa(Z; — Z){D, = Di}
f(Zi, Dy)
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EiKn (2 — Zi){Dg = Di} — Kn(Z2k — 2){ Dy, = D;}
f(ZZvDZ)

X

where IE; in f,(W;, W;) denotes expectation over W; given W;, and IE; in f,(W;, W;, W},) denotes
expectation over Wy given W;. Define fr(f)(I/Vi) = fu(P,W;) + fn(P, P,W;).

We are now in a position to state the formal result.

THEOREM 1. Let e =c =1 with k and m arbitrary. If assumptions Al through A19 hold,

then

\/ﬁ(/éli - ﬂn) ~> N(07 E)
where S = Efo (W) fu(Wi) with f(Wi) = FOW) + £ W) + 15 W) + 159 (W),

The proof of this result is given in Appendix A. A consistent estimator of ¥ is obtained by
replacing, in the expressions above, Ps with P,s, U;s with Uss and Fs with the corresponding

sample averages.

REMARKS. It is interesting to adapt the methods of this paper to the binary response model
analyzed by Manski (1975, 1985) and Horowitz (1992). In this model, Y* = X + €, where X is
exogenous and 3 = (1, B2, B3, ..., Bk)" is a vector of nonrandom coefficients defined implicitly by the
median independence restriction med(e | X = ) = 0 for each z € Sx. In the terminology of the
random coefficients model, the only random coefficient is Bs = (32+e¢. That is, B = 3+(0,¢,0,...,0)
and the object of interest is the nonrandom coefficient vector 3. It is well known (see Horowitz, 1993)
that no estimator of § can achieve y/n-consistency under the assumptions maintained by these
authors.

However, the localize-then-average procedure can produce a \/n-consistent and asymptotically

normal estimator of § if instruments exist and assumptions Al through A19 hold. To see how,
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suppose there is a component of X, say X;, for which there exists an instrument Z that is not
a component of X. Formally, X; plays the role of an endogenous regressor, even though Xj is
exogenous. Further, assume that Al through A19 hold where, for convenience, we take 3(U) to be
the componentwise median of B given U. That is, B(U) = 3 + (0,med(e | U),0...,0). Note that
for this choice of 3(U), the index X (B—3(U)) reduces to e—med(e | U) and so A12, the conditional

median zero assumption, is automatically satisfied. No symmetry assumptions are needed. We get

Br = BRU)TW(XY, Z2%) = BET. (XY, Z%) + (0, Emed(c | U)T (X, Z29),0,...,0).

It follows from Theorem 1 that for all x > 0, 3, is a /n-consistent and asymptotically normal
estimator of 3. Define [, (XC, Z¢) = % S 7e(XC, ZE). Deduce that the last k—2 components
of B3, / ETR(X ¢, Z%) constitute a \/n-consistent and asymptotically normal estimator of the vector of
nonrandom slope coefficients (fs, ..., B;). The additional information provided by the instruments
and assumptions, together with the localize-then-average estimation procedure which exploits this
extra information, makes this possible. If med(e | U) = 0, then 8, reduces to BT, (X, Z¢), and

By /T, (XC, ZC) is a /n-consistent and asymptotically normal estimator of the entire vector f.
4. SIMULATIONS

In this section, we report results of several simulations exploring aspects of the finite sample
behavior of the estimator B,.g. We study the effects of varying bandwidths, sample sizes, and the
number of estimated coefficients. We also compare B,ﬁ to two estimators of nonrandom coefficients
in a binary response model. While these estimators are not designed to handle correlated random
coefficients, they can account for endogeneity and so may be considered competitors of ﬂA,{ in
practice. Specifically, we consider the parametric estimator of Rivers and Voung (1988) and the
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semiparametric 2SLS estimator assuming the linear probability model.

We start by considering the following DGP: For ¢ = 1,...,n, let

Y; = {Xiu+ B2+ BizXiz >0}

Xia = Zn+V;.

We consider the case of one endogenous regressor. We take X;; to be the endogenous regressor and
the vector of instruments Z; = (Z;1, X;3). We specify the random coefficients to be functions of V; to
generate the correlation with X;;. Specifically, fori =1,...,nand j = 2,3, we take B;; = 1+V;+v;;
where the v;; are exogenous components. To summarize the dependence structure, we assume that
the drivers of the data (Z;,V;,v;) are iid draws from the following distribution: V; ~ U[-.5,.5],
v; ~ N(02,%,), and Z; ~ N(02,%X7) where V;, v;, and Z; are mutually independent. Here, O is a

vector of zeros of length k, ¥, = 0.5X 7, and

Yz =

Note that in this simulation, the endogenous regressor is an additively separable function of
instruments and control variables. In the notation of the paper, X1 = ¢(Z,V4) = FE (X1 | Z)+ W}
where E(X, | Z) = Zy and V} = X; — [E(X; | Z). In this standard set-up, it is straightforward
to directly estimate Vi with Vi = X; — IE(X, | Z) where IE(X; | Z) is the usual kernel regression
estimator of the conditional mean IF(X; | Z). In other words, it is just as easy to localize directly
on Vj as it is to localize indirectly on Uy = IP{X; < x | Z = 2}, as in the main text. Moreover,

either localization is valid. All definitions and the theoretical results go through with Vi in place
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of Ul and V7 in place of U;. We illustrate the use of both localizations in our simulations.
Both V; and U, are estimated using a product kernel with higher order “Epanechnikov type”

kernel in every dimension. The individual kernel function is

K(t) = (6864 —240240t> + 2450448 t* — 11085360 t°

4+ 25865840t% — 3244987210 4-20801200¢'? — 5348880 ¢1){—1 <t < 1}

where ¢y = 0.0006712228. We use this same kernel to localize. In addition, we take K* in (6) to be
the integral of this kernel. This kernel satisfies the conditions of A13 and A14 when ¢ =2, e = 1,
and @« = 0 = 7 — ¢, for € very small positive. The optimization is performed via the R routine
nlminb, a program for unconstrained and constrained optimization using PORT routines.® We
need to select the grid over which the search is performed, and the absolute or relative numerical
tolerance. We have chosen the first to be the rectangle [—10, 10] x [—10, 10], while we specified the
absolute tolerance to be e~ 15, We take 7.(7Z;) = {|Zi1| < k}{|Zia| < k} and 7.(X;1) = {| Xi1| < K}
where k = 3.25. This corresponds to trimming 5.2% of the data.

The results in the following table are for localization on Ul, with a sample size of n = 2000
observations and 100 Monte Carlo repetitions. Recall that «,, denotes the bandwidth for estimating
Ul, on, the bandwidth for the integrated kernel function K*, and 7, the bandwidth for localizing.
In all the reported simulations we take a,, = 1.5 and vary the values of o,, and 7, as indicated in
the tables. In other simulations which we do not report, we varied «, and found that results were

robust to moderate changes in this bandwidth.

Table 1: RMSE results for 3, at different bandwidths for n = 2000

8 A detailed description of the PORT-routines involved can be found in “Usage Summary for Selected Optimization
Routines”, at http://netlib.bell-labs.com/cm/cs/cstr/153.pdf.
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(localizing on U)

(Tn,on) | RMSE on Coefficient 1 | RMSE on Coefficient 2
(0.12, 2.0) 0.1049993 0.1176348
(0.16,2.0) 0.1134255 0.1114663
(0.08, 2.0) 0.1517702 0.1212661
(0.24, 2.0) 0.1137844 0.1168878
(0.16,1.4) 0.1520292 0.1204596
(0.24,0.8) 0.1913334 0.1534957
(0.08,4.0) 0.1812628 0.2651299

Several things are noteworthy: First, there is a large area of plausible bandwidths where the
MSE is of the same order of magnitude, meaning that our method is rather robust to changes in
bandwidth. Second, the two coefficients are differently affected by the two bandwidths. Given that
only the first regressor is endogenous, it is not surprising that the coefficients on the two regressors
exhibit different behavior. Third, compared to an estimator which does not use trimming, the
RMSE is slightly smaller, and in particular, the bias reduces significantly.’

Qualitatively similar results were obtained with n = 500 observations. To focus on essentials,
we do not report the table, but note that the RMSE is again rather insensitive to bandwidth choice
in a large area. The RMSE becomes uniformly larger, compared to n = 2000. At the optimal
bandwidth (0.16,2.5), the RMSE of the first components of B, is 0.225062 while the RMSE on
the second component is 0.190486. The steady improvement with sample size is corroborated for

n = 5000. At the optimal bandwidth (0.08,2.0) the RMSE on the first coefficient is 0.06960242,

9Results are available from the authors upon request. The estimator also becomes less sensitive to bandwidth
choice, which reflects the fact that the model becomes more robust as tail behavior plays less of a role.
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while the RMSE on the second is 0.07380443. As expected, the RMSE decreases steadily as the
sample size increases.

It is interesting to compare the estimator with alternative estimators. The first comparison is
with a Linear Probability Model (LProb). Among the advantages conventional wisdom attributes
to the LProb is that it lets one tackle the issue of endogeneity by using standard IV methods. The
logic is that, despite its apparent misspecification in terms of the discrete nature of the dependent
variable, the LProb captures endogeneity well. That is, provided the misspecification in the error
distribution is not too severe (e.g., we are in the center of the cdf of an unimodal symmetric cdf),
it provides a way to capture the first order effect due to endogeneity. Note that this is the case
with our simulation design, and so a priori one might expect somewhat satisfactory performance
from the LProb.

However, our results strikingly belie these expectations. Running a standard 2SLS model and

normalizing all coefficients such that the coefficient on X7 is unity, we obtain the following results:

Table 2: RMSE results for the LProb procedure at different sample sizes

Sample Size | RMSE on Coefficient 1 | RMSE on Coefficient 2

500 2.177558 0.3459466
2000 2.151667 0.3226654
5000 2.159087 0.3058008

Observe that the first coefficient in particular is estimated much more imprecisely than the
second one. In particular, the means of the intercept (whose true value is 1) stay close to 3
(3.091092, 3.084162, and 3.091984, respectively) and so are severely biased. Also, compared to B,.g,

the second coefficient has roughly two to five times the RMSE, while the first has more than ten
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times the RMSE. This reflects the feature that endogeneity, and apparently also misspecification,
seems to have a much stronger effect on the intercept. Finally, note that both RMSEs decrease
slowly with sample size, indicating that the main problem is the fairly persistent bias, which in
the case of the second coefficient diminishes very slowly. In particular, the mean is 0.6235943,
0.6225125, and 0.6428279, respectively.

The second commonly used estimator with which we compare our results is the estimator of
Rivers and Voung (1988), henceforth, RV. This estimator features a probit, but adds an estimated
control function residual as additional regressor, and probably corresponds to standard practise
in good applied work. Note that, compared to our approach, the RV estimator is twice misspeci-
fied. First, it does not account for the heteroscedasticity that inevitably results from the random
coefficients structure; second, it imposes a parametric structure on the link function (i.e., probit).

With this procedure, we obtain the following results:

Table 3: RMSE results for the Rivers-Voung procedure at different sample sizes

Sample Size | RMSE on Coefficient 1 | RMSE on Coefficient 2

500 1.066009 0.3608533
2000 1.091336 0.3460289
5000 1.125813 0.3322708

It is noteworthy that the bias of the estimator for the intercept increases, with the mean of the inter-
cept moving further away from the true mean of 1 (-0.1003702, -0.146636 and -0.17692040, respec-
tively) as n increases, while the mean of the second coefficient stays roughly constant (0.6028553,
0.6095537, and 0.6159592, respectively). This is also reflected in the RMSE which is two to three
times as large as the corresponding RMSE for ﬂAK. Once again, most of the RMSE is due to the

bias component.
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To represent our results graphically, we display estimated densities in Figures 1 through 6. In
these graphs, the estimator B,ﬁ is referred to as the Hoderlein-Sherman estimator. The graphs
differ according to sample size. Figures 1 through 3 show the behavior of the RV estimator for the
first coefficient compared to ours (the density of the LProb is in fact so far outside of the graph
that we do not display it here) at n = 500, 2000, 5000. The true trimmed mean, (3., in our setup is
0.948. The estimated means for BAK are 0.8622154, 0.904023 and 0.9158743, respectively, for the first
coefficient (the intercept), while the means of the RV estimator remain slightly below zero regardless
of sample size. In fact, the bias seems to increase slightly in absolute value. Figures 4 through
6 show the same results for the second coefficient, but now including the LProb, which in fact is
slightly less biased than the RV estimator, though both have a downward bias of around 0.4, while
BAK has a slight and rapidly diminishing upward bias, with values 1.029436, 0.961271 0.9585179,
respectively, while the true trimmed mean 3, = 0.948. We see that both misspecified estimators
exhibit a significant downward bias, though slightly less variance due to the parametric nature of
the estimators. The fact that the variance vanishes for all estimators can be clearly seen by the
fact that the area of positive density is diminishing. As expected the parametric estimators are less
dispersed, though not by too much. In summary, the simulation results confirm the consistency
of Bﬁ and the inconsistency of two likely competitors, both of which exhibit a large and persistent
bias.

Next, we perform an exercise where we make explicit use of the additive form in the IV equation.
Moreover, we slightly stack the deck against BAK by ignoring the fact that ﬂA,{ estimates the trimmed
mean [, rather than the mean (3, and we report all RMSE results relative to the 8. Thus the
RMSE results for ﬂA,{ are slightly inflated. The DGP is exactly as before, but we change the uniform

distribution of the residual to V; ~ N(0,1). The estimation procedure is exactly as before, except
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now we localize directly on the Vi, the estimated mean regression residuals. We consider this setup
particularly relevant for applications.
For Bm we obtain the following results at the optimal bandwidths:

Table 4: RMSE results for BK for different sample sizes

(localizing on V;)

Sample Size and Bandwidth

RMSE on Coefficient 1

RMSE on Coefficient 2

n = 500, (T, 0n) = (1.0,4) 0.3198675 0.2658185
n = 2000, (7n,0,) = (0.8,3) 0.1999790 0.1607219
n = 5000, (1n,0n) = (0.7,2.3) 0.1765224 0.1069096

Comparing these RMSE results with those for the LProb and the RV estimators again clearly

demonstrates the superiority of B,{. And this is in spite of the fact that the RMSE results for BK

are inflated. The results for the LProb procedure are displayed in the following table.

Table 5: RMSE results for Lprob Procedure for different sample sizes

Sample Size

RMSE on Coefficient 1

RMSE on Coefficient 2

500 4.60288 0.48481
2000 4.41378 0.37517
5000 4.33741 0.34142

Not surprisingly, the results are very similar to those previously obtained. In fact, the results are
even less flattering to the LProb procedure. The same is true for the RV estimator, as the following

table illustrates.

Table 6: RMSE results for RV Procedure for different sample sizes
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Sample Size | RMSE on Coefficient 1 | RMSE on Coefficient 2

500 0.77488 0.51530
2000 0.73682 0.43207
5000 0.72775 0.40373

Observe that even compared to the untrimmed population mean of unity, the RMSE of BAK is at
most half as large, and in some cases one tenth of the RMSE of the LProb and the RV estimators.
In particular, the bias of the latter two estimators is much larger, even when we ignore the fact
that B,.g estimates the trimmed mean G, = .948.

Finally, we examine the effect of increasing the number of regressors in the previous set-up.

Considering the following DGP: For ¢ = 1...,n, we take

Y; = {Xa+ Bip+ BisXi3 + BisXis + Bis X5 + Big Xig > 0}

X = Zan+Xu+Vi.

As before, we take X;;1 to be the single endogenous regressor, and we take the vector of instruments
to be Z; = (Zi1, Xio, ..., Xi5). We specify the random coefficients as functions of V; to generate the
correlation with Xj;;. Specifically, for i« = 1,...,n and j = 1,...,5 we take B;; = 1+ V; + v
where the v;; are exogenous components. To summarize the dependence structure, we assume
that the drivers of the data (Z;,V;,v;), i = 1,..,n, are iid draws from the following distribution:

Vi ~ N(0,1), v; ~ N(05,%,), and Z; ~ N(05,% ) where V;, v;, and Z; are mutually independent.
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Here 05 is a vector of zeros of length 5, ¥, = 0.53 7, and

Finally, when implementing the estimator, we follow exactly the same strategy as above, and the

kernels are again product kernels of the higher order Epanechnikov type kernel variety in every

dimension, where we use the same higher order Epanechnikov integral kernel as above.!?

Table 7: RMSE results for BAK for different sample sizes

(localizing on V;)

Sample Size 1 2 3 4 5

n = 500 0.56025 | 0.42609 | 0.43926 | 0.38557 | 0.39332

n = 2000 0.36793 | 0.31890 | 0.27856 | 0.26856 | 0.25894

n = 5000 0.32034 | 0.23281 | 0.20177 | 0.19483 | 0.19227

The reduction in RMSE with increasing sample size is obvious. Note also that due to the largely
symmetric setup, all four slope coefficients are equally affected, even those whose regressors less
correlated with the endogenous one, X;;. Observe, however, that the intercept exhibits a larger

RMSE, as was also the case in the two-dimensional model.

0Technically, A13 and Al4 must be satisfied for ¢ = 5 and e = 1, but, in terms of bias reduction, there is no
practical difference between using the previous kernel and using a technically correct one.
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5. APPLICATION: THE EFFECT OF SMOKING ON ABNORMAL BIRTH CONDITIONS

Among the most harmful effects of smoking are the effects of a mother’s smoking during preg-
nancy on the health of her newborn child. Therefore, these effects have been extensively studied
in the health economics literature (e.g., Rosenzweig and Schultz (1983), Evans and Ringel (1999),
Lien and Evans (2005)). In this paper, we study whether children are more likely to be born with
abnormal birth conditions, like congenital abnormalities or low birth weight, when their mothers
increase the number of cigarettes smoked during pregnancy. The goal of our analysis is to provide
a detailed assessment of the effect of smoking. In particular, we want to allow for heterogeneous
marginal effects of an extra cigarette smoked, and for endogenous choice of the number of cigarettes
smoked, reflecting the fact that smoking more is a deliberate decision. This is important because
women who smoke more may be more likely to exhibit other types of behavior that increase the
risk of health defects in their newborns. That is, we suspect that the coefficient of the regressor
“number of cigarettes smoked daily” is positively correlated with this regressor, and so our meth-
ods apply. Throughout this section, we condition on mothers who already smoke, since we want to
isolate the effect of smoking an additional cigarette each day, not the effect of smoking as opposed
to not smoking.

To account for the endogenous nature of the regressor “‘number of cigarettes smoked daily”,
we use an older idea of Evans and Ringel (1999) who use cigarette excise tax rate as a source of
exogenous variation to mitigate confounding factors in identifying the effects of smoking. To see why
this is a sensible instrument, observe that this tax is set on the state level by the state government.
Since setting the cigarette tax is only one of many issues, and certainly not an issue that decides
elections or causes people to move on a large scale, it can be seen as exogenous to the individuals’

choice set. We follow this idea, letting the tax rate (denoted Zi) be the principal instrument for
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number of cigarettes smoked per day (X3), the principal endogenous regressor. Other variables
included in the model are an indicator of alcohol consumption during pregnancy (X7), the number
of live births experienced (Xj), and mother’s age (X5). The latter three variables are associated
with congenital abnormalities or abnormal conditions at birth. We let Y denote an indicator of the
above mentioned abnormalities at a child’s birth.

The causal model is thus given by

Y = {BTXl + B; + B;Xg + BZX4 + BgX5 > 0}

X, = EXi|2)+V

where V = X; — E(X; | Z) and the instrument vector Z = (Z1, X1, X4, X5). The components
of B* = (BY,...,B?)" are unobserved factors related to the lifestyle of the mother that impact
the child’s health at birth. Subsequently, we compare our estimator of a trimmed mean of B,
where B = B*/Bj, to analogous estimators based on Rivers and Vuong (1988) and 2SLS. These
comparison estimators directly estimate five unknown parameters, corresponding to each of the

regressors in the model.

5.1 DESCRIPTION OF DATA AND VARIABLES

We use a cross section of the natality data from the Natality Vital Statistics System of the
National Center for Health Statistics. From this data set we extract a random sample of size
100,000 from the time period between 1989 to 1999.

We focus on the subset of this sample who smoke, since there are serious discontinuities in

terms of unobservables near zero.'' If interest centered on the total effect of smoking, then the

"The difference between the population that does not smoke and the one that smokes one cigarette a day is
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decision to smoke would have to be modeled as well. However, we argue that understanding the
effect of smoking an additional cigarette for the subpopulation of smokers is of interest, since any
government tax measure aimed at reducing adverse health consequences may primarily affect the
amount smoked rather than the decision to smoke or not.

Given our simulation results, we think that a subsample of smokers of size n = 10000 is sufficient
to obtain a precise estimate, and we therefore draw such a subsample randomly without replacement

from the data. The descriptive statistics for this sample can be found in Table 12.

5.2 EMPIRICAL RESULTS

Recall that our aim is to determine the effect of smoking more cigarettes on abnormal birth
conditions. To show the performance of our estimator in this regard, it is instructive to start
with the standard practise of estimating a linear probability model. This procedure suffers from
misspecification that yields highly implausible results. We condition on the subsample of males.

The result is as follows:

Table 8: OLS estimates of Linear Probability Model

Variable Estimate | Std. Error | t value | p value

Intercept 0.126150 | 0.0210541 | 5.992 0.000
Number of cigs —0.000532 | 0.0005853 | —0.909 | 0.3633
Age of mother —0.000750 | 0.0008328 | —0.901 | 0.3677

Number of births 0.002097 | 0.0040905 | 0.513 | 0.6081

Alcohol 0.056212 | 0.0235104 | 2.391 | 0.0168

qualitatively different from the difference between the population that smokes one cigarette a day and the one that
smokes two cigarettes a day.
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Observe that the only significant coefficients are those on the alcohol indicator and the intercept.
Indeed, the former shows the expected positive sign: if women drink alcohol during pregnancy, the
children are more likely to develop abnormal birth conditions. No other variables show a significant
effect - including number of cigarettes. Indeed, even very heavy smokers have the same probability
of giving birth to healthy children after a full 40 weeks of pregnancy. According to these results,
they may even be more likely to have healthy children, since the point estimate is negative.

An obvious flaw in this approach is that it does not account for endogeneity in the choice of
the number of cigarettes smoked. We now try to correct for endogeneity using 2SLS. The results

are displayed in Table 9:

Table 9: Linear Probability Model - 2SLS

Variable Estimate | Std. Error | t value | p value
Intercept 0.123846 0.021232 5.833 0.000
Number of cigs —0.001376 | 0.001162 | —1.184 | 0.2364
Age of mother —0.000683 | 0.000836 | —0.816 | 0.4143
Number of births 0.002970 0.004220 0.704 | 0.4815
Alcohol 0.056432 0.023512 2.400 | 0.0164

The results are qualitatively the same as those for the OLS estimator. Note that the estimate
of the coefficient of number of cigarettes is actually more negative and slightly more significant,
suggesting that more smoking, if it has any systematic effect, is actually beneficial to the health of
newborns. Clearly a nonintuitive result. Since we want to compare the effects with our theoretically
superior estimator, and we know that [, is only identified up to scale, for reference we divide all
coefficients by the coefficient on alcohol. We obtain values of 2.194613, -0.02438979, -0.0121049,

and 0.05264387, in the order of appearance.
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We conclude that the linear probability model shows strong signs of misspecification. But as we
have seen from the simulation evidence, we would also expect the linear probability model to be the
most biased. Hence we implement the less biased model of Rivers and Voung (1988), using a probit
and nonparametric control function residuals estimated in the same fashion as in the simulation

part and enter additively. The results are displayed in the following table.

Table 10: Rivers Voung Estimator

Variable Estimate | Std. Error | t value | p value

Intercept —1.14901 | 0.11721 —9.803 | 0.000
Number of cigs —0.00786 0.00656 —1.199 | 0.2307
Age of mother —0.00370 | 0.00463 | —0.798 | 0.4251

Number of births 0.01596 0.02313 0.690 | 0.4903

Alcohol 0.27001 0.11668 2.314 | 0.0207

Control Function 0.13911 0.16507 0.843 | 0.3994

The main results very much correspond to the linear model. Alcohol is again the only significant
explanatory variable. The odd effect of cigarettes and its rather low p-value is also in line with
the above results. The misspecification seems to have a comparable effect. Finally, again for
comparison, we have that the coefficient relative to alcohol are, again in order of appearance -
4.255303, -0.02912374, -0.01370293, and 0.05911417. Note the similarity with the 2SLS estimates
of the effect of number of cigarettes.

Finally, we implement Bn. The individual elements are exactly as in the simulation section.
Since the coefficient is only identified up to scale and sign, we choose to normalize on alcohol.

All scientific evidence as well as the rather shaky evidence obtained in this paper point to alcohol
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having an adverse effect on the pregnancy. We hence assume that the sign is positive and the
coefficient is unity. Moreover, we use the bootstrap to compute the variance agoot, and construct
the confidence intervals using the normal approximation with +1.960p00¢-

Relative to the alcohol coefficient, we obtain the following results.

Table 11: B,.g with bootstrap standard errors

Estimate Bootstrap Std. Err | 95% CI Lower Bound | 95% CI Upper Bound
Intercept —0.73961406 0.08695773 —0.9100512 —0.5691769
Nr cigarettes || 0.25516531 0.03810400 0.1804815 0.3298491
Age mother || —0.05818467 0.03069635 —0.1183495 0.0019801
Nr. births —0.04479768 0.04838861 —0.1396394 0.0500440

First, note that neither the estimated coefficient on age nor that on the number of births is
significant at the 95% confidence level, though the former is significant at the 90% level. However,
what is highly significant is the number of cigarettes. More important, the coefficient on number
cigarettes has the expected sign, as well as a very plausible magnitude. One may object that the
magnitude seems somewhat large. Note, however, that the alcohol indicator covers cases where
individuals consume from small to large amounts, and it is not really clear whether a low level of
consumption has a strong effect. Also, there may be a problem with underreporting so that there
may be measurement error, whereas we expect the number of cigarettes to be more accurately
reported, since the mother has already admitted to smoking. For both reasons, the coefficient on
alcohol may in fact be larger. In either case, it is conceivable that smoking four additional cigarettes
(say, six instead of two per day, i.e., switching from being an occasional smoker to a moderate one)

has a negative effect which on average is as bad as consuming alcohol. The bottom line is that only
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BK identifies a higher number of cigarettes to be a serious risk in the health development of a child,

while the other two estimators do not identify smoking more as a health risk. The policy advice is

clear: Pregnant women should reduce smoking as much as possible if they do not find the strength

to quit outright.

Table 12: Descriptive Statistics

Variable Description (10000 obs) Mean SD min max
fipsst State of Residence 1 56
stoccfip  State of Occurrence 1 56
monpre  Month of Pregnancy Prenatal Care Began 2.72 1.55 0 9
nprevist  Total number of Prenatal Visits 11.1 4.14 0 45

weight 3162 581 225 5410
dplural  1=single 2=twin 3=triplet 4=quadruplet 5=Quintuplet or highrt 1.02  .162 1 4
apgarl  One minute Apgar Score (not observed after 1994) 8.01 1.32 0 10
apgarb  Five minute Apgar Score 8.95 .746 0 10
gestat  Gestation 39.0 281 18 47
momage Age in years 25.7  5.73 13 47
momedu Education in years 11.7  1.75 0 17
cigar average number of cigarettes per day 12.3  7.72 1 75
alcohol  Alcohol use during pregnancy .038 .191 0 1
drink average number of drinks per day 129 0 1.23 0 44
dadedu  (not observed after 1994) 11.8  1.82 0 17
male newborn is male .b14 - 499 0 1

lbw 1 if birth weight below 2500 104 305 0
ormoth  Hispanic Origin of Mother .051 413 0 5
mrace 1=white 2=black 3=american indian 4=chinese 5=japanese 6=hawaiian  1.28  3.03 1 78
7=filipino 8=other asian 9=all other race

biryr year of birth 1993  3.10 1989 1999

Impyr  year last normal menses began 1993  3.13 1988 1999
nlbnl number of live birth, now living 117  1.22 0 11
married 1 if mother married 617 485 0 1
vaginal  method of delivery is vaginal 788  .408 0 1
vbac method of delivery is vaginal birth after previous C-section 027 162 0 1
primac  method of delivery is Primary C-section 127 333 0 1
repeac  method of delivery is Repeat C-section .084 277 0 1
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Variable Description(10000 obs) Mean SD min max
forcep method of delivery is Forceps .041  .199 0 1
vacuum  method of delivery is vacuum 056 .230 0 1
weekday  day of week child born 1 7
datayear 1989 1999
mbhisp 1 if race of mother is hispanic 022 147 0 1
mblack 1 if race of mother is black 104 .305 0 1
masian 1 if race of mother is asian .003 .058 0 1
multbirth 1 if multiple birth .024 155 0 1
abnormalc 1 if abnormal conditions of newborn reported  .083  .276 0 1
abnmcong 1 if congenital abnormalities reported .017  .130 0 1
abnm 1 if abnormalc+abnmcong > 0 .094  .293 0 1
gestun3d7? 1 if gestation < 37 115 .320 0 1
state
year 1993 3.10 1989 1999
sttax state tax in cents per pack 26.3 17.7 2 100
pcpacks  pe capita packs 102 21.3 325 186
p nominal price per pack 169 31.2 103 327
taxbyp % of retail price that is tax 270 627 13.6 446
fedtax federal tax per pack 21.8 3.09 16 24
tottax total tax per pack 48.2 187 18 124

For more details, see User’s Guide in http://www.cdc.gov/nchs/data_access/Vitalstatsonline.htm

6. SUMMARY AND DIRECTIONS FOR FUTURE WORK

This paper identifies and estimates a measure of center of the distribution of random coeffi-
cients in a binary response model where the random coefficients are allowed to be correlated with
regressors. Like Imbens and Newey (2009), we use instruments and control variables to break the
dependence of regressors on coefficients. Independence of regressors and coefficients given controls
implies conditional median restrictions which drive identification of the mean of the coefficients

given controls. Averaging over controls identifies the mean of the coefficients. This suggests an
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analogous two-stage, localize-then-average approach to estimation. We first estimate unknown
controls, and then estimate conditional means with localized smooth maximum score estimators.
We average the estimated conditional means to obtain a y/n-consistent and asymptotically nor-
mal estimator of a trimmed mean of the distribution of coefficients. The asymptotic analysis of
the estimator, though conceptually fairly straightforward, is very complicated due to the fact that
the estimator is an average of optimization estimators evaluated at generated variables. Technical
novelties include localizing indirectly on a monotone transformation of the control variable, and
establishing a uniform strong maximization condition for a uniform consistency proof. Simulations
illustrate that the estimator performs well relative to likely competitors. We apply our estimator
to data on the effect of mothers’ smoking on the health of their newborns. We find that the new
estimator gives more sensible estimates of the effect of smoking than those of likely competitors.

The results of this paper have interesting implications for more standard models. For example,
with the addition of instruments, we show how to use the new estimator to obtain a /n-consistent
and asymptotically normal estimator of the vector of slope parameters in the model proposed by
Manski (1975,1985) and Horowitz (1992).

In future work, we plan to estimate other characteristics of the distribution of correlated random
coefficients in the binary response model. In particular, we plan to adapt the localize-then-average
procedure to estimate the distribution of each random coefficient, conditional on centered values of
the other coefficients. We propose to do this by first estimating a center of the distribution as done
in this paper. The center need not be the mean of the distribution and so need not require strong
symmetry assumptions. Then, using the estimator of Kordas (2006) to estimate the quantiles of the
distribution of a given random coefficient conditional on the centered values of the other coefficients,

we recover the entire conditional distribution of that random coefficient.
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APPENDIX A

In this appendix, we prove Theorem 1, which treats the case e = ¢ = 1, with k and m arbitrary.
We start by proving some preliminary lemmas.
The first lemma states conditions under which assumption A2 holds. We begin by developing

a key localization condition. For j = 1,..., e, write Fy,(-) for the cdf of Vj.

L1. For each j =1,...,e, Fy,(+) is an invertible map from the support of V; onto [0, 1].

LEMMA 0 (LOCALIZATION). If L1 holds, then

M(v) = (Fyi(01), -, Fy, (ve))

is an invertible map from Sy onto Sy. If, in addition, A1 holds, then for each uw € Sy with

corresponding v € Sy, there exist x = (x1,...,2¢) € Sx and z € Sz such that

u=Mw)=(P{X <x1|Z=2z2},..., P{X. <x. | Z=2z}).

PROOF FOR e = 2. Let (u17u2) = (.FV1 ('Ul),FVQ(’UQ)) and (ﬂl,ﬂg) = (Fvl(f}l),FVQ (772)) Check

that equal images imply equal preimages: (uj,u2) = (41, U2) and the invertibility of Fy, and Fy,
imply that (v1,v2) = (01,02). That the mapping is onto Sy follows from L1. This proves the first

part of the Lemma.
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Fix v € Sy. By Al, there exist x = (x1,22) € Sy and z € Sz such that v = (vy,v3) =

(o7 (21, 2), 3 (2, 2)). Tt follows that

(ur,us) = (P{X <1 |Z=2},P{Xy<ay|Z=2z})
= (P{o1(z,V1) S a1 | Z = 2}, P{¢a(2,V2) S a2 | Z = 2})
= (P{Vi <¢7'(1,2) | Z =2}, P{Va < ¢ (w2,2) | Z = 2})
= (P{Vi < ¢7(z1,2)}, P{Va < ¢3'(22,2)}) (V independent of Z)
= (Fyi (91 (21,2)), Fip (67 (22, 2)))

= (FV1 (Ul)v Fy, (UQ)) :

By the first part of the Lemma, each u = (uj,u2) € Sy can be so represented. This proves the

second part of the Lemma. O

LEMMA 1 (UNIFORM CONSISTENCY). If assumptions A1 through A19 hold, then

sup |B(u) — B(u)| = op(1).

UEUK
as n — 0.

PROOF. Fix u € U,. Since e = 1, we estimate §(u) with §(u) = argmax S, (b | u) where
beBy,

Sp(b|u) = —ZQY DK (X;0)Kn(U; — u)me(Z5) -

’I’lTn
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Define

Sp(b|u) = nizn: DK, (X;0)Kn (U — u)1e(Z5)

Su(b|u) = ESu(b|u) = —EQY — 1)K (XBYKn(U — u)ra(Z).

Tn

By iterated expectations, with the inner expectation over Y given U and Z, we get that

5u(b | w) = — Eg(U, 2) K5 (Xb)Kn(U — u)re(Z)

Tn

where the expectation I in the last expression is over U and Z and
9(U, Z) = 2IP(e(U) < XBU) | U, Z) -1 (22)

where €¢(U) = —X(B — 3(U)). By Al and A2, X = ¢(Z, M—(U)) and so given U and Z, X is
determined. By A3, Z contains all the exogenous components of X. It follows that given U and
Z, X is determined. Thus, conditioning on U and Z in (22) implies conditioning on U and X in
(22). Deduce from (16) that g(u, Z) = 0 whenever X 3(u) = 0. This is a critical fact used in what
follows.

Recall that X = ¢(Z, M~1(U)). We write X = X (U, Z) to acknowledge the functional depen-

dence of X on U and Z. Apply a change of variable argument with r = (U — u)/7,, to get

=F [/ gu~+r7, 2) K} (X (u + 770, Z)b) f(u + 77, K(r)dr | 7.(Z)
where the expectation I is over Z and f(-) is the marginal density of U.
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Next, define

S,(blu) = E [/g(u + 170, Z) f (u 4 1)K (r)dr | {X (u, Z)b > 0}7.(2)

Slu) = Eg(u,Z)f(w){X(u,Z2)b>0}1.(2).

To show uniform consistency, we show that (i) a standard identification condition, called a
strong maximization condition, holds uniformly over Uy and (ii) as n — oo, S, (b | u) converges in
probability to S(b | w) uniformly over the compact set U, ® B,,. (Pointwise strong maximization and
a weak law of large numbers holding uniformly over B,, are sufficient to prove pointwise consistency
while the stronger conditions (i) and (ii) are sufficient to prove uniform consistency.)

Start with the uniform strong maximization condition (i) above, which says that for any 6 > 0,

inf |S(B(u)|u)— sup Sb]|u)|l>0.
uEUx b= (u)| 6

To establish this uniform condition, we first show the pointwise condition, namely, that the term
in brackets above is positive for each u € U,."2

Fix u € U,. To prove the pointwise result, we show that S(b | u) is continuous in b on the
compact set By, and is uniquely maximized at 3(u). To see this, note that S(b | u) is continuous in b
by a dominated convergence argument using the almost sure continuity and uniform boundedness of
the integrand g(u, Z) f(u){X (u, Z)b > 0}7.(Z). As before, A1, A2, and A3 imply that conditioning
on Z and U in (22) implies conditioning on X and U in (22). Deduce from (16) that for each z € Sz,

the integrand attains its maximum value of max{0, g(u, z) f(u)7. (%)} at b = B(u). It follows that

121t is possible to replace U, with S in the uniform strong maximization argument. But this would require that
Sy be compact.
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S(b | u) is maximized at b = S(u). Unique maximization follows from (16), A4, A5, and arguments
in Horowitz (1998, pp.59-60). This establishes the pointwise result.

We now establish the uniform result. By A16, g(u, z)f(u) is a continuous function of u. This
and a dominated convergence argument similar to the one used to prove that S(b | u) is continuous
in b, imply that S(b | u) is also continuous in w. Since S(b | w) is continuous in both b and
u, the maximum theorem implies that 5(u) is an UHC correspondence. This and the fact that
B(u) uniquely maximizes S(b | u) imply that 5(u) is a continuous function. Since B, is compact,
the correspondence from u to B, is compact-valued. These last two facts and A10 imply that
the constraint set {b € By : |b — B(u)| > d} is a compact-valued UHC correspondence. This and
continuity of S(b | u) in both b and u imply that the constrained value function supy,_ () >5 S(b | u)
is an USC function of u. Since the unconstrained value function S(G(u) | v) is continuous in w, it
follows that S(B(u) | u) —supj,_g()=s S| u) is a LSC function of u. By the Weierstrass Theorem,
this function must attain its minimum value on the compact set U,. By the pointwise result, this
function is positive for each u € Uy. It follows that its minimized value must also be positive, which
establishes condition (i). See Aliprantis and Border (1994) and Berge (1997) for references.

To show (ii), we note that

1Su(b [ u) = SO )| < [Salb|u) = Su(b]u)
+ |Su(b | u) = Sp(b ] w)

+ 1Sa(0 [ 1) = S(b | w)].

Consider the first term on the RHS of the last expression. An argument based on a Taylor
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expansion of each ﬁj about U; (as in the proof of (35) in Lemma 2 below) shows that the first
term on the RHS is op,(1) uniformly over U, ® B,. Standard empirical process results (see, for
example, Lemma 3A in Sherman (1994)) show that as n — oo, the second term on the RHS is
0p(1) uniformly over U, ® B,,. A Taylor expansion of g(u+ 77, Z) f(u+ r7,) about u implies that
the fourth term is also op(1) uniformly over U, ® B,,.

We now turn to the third term, which requires a bit more work. Recall the definition of S, (b | u)
and that 7, < o,. Write bg for the component of b corresponding to X. By a Taylor expansion

about u, we get that

K*(X(u+r7,2)b) = K*(X(u,2Z)b)+ (r7/0n)boln (X D)

= K*(X(u,Z)b) + o(1)

as n — oo uniformly over r € [-1,1] and (u,b) € U, ® B,. Assumption A16 implies that |g(u +

rTn, Z) f(u+ 77,)| is bounded. Deduce that for some ¢ > 0,
Bt | 1) — Sulb | w)] < B |K*(X (u, Z)bf0n) — {(X(u, Z)b > 0}] + (1)

where the last expectation is over X (u, 7).

Recall that X = (X7, X ). Also, recall that the coefficient of X7 is unity. Let W = Xb = X3 +Xb
and consider the transformation (X1, X) — (W, X). This transformation is 1-1 and onto and the
Jacobian of the transformation is unity. Let f(z; | #,u) denote the density of X given X = # and

U = u. By A6, this density is continuous in z;. It follows that the last expectation is equal to

/i[A‘K*(w/an)—{w>0}\f(w—§:l;\i:,u)dw F(@ | w)dz .
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Note that this transformation shifts the dependence on u and b from the integrand, which depends
on n, to the argument of the conditional density, which does not depend on n. Since B, and U,
are compact, A6 implies that there exist b* € B, and u* € U, such that f(w — &b* | &,u*) =
SUPpe g, wev, (W — zb | Z,u). It follows that f(w — zb* | Z,u*) is a density with respect to lebesgue
measure on IR, and the integral in brackets is bounded by the integral with f(w — zb | £,u) replaced
by f(w— Zb* | &,u*). For each fixed w, |K*(w/0,) — {w > 0}| is bounded and converges to zero as
n — oo. By the DCT, the integral in brackets converges to zero as n — oo. Since Uy, is compact, A7
implies that there exists u* € Uy such that f(2 | u*) = sup,cp, f(Z | u). A similar DCT argument
shows that the outer integral also converges to zero as n — oo. Moreover, this convergence is

uniform over U, ® B,,. This establishes (ii), proving Lemma 1. O

LEMMA 2 (RATES OF UNIFORM CONVERGENCE). If assumptions A1 through A19 hold,

then

sup ‘U(JL‘, Z) - U(.I‘, Z)| = Op(l/\/ﬁan)
IEXK,7Z€ZN

as n — oQ.

ProoF. Recall that Z denotes the 1 x m vector of instruments for the single endogenous
regressor X, and that Z denotes the single continuous instrument for X. Also, recall that D
denotes the 1 x (m — 1) vector of discrete instruments for X. We write z = (29, d) for a typical
point in the support of Z, where 2y is a point in the support of Z, and d is a point in the support

of D. Fix z € X,; and z = (29,d) € Z,. We have that

: f:{?fk < @}Kn(Zx — 20){ Dk = d}/ f(20,d) (23)

noy, b1

Ulz,z) =
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where

Note that f(zo,d) estimates f(zg,d) = f(z0 | d)IP{D = d} where f(zo | d) denotes the conditional

density of Z given d evaluated at z. Abbreviate f (z0,d) to fand f (20,d) to f. Note that

Ulz,z) = ﬁ Yoo { X < z2}Ch (2 — 20){ Dy = d} i]
o f(20,d) 7
_ ﬁ Yoo { X <z} (2 — 20){ Dy = d} '1 - ( B f)] -1
- f(z0,d) 7
_ ﬁ Yore1{ X <z} (2 — 20){ Dy = d} i f f 5
— f(20,d) _1+<1—f>+<1_f> 4.

We now analyze the leading term in this last expansion. Nonleading terms can be handled similarly

and have smaller stochastic order. By a slight abuse of notation, we take

» = Yo { X < 2}n(Zk — 20){ D = d}
Ule.2) = f(z0,d) '

Write

Ulz,z) —Ulx,z) = Uz, z) — E,U(z,2) + E,U(z, 2) — Uz, 2)

where the expectation [, is conditional on Z = (zg,d). By the first part of A15, f(zo | d) is
bounded above zero on Z,, precluding ratio bias. Since x € X,;, U(xz, z) is eventually more than a
bandwidth ay, from either boundary of Sy (0 or 1), precluding boundary bias. These facts, A14, the
second part of A15, and a standard change of variable argument followed by a Taylor expansion to

pa terms implies that the bias term IE,U(z, z) — Uz, z) has order 0p(1/4/n) as n — oo, uniformly
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over X, ® Z,.. Note that

o 2k X — A = - x — 2 =
U($7Z)—EZU(JJ,Z) _ nan Zk:l{Xk < }]Cn(Zk 0){Dkf(z((i}d) Ez{Xk < }’Cn(Zk 0){Dk d} '

(24)
This is a zero-mean empirical process. Al, Al4, and standard empirical process results (see,
for example, the proof of Lemma 3A in Sherman (1994)) imply that this last term has order

O,(1/y/nay,) as n — oo, uniformly over X, ® Z;. This proves Lemma 2. O

LEMMA 3 (RATES OF UNIFORM CONSISTENCY). If assumptions A1 through A19 hold, then

sup [B(u) — B(u)| = O, (1/v/nancat?)

UEU}@

as n — oQ.

ProoF. Fix u € U,. Recall S, (b | u) = - 1 (2Y; = 1)K (X;0)Kn (Uj — u)74(25). Define

NTn

B(u) = argmax Sy, (b | u). Then
beBy

Bu) = B(u) = [B(u) = B(w)] + [B(u) — B(u)]. (25)

Start with the second term on the RHS of (25). Define the gradient and hessian of S, (b | u):

1 n

Gn(b|u) = o Z(?Y} - 1)’Cn(ij)X3/'lCn(Uj —u)7x(25)
nTn 3
1 i <, =

Ho(b|u) = —— DY — DI (X0) X XK (U — u)e(Z;) -
n'n ;_1

The gradient and hessian of population criterion function S(b | u) are denoted G(b | u) and H (b | u).

By definition of 3(u), 0 = G,,(8(u) | u). A one term Taylor expansion of G, (53(u) | u) about S(u)

o7



implies that

Blu) = Bu) = ~[Hn(B"(u) | w)] ' Gu(B(u) | ) (26)

where 3*(u) is between F(u) and 3(u). Note that for each u € Uy,

The first term on the RHS of the last expression is bounded by

sup  [Hy(b|u) —H(b|u).
(w,b)EUL®B,

The difference H, (b | u) — H(b | u) has mean zero for each (u,b) € U, ® B,,. Standard empirical
process arguments (once again, see Lemma 3A in Sherman (1994)) show that this last expression has
order Op(1/y/no27,) as n — oc. Invoke A18. By a Taylor expansion of each of the k* components
of H(*(u) | u) about B(u), we get that the (i, j)th component of H(3*(u) | u) — H(B(u) | u) equals
D;; (B (u) | u)(B*(u) — B(u)), where D;;(b | u) is the partial derivative of the ijth component of
H (b | u) with respect to b, and 3**(u) is between B(u) and B(u). By A18, D;;(b | u) is a continuous
function on the compact set B, ® U,. Thus, this term has order op,(1) uniformly over u € Uy
provided sup,cy;, [3(u) — B(u)| = 0,(1) as n — co. But this uniformity result holds by arguments

—-1/2

similar to (and simpler than) those used to prove Lemma 1. Provided o27, > n , we get that

uniformly over u € Uy, as n — oo,

Hy (6% (u) | w) — H(B(u) | u) = Op(1/vnonma) + Op(sup |5(u) — B(u)]) = 0,(1)

UEU}@
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Now apply a Taylor expansion of [H,(3*(u) | u)] " about H(8(u) | u). Provided 027, > n~1/2,

we get that uniformly over u € Uy, as n — 00,

= [H(Bw) [ w)] 7" = 0p(1/v/nonma) + Op(sup [B(u) = Bu)]) = 0p(1) . (27)

UGUK

[H (B () | w)] ™

Further, note that A8, A18, A19, and continuity of the inverse function imply that uniformly over
u € Uy,

[H(B(w) )] =0(1). (28)

Deduce from (26), (27), and (28) that, uniformly over u € U,;, as n — oo,

Blu) — Blu) = — [[H(BW) | )] + 0,(1)] GulBlu) | 0) = 0,(1)Gu(B) [w).  (29)

We now turn to an analysis of G,,(3(u) | u). We have that

Gn(B(u) | u) = [Gn(B(u) | u) = EGy(B(u) | u)] + EGL(B(u) | u) . (30)

Note that the term in brackets is a zero-mean empirical process. Standard empirical process

arguments show that, uniformly over u € Uy, as n — oo,
Gn(B(u) | u) — EGL(B(u) | u) = Op(1/vnoym). (31)

We now show that the bias term IEG,,(8(u) | u) can be neglected. That is, we show that, uniformly

over u € U,, as n — oo,

EG,(B(u) | u) = op(1/v/n). (32)
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Note that

EGn(B(u) | u) = B(2Y; — 1)Ku(X;8(w) XjKn (U; — u)7e(Z;) .- (33)

OnTn

Holding u fixed, we will evaluate this expectation in four steps: (i) average over Y; given U; and
Z; (ii) average over U; given Z; and X;(3(u) (iii) average over Z; given X;3(u) and (iv) average
over X;0(u).

Recall the definition of ¢g(U, Z) given in (22), as well as the key identification result in (16)

which follows from A1l and A12. After applying step (i), we get that the integrand in (33) equals

1

OnTn

9(U;, Z;) K (X B(u) XK (Uy — u)Te(Z;5) -

In applying step (ii), there are two cases to consider. The first is the case where U; = Uj;. The
second is the case where U; # Uj;1. We will analyze the former. The analysis of the latter is similar.
Note that when U; = Uji, the random variable Xj does not involve U;. Apply step (ii), making

the change of variable r = (U; — u)/7,. After step (ii), the integrand in (33) equals

[ ot Z) o+ | 23, X BV | K (X8(0) X7 (2))

S
On
where f(-| Z, XB(u)) denotes the density of U given Z and X 3(u).

In applying step (iii), write I';,(X;8(u)) for the expectation over Z; given X;3(u) of

[/ g(u+ 1, Z;) f(u + o1 | Zj, X 8(w))K(r)dr XJ’-TK(ZJ-) .
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After applying step (iii), the integrand in (33) equals

— K (X B(u))Tp (X 8(u)) .

n

Finally, apply step (iv), making the change of variable s = X;3(u)/0,, to get that the bias term in
(33) equals

/ T (08) f (05)K (5)ds

where f(-) denotes the density of X;3(u). Apply assumptions A14 and A16, and expand the product
g(u + 1, Z5) f(u + 1 | Zj, X;6(u)) about U; = w to pr terms to replace it with g(u, Z;)f(u |
Z;j, X;jB(u)) plus a term that is op(1/y/n) as n — oo. Then, apply Al4 and A17 and expand
Iy (ons) f(ons) about X;6(u) = 0 to p, terms to replace I'y,(0,,5) f(0,5) with zero plus a term that
is 0p(1/4/n) as n — oo. The leading term in this expansion is zero because g(u,Z;) = 0 when
X;B(u) = 0. The latter follows from (16). This proves (32).

It follows from (29), (30), (31), and (32) that, as n — oo,

sup |B(u) — B(u)| = Op(1/Vnon,) . (34)

ueUy

Next we show that, as n — oo,

sup [5(u) — B(u)| = Op(1/v/nanou). (35)

UEU}@

Define the gradient and hessian of S, (b | u):

n

Gn(b|u) = (2Y; — DK (X;0) X0 (U; — u)Ti(Z5)
1

nonT,
nin ;
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n

Z DK (X;0) X[ XK (U — w)e(Z;) -

Hy(b | )

no? nTn

By definition of G(u), 0 = G,,(6(u) | u). A one term Taylor expansion of Gy,(6(u) | u) about B(u)

implies that

Bu) = Bu) = —[Ha(6"(u) | )] Cn(B(u) | u) (36)

where 3*(u) is between 3(u) and B(u). Deduce from (26) and (36) that

Blu) = Blu) = — [Ba(B(w) | w)] " Cu(Bw) | w) + [Ha(F () | w)] " Cu(Blu) |u).  (37)

Note that

Gn(Blu) | 1) = —— 32V — D (X;B(u) X Kn(T; — u)ra(Z5)

nonTn {2

If we Taylor expand each summand about Uj, then the sum of the first terms in these expansions
equals G, (B(u) | u), a useful quantity to isolate in the subsequent analysis. By applying these

expansions we get

G (B(u) | u) = Gu(B(u) | u) + ZAn(Uj‘,U)(Uj = Uj)7(Z5) (38)

where U 7 is between Uj and Uj, and

MU = 2 [(@Y — (XA X KU )]

= 2V = DE(XB(w) X'K, (U = u) /7 -

Deduce from A14 that A, (U,u)7+(Z) = O(1/1,) as n — oo. Then apply Lemma 2 and (38) to

62



get that, uniformly over u € Uy, as n — oo,

Gu(Bu) | u) = Gu(B(u) | u) + Op(1/vnanony) . (39)

Note that (31) and (32) imply that, uniformly over u € Uy, as n — oo,

Gn(B(u) | u) = Op(1/vnonT,) . (40)

Now, consider the term H,(3*(u) | u) in (36). We have that

Hy(5(w) [ u) = H(B(u) |u) = Hu(5 () | u) = Ha(6(u) | u)

By arguments very similar to those used to establish (39), we get that the first term in the decompo-

272) as n — co. Arguments made previously

sition, uniformly over u € Uy, has order O,(1/y/na,o
show that the second term in the decomposition, uniformly over u € Uy, has order O,(1//no27,)
as n — 00, while the third term, uniformly over u € Uy, has order O, (sup,,¢r, 1B(u)—B(u)|) = op(1)

as n — oo. Then the Taylor expansion arguments used to establish (27) can be used to show that

uniformly over u € Uy, as n — oo,

(B3 () [ w)] ™

uGUn

= op(1).
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Recall (37). Deduce from (28), (41), and (39), and then (28), (27), and (40), that (35) holds.

Lemma 3 now follows from (25), (35), and (34). O

We are now in a position to prove that 3, is a v/n-consistent and asymptotically normally

distributed estimator of (.

LEMMA 4 (THE SECOND TERM IN (10)). If A1 through A19 hold, then

n

o 2 [Bw) — ] el 20 —%2_3 Z Wi) + 0,(1/v/)

=1

as n — oo, where [ (W) = fu(P,PWi) + fu(P,P,P,W;) and f$(Wi) = fu(P,W;), with

Fa(Wi, Wi, W), fon(Wi, W;, Wi, W), and fr(W;, W;) defined in (17), (18), and (19), respectively.

PrOOF. Consider the second term in (10). This term equals

3 B - AW (i, Z2). (42)

Z BU;) — BU)] . (43)

Start with the first term in (43). By (37), this term equals

n

—iZ[[ﬁ B W) U] CulBUH) | U — [Ha(5(U) | U] GuBU) | T)| - (44)

i=1
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By (41) and Lemma 3 we get that uniformly over u € Uy, as n — oo,

1

[Hu (8" () | w)| = [H(B(w) | w)] ™"+ Op(1/v/rano?r?). (45)

By (27) and (34) we get that uniformly over u € Uy, as n — oo,

1

[Ha(B*(u) | w)] ™ = [H(B(u) | w)] ™"+ Op(1/Vnonm). (46)

By (39) and (40), we get that uniformly over u € Uy, as n — oo,

Gn(B(u) | u) = Op(l/\/ﬁananﬂ%). (47)

Equations (45) and (47), together with (46) and (40), imply that the expression in (44) equals

LS [HG@) U] [Ga(B0) |0~ GulB@) | U)]] + 0p(1madalrd). (48)

=1

Note that the O,(1/na2o371) term has order 0,(1//n) provided a2oprd > n=1/2. By (38),

n'n

GalB(U) | U3) = G (B(U3) | U) = —— 3~ Ma(07,U) (T — Ul 25).
nin ;-1

Lemma 2 and a Taylor expansion of A, (U 7, Ui) about Uj (see the expression following (38)) imply

that, uniformly over ¢ and j, as n — oo,

1 & R
> MU, U)(Uj = Uj)7(Z5) + Op(1/nafonts) . (49)
nonTn

Ca(BUi) | Ui) = Gu(B(U;) | Uy) =
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Note that the O,(1/na20,73) term has order o0,(1//n) provided a2c, 72 > n=1/2,

n

As in the proof of Lemma 2, we have that

1 & .
i= Y AX < XYCa(2k — Z)){Dx = D;}/f (25, D;) (50)
ng=1
where
X 1 >
f(Z2;,Dj) = — > Kn(2k — 2;){Dy = Dj} .
" k=1

Note that f(Zj,Dj) estimates f(Z;,D;) = f(Z; | Dj)IP{D = D;} where f(Z; | D;) denotes the

conditional density of Z; given D;. Abbreviate f(Zj,Dj) to f and f(Z;,Dj) to f. Then

’ f(24,Dj) K
— = S { X < YK (Zk — Z5){Dy, = D;} -1 ) <1 ) i)}l
B f(ZJ Dj) i f
_ ﬁ Shei{Xe < XIK,(2, — Z5){Dy, = D;} I ; ; )
— f(ZJ Dj) _1+<1—?>+<1—?> + ... '(51)

The first two terms in the last expansion, when combined with (49) and (48), make first order
asymptotic contributions. The remaining terms lead to contributions of order o,(1/4/n) and so can
be neglected.!3

We now analyze the leading term in this last expansion. Analysis of the second term is very

13The first two terms in the last expansion, apart from a 0,(1/4/n) bias term, are zero-mean U-statistics of orders
three and four, respectively. Each of these U-statistics has a nondegenerate projection (the first term in the Hoeffding
decomposition), resulting in a first order asymptotic contribution. We demonstrate this fact with the first term in
the expansion. However, this does not happen with the higher order terms in the expansion. Take the third term, for
example. Apart from a 0,(1/4/n) bias term, this term is a zero-mean U-statistic of order five. It is straightforward
to show that the average of its kernel function over either of two arguments, conditional on the remaining four
arguments, is zero. This implies a zero projection, resulting in no first order asymptotic contribution. Moreover, the
tail process is easily shown to be o,(1/y/n).
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similar and so is omitted. By a slight abuse of notation, take

= i {X < YK (2 — Z5){Dy, = D;}

Ui= f(2;,D;)

Write
where the expectation IF; is conditional on (Z;, D;). Invoke A13, A14, and A15 and apply a change

of variable followed by a Taylor expansion to p, terms to show that the bias term I; U ;i — Uj has

order 0,(1/+/n). Therefore, it is enough to analyze

U—EU _ 1 & {Xk < Xj}lCn(Zk — Zj){Dk = Dj} — Ej{Xk < Xj}lCn(Zk — Zj){Dk = Dj}
J 7Y §: z. D-) '
nowm, k=1 f( J J

(52)

Substitute (52) for U; — U; in (49), then combine with (48) and expand sums to get

1 _
5 > HBU) | U]~ An (U, T)

i7j7k

{ X < XHKn (25 — Z){Dk = Dj} — Ei{ X < Xj}Kn (25 — Zj){Dx = Dy}
anUnTnf(Zja DJ)

(53)
where, to save space we suppress the trimming function 7,(Z;). Note that there are n? summands
in (53). Define n(3) = n(n —1)(n —2) and i3 = (i, j, k) where i # j # k # i. Then the term in (53)

equals

(X < X5}Kn(Zk — Z){ Dk = D)} — Ej{ X < X} K0 (2 — Zj){ Dk = Dy}

1 5
— H(BWU;) | U; A (U;, U;
ey 2 (W) | V0L U, U D)

(54)
plus a term that can be neglected asymptotically. The reason is that there are only O(n?) terms

in the difference between the triple sums in (53) and (54). If o, 0,7, > n~/2, then the difference
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between (53) and (54) has order 0,(1/y/n) as n — oo.

The term in (54) is a zero-mean U-statistic of order three. Define W; = (Y;, X;, Z;,U;) and
n(Wi, W;, W) to be the (4, j, k)th summand in expression (54). Define npy = n(n — 1) and
i2 = (i,j) where i # j. Apply the Hoeffding decomposition (see Serfling, 1980,Chapter 5) to get

that

?an Wi Wy Wh) = Z Ja(Wis P, P) + fu(P, Wi, P) + fu(P,B,W)] - (55)
3 —
13 -
- —Zgn Wi, W) +—Zh (Wi, Wy, Wy)
@ G, (3) i3

where the second average in the decomposition is a degenerate U-statistic of order two, and the third
average is a degenerate U-statistic of order three. It follows that as n — oo, the second and third
averages have order Op(1/noy0,7,) and Op(1/ n3/2 0,07, respectively. Thus, if a7, > n~ 12,
then both of these terms have order 0,(1/y/n) and so can be ignored.

We now show that the first term in (55) is \/n-consistent and asymptotically normally dis-
tributed. First note that f,(W;, P, P) = fn(P,W;, P) = 0. To see this, fix W; and W} and note

that f,(W;, W;, P) = 0. So, it suffices to analyze the average of the f, (P, P,W;)’s in (55). For

convenience, we will write this term as

_anPPWk)- (56)

k 1

The claim that this term is \/n-consistent might initially be viewed with some suspicion. To see

why, note that

LW W W) = ——— H(B() | U)]

AUnOnTy
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X (2Y) = DK (X;8(U)) X, (U — Us)

{X < X5} (2 — Zi){Dr = Dj} — Ej{Xy < Xj}K0(2k — Zj){Dk = Dj}
f(Z5,Dj) '

We see that f,(W;, W;,W}) is a product of terms divided by 0,72, However, this product
involves only three kernel function factors: the kernel function used to estimate U corresponding
to ay, the kernel function used to smooth the indicator {¢ > 0} corresponding to o,, and the
derivative of the kernel function used to localize on U corresponding to 7,. Integrating a kernel
function or its derivative involves a change of variable, resulting in a rescaling by the corresponding
bandwidth factor. Thus, one might expect that the one «,, factor, the one o,, factor, and one of the
T, factors can be accounted for, but not the remaining 7,, factor. If true, this would imply that the
expression in (56) is at best /n7,-consistent, but not \/n-consistent. But, in fact, the expression
in (56) is y/n-consistent. The reason is that the derivative of the bias reducing kernel we use is an
odd function, which, when integrated, annihilates a leading constant term, thus accounting for the
fourth bandwidth factor. We now show this.

To save space, we will consider the case m = 1 so that Z; = Z;. The case of general m adds
nothing to understanding and follows immediately from the argument given below by replacing
marginal densities with joint densities (products of conditional and marginal densities) and adding
summations over the discrete conditioning variables. From (54) and the expression following (38),

we get that the term in question equals

15
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where fr(Ll) (P, P,W}) equals

{ X < XM (Zk — Z5) — Ei{ Xy < X}K0 (2, — Z;)
f(Z5)

1
2

AnOnTy,

Eh(U;) (2Y;-1)Kn (X, 8(U:) XK, (U;—Us)

(58)
where the expectation I}, is over W; and W; given Wy, h(U;) = [H(B(U;) | U;)] ™", and the expec-
tation IF; is the expectation over W}, given W.

In evaluating the expectation I, in (58), we first fix W; and average over W;. Note that the
integrand depends on W; only through U;. For ease of notation, when averaging out over W;, we
will replace each U; with u. The averaging over W; will be done in four steps: (i) average over Y;
given U; and Z; (ii) average over U; given Z; and X;((u) (iii) average over Z; given X;/3(u) and
(iv) average over X;fG(u). After step (iv), we will average over u to get fr(ll)(P, P, Wy).

Recall the definition of g(-,-) in (22). After applying step (i) the integrand in (58) equals

1

A0y TE

{Xe < XHKn(Zk — Zj) — Ei{X < X, (2 — Z))
f(Z) '

h(w)g(Us, Z;)Kn(X;(u)) X5, (U —u)

(59)

In applying step (ii), there are two cases to consider, namely, the case U; = U;; and the case

U; # Uy;. We analyze the former case. Analysis of the latter case is similar. Note that when
U; = Uy, then X; does not depend on U;. Make the change of variable r = (U; — u)/7,. After

applying step (ii), the integrand in (58) equals

anglnTnlC”(Xjﬁ(u)) « hwX! {2, < X}Kn (2 — Zj)f—(fj;{?(k < X Kn(Z) — Z5)
« / 9+ T, Z) f (Tt | 25, X;8(w)C (r)dr (60)

where f(- | Z, X((u)) is the conditional density of U given Z and X 3(u). We now closely examine
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the integral in (60). By Taylor expansions about u we get that

g(u + Tnt, Zj) = g(u, Zj) + angl(U*v Zj)

flut+mar | 25, X;8(w) = flu| 25, X;6w) +mrfi(a | 25, X;8(u))

where g1 is the partial derivative of ¢ with respect to its first argument, and u* is between u
and u + 7,7, while fi(- | Z;) is the partial derivative of f(- | Z;, X;8(u)) with respect to its
first argument, and @ is between u and u + 7,7. Since K'(+) is an odd function integrated over a

symmetric interval, the integral of the leading constant term is annihilated:

[ ot 21| 25, X8 (r)dr = 9(u. Z)) (w] 2. X,8(w) [ K/(r)dr =0 (61)

Deduce that the integral in (60) equals

Tn/?“ l9(u, Zj) fr(u | 25, X;8(u) + f(u | 25, X;8(u)g1(u”, Z) + ra fr(@ | 25, X;8(u)gr (u”, Z;)] K/ (r)dr .
(62)
Let I,,(Z;, X;B(u),u) denote the integral in (62). Thus, after applying step (ii), the integrand in

(58) equals

[{Xk < X]}]Cn(Z]g — Zj) — Ej{Xk < X]}]Cn(zk — ZJ)]
f(Z))

Kn (X 8(u))h(u) X In(Z5, X;8(u), u) .

oy,
(63)
We see that in applying step (ii), the two 7, factors have been accounted for. Define I,,(Z;) =

FE;i{X, < X;}K,. (2 — Z5). Apply step (iii). Make the change of variable s = (Z; — Zj)/a,. After
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applying step (iii) the integrand in (58) equals

Ui;cn(xjﬂ(u)) / h(u) X! I (Zht s, X3 8(u), )

n

{0 < XHK(s) — In( 2k + Ts)
f(Zk + Tns)

f(Zr+1ns | X;6(u))ds.
(64)
where f(- | X;5(u)) is the conditional density of Z given Xf(u) = X;08(u). Let I,,(Wy, X;68(u), u)

denote the integral in (64). Then the integrand in (58) equals

K (X3 50)) L (Wi, X5, ) (65)

n

We now apply step (iv). Make the change of variable t = X;3(u)/0,,. After applying step (iv) the
integrand in (58) equals

/ T (Wi, ot ) f(ont | w)C(t)dt (66)

where f(- | u) is the density of X;5(u). Finally, we average out over u to get that the expression
in (58) equals

[ 1ot flont [upce)at] fun (67)

where f(-) denotes the marginal density of U. That is, f,sl)(P, P,Wy) in (57) is equal to this last
expression. We see that the expression in (57) is an average of zero mean iid random vectors.
Moreover, because all components of fy(Ll) are bounded and the density of Z is bounded away from
zero on {|Z| < k}, these variables have finite variance as well. Deduce from a standard CLT that
the expression in (57) is \/n-consistent and asymptotically normally distributed. This takes care
of the first term in (43).

Now we analyze the second term in (43). This term is much easier to analyze than the first
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term in (43) because it does not involve estimated U;’s. By (26), we get that

n

S AW~ O] =+ (B W) | 0] GalB) | 1), (63)

i=1 =1

By (27), (34), and (40), we get that as n — oo,

_ 1 -
S () | U] Gu(BU:) | U) = - S [H(BU:) | U] Gu(BUR) | Us) + Op(1/nasr?)
i=1 =1
(69)
Provided o372 > n~2, the O,(1/no372) term has order o,(1/y/n). Consider the main term on

the RHS of equation (69). Recall that W; = (Y;, X;, Z;, U;) and h(u) = [H(B(u) | u)]"*. Define

Fa(Wi, Wy) = ——h(U;)(2Y; — 1)Kn(X;8(U:) XK (U; — U3) - (70)

OnTn

where, as before, to save space we have suppressed the trimming function 7,,(X;, Z;)7.(Z;). We get

that the main term on the RHS of (69) is equal to

— Z an Wi, W) (71)

i=1j=1

There are only n terms in the double sum for which i = j. Provided 0,7, > n~'/2, as n — oo,

LSS 0 S 0 ) o

The first term on the RHS of this last equality is a U-statistic of order 2. By the Hoeffding
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decomposition, we get that

n

% S (Wi Wj) = [u(P,P)+ % S Un(Wi P) 4 fu( P W:) = 2f(P, P) (73)
12

i=1

_l’_

—Z [fn(Wi, W;) = fu(Wi, P) — fu(P,W;) + fu(P,P)] . (74)

n(2

The term in (74) is a degenerate U-statistic of order 2 having order O,(1/no,7,) as n — oo.
Provided 7,7, > n~ /2, this term has order 0,(1/y/n) and so can be ignored. Consider (73). Note
that f,(W;, P) = h(U;) EGy,(B(U;) | U;). It follows from (32) that both f,(W;, P) and f,(P, P)
have order o,(1/y/n) as n — co. Deduce that the only term in the last expression that makes a

contribution to the first order asymptotic behavior of B,ﬁ is

n

L UnP W)~ JulPP)] (75)

=1

For convenience, we will write this term as

LS (P — Fu(P.P)) (76)
=1

3

In order to evaluate f,, (P, W;), we will fix W; in f,,(W;, W;) and then average over W; in 2 steps: (i)
average over U; given X;5(U;) and (ii) average over X;3(U;). Step (i) involves a change of variable
argument and a rescaling by 7,. Step (ii) involves a change of variable argument and a rescaling
by o,,. As before, we get that the term in (76) is an average of zero-mean iid random vectors with
finite variance. A standard CLT shows this term to be /n-consistent and asymptotically normally

distributed. This proves Lemma 4. O
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LEMMA 5 (THE TERM IN (11)). If assumptions A1 through A19 hold, then

3|r—‘

En: Y(U; — U ( Xy, 20) Z W;) 4 0p(1/y/n)

as n — oo where fsV(Wi) = fo(P.Wi) + ful( P P.W;) with fo(Wi,W;) and fo (Wi, Wi, W) defined

in (20) and (21), respectively.

ProOOF. To save space, we suppress 7, (X;, Z;). We get that

% SO -U) = % > oUW = Uy) (77
i=1 i=1
N % >[5 - sp)) W — vy (78)
=1
n % S [5@7) - 5] (@ - vs) (79)
=1

We will show that the first term on the RHS is y/n-consistent and asymptotically normally dis-
tributed, while the remaining two terms have order o,(1/y/n) and so can be neglected.

We start by analyzing the expression in (77). As in the proof of Lemma 4, averages associated
with the first two terms in (51) lead to nondegenerate first order asymptotic contributions. Averages
associated with the remaining terms make degenerate contributions and are ignored. We analyze
the first of the two averages that make nondegenerate contributions. The analysis of the second
such term is very similar and so is omitted.

We replace U; — U; in (77) with

Z (X < XIKn(Z25 — Z){D; = Di} — E{X; < X} (25 — Z0){D; = Di}]/ f(Z:, D;).

noy <=

(80)
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Substitute (80) into (77), then combine sums to get that the expression in (77) equals

1 n
s DY 0(U) [ < XiYKn(Z) — Z){D; = Di} — E{X; < X;}Kn(Z5 — Z){D;j = Di}] Janf(Z:, D;) .

i=17=1
(81)

As before, we may neglect the diagonal terms and take the term in (77) to equal the zero-mean

second order U-statistic

—Z(S Y {X) < XKW (25 — 2){D; = D;} — E{X; < XK (2, — Z2:){D; = Di}| Janf(Zi, D;) .
(82)
Define f,,(W;, Wj) to be equal to the (4, j)th summand in (82). Note that f,(W;, P) = f,(P, P) = 0.

By the Hoeffding composition,

—an (Wi, W) an P,W;) +72[fn<wi,wj>—fn<ﬂ W) - (83)

12

Standard U-statistic results show that the second term on the RHS of (83) has order O,(1/nay,)
as n — oo. This term has order o,(1/y/n) provided a, > n~'/2. The usual change of variable
argument shows that the first term on the RHS of (83) is an average of zero-mean iid random vectors
with finite variance. A standard CLT shows that this term is y/n-consistent and asymptotically
normally distributed.

Next, we analyze (79). Let v(u) denote the partial derivative of §(u) with respect to U. By a

Taylor expansion of each 6(U;*) about U;, we have that
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= S A0HUF - U)U; ~Uy). (85)

where, for each 1, []’Z** is between U; and []’Z* Since v(+) is a continuous function on the compact set
Uk, v(u) is uniformly bounded over Uy. It follows from this and Lemma 2 that the expression in
(79) has order O,(1/na2). Thus, this term has order o0,(1//n) as n — oo provided a2 > n~1/2.
Finally, we analyze the expression in (78). Recall the definition of v(u) above. Let §(u) denote
the partial derivative of S(u) with respect to U. By a Taylor expansion of & (UZ*) -0 (UZ*) about Uj;

we get that

LS 50 0] =) = 23" [3(w) — o] (@~ ) (50)
i=1 i=1
v S e - w- ow -0y e
=1

where U;* is between U and U;. Start with (87). Just as integrating kernel functions with respect
to u results in a rescaling by a factor of 7,, differentiating kernel functions with respect to
results in a rescaling by a factor of 7,;1. This principle can be applied together with (36), (45),
and (47) to get that uniformly over 4, as n — oo, (U;*) — y(U*) has order O,(1//nano,tt).
Combine this result with Lemma 2 to see that the term in (87), uniformly over i, as n — oo, has
order O,(1/n%?a30,72). Deduce that this term has uniform asymptotic order o,(1/1/n) provided

Sonth > nh

a
We now analyze the term in (86). Differentiate both sides of (36) with respect to u applying

the product rule to get that
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= (B ) | )] [Gu(B) | )] (59)
b [ ) | )] Y] CalBw) ) (59)

Start with (89). Focus first on —[H,(6*(u) | u)]~!. Recall (36). Since the LHS of (36) is
continuously differentiable in u and Gy,(6(u) | u) is continuously differentiable in u, it follows that
—[H,(8*(u) | w)] ! is continuously differentiable in u. Thus, for each fixed n, a% [—[ﬁn(ﬁ*(u) | u)]*l}
is continuous in w on the compact set U, and so is bounded. Deduce from this together with
(45) and the fact that —[H(B(u) | u)]~! does not depend on n and is bounded on U,, that
—[Hn(B*(u) | w)]™t = Op(1) uniformly over u as n — oo. This, together with (47) imply that
the term in (89) has order Op(1/v/nayo,72) uniformly over u as n — oo. Combine this with
Lemma 2 and (86) to see that the contribution of (89) to (78) is O,(1/naZo,72) as n — oo.

Provided a2, 72 > n~/2, this contribution has order 0,(1/y/n) as n — oco.

Finally, consider (88). Argue as in the previous paragraph to see that —[H,(3*(u) | u)]~' =

Op(1) uniformly over u as n — oo. Note that by (38),

where for the middle term in (90) we have used the fact that integration and differentiation can be
interchanged. By (31) and the fact that differentiation results in a rescaling by 7,, !, we get that the
term in brackets on the RHS of (90) has order O,(1/y/no,72) uniformly over u as n — co. By (32)
and the fact that differentiation results in a rescaling by 7,, !, we get that the second term on the

RHS of (90) has order 0,(1/y/n7,) uniformly over u as n — oco. These facts and Lemma 2 imply that
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the contribution of the term in (90) to (78) is Op(1/nanont?) + 0p(1/nant,) = Op(1/nano,72)
as n — oo. Provided a,,0,72 > n~'/2, this contribution has order o0,(1/y/n) as n — oco. Now
consider the term in (91). By (38), (39), and Lemma 2, and the fact that differentiation results
in a rescaling by 7, ', we get that this term has order O,(1/v/na,0,72) as n — oo. This fact
and another application of Lemma 2 imply that the contribution of the term in (91) to (78) is
0,(1/naZa,t3) as n — oco. Provided a2o,72 > n~1/2, this contribution has order o,(1/y/n) as

n — o0o. This proves Lemma 5. a

Recall the definitions of fn ( i), 7 =1,2,3,4 given just prior to the statement of Theorem 1

in the main text.

THEOREM 1. (4/n-CONSISTENCY AND ASYMPTOTIC NORMALITY) Lete =c =1 with k

and m arbitrary. If A1 through A19 hold, then, as n — oo,

\/ﬁ(ﬁn - ﬁn) ~ N(0> Z)

whereE:Efn(Wi)fn(Wi)'withfn(Wi):f (W, )+f ( i)+ f ( i)+ f ( i)

PROOF. Put everything together. Apply a standard CLT for the second term in (9) together

with Lemma 4 and Lemma 5 to get that

an +0p1/\/_)

where f,(W;) = fOW;) + £2 W) + £ W) + #59(W;). This proves Theorem 1. O
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APPENDIX B: TRIMMING AND LOCAL POLYNOMIAL ESTIMATION

This appendix explains how our trimming scheme prevents boundary bias and ratio bias. It also
explains why, in general, we choose a trimmed mean, rather than the mean of B, as the estimand of
the localize-then-average estimation procedure. Finally, we explain why we do not estimate U; with
higher-order local polynomial estimators, despite their ability to automatically prevent boundary
bias.

Recall that X¢ denotes the vector of continuous endogenous components of X and Z¢ denotes
the vector of continuous components of Z. For simplicity, in the following discussion we assume
that both X¢ and Z¢ are scalar random variables with joint support IR?. We write X for X¢ and
Z for Z¢. We also assume for simplicity that X is the only endogenous component of X and Z is

the only component of Z. The parameter of interest is the trimmed mean

B = EBWU)T. (X, Z) (92)
which we estimate with
. 1.
B = = BU)T(X;, 2) (93)
i=1
where, for each u € Sy = [0,1], 3(u) = argmax S,,(b | u) and
beBy
. 1 & . .
Su(b | u) = — " (2Y; = DK (X;0) Kn(Uj — w)7i(Z;) - (94)

nTn 5

Note that there are two trimming functions: 7,(&;, Z;) = {|Xi] < &}H{|Zi] < &} and 74(Z;) =
{|Z;] < k}. We discuss the role of each in preventing various types of bias.

Start with 7,(AX;, Z;). This trimming function prevents boundary bias and ratio bias. Start
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with boundary bias. The standard kernel regression estimator U; is an asymptotically biased
estimator of U; when U; is within the bandwidth 7,, of the boundary of Sy = [0,1]. We call
this boundary bias. It occurs for any fixed kernel used in standard kernel regression. Recall that

Ui=U(X;,Z) =P{X <X | Z=2;} and U; = U(X;, Z;) = P{X < X; | Z = Z;}. Define

u = sup  Ulx,z) U= sup Ulz,z)

lz| <k, |2|<k lz| <k, |2|<k

= inf Uz, z2) L= inf Uz z).

|z|<k,|z|<kK |z|<k,|z|<k

Since the support of (X, Z) is IR?> and K < 00, 0 < £ < U < 1. By Lemma 2, L converges in
probability to £ and U converges in probability to U. It follows that with probability tending to
one as n — 00, T, (X5, Z;) trims B(UZ) when U; is within 7,, of 0 or 1 — 7, of 1. This guarantees that
the only B(UZ) values that play a role in the asymptotic analysis of ﬂA,{ are those whose U; values
are at least 7, from the boundary of Sy where they are not subject to boundary bias.

The factor {|Z;| < x} in 7.(AX;, Z;) also prevents so-called ratio bias. Consider the term in (11).
This term involves the factors U; — U;. In analyzing U; — Uy, terms of the form [f(Z;) — f(Z:)]/f(Z:)
(and powers thereof) arise, where f(Z;) is a kernel density estimator of f(Z;), the density of Z at

Z;. (See, for example, the geometric expansion of U(z, z) in the proof of Lemma 2.) Note that

[f(2) — F(Z))/f(Zi) = [f(Zi) — Ef(2)]/£(Z0) + [Bf(Z:) — f(Z2:)]/f(Z3). (95)

Conditional on Z;, the first term in this decomposition is a deterministic bias term and the second
term is a zero-mean stochastic average. Both terms cause problems because of the presence of the
density value f(Z;) in their denominators. A bias reducing kernel of high enough order can make

the numerator of the bias term arbitrarily small, but the ratio can still be large when f(Z;) is
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small. The stochastic term can cause even more serious problems. It’s numerator cannot be made
arbitrarily small, but rather has stochastic order no smaller than Op,(1/y/n). Its ratio can be very
large when f(Z;) is small. However, since Z has support IR, these problems can only occur when
Z, is in one of the tails of the distribution of Z;. The trimming factor {|Z;| < k} prevents this from
happening, by trimming the summand in (11) when |Z;| gets too big. This prevents ratio bias.

Next, consider the trimming function 7,(Z;) = {|Z;| < x} in (94). Asymptotic analysis of (10)
involves Taylor expansions of the U ;s about the corresponding Ujs and so leads to analyses of the
terms Uj — Uj. By the same reasoning as given in the last paragraph, the function 7, (Z;) trims
the jth summand in (10) when |Z;| gets too big, thus preventing ratio bias in these terms.

We note that it is not necessary to do fixed trimming. Provided ( exists, we can replace the
fixed trimming constant x with k,, where x,, — 0o as n — oco. The speed at which x,, converges to
infinity must be linked to assumptions about the tail behavior of f(Z). However, such trimming
implies that the estimand [, converges to 3 as n — oco. Practically speaking, the same effect is
achieved by choosing a large fixed k, and so for the sake of simplicity, we do fixed trimming.

While asymptotically negligible trimming of the sort just described is possible, it is not pos-
sible, in general, to take (3 itself as the estimand and still achieve /n-consistency. Establishing
v/n-consistency with 3 as the estimand would require showing that the difference (,,, — ( has or-
der O(1/4/n). A straightforward calculation shows that this would require that P{|Z| > k,} =
O(1/+/n). This, in turn, would require that the density of Z at +x,, be converging to zero very
rapidly. However, this same density appears in the denominator of the terms in (95). To prevent
ratio bias in these terms it is necessary that the density of Z at +k, be converging to zero very
slowly. It is easy to show that in general, these two conflicting demands cannot be met simulta-

neously. The real culprit is the stochastic term in decomposition (95). Even if the bias term is
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identically zero, the stochastic term prevents these conflicting demands from being met. It follows
that, apart from special cases when 3, = 3 for all kK > 0 or when Z is discrete so that instrument
trimming is unnecessary, if we want to achieve a y/n-consistent estimator, we must live with a
trimmed mean of the distribution of B as an estimand. This is true no matter what estimator
we use to estimate U;. For example, this is true even if we were to replace the standard kernel
regression estimators of U; with general local polynomial (LP) estimators (Fan and Gijbels, 1996).

We estimate U; with the standard kernel regression estimator, also known as the Nadaraya-
Watson (NW) estimator. This is a local polynomial estimator where the local polynomial is a
constant. While the NW estimator with bias reducing kernels of high enough order can achieve an
arbitrary degree of bias reduction on the interior of the support of the localizing variable, it is an
asymptotically biased estimator near the boundaries of the support. We trim on &; as well as Z; in
(93) to prevent this bias, as explained above. However, a comparable higher-order local polynomial
estimator can achieve the same degree of bias reduction on the interior as well as near or at the
boundary of the support. There is no need to trim on X; and Z; to prevent boundary bias. So why
not use the higher-order LP estimator instead of the NW estimator with bias reducing kernels?

We cite two reasons. First, it is not known (to the authors, at least) whether the known
pointwise bounds on the bias of LP estimators at the boundaries of the support of the localizing
variable are uniform in the localizing variable. This uniformity is needed to show that remainder
terms in asymptotic arguments are small in the appropriate sense.

Secondly, even if the uniformity conditions hold, formally establishing /n-consistency and
asymptotic normality of BAK when U; is estimated with a general local polynomial estimator would

be extraordinarily complicated. To see why, assume once again for simplicity that U; is scalar. A
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local polynomial estimator of U; of degree p can be written as the weighted average

n

> {Xe < X}/ Y wl)
a=1

a=1

where, for p > 0, the weights w((lp ) depend on all the Z;. For any positive integer m, define

Sm = Youe1(Za — Zi)"Kn(Z2, — Z;). For simplicity, we suppress the dependence of s, on n.
Consider the cases p = 0, 1, 2, corresponding to the NW, local linear, and local quadratic estimators,

respectively. It is straightforward (though tedious) to show that

wl = Ku(Z.- 2)
wl) = Kn(Z,— Zi)[s2 — (Zq — Z5)s1]
w? = Ku(2,- 2) [[8284 — 53] = (24 — Zi)[s154 — 5983 + (20 — Zi)*[s153 — Sg]] '

Recall that the use of the NW estimator of U; leads to a complicated analysis of U-statistics of
orders 2, 3, and 4 in the proof on Lemma 4. Each of these U-statistics is painstakingly analyzed by
means of the Hoeffding decomposition to extract its nonnegligible contribution to the asymptotic
distribution of ﬂA,{. Now consider local linear estimation. The weight wg(ll) for the local linear
estimator is itself a sum and would lead to an analysis of U-statistics of orders 3, 4, and 5 in the

proof of Lemma 4. The weight wc(?) for the local quadratic estimator is a double sum and would

lead to an analysis of U-statistics of orders 4, 5, and 6. In general, the weight wf}’ ) is a sum over P
indices and would lead to the analysis of U-statistics of order p + 2, p 4+ 3, and p + 4. And this is
only for scalar U;. The analysis would be far more complicated for vector-valued U;.

To avoid this added complexity, we use the NW estimator with higher-order bias reducing

kernels. By doing so, we achieve the same order of bias reduction on the interior of the support of
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the localizing variable as we would by using comparable higher-order local polynomial estimators.
By trimming on &; (as well as Z;) we eliminate the problems with bias near the boundary of the

support of the localizing variable.
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