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Abstract

This notebook illustrates how to solve and simulate a Real Business Cycle (RBC) model using Mathematica. It starts
from finding the first order conditions, then derives the steady-state, log-linearizes and solves the RBC model. After
solving the model, the notebook first computes the impulse response functions and then simulates the model. It ends
by calculating some second moments statistics of the RBC model. When we want to solve a RBC model, soon or later,
we will need to use a software. This notebook demonstrates how to do this using Mathematica without having the
need to use paper and pencil to derive the equilibrium conditions and log-linearize the model first, and then use a
numerical software to perform the simulations. In this notebook, al these steps are done with Mathematica and fully
explained in detail.
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Real Business Cycle (RBC) models have become the basic workhorse of Dynamic Stochastic General Equilibrium
Models (DSGE). DSGE models themselves are now being used both by researchers and professionals, including
central bankers, to study and forecast short term economic fluctuations. The hoped contribution of the notebook is the
illustration of how to solve and simulate RBC models using Mathematica. Before starting, it isimportant to inform the
reader that this notebook is written with Mathematica 8.0 in a Windows 7 machine. Thus the notebook may or may
not work well in future versions of Mathematica.

We load the PlotLegends package. This package allows us to make legends for graphs further below.

<< Pl ot Legends"

We present a modified version of the Hansen (1985) RBC model. The social planner’s maximization problem can be

written as:
© cl-e_1q |t1+1
Max Eo[ 18 = -y ]
b 1-6 1l+y
Subj ect to:
Ct +i Ve =Yt
Yo = zo kE I

Kio1 = (1-6) ke +ivy
Log[zt.1] = (1 -p) Log[zs] +pLOg[Zt] + €&t
ko and zq ar e gi ven

Where:

Eo[ - 1istheexpectations operator
B € (0, 1) isthediscount factor
Cct i stheconsunption

1
— neasures the constant i ntertenporal
e

el asticity of substitutioninconsunption. W havee >0
yrepresents theinverse of the Frischintertenporal
elasticity of substitutioninlabour supply. W havey >0
| ¢ islabor
gindicatesthedisutility weight
giventolabor intheutility function. W have ¢ >0
i vy isinvestnent. W denoteinvestnent byiv; since
| isareservedwordin Mathematica
y¢ i s out put
ki iscapital at periodt andk;,;iscapital att +1
6 € (0, 1)isthecapital depreciationrate
z: i st he exogenous t echnol ogy shock. zsisthe steady -statel evel of z;
p € [0, 1]1istheautocorrel ation paraneter of technol ogy
€¢.1 theinnovations totechnol ogy
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e 'MN (0, 0?)
t indicatesthetine.

The model presented here results to the Hansen (1985) model when 6 and y tend towards 1 and O respectively. Let's
illustrate this:
First we take the limit of the utility function when 6 goes towards 1
cie-1 1y
-y
1-6 1l+y

ssrbcrmdl:Lim't[ ,e-»l]

(L+v) Loglee] -yl
1+vy

Then we take the limit of the result when y approaches 0.
ssrbcnod2 = Li mt [ssrbcnodl, y -» 0]
Loglct] - uly

This last expression is the utility function used in the Hansen (1985) RBC model. The only difference is that | ¢
represents there leisure instead of labor supply. Also the minus sign becomes a positive sign since we are dealing there
with leisure.

Next weillustrate how the budget constraint is obtained. We first enter the equation of motion of capital stock.
ssrbcnmod3 = ki, == (1 -6) k¢ +1 v

K1t =1ve+ (1-6) kg

We enter the identity stating that consumption plus investment is equal to output.
ssrbcmd4 = ¢ +i vy ==y

Cy +1 Vi =Yy

We solve for investment in the previous identity.

ssrbcnmod5 = Sol ve[ssrbcrod4, ive][[1, 11]

Vi > -Ct +VYt

We substitute investment in the equation of motion of capital.

ssrbcnod6 = ssrbcnod3 /. ssrbcnod5

K1t = -Cct + (1 -0) ki +Vt

We replace output by its value. Hence the budget constraint.

ssrbcnod7 = ssrbenod6 /.y -> zy kEI @

Kivt = -Cp + (1-06) k¢ +kg 1§72

2.1.

The Bellman Equation
The Bel | man equationis
ct-1 | &Y
ik, zel= M| “U—— + BEX [V [kia1, Zeall}
(Ct, Kear, It) 1-6 1+y
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Subj ect to:
The econony resource constraint : ki, = -C¢ + (1-6) ky +1 1 %k&z,
And t echnol ogy : Log[zi,1] = (1 -p) Log[zs] +pLog[Zt] +€t.1
W denot e t he expect ati ons operator as
EXi[ -]1sinceEisareservedwordinMthenatica.
We enter the left hand side of the Bellman equation
ssrbcmod8 = v [ky, z¢]

Vike, zt]

We enter the right hand side of the Bellman equation without the Max operator.

cte-1 ' (el
1-6 1l+y

ssrbcnod9 =

+BEX [VIKti1, Zt.a]]

—l+cte oyl
- + BEX [V [Ki, Z1.])
1-06 1+vy

We enter the technology equation
ssrbcnmod10 = Log[z¢.1] == (1 -p) LOg[zS] +p LOQ[Z(] + €41
Log[zi.t] = (1-p) Log[zs] +pLog[z] + €14t

We enter the right hand side of the Bellman equation without the expectations operator.

Cl-e -1 | ley

-y
1-6 1l+y

ssrbcnodll =

+BV[Kte1, Zpa1]

—l+cte gyl
- +BVI[Kit, Z14t]
1-6 1+vy

We isolate consumption in the resource constraint.

ssrbcnodl2 = ssrbcnmod7[[1]] - K1t == ssrbecnmod7[[2]] - Ki.t

0= -Cy+ (1-6) ki —kyq +k&FlLoz,

ssrbcnodl3 = ssrbcnpd12[[1]] + ¢t == ssrbcnod12[[2]] + Ct

Ct = (1-6) k¢ — ko + k&I L2z,

We substitute consumption by its value in the right hand side of the Bellman Equation.
ssrbcnodl14 = ssrbcnpd1l /. ssrbenpd13[[1]] -> ssrbcnodl13[[2]]

plIe™ =1+ ((1-06) ki ~Ka +kt&|t1_o{zt>li6

+ +BV[Kit, Z1.t]
1+y 1-06

We take the derivative of this last expression with respect to k;,; and set it equal to 0.
ssrbcnmodl5 = D[ssrbcnodl4, Kki,1] =
- ((1-6) ke -k +k?|tl_a21>79+/3V(1’0) [Kist, Z1.4] =0

We take the derivative of the right hand side of the Bellman Equation with respect to |; and set it equal to 0.
ssrbcnodl6 = D[ssrbcnod14, |] ==

<]

Ul (L -o) K% ze ((1-06) ke — kg + kg 1% 2) 7 =

The Benveniste-Scheinkman envelope theorem condition is given by
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ssrbcnmodl?7 = D[ssrbcnod8, ki] = D[ssrbcnodl4, k;]
VO [k, z) = (1 vkt I ECze) ((1-6) ky —kog ki Iz )
We forward t by one period in the preceding equation.
ssrbcnod18 = ssrbcnodl7 /. t >t +1
VO kg, z10] = (1-6+a kit 11 Z1at ) ((1-6) kot —kaur + K, | 1 Z1a ) -
We take expections into account in equation ssrbcmod15
ssrbcnod19 = ssrbenod15 /. v O [kyy, Zia] - EX [V O [Kaa, Z1a]]
~ (L -6) ki —Kpug +kf 1102 ) T4 BEX [V [Kput, Z1a]] =
We substitute v (3 9) [kq,¢, z1.¢] byitsvaluein the previous equation.
ssrbcnmod20 = ssrbcnod19 /. ssrbcnpd18[[1]] -> ssrbcnodl18([[2]]
~((1-6) ki ~Kpp +kfIFoz) 7+
BEX [(1-6+oakiti®11¢z1a) ((1-6) ki ~Kaur +k§, 115021 ) 7] =0
Remember that consumption is given by
ssrbcnod21 = ssrbcnod13
Ct = (1-6) ke —kgq +k@1E92z,
We forward t by one period in the preceding equation.
ssrbcnod22 = ssrbcnmod21 /. t -t +1
Ciit = (1-6) Kpyt ~ Kot +K$ 1158 214
We replace the right hand sides of ssrbcmod21 and ssrbcmod22 by ¢, and ¢, respectively in equation ssrbcmod?20.

ssrbcnod23 =
ssrbcmd20 /. {ssrbcnmod21[[2]] -> ssrbcnpd21[[1]], ssrbcnmpd22[[2]] -> ssrbcmd22[[1]]}

~ci?+ BEX [c1% (1-6+aki* 11 z1.4)] =0

This last equation is known as the Euler equation. It is also called Lucas asset pricing equation. We rewrite it without
the expectations operator. But we keep in mind that there is always an expectation operator for this equation.

ssrbcnod24 = ssrbenod23 /. EX [c1% (1-6+akifi®I1:fz1u)] -> 1% (1-6+akilf®1 177 z1.)
—ci?+Bciy (1-6+a kitio 130z, ) =0

Now, we replace ¢, by its value in equation ssrbcmod16

ssrbcnmd25 = ssrbcnpd16 /. ssrbcnpd21[[2]] -> ssrbcrmod21[[1]]

~Yl{+ (1-0) c®k{fl{%zy =0

We solve for ¢; in the previous equation

ssrbcnod26 = Sol ve[ssrbcnod25, c¢;]

Solve:ifun :

Inverse functions are being used by Solve, so some solutions may not be found; use Reduce for complete solution information. >

IV (k§ iz —a k@l % zy)

(for - L2l

We transform this expression to an equation for convenience
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ssrbcnmod27 = ssrbcnmod26([[1, 1, 1]] == ssrbcnod26[[1, 1, 2]]

1
e

It_Y (k?l{azt 7O(k?|{azt>
v
This last equation represents the labor-leisure choice equation. We expand the powers in this equation to get:

Cy =

ssrbcnmd28 = Power Expand [ssrbcnod27]

Y
e

@k

Cr = YOl o (k¥ {%zy —akfl{%zy)

2.2. The Steady-State Equilibrium

Now we derive the steady-state equilibrium for the main variables. We start with the Euler equation.
ssrbcnmd29 = ssrbcnpd23
~ci?+ BEX [c1% (1-6+aki* 11 z1.4)] =0

We define steady-state variables by adding an s to the existing variables. For example the steady-state consumption is
noted as cs for consumption star.

ssrbcnod30 = ssrbcnod29 /. {ct » CS, Ct,1 »CS, Ki,1 »ks, li,1»1s, zi,1 »2zs}

~cs @+ BEX [cs? (L+ks T Ist zsa-6)] =0

By the definition of steady-steady, all variables are constant. Hence their expectations are themselves. Thus we have.
ssrbcmod31 = ssrbcmod30 /. EX [cs™® (1+ks™ s *zs a-68)] ->¢cs® (L+ks™** s’ zs a- &)
~cs@+cs B (Leks T IsT M zs a-6) =

Also at the steady-state, there is no uncertainty, thus zs = 1.

ssrbcnmod32 = ssrbcnmod31 /. zs » 1

~cs?+cs B (L+ks st a-5) =0

We divide this last equation by cs —°

ssrbcmd32[[1]] ssrbcnod32[[2]1]
ssrbcnod33 = Expand [ == ]
cs® cs®

~1+B+ks sl qp-pB6s ==

We define the following ratio
ks
ssrbcnod34 = Sol ve[l— =kls, ks][[1, 1]]
s

ks - klsls

We substitute ks by its value in ssrbcmod33
ssrbcnod35 = ssrbcnod33 /. ssrbcnod34 // Power Expand
“1+B+kls T apB-B65 =

We solve for kls in the previous equation.
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ssrbcnod36 = Sol ve[ssrbcnod35, kls][[1, 1]]

Solve:ifun :

Inverse functions are being used by Solve, so some solutions may not be found; use Reduce for complete solution information. >

*1+B*B6 711”,
ap

We transform this result to an equation.

k|Se(—

ssrbcnod37 = ssrbcnmpd36[[1]] == ssrbcnpd36[[2]]

-1+B5-B6 %x
ap

Now we turn to the labor-leisure choice equation.

kls ==

ssrbcnod38 = ssrbcnpd28

Y
e

c =yl

We define the steady-state variables for this equation.

1
E]

(ktal{azt —ak?‘l{azt)

ssrbcnod39 = ssrbcnod38 /. {cy »cs, I » s, ki » ks, zy » zs}

14 1
cs =1s"s (ks®ls%zs -ks*ls*zsa)s y1/°
Wesatzs=1

ssrbcnod40 = ssrbcnod39 /. zs » 1

cs = 1s (ks® s -ks®l s q)s y1/®
We substitute ks by its value
ssrbcnod4l = ssrbcnod40 /. ssrbcnpd34 // Power Expand

cs =1s (kl 8% -kl s% ) y~2/©
We replace kis by its value.
ssrbcnpd42 = ssrbcnod41 /. ssrbcnod36

1
1 =
e

-1+B-B6)\ 1= ’
[ ap )

-1/e
w/

cs =1s7s - a

-1+B-B86 Tlm ’
ap J

We turn to the resource constraint.

ssrbcnod43 = ssrbcnod?

Kiyt = -C¢ + (1-6) ke + k& 112z

ssrbcnod44 = ssrbcnod43 /. {ki.,1 » ks, ¢t »cCcs, ki »ks, | »ls, zy » 1}
ks = -cs +ks®1 st + ks (1-6)

We divide by ks.

1
ssrbcnmod45s = Map[k— # & ssrbcnod44] // Expand
s

cs
=1-— +kstostao_s
ks

We substitute ks by its value.
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ssrbcnmod46 = ssrbcnpd45 /. ssrbcnod34 // Power Expand
cs
1=1+klsto_ —— _5
kisls
We replace kls and cs by their values.

ssrbcnmod47 = ssrbcnpd46 /. {ssrbcnpd36, ssrbcnd42[[1]] -> ssrbcrmod42[[2]1]}

1 -l+a
-1+B-B6)\ 1=
1=1-6+ 7—] -
ap
1 1 o 1 0(71
|1t 1+/3/35]M {1+/355]M . 1+655]H aw,ue
af a3 a3

We solve for Isin the previous equation.
ssrbcnod48 = Sol ve[ssrbcnod47, Is] 7/ Full Sinplify
Solve:ifun :

Inverse functions are being used by Solve, so some solutions may not be found; use Reduce for complete solution information. >

El
v+e

1+8 (-1+6) 133" e 1+8 (c1+6) 133 ) " (1+8 (-1+6) )3 p
(5= [[-crem | (221202 e A e B
of af a3
We change this to an equation.
ssrbcnod49 = ssrbcnod48([[1, 1, 1]] == ssrbcnod48[[1, 1, 2]]
1 oy -1/6 1 o -2
1+8(-1+6)\ 1 1+B8(-1+6)\1s 1+8(-1+6)\ 1 e
Ils=||-(-1+a) | |—————— [ -[7 5| e
a3 ] J ap a3
We find the value of cs.
ssrbcnmod50 = ssrbcnpd42 /. ssrbenpd49[[1]] -> ssrbcnod49([[2]]
S148-86)3a) “148-86)aa) |
cs = [[[) L i) S
of af3
1 ay -1/6 1 o 1 ,i@ 71;
1+B(-1+06) )\ 1 1+B (-1+06) )\ 1 1+B(-1+06) )\ 1 ] 7
-(-1+a) _— ( _[ sl wo
ssrbcnmod51 = Ful | Sinplify[ssrbcnpd50]
1+B8(-1+6) a2 )°
CcS == [(1+O() #] J w*l/e
a B
1 ay -1/6 1 a *ie 71;
{[ 148 (-1+6) 1]J [ 148 (-1+6) s 148 (-1+8) V3 | 1| "
-(-1+a) _ (] _[ S| we
o o3 a3

We recall the value of ks.
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ssrbcnod52 = ssrbcnod34

ks > klsls

We write this as an equation.

ssrbcnmod53 = ssrbcnmpd52[[1]] == ssrbcnpd52[[2]]
ks ==klsls

We then find the value of ks.
ssrbcnmod54 = ssrbcnod53 /. {ssrbcnpd36, ssrbcnod49[[1]] -> ssrbcnod49[[2]]1}

-1+B-B6 Tlm
ks (7)

a3
1 ay -1/6 1 a *is
1+B (-1+6) )\ 1= 1+B(-1+6))\ 1w 1+B(-1+6) )\ 1= FR
-(-1+a) || —————— _— -l— SIRE
[ [ OCB J [ 0(5 ] OCB
ssrbcmod55 = Ful | Sinplify[ssrbcnod54]
1+3 (-1+6) -
af
1 ay -1/6 1 a 1 *is
1+B (-1+06) )\ 1a 1+B(-1+6))\ 1w 1+B (-1+06) )\ 1 FR
[[_(_1+a> ap J] [ J BT 5 d/
of af a3

Next we find the value of ys.

ssrbcnod56 =y, == z; k¥ 1 {

yo = kil { "z,

ssrbcnmod57 = ssrbcnod56 /. {y; »yS, z; » zS, ki » ks, | »1s}
ys = ks*| s%zs

We replace ks, Is and zs by their respective values.

ssrbcnod58 = ssrbcnod57 /.
{ssrbcnod55[[1]] -> ssrbcnod55[[2]], ssrbcnpd49([[1]] -> ssrbcnpd49[[2]], zs » 1}

yS ==
e \ 1l-a
1y ay-1/6 1\ 1 s
1+B (-1+6) )\ 1= 1+B(-1+6) )\ 1 1+B(-1+6) )\ 1= o] 7
{_<_1+a> as J] [ J _[ ’ d/;
of af ap
1+B8(-1+56) %x
ap
1 ay\ -1/0 1 a 1 *% “
1+B(-1+6))\ 1= 1+B(-1+96))\1a 1+B(-1+96) )\ 1
[{_<_1+a> 7] J] [[] J _(] é dj”
of af3 ap
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ssrbcnmod59 = Ful | Sinplify[ssrbcnpd58]

ys =
1 ay -1/0 1 a 1 *%
1+B8(-1+6)) 71 1+B8(-1+68))\71a 1+B8(-1+68)) 71 .
[(1+a> 7] J] [[ ] J[ ] 6d/0
o af3 a3
1+B (-1+9) Tla
=
1\ a\-1/6 1 \a 1
1+B8(-1+6))\71a 1+B8(-1+6))\ 1= 1+B8(-1+6))\71a 1
[RER (e M [ )| | 7o)
aB af aB

Werecall the expression of iv;.

ssrbcnod60 = ssrbcnod5

Vi > -Cy +VYt

We transform this expression to an equation.

ssrbcnod6l = ssrbcnmod60[[1]] == ssrbcnpd60[[2]]

i Vi = -Ct +Vti

We find the value of ivs.

ssrbcnod62 = ssrbcnmod6l /. {ivy »ivVs, ¢t »CS, Yyt » YS}
iVs = -CS +ys

We replace cs and ys by their respective values.

ssrbcnod63 =
ssrbcmd62 /. {ssrbcmod51[[1]] -> ssrbcnpd51[[2]], ssrbcmod59[[1]] -> ssrbcmd59([[2]1]}

1
e

1+B(-1+6) )\
ivs = -|-(-1+a) (7>] w1e
o
1 ay -1/6 1 a -
1+B (-1+6) )\ 1w 1+B(-1+06) )\ 1 1+B (-1+6) )\ 1w FR
-(-l+a) ||——————— [7 S 5| wo
a3 a3 a3

1 oy -1/6
1+B(-1+68) )\

1 oy -1/0
1+B(-1+96) )\

[ (-1+a)

1+B (-1+9) 1_10 ’ 1+B8 (-1+9) ,11“)
e — e 6
( afp ] [ af )

1+B8 (-1+9) —11+a
(] -(-1+a)
af

|

148 (-1+6)\aa] " (1+B (-1+6) \x
~*rh=1+0) (LA ro) e
[ a3 ] [ a3 J
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Log-linearization is a mean of transforming the dynamic nonlinear equations to dynamic linear equations. This makes
the calculations and interpretations easier. To do the log-linearization, we will write a variable x; as xs ¢, where xs
is the steady-state value of x and xh; = Log [:—‘s } . This last expression is approximately the percentage deviation of

X around the steady-state xs. In fact:
X

ssrbcnod64 = xh; == Seri es[Log[—t], {X¢, XS, 1}] // Nor mal
XS

XS + Xy
XS
The hin xh is put for x hat. At the steady-state, we can verify that xh, = % = 0. In fact a the steady-state

XSS~ 0. We can check that the expression xs e gives the original variable x; by calculating:

xhy =
Xt

ssrbcmod65 = xs ™ /. xhy -> Log[—]
XS

Xt

More log-linearization techniques can be found in Uhlig (1997) and Zietz (2008). Now let's start the log-linearization
of the key equilibrium equations.

3.1. The Labor-Leisure Choice Equation

Let's write a function that performs multivariate linear Taylor series approximation. The function takes three argu-
ments. The first represents the mathematical function we want to linearize. The second is the list of variables with
respect to which we want to linearize and the third argument is the list of points around which we want to take the
linearization.

mul Li near Taylor [f_, x_, a_]:=Mdule[{fa, gradf, gradfa}, fa=f //. Thread[x -> a];
gradf = D[f, {x}]; gradfa =gradf //. Thread[x -> a]; fa+gradfa. (x-a)]

Werecall the labor-leisure choice equation.

ssrbcnod66 = ssrbcnod28

Y
e

Ct = wfl/e | ¢

(kg1 (% zy _akflgazt)é
We first replace each variable in this equation by its equivalent transformed expression.

ssrbcnod67 = ssrbcnod66 /. {c; - cs e, 1, slseM, ki-»kseM, z, »zs eZ“t}

Y 1
cse™ = (M Is) e (™™ (kM ks)” (e Is) " zs - ™™ (M ks)” (e'M™1s) " zsa)e ytO
We take the first order Taylor series approximation of the left hand side of this equation with respect to ch; around 0.
ssrbcnod68 = Seri es[ssrbcnmod67[[1]], {chy, O, 1}] 7/ Nornal

cs +cs chy

We take the first order multivariate Taylor series approximation of the right hand side of egquation ssrbcmod67 with
respect tol hy, zhy and kh; respectively around 0, 0 and 0.
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ssrbcnod69 = nul Li near Tayl or [ssrbcrmod67[[2]1], {l ht, zh¢, kh¢}, {0, 0, 0}]
. 1 1
Iso (ks*ls®zs-ks®ls%zsa)e y1/%+ —
6
Is (ks®l1s®zs -ks®ls®zs a) 15 (ks®1s™zs o-ks®ls™®zsa®) yt/9khy +

Y 1
Z1s7s (ks®ls%zs -ks®ls%zs a) e (-ks“ls*zsa+ks*Is " zsa?) y /% - —
6 6

Y 1 1 ¥ 1
Is™o (ks*1szs -ks*Is®zsa)o yy 29| Il hg + =187 (ks®1s™%zs —ks*I s %zs a)? y1/9 zh,
e
We equalize the two expressions ssrbcmod68 and ssrbcmod69 to form an equation.
ssrbcnod70 = ssrbcnod68 == ssrbcnod69
¥ 1 1
cs+cschy =1so (ks®ls%zs-ks®*ls @ zsa)s y 18+ —
o
s (ks®1s®zs —ks*l s %zs o) 1'% (ks*I's™®zs a-ks*Is™®zs o?) Yy khy +

1 ¥ 1
“1s7o (ks®ls@zs —ks®ls % zsa) 175 (-ks®ls™@zs a+ks”ls™*zs az) A
e e

¥ 1 1 ¥ 1
Is e (ks®Is%zs-ks®lIs®zsa)e yy o Ihg +—I1s s (ks®*ls®zs-ks*Is®zsa)e y1/9zh,
S}

Now, we form the steady-state equation of the labor-leisure choice equation.

ssrbcnod71 = ssrbcnod66 /. {cy »cs, I »1s, ki » ks, zy » zs}
¥ 1
cs =1s7s (ks®ls%zs -ks*ls*zsa)s y1/°

We substract equation ssrbcmod71 from equation ssrbcmod70.
ssrbcnod72 = ssrbcnmod70([[1]] -ssrbcnmpd71[[1]] == ssrbcnod70[[2]] -ssrbcnod71[[2]]

1 v 1
cschy = —1s5 (ks®ls%zs -ks®ls%zsa) *'s (ks*I's®zso-ks*Is®zso?) yt/Okhy +
e
1 _x 1.t 2
—lso (ks®ls@zs-ks*Iszsa) "o (-ks®Is*zsa+ks®ls“zso?) y /7 —
e e

4 1 1 Y 1
s (ks®1s%zs-ks*Is%zsa)oyy 9 I hg +—1s7s (ks®ls%zs-ks®ls%zsa)e y /0 zh,
e

We divide equation ssrbcmod72 by equation ssrbcmod71.
ssrbcnod72[[1]1]

ssrbcnpd73 = ==
ssrbcnod71[[1]1]

ssrbcnmod72[[2, i1]
Appl y [Pl us, Table[FullSinplify] ]. {i, 1, Length[ssrbcmod72[[2]1]]1}]]
ssrbcnod71[[2]]

akhy (a+y)lhy zh
Cht = - + —
[C] [C] [C]

This last equality represents the log-linearized equation of the labor-leisure choice equation. In traditional economic
notation, this equation can be rewritten as:
oake (o) e + 2
e e e
Where a hat over avariable indicates percentage deviation of the variable around the steady-state.

Ct =
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3.2. The Euler Equation or Lucas Asset Pricing Equation

We recall the Euler equation without the expectations operator. We will put back this operator when we finish the log-
linearization process.

ssrbcnod74 = ssrbcnod24
—ci?+BCi% (1-6+akiy® 11 z1a) =0
We isolate ;.

ssrbcnod75 =
ssrbcmod74[[11] -Bci% (1-6+akiii*| 17 z1,) == ssrbemod74[[2]1] -Bci% (1-6+akiff™ | 1:¥ Z1x)

—c® = -Berd (L-6+ ok Iy Z1u)

We multiply this last equality by -1.

ssrbcnmod76 = Map[-1# & ssrbcnod75]

¢ =pc% (1-6+aki{*l1:{Z1.t)

We replace each variable in this equation by its equivaent transformed expression.

ssrbcnod77 =
ssrbcnod76 /. {ci »cs e ci,y »csetNet, ki s ksekhe |, slse Mt 74,4 o zs eZh'+1}

(cs ™)™ = (cs Mt ) 73 (1 4+ e (ekhin ks) e (ehel s)l’o‘ zs o - 6)

We take the first order Taylor series approximation of the left hand side of this equation with respect to ch; around O.
ssrbcnod78 = Seri es[ssrbcnmod77[[1]1]1, {ch;, 0, 1}] // Nor nal

cs®-csPoch

We take the first order multivariate Taylor series approximation of the right hand side of egquation ssrbcmod77 with
respecttochy.¢,zhq,¢,khy,¢ andl hy, respectively around O, 0, 0 and O.

ssrbcnmod79 = nul Li near Tayl or [ssrbcrmod77[[2]1]1, {chi., zhix, Khi, T hiie}, {0, 0, 0, 0}]
cs OB (L+kst@lst @ zsa-6) -cs 9B (L+ks T Istzsa-6) 6chy, +
cs Oks T s %zs (-1 +a) aBkhi,s +cs ks s %zs (1-a) aBlhi +c5Oks s % zs o B zhyuy
We equalize the two expressions ssrbcmod78 and ssrbcmod79 to form an equation.
ssrbcnmod80 = ssrbcnod78 == ssrbcnod79
cs?-csPoch =cs B (1+ks @ Ist " zsa-5) -

cs?pB (1+ ks 1| sl%zg o - 5) echyy +cs™® kst sl %zs (-1 +a) aBkhy, +
cs ks sl %zs (1-a) aBlhy +cs ks st % zs o B zhyy

Now, we form the steady-state equation of the Euler equation.

ssrbcnod81 = ssrbcnod76 /. {ct »CS, Ct,1 »CS, Ki,1 »ks, lt,1-»1s, zt,1 »2zs}
cs@=cs?B (L+kst st zs0-0)

We substract equation ssrbcmod81 from equation ssrbcmod80 side by side.

ssrbcnmd82 = ssrbcnmpd80[[1]] -ssrbcnmod81[[1]] == ssrbcnod80[[2]] -ssrbcnpd81[[2]]

~csPoch; = -cs 7B (L+ks st zsa-6) ochy +cs ks M 1st@zs (-1+a) aBkhy, +
cs ks s %zs (1-a) aBlhi +cs ks s % zs o B zhyy

We divide both sides of the previous equation by —-cs °.
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ssrbcnod82[[1]1]
ssrbcnpd83 = ==
-cs®

ssrbcnmod82[[2, i1]
Appl y [Pl us, Tabl e[Ful | Sinplify]|

> ]. {i, 1, Length[ssrbcmod82[[2]1]]1}]]
-cs~

ochy =B (1+kstIs'™zsa-6) ochy -

kst sl %zs (-1 +a) aBkhi +ks T 1st%zs (~1+a) aBlhyy —ks st zs a B zhyuy

We divide both sides of the steady-state equation by cs—°.
1
ssrbcnpd84 = Map[—e # & ssr bcn‘od81]
cs-

1=p(1+ ks v gl zg o - 5)
We rewrite this equation as:
ssrbcnod85 = ssrbcnmpd84[[2]] == ssrbcnpd84[[1]]
B(L+kstIstzs0-6) =
This last equation implies that the log-linearized Euler equation is:
ssrbcnmod86 = ssrbcnpd83 /. ssrbcnpd85[[1]] -> ssrbcnod85([[2]]
echy =
ochy,; —ks 1 st %zs (-1 +a) aBkhiyy +ks T Ist?zs (-1+a) aBlhi -~ks 11 s % zs aBzhy
We set zs = 1in this last equation.
ssrbcnod87 = ssrbcnod86 /. zs » 1
ochy =o6chy,; —ks 2 1sT® (—1+a) aBkhy +ks 21 st (—1+a) apBlhyy —ks 1 s % aBzhy
This last equation represents the log-linearized Euler equation without the expectations operator. This equality implies
that the log-linearized Euler equation with the expectations operator is:
ssrbcnod88 =
ssrbcnod87 /. {Ch1+t - EX; [Ch1+t], kh1+t - EX; [kh1+t], | h1+t - EX; [l h1+t], Zh1+t - EX; [Zh1+t 1}

ochy = 6EX [chi.] -ks 1" 1sY® (1 +a) a BEX [Khi,t] +
ks 2 s® (m1+a) a BEX [l hiye ] —ks 21 s % a B EX [zhy.t ]
In traditional economic  notation, this equation can be  rewritten
as
06 =0E (6i,1) -ks 1 alslo (_1+0) aBE (Ki.1) +
ks talsla (—1+0) aBE ([{,1) -ks 1@l sl @qBE (Z{.1)
Where a hat over a variable indicates percentage deviation of the variable around the steady-state; E; (-) is the expecta-
tions operator and an s near a variable designates the steady-state value of that variable.

3.3. The Resource Constraint

We recall the resource constraint.

ssrbcnpd89 = ssrbcnod?7
kl+[ = -C¢ + (1*5) k[ +kf‘|t1""zt

We replace each variable in this equation by its equivalent transformed expression.
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ssrbcmod90 = ssrbcmod89 /. {ki.1 » ks e ", ¢p > cse™, ki s kse™, I s 1seM™, 7y »zse™™}

et ks == —cs e + ™ (kM ks)” (e'M | s)l"1 zs + M ks (1 -6)

We take the first order Taylor series approximation of the left hand side of this equation with respect to khy,¢ around 0.
ssrbcnod9l = Seri es[ssrbcnmd90[[1]], {khi., O, 1}] 7/ Normal

ks + ks khy,¢

We take the first order multivariate Taylor series approximation of the right hand side of egquation ssrbcmod90 with
respect tochy, zh¢, khy and | h; respectively around 0, 0, 0 and 0.

ssrbcnmd92 = nul Li near Tayl or [ssrbcnod90([[2]1], {ch:, zht, kht, I ht}, {0, 0, 0, 0}]

-cs +ks®*1 st zs +ks (1-6) -csch; +
(ks*Is*zsa+ks (1-06)) khy +ks*Is**zs (1-a) I hy +ks®|s'*zs zh

We equalize the two expressions ssrbcmod91 and ssrbecmod92 to form an equation.
ssrbcnmd93 = ssrbcnpd91 == ssrbcnpd92

ks + ks khy,; = -cs +ks*1 s zs +ks (1-6) -csch; +
(ks*Is*™@zsa+ks (1-6)) khy +ks®1s¥™zs (1-a) | hy +ks®1s'™®zs zhy

Now, we form the steady-state equation of the Resource constraint.

ssrbcnmod94 = ssrbcnod89 /. {ki,1 » ks, ¢y »cs, ki » ks, |{ »|s, zy » zs}

ks = —cs + ks®1 st zs + ks (1-6)

We substract equation ssrbcmod94 from equation ssrbcmod93 side by side.

ssrbcnmd95 = ssrbcnmpd93[[1]] -ssrbcnmod94[[1]] == ssrbcnod93[[2]] -ssrbcnpd94([[2]]
ks khy,i = -cschy + (ks®Is**zsa+ks (1-6)) khy +ks®1s'%zs (1-a) I h +ks®1s'zs zh
We divide both sides of this equation by ks.

ssrbcnod95[[1]1]
ssrbcnod96 = =

ks
] ) ssrbcnmod95[[2, i1] )
Apply [Pl us, Table[Full Sinplify][ ” ]. i, 1, Length[ssrbcmod95[[2]]11}]]
s
cs chy
Khuo = - — —— (L+ks @ 1st™zs o-6) khy ~ks ™ 1s¥%zs (-1 +a) I hy +ks ™I s™*zs zhy
s

We set zs = 1in this last equation.

ssrbcnod97 = ssrbcnod96 /. zs » 1

csch
khy, = - - (L+ks ™I st o= 6) khy —ks @ 1s¥ (-1 +a) I hy +ks 1 st zhy
ks
This last equation represents the log-linearized resource constraint equation. In traditional economic notation, this
equation can be rewritten
as.
Ri o1 = _% +(L+ks ol st o -5) ky —ks H 181 (~1+a) [ + ks | s 2,

Where a hat over a variable indicates percentage deviation of the variable around the steady-state and an s near a
variable designates the steady-state value of that variable.
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3.4. The Technology Equation

Werecall the technology equation.

ssrbcnod98 = ssrbcnod10

Log(zi1,t] = (1 -p) Log[zs] + pLOQ[Zt] + €14t

We replace each variable in this equation by its equivalent transformed expression.

ssrbcnod99 = ssrbcnod98 /. {zi. » zs e 7, 5 zs eZh‘}
Log[e®™ zs]| = (1-p) Log[zs] +pLog[e®™ zs| + 1.t

We take the first order Taylor series approximation of the left hand side of this equation with respect to zh,,; around
0.

ssrbcnmdl100 = Seri es[ssrbcnmpd99[[1]1], {zhi., O, 1}] // Nornal

Log(zs] +zhy.t

We take the first order Taylor series approximation of the right hand side of equation ssrbcmod99 with respect to zhy
around O.

ssrbcnpdl101 = Seri es[ssrbcnod99[[2]], {zhy, O, 1}]1 // Nor nal

Log[zs] +pzht + €1t

We equalize the two expressions ssrbcmod100 and ssrbecmod101 to form an equation.
ssrbcnmd102 = ssrbcnmod100 == ssrbcnpd101

Log(zs] +zhy.t = Log[zS] + pzht + €14t

Now, we form the steady-state equation of the Technology equation.

ssrbcnod103 = ssrbcnpd98 /. {z1,t » zS, Z¢ » zS, €1, = 0}

Log(zs] = (1-p) Log[zs] + pLog[zs]

We substract equation ssrbcmod103 from equation ssrbcmod102 side by side.

ssrbcnod104 =
ssrbcnodl102[[1]] -ssrbcnpdl103[[1]] == ssrbcnod102[[2]] - ssrbcnmod103[[2]] // Sinplify

pzhy + €1, = zhyy

We rewrite this result as:

ssrbcnmod105 = ssrbcnmd104[[2]] == ssrbcnmod104[[1]]
zhi = pzhy + €144

This last equation represents the log-linearized technology equation. In traditional economic notation, this equation
can be rewritten as:

2\'[ +1 =P 2t + €14t
Where a hat over avariable indicates percentage deviation of the variable around the steady-state. Taking expectations
of both sides of the technology equation, we get:

ssrbcnodl106 = EX; [zh1,t] == p zh¢
EX [zh1,t ] = o zht

We rewrite this last equation without the expectations operator but we keep in mind that there is always an expecta-
tions operator with this equation written in this way.
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ssrbcnpd107 = zhy,¢ = p zhy

zhy. = pzh

3.5.

The Output Equation

Werecall the equation of output.

ssrbcnod108 = ssrbcnod56

yo = ki l{z

We replace each variable in this equation by its equivalent transformed expression.

ssrbcnod109 = ssrbcmod108 /. {y: -»ys e, ki skseM, I slseM™, z, »zs eZh‘}

M ys == M (ekh‘ kS)a (e' he | S)l_a zs

We take the first order Taylor series approximation of the left hand side of this equation with respect to yh, around O.
ssrbcnod110 = Seri es[ssrbcnpd109[[1]1]1, {yh,, O, 1}] // Nornal

ys +ys yh

We take the first order multivariate Taylor series approximation of the right hand side of equation ssrbcmod109 with
respect to zh; , khy and | hy respectively around 0, 0 and O.

ssrbcnod111 = nul Li near Tayl or [ssrbcrmod109[[2]], {zh:, khy, I h¢}, {0, 0, 0}]
ksl st ®zs + ks*l st zs akh; +ks® st ®zs (1 -a) |l h +ks®lsl®zszh;
We equalize the two expressions ssrbcmod110 and ssrbcmod111 to form an equation.
ssrbcnmpd112 = ssrbcnpd110 == ssrbcnmpd11l
ys +ysyh, =ks®lsl®zs +ks®l st %zs akhy +ks*Is™@zs (1-a) | hy +ks®| sl zs zh,
Now, we form the steady-state equation of the Output equation.
ssrbcnod113 = ssrbcnmod108 /. {y; »ys, ki » ks, Iy »1s, zy »zs}
ys = ks® | sl%zs
We substract equation ssrbcmod113 from equation ssrbcmod112 side by side.
ssrbcnmodl14 = ssrbcnpdl112[[1]] -ssrbcnpd113[[1]] == ssrbcnod112[[2]] -ssrbcnmodl113[[2]]
ysyh, = ks®I sl ®zs akhy +ks®1sl®zs (1-a)lhy +ks*lsl?zszh
We divide equation ssrbcmod114 by equation ssrbcmod113 side by side.

ssrbcnodl114[[1]1] ssrbcnodl114[[2]]

ssrbcnmod115 = == // Expand
ssrbcnmpd113[[1]] ssrbcnpd113[[2]]

yht ::O(kht +|ht —O(lht +th

Wecallect | hy.
ssrbcnodl116 = Col | ect [ssrbcnpd115, | hy]
yht == O(kht + (1—0{) lht +th

This last equation represents the log-linearized equation of output. In traditional economic notation, this equation can
be rewritten as:
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yt :OlRt + (1—0() rt +2t
Where a hat over avariable indicates percentage deviation of the variable around the steady-state.

3.6. The Identity Consumption plus Investment is Equal to Output

Werecall the expression of Investment.

ssrbcnod117 = ssrbcnod61

i Vi = -Ct + Yy

We replace each variable in this equation by its equivalent transformed expression.
ssrbcnod118 = ssrbcmod117 /. {ive »ivs @M, ¢y scse™, y; s ys eyht}
eV ivs == —cs &M + e ys

We take the first order Taylor series approximation of the left hand side of this equation with respect to i vh; around
0.

ssrbcnmodl119 = Seri es[ssrbcnodl118[[1]], {ivhy, 0, 1}] // Nor nal
ivs +ivsivhg

We take the first order multivariate Taylor series approximation of the right hand side of equation ssrbcmod118 with
respect to ch; and yh, respectively around 0 and O.

ssrbcnod120 = nul Li near Tayl or [ssrbcnod118([[2]], {chy, yh;}, {0, 0}]
-cs+ys-cschy +ysyh,

We equalize the two expressions ssrbcmod119 and ssrbcmod120 to form an equation.
ssrbcnmpd121 = ssrbcnpd119 == ssrbcnpd120

ivs+ivsivh; ==-cs+ys-cschy +ysyh,

Now, we form the steady-state equation of the Identity.

ssrbcnmd122 = ssrbcnod117 /. {ivi »iVvs, Ct »CS, y; »VYS}

ivs == -Ccs +Yys

We substract equation ssrbcmod122 from equation ssrbcmod121 side by side.
ssrbcnmod123 = ssrbenpd121[[1]] - ssrbcnmpd122([[1]] == ssrbcnpd121[[2]] - ssrbcnod122[[2]]
ivsivhy = -cschy +ys yh,

We divide both sides of this equation by ivs.

1
ssrbcnodl124 = Nap[_— # &, ssrbcm)d123] // Expand
ivs

) cschy ysyh
ivhy = - +

ivs ivs
This last equation represents the log-linearized equation of the Identity Consumption plus Investment is Equal to
Output. In traditional economic notation, this equation can be rewritten as;

cs & ys ¥,
LSS | YSY¢

~
Iy = —— -
1 VS 1 VS

Where a hat over a variable indicates percentage deviation of the variable around the steady-state and an s near a
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variable designates the steady-state value of that variable.

We start by defining the matrix form representation of the model.

Following Hartley, Hoover and Salyer (1998), we write the model as a rational expectations equilibrium system of
difference equation using the following equations: the labor-leisure choice equation, the Euler equation, the resource

constraint and the technology equation. First, we define the vectors uy = (€, ki, ¢, Z¢) and
Ui = (€ro1, Keens [ii1, Zi.1). With this notation, the system of difference equation can be written as

Au; = BE (u¢.1),where A and B are matrices to be found and E;(+) isthe rational expectations operator.
We enter the vectorsuy and uy . 1.

ssrbcnpdi125 = Uy == {Cht, kht, Ihtx th}
ug = {chy, khy, Ihe, zh¢}
ssrbcnodl126 = ssrbcnpd125 /. t »t +1

Ug.t == {Chl+t| khl+t1 I hl+t| Zhl+t}

We remind the four log-linearized main equations of our model.

ssrbcnod127 = ssrbcnod73
ssrbcnpdl128 = ssrbcnpd87
ssrbcnod129 = ssrbcnod97
ssrbcnod130 = ssrbcnod107
Olkht (a+7Y) Iht th

Cht == - + —
€} €] €}

ochy =o6chy, -~ks™2 s (~1+a) aBkhyy + ks 1 s (m1+a) aBlhyy —ks st aBzhyy

cs chy

khi, = - + (L+ks @I st %o - 5) khy —ks 11 st (-1 +a) I hy + kst 1 st zhy

ks
zhiy = pzhy

We cast these equationsin theformof Au; = BE; (uy,1) by putting al t variables on the left hand sideand all t + 1
variables on the right hand side.

ssrbcnmd131 = ssrbcnd127[[1]] - ssrbcnmod127[[2]] ==

ssrbcnpd132 = ssrbcnpd128

ssrbcnmd133 = ssrbcnmd129[[2]] == ssrbcnpd129[[1]]

ssrbcnmod134 = ssrbcnopd130[[2]] == ssrbcnod130[[1]]
O(kht (a+7Y) lht th

chy - + -
S] (€] ]

ochy =o6chy, -~ks™ s (—1+a) aBkhyy + ks 182 (“1+a) aBlhyy —ks s aBzhy,
cs chy

ks
ozhy = zhy

+ (1 +ks o stag - 6) khy —ks™* st (1 +a) I hy + ks 17 zh; = khy,
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Now, we start extracting the A matrix.

ssrbcnod135 = CoefficientArrays|[
{ssrbcnpd131, ssrbcmdl132, ssrbcnod133, ssrbcnpd134}, ssrbcnmodl125[[21]1]1 7/ Nor nal

{{0, —ochy,; +ks st (~1+ ) aBkhi —ks 21 s (~1+a) apflhyy +ks 11 st apzhy,,

~khye, -zhied, {{1, _g, Q;Y, -é}, {6, 0, 0, 0},
{—?, l+kstolst -5 -ks st (—1+a), ks’l*alsl"’}, {0, 0, O, p}}}
s

We take the A matrix.
ssrbcnmd136 = A == ssrbcnpd135[[2]]

a a+y 1
A - {{1 S 78}, (6, 0, 0, 0},
{75, likstolst -5 -kstlste (—1+a), ks’l*o‘lsl’“}, {0, 0, O, D}}
s

We make a copy of the previous expression.
ssrbcnmd137 = ssrbcnpd136
1

A - {{1 _g, Q;Y, _;}, (6, 0, 0, 0},

cs
{7—, l+kstolst -5 -kstlst® (—1+a), ks*l*alsl’“}, {0, 0, O, p}}
ks

We display this result in matrix form.
ssrbcnod138 = Matri xFor m[ssrbcnod137] // Tradi ti onal Form

a a+y 1

1 % o %

Al ? 0 0 0
—%Z ks* talst® -5 +1 —ks*1Ist @ (@ —1) kst llsi®

0 0 0 P

Now, we start extracting the B matrix.

ssrbcnmod139 = CoefficientArrays|[
{ssrbcnpd131, ssrbcmdl132, ssrbcnodl133, ssrbcnpd134}, ssrbcnmodl126[[21]1]1 7/ Nor nal
akhy  (a+vy)lhe zh

Hcht— S + 5 —?,echt,

cs chy

ks
{{0, 0, 0, 0}, {-6, ks Is™ ™ (-1+a) aB, -ks P 1st® (-1+a)ap, kst @1stap},

(0, -1, 0, 0}, {0, 0, 0, -1}}]

+ (L+ks ™I st o - 5) khy —ks ™1 sT (=1 +a) L hy + ks 1 st zhy, ,ozht},

We extract the second term of this result.
ssrbcnmd140 = ssrbcnmd139[[2]]

{{0, 0, 0, 0}, {-6, ks ¥ Is™ (-1+a) aB, -ks st (-1+0a) ap, kst Ist*ap],
{0, -1, 0, 0}, {0, 0, 0, -1}}

We multiply this last result by -1 to obtain the B matrix.



SolvingAndSimulatingRBCModels.nb |21

ssrbcnmodl141l = B == Map[-1# & ssrbcnpdl140, {2}]

={{0, 0, 0, 0}, {6, ~ks Is¥® (-1 +a) ap, ks @Ist® (-1+a) ap, -ks " Ist*ap},
{0, 1, 0, 0}, {0, 0, 0, 1}}

We make a copy of the previous expression.

ssrbcnmd142 = ssrbcnpd141
= {{0, 0, 0, 0}, {6, ~ks Is¥® (-1 +a) ap, ks ¥ @Is'® (-1+a) ap, -ks ™ *Is*ap},
{0, 1, 0, 0}, {0, 0, 0, 1}}

We display this result in matrix form.
ssrbcnodl143 = Matri xFor m[ssrbcnopd142] // Traditi onal Form

0 0 0 0

B 6 —ks* s (@-Dap ks*lIiss*(@-1)aB —ks*lisl?apB
0 1 0 0
0 0 0 1

. Defining the Parameters (Calibration)

In this section, we define the values of the parameters (calibration). We take these values from the literature. 6 = 3 is
from Barro and Sala-i-Martin (2004); v = 0.33 is from Mandelman and Zanetti (2008); 8 = 0.99, a =0.36, § = 0.025,
¥ =3,0% =0.007 (soo =0.083666) and p =0.95 are from Hartley, Hoover and Salyer (1998). With these values
of the parameters we can find the values of the steady-state variables, all equations and, the matrices A and B.

We start by finding the numerical steady-state value of labor. We remind the equation of the steady-state value of
labor.

ssrbcnod144 = ssrbcnod49
1 ay -1/6
1+8(-1+6) ]1
a3

ssrbcnod145 = ssrbcnodl144 /. {a ->0.36, B ->0.99, 6§ ->0.025, 6 ->3, ¢y ->3, ¥ ->0.33}

1

[1+/3 (-1+5>)ig]a [1+/3 <_1+5>]M
11O N EAGASERE2N

|s == -(-1+a)

of a3

Then we have:

I's = 0.374007

We remind the steady-state value of consumption.
ssrbcnpd146 = ssrbcnod51

ol

-1/e
w/

aJl/Q

We find the numerical steady-state value of consumption.
ssrbcnod147 = ssrbcnod146 /. {a ->0.36, B ->0.99, 6§ ->0.025, 6 ->3, ¥y -> 3, vy ->0.33}

{ 1+B (-1+9) EFXJ&
csS = |-(-1l+a) || ————

a3

1

<
[}

1+8 (-1+6) LJQ 1+B (~1+46) s
] sty

aB a3

cs ==1.03014
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We remind the steady-state value of capital.

ssrbcnpd148 = ssrbcnod5s5

1

1+B8(-1+6) )\

ks — (i]
af

ay -1/6

1+B (-1+9)
aB

-l+a -l+a

1+B (-1+9)
af

1+B (-1+9)
a3

Yo

[— (-1+a)

We find the numerical steady-state value of capital.
ssrbcnodl149 = ssrbcnpd148 /. {a ->0.36, B ->0.99, 6§ ->0.025, e ->3, ¢y ->3, ¥y ->0.33}
ks = 14. 2083

We remind the steady-state value of output.
ssrbcnmdl150 = ssrbcnpd59

yS =
o\ 1l-a
1 oy -1/6 1\ 1 -
1+B (-1+6) )= 1+8(-1+6))\ 71 1+B (-1+6) )= |
[<1+a> 7] J] [[7] J 7[7J 6 dje
a B af3 ap
1+B(-1+6) =
=
1 ay -1/6 1 a 1 -2
1+B8(-1+6) )\ 1a 1+B(-1+6) )\ 1a 1+B8(-1+6) )\ 1=
e e T (o e i
of o aB

We find the numerical steady-state value of output.
ssrbcnod151 = ssrbcnod150 /. {a -> 0.36, B ->0.99, 6§ ->0.025, 6 ->3, ¥y -> 3, vy ->0.33}
ys = 1.38534

We remind the steady-state value of investment.
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ssrbcnpd152 = ssrbcnpd63

1
6

1+B(-1+06) )\ 1=
a3
1 ay -1/6 1 o *Hs e
1+B (-1+06) )\ 1 1+B(-1+06) )\ 1 1+B(-1+6))\ 1w | "
-(-l+a) || ——————— _— - 5| we +
o a3 o
e \ 1-a
1 ay -1/6 1 a 1 -
1+B (-1+6) ) 1+B (-1+6) )1 1+B (-1+6) ) F
-(-1l+a) || ——————— (] _[7) 5| o
apB af af
1 1 ay -1/6
1+B(-1+8) )\ 1+B(-1+96) )\
[7) -(-1+a) 7]
apf af

[1+/3 (-1+5>]11m ’

1+8(-1+6) T
- 5
af3 [ J

a3

We find the numerical steady-state value of investment.

ssrbcnpd153 = ssrbcnpd152 /. {a ->0.36, B ->0.99, 6§ ->0.025, 6 ->3, ¢y ->3, ¥ ->0.33}

ivs = 0.355206

An dternative way to find the numerical steady-state values is to enter the values of the parameters with an equal sign
at the begining of this section and recall al the equations we want. But we avoid this method since we might still need

symbolic values of the equations in the remaining of the notebook. Now we find the numerical values of the matrices
A and B. We first remind the value of matrix A.

ssrbcnod154 = ssrbcnod136

A - {{1 75, a;\{, 7é}, (6, 0, 0, 0},
CSs

{——, likstolst -5 -kstlste (—1+a), ks’l*alsl"’}, {0, 0, O, p}}
ks
Then we find the numerical value of matrix A.

ssrbcnmodl155 = ssrbcnod154 /. {a -> 0.36, 6 -> 0.025, 6 -> 3, ¥ ->0.33, p->0.95,
cs -> ssrbcnod147([[2]], ks -> ssrbcnpd149[[2]]1, | s -> ssrbcnpd145[[2]11} // N

A= ({1., -0.12, 0.23, -0.333333}, {3., 0., 0., 0.},
(-0.0725028, 1.0101, 0.0624018, 0.0975028}, {0., 0., 0., 0.95})}

We make a copy of matrix A.
ssrbcnpd156 = ssrbcnpd155

A= {{1., -0.12, 0.23, -0.333333}, {3., 0., 0., 0.},
{-0.0725028, 1.0101, 0.0624018, 0.0975028}, {0., 0., 0., 0.95}}

We display this last result in matrix form.
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ssrbcnodl157 = Matri xFor m[ssrbcnmpd156] // Traditi onal Form

1 -012 023  -0.333333
B 3 0. 0. 0.
A=| 00725028 10101 00624018 0.0975028

0. 0. 0. 0.95

We remind the value of matrix B.

ssrbcnmd158 = ssrbcnpd141

B={{0, 0,0, 0}, {6, ~ks ™" Is™* (-1+a) aB, ks Is'* (-1+a)aB, -ks ™ Ist*ap},
{0, 1, 0, 0}, {0, 0, 0, 1}}

Then we find the numerical value of matrix B.

ssrbcnpd159 = ssrbcnpd158 /.
{a ->0.36, 6 ->3, B->0.99, ks -> ssrbcnod149[[2]]1, | s -> ssrbcnpd145[[2]]1} // N

B-==1{{0., 0., 0., 0.}, {3., 0.02224, -0.02224, -0.03475}, {0., 1., 0., 0.}, {0., 0., 0., 1.1}}
We make a copy of matrix B.

ssrbcnod160 = ssrbcnod159

B-=={{0., 0., 0., 0.}, {3., 0.02224, -0.02224, -0.03475}, {0., 1., 0., 0.}, {0., 0., 0., 1.1}}
We display this last result in matrix form.

ssrbcnodl161 = Matri xFor m[ssrbcnpd160] // Traditi onal Form

0. o 0. 0.

3. 002224 -0.02224 —0.03475
“lo 1 0. 0.

0. o 0. 1.

To solve the model, we will follow the solution method proposed by Hartley, Hoover and Salyer (1998). Remember
that we wrote the model as Auy = BE; (u;.1). Premultiply both sides of this system by A1, We get
Uy = ATBE; (u;,1). Then we decompose the matrix A2 Bas: A1 B=Q A QL. Where Q is a matrix which has as
columns the eigenvectors of the matrix A1 B and A is adiagonal matrix which has as diagonal elements the eigenval -
ues of the matrix A-* B. Replacing the matrix A1 B by its value, we get: uy = QA Q1 E (U¢.1). We premultiply
both sides of this equation by Q1. We then have:

Qlur =AQ'E (ur.1). Werewritethisas Q'uy =AE (Q'up.i). Weset di=Q'u and dig
=Q1 u;,1. Hence we have:

di = A Ey(diy1). Since A isadiagona matrix, we can rewrite this last equation as independent equations having the
following form: di; = A E (dml). Where i indicates the equations and 1; is an eigenvalue of the matrix A1 B. It is
important to note that i = 1..4 here since Q is 4 by 4 matrix in this model. Performing recursive forward substitution
in the equations d; = A E (d; ¢.1) for T periodsyields: di = AT B¢ (d; {.7). Thislast equation implies
that the stable rational expectations solution to our model is related with the eigenvalue that has an absolute vaue less
than unity. This result comes from the fact that taking the limit of the expression AT E; (d; ¢ .t) as T goes toward
infinity, gives O only if | ;| isless than one. This implies that d; ; = O for that particular eigenvalue. This last
expression is the solution we are looking for.
Now let’sfind the A~ B matrix.

ssrbcnmodl162 = | nverse[ssrbcnmod155[[2]]]. ssrbcnmpd159[[2]]

{{1., 0.00741333, -0.00741333, -0.0115833}, {0.329748, 0.961531, -0.00244453, -0. 193557},
{-4.17578, 0.469437, 0.0309565, 1.47493}, {0., 0., 0., 1.05263}}

Then we find the eigenvalues and eigenvectors of matrix A1 B.
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ssrbcnpd163 = Ei gensyst em[ssrbcnpd162]

({1.05263, 1.04626, 0.946224, 0.},
{{-0.199763, -0.840665, 0.500974, 0.0490218}, {-0.213813, -0.84617, 0.48814, 0.},
{-0.0337368, 0.818392, 0.573669, 0.}, {0.00741313, -5.00885 x 10718, 0.999973, 0. }}}

We extract the eigenvalues from the previous resullt.

ssrbcnodl164 = ssrbcnod163[[1]]

{1. 05263, 1.04626, 0.946224, 0.}

We form the A matrix.

ssrbcnmd165 = A == Di agonal Matri x[ssrbcnpd164]

A= {{1.05263, 0., 0., 0.}, {0., 1.04626, 0., 0.}, {0., 0., 0.946224, 0.}, {0., 0., 0., 0.}}
We make a copy of the previous result.

ssrbcnpd166 = ssrbcnod165

A= {{1.05263, 0., 0., 0.}, {0., 1.04626, 0., 0.}, {0., 0., 0.946224, 0.}, {0., 0., 0., 0.}}
We display this last result in matrix form.

ssrbcnpd167 = Matri xFor m[ssrbcnod166] // Traditi onal Form

105263 0. 0. o
0. 104626 0. O
A=l o 0. 0.946224 0.
0. 0. 0. o

This last result shows us that the third eigenvalue equal to 0.946224 has an absolute value less than one. This result
implies that the stable rational expectations solution to our model is related to this eigenvalue.

Now we extract the eigenvectors from expression ssrbcmod163.

ssrbcnod168 = ssrbcnod163[[2]]

{{—O. 199763, -0.840665, 0.500974, 0.0490218}, {-0.213813, -0.84617, 0.48814, 0.},
{-0.0337368, 0.818392, 0.573669, 0.}, {O. 00741313, -5. 00885 x 108, 0. 999973, 0. }}

We form the matrix Q1.

ssrbcnmd169 = | nverse[ssrbcndl168] // Transpose

{{0., 0., 0., 20.3991}, {-3.89544, -0.180826, 0.0288782, -19.2699},
{-4.02766, 1.03494, 0.0298584, 1.03028}, {4.21218, -0.505461, 0.968801, -1.40406}}

We make a copy of the previous result.
ssrbcnmdl170 = ssrbcnpd169

{{0., 0., 0., 20.3991}, {-3.89544, -0.180826, 0.0288782, -19. 2699},
{-4.02766, 1.03494, 0.0298584, 1.03028}, {4.21218, -0.505461, 0.968801, -1.40406}}
We display Q1 in matrix form.
ssrbcnmodl171 = Matri xFor m[ssrbcnmod170] // Tradi ti onal Form
0. 0. 0. 20.3991
—3.89544 -0.180826 0.0288782 -19.2699

-4.02766 1.03494 0.0298584 1.03028
421218 -0.505461 0.968801 -—1.40406

As we explained previoudly, a stable rational expectations solution is related to the eigenvalue less than one in
absolute value which is here the third eigenvalue. This implies that the third row of the matrix Q~1gives the linear
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restriction we are looking for. Hence we extract the third row of matrix Q1.
ssrbcnmodl72 = ssrbcnodl169[[3]]

{-4.02766, 1.03494, 0.0298584, 1.03028}

Remember that the rational expectations solution is given by the expression d; . = 0. Also recall that d;= Q1 u.
Hence we form the equation d; ; =0, which isour rational expectations solution.

ssrbcnodl1l73 = ssrbcnpdl172. ssrbcnod125[[2]] == 0

-4.02766 ch; +1.03494 kh; +0.0298584 | hy +1. 03028 zh; =0

Weisolate chy inthislast expression.
ssrbcnmdl174 = Sol ve[ssrbcnpd173, ch;] // Expand
{{ch; - 0.256959 kh; + 0. 007413331 h; + 0. 2558 zh; }}

We transform this expression to an equation. Thisis our rational expectations solution.

ssrbcnmodl175 = ssrbcnmd174[[1, 1, 1]] == ssrbcnodl174[[1, 1, 2]1]

chy == 0. 256959 kh; + 0. 007413331 h; + 0. 2558 zh,

In addition to this last equation, the other equations describing the equilibrium conditions of our model are: the
economy resource constraint, the labor-leisure choice equation, the equation of output, the identity consumption plus

investment is equal to output and the technology equation. In what follows, we find the numerical values of these
equations.

We recall the economy resource constraint.
ssrbcnod176 = ssrbcnod97
cs chy
ks
We calculate the numerical value of the resource constraint.

khl+t = -

+(L+ks I st a-6) khy —ks ™ Ist (-1 +a) I hy + kst 151 zh

ssrbcnmodl77 = ssrbcnodl76 /. {a -> 0. 36, 6§ -> 0. 025,
cs -> ssrbcnod147[[2]], ks -> ssrbcnmod149[[2]], | s -> ssrbcnmpd145[[2]1]}

khy,t = -0.0725028 ch; + 1. 0101 kh; + 0. 06240181 h; + 0. 0975028 zh

Werecall the labor-leisure choice equation.
ssrbcnmdl178 = ssrbcnpd73

O(kht (o +7Y) | ht th
ch = . N
S} S} S}

Weisolate | hy inthislast equation.
ssrbcnmdl179 = Sol ve[ssrbcnpdl178, | hy] // Expand

Gcht O(kht

(=S o)

a+y a+y o+Yy

We transform this expression to an equation.
ssrbcnod180 = ssrbcnodl179[[1, 1, 1]] == ssrbcnodl179[[1, 1, 2]]

echy  akh; zhy
Iht = - + +
o+ Yy o+ Y o+ Y

We find the numerical value of the labor-leisure choice equation.
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ssrbcnmpdl181 = ssrbcnpdl180 /. {6 -3, a - 0.36, y-»0.33}
I hy = -4.34783 ch; +0.521739 kh; + 1. 44928 zh;
We recall the equation of output.
ssrbcnmd182 = ssrbcnpd116
yhy =akhy + (1 -a) | hy + zh;
We find the numerical value of the equation of output.
ssrbcnmd183 = ssrbcnmd182 /. a - 0. 36
yh, = 0.36 kh, +0.641h, +zh,
We recall the identity consumption plus investment is equal to output.
ssrbcnmd184 = ssrbcnpd124
cschy ysyh,

. + .
ivs ivs

th[ = -

We find the numerical value of the identity consumption plus investment is equal to output.

ssrbcnodi185 =
ssrbcnmod184 /. {cs -> ssrbcnpd147[[2]], ivS -> ssrbcnpd153[[2]], yS -> ssrbcnod151[[2]]}

i vhy = -2.90011 ch; +3.90011 yh,

Werecall the technology equation.
ssrbcnmd186 = ssrbcnpd105

zhyt = pzhy + €1y

We lag t by one period in this last equation.
ssrbcnmod187 = ssrbcnmd186 /. t -t -1

zhy = pzh_ 1,4 + e

We find the numerical value of the technology equation.
ssrbcnpd188 = ssrbcnpd187 /. p » 0.95
th =0.95 Zh,lq + €t

We expressthe variableschy, | hy, yh,, khy,y andi vh; infunction of kh; and zh; only.

ssrbcnod189 = Sol ve[{ssrbcnpdl75, ssrbcnmodl77, ssrbcnod181, ssrbcnod183, ssrbcnpdl185},
{chy, I'hy, yhy, Khy,, ivhi}]

{{chy - 0.252683 kh; +0. 258221 zhy,
I hy > -0.576882 kh; +0. 326575 zh;, yh, » -0. 00920447 kh; + 1. 20901 zh,,
khi,t - 0.955782 kh; +0.0991599 zh;, ivh; - 0. - 0.768707 kh; + 3. 9664 zh; } }
We rearrange this last expression as:
ssrbcnmd190 = Chop[ssrbcnpd189] // Fl atten
{chy - 0.252683 kh; + 0. 258221 zh,

I'hy > -0.576882kh; +0. 326575 zh;, yh, - -0.00920447 kh; + 1. 20901 zh,
khi.x - 0.955782 kh, + 0. 0991599 zh;, ivh; - -0. 768707 kh, + 3. 9664 zh, }

Now we transform each expression of this preceding result to an equation. We begin with the equation of
consumption.
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ssrbcnmodl191 = ssrbcnpd190[[1, 1]] == ssrbcnod190[[1, 2]]
chy = 0.252683 kh; +0.258221 zh;

The equation of labor.
ssrbcnmdl192 = ssrbcnpd190[[2, 1]1] == ssrbcnod190[[2, 2]]
I hy = -0.576882 kh; +0.326575 zh;

The equation of output.
ssrbcnmdl193 = ssrbcnpd190[[3, 1]] == ssrbcnod190[[3, 2]1]
yh, = -0.00920447 kh; + 1. 20901 zh;

The equation of next period capital (khy,¢).
ssrbcnmodl194 = ssrbcnpdl190[[4, 1]1] == ssrbcnod190[[4, 2]1]
khy,t == 0. 955782 kh; + 0. 0991599 zh,

The equation of investment.
ssrbcnmdl195 = ssrbcnpd190[[5, 1]] == ssrbcnod190[[5, 2]1]
ivhy = -0. 768707 kh; + 3. 9664 zh;

Now we write functions that numerically evaluate each of these preceding egquations. We start with the technology
equation. We first remind the technology equation.

ssrbcnpd196 = ssrbcnpd188
th =0.95 Zh,lq + Et

The function that numerically evaluates the technology equation is given in the next line. This function takes three
arguments: the first is the autocorrelation parameter, the second represents a list containing the numerical values of
the innovations to technology and the third is the total time length we want for the technology series.
fzhl[p_, e , T 1:=
Modul e[{resl, zh, t, T1}, T1 =T+1; zh =Table[0, {i, T1}]; resl =Table[O, {i, T1}];
For[t =2, t <T1, t ++,
zh[[t1] =pzh[[t -1]1]+e[[t]];
resi[[t]] =zh[[t]];
K
reslj

Werecall the equation of next period capital stock (khyy).
ssrbcnmd197 = ssrbcnpd194
khi.i == 0.955782 kh; + 0. 0991599 zh,

Now we write a function that calculates the series for the capital stock (kh¢ ). This function takes four arguments. the
first two arguments represent the numerical coefficients of the equation of next period capital, the third argument is
the total time length we want for the capital stock series and the fourth is the technology series.
fkhia_, b_, T_, zh_1:=
Modul e[{resl, res2, t, T1, kh}, T1 =T+1; kh = Table[0, {i, T1}]; resl =Table[O, {i, T1}];
For[t =1, t < (T1-1), t ++,
Kh[[t +1]1] =akh[[t]] +bzh[[t]];

resl[[t +1]] =Kh[[t +1]17;

1
res2 =resl; Most [res2]]
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We remind the equation of consumption.

ssrbcnod198 = ssrbcnpd191

chy = 0.252683 kh; +0.258221 zh;

We write a function that calculates the consumption series. This function takes four arguments: the first two are

respectively the coefficients of capital and technology in the equation of consumption, the third is the capital series
and the fourth the technology series.

fchlac_, bc_, kh_, zh_] :=ackh +bc zh

We remind the equation of labor.

ssrbcnpd199 = ssrbcnpd192

I hy = -0.576882 kh; +0.326575 zh;

We write a function that calculates the labor series. This function takes four arguments: the first two are respectively
the coefficients of capital and technology in the equation of Iabor, the third is the capital series and the fourth the
technology series.

flhral _, bl _, kh_, zh_]:=al kh+bl zh

We remind the equation of output.

ssrbcnmpd200 = ssrbcnpd193

yh, = -0.00920447 kh; +1. 20901 zh;

We write afunction that calculates the output series. This function takes four arguments: the first two are respectively

the coefficients of capital and technology in the equation of output, the third is the capital series and the fourth the
technology series.

fyhray_, by_, kh_, zh_] :=ay kh + by zh

We remind the equation of investment.

ssrbcnpd201 = ssrbcnpd195

ivhy = -0.768707 kh; + 3. 9664 zh;

We write afunction that calculates the investment series. This function takes four arguments: the first two are respec-

tively the coefficients of capital and technology in the equation of investment, the third is the capital series and the
fourth the technology series.

fivhlaiv_, biv_, kh_, zh_] :=aivkh+bivzh

In this section we study the economy formed by our theoretical model.

5.1. Impulse Response Functions

To generate the impulse response functions, we first create the innovations to technology. We shock these innovations
by one standard deviation and plot the result.

epl = Tabl e[0, {i, 100}1;
ep2 = Insert [epl, 0.083666, 2];
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ssrbcnmod202 = Li st Li nePl ot [ep2, FraneLabel - {"Years after shock",
Pl ot Label - "Shock to the innovations of Technol ogy",
Frame -» True, GridLines » Automatic, GidLi nesStyl e » Dashed]

et"},
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Now we remind the equation of technology and cal culate the impulse response function of technology.
ssrbcnpd196

zhy =0.95zh_1.t + &

ssrbcnmod203 = fzh[0. 95, ep2, 997];

We plot the impulse response function of technology. The graph shows that technology starts from its steady-state
value of 0 and increases in response to the shock of one standard deviation, and then gradually decreases towards its
steady-state value.

ssrbcnmd204 = Li st Li nePl ot [ssrbcrmd203,
FranmeLabel - {"Years after shock", "% deviation from steady-state"},
Pl ot Label - "I npul se Response of Technol ogy, Z;", Frane -» True, Gi dLi nes » Autonati c,
GidLinesStyl e - Dashed, Pl ot Styl e -» {Thickness[0.007], Hue[O0. 65] }]
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We remind the equation of next period capital stock (kh,;) and calculate the impulse response function of capital
stock (khy).

ssrbcnodl197
khi. == 0.955782 kh; + 0. 0991599 zh,
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ssrbcnmd205 = f kh[ssrbcnmod197[[2, 1, 1]], ssrbcnod197[[2, 2, 1]1], 100, ssrbcnod2037;

We plot the impulse response function of capital stock (kh;). We see that the graph of the impulse response function
of capital stock is hump-shaped.
ssrbcnmd206 = Li st LinePl ot [ssrbcrmd205,

FrameLabel - {"Years after shock", "% deviation from steady-state"},

Pl ot Label - "I npul se Response of Capital Stock, Ki", Frame - True,
GridLines » Automatic, GridLi nesStyl e » Dashed, PlotStyle -» {Thi ckness[0.007], Hue[O. 1] }]
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Y ears after shock
We remind the equation of consumption.
ssrbcnod198
chy == 0. 252683 kh; + 0. 258221 zh;

We calculate the impulse response function of consumption.
ssrbcnmd207 = fch[ssrbcnmod198([[2, 1, 1]], ssrbcnod198[[2, 2, 1]1], ssrbcnod205, ssrbcnpd203];

We plot the impulse response function of consumption. Like the capital stock, we see that the graph of the impulse
response function of consumption is hump-shaped.

ssrbcnpd208 = Li st Li nePl ot [ssrbcrdeO?,
FranelLabel -» {"Years after shock", "% deviation from steady-state"},
Pl ot Label - "1 npul se Response of Consunption, &", Frame » True, GidLi nes -» Automati c,
GridLi nesStyl e » Dashed, Pl ot Style -» {Thi ckness[0.007], Hue[O. 3] }]
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We remind the equation of |abor.
ssrbcnmod192
I hy = -0.576882 kh; +0.326575 zh;

We calculate the impulse response function of labor.

ssrbcnmd209 = fl h[ssrbcnmpd192[[2, 1, 1]], ssrbcnod192[[2, 2, 1]], ssrbcnod205, ssrbcnpd203];
We plot the impulse response function of labor. We see that labor first augments and then decreases gradually, and
increases again progressively to its steady-state level.

ssrbcnod210 = Li st Li nePl ot [ssrbcrmd209,
FrameLabel - {"Years after shock", "% deviation from steady-state"},

Pl ot Label - "I npul se Response of Labor, (i", Frame -» True, &idLines - Autonatic,
GidLi nesStyl e - Dashed, Pl ot Styl e » {Thi ckness[0.007], Hue[O0.5] }]
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We remind the equation of output.
ssrbcnmod200
yh, = -0. 00920447 kh, + 1. 20901 zh,

We calculate the impulse response function of output.
ssrbcnmod211 = fyh[ssrbcnmod200([[2, 1, 1]], ssrbcnmod200[[2, 2, 1]1], ssrbcnod205, ssrbcnpd203];

We plot the impulse response function of output. As technology, we observe that output increases in response to the
shock and then gradually fallsto its steady-state level.



SolvingAndSimulatingRBCModels.nb |33

ssrbcnmod212 = Li st Li nePl ot [ssrbcrmd211,
FranmeLabel - {"Years after shock", "% deviation from steady-state"},
Pl ot Label - "I mpul se Response of Qutput, y,", Frame -» True, GidLi nes » Autonatic,
GidLi nesStyl e » Dashed, Pl ot Styl e -» {Thickness[0.007], Hue[O. 8] }]

Impulse Response of Output, ¥,
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0.06

0.04
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0.02

0.00
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We remind the equation of investment.
ssrbcnod201
i vhy = -0. 768707 kh; + 3. 9664 zh;

We calculate the impul se response function of investment.
ssrbcnmod213 = fivh[ssrbcnod201[[2, 1, 1]1], ssrbcnod201[[2, 2, 1]], ssrbcnpd205, ssrbcnpd203];

We plot the impulse response function of investment. As output, we see that investment rises in response to the shock
and then progressively falls towards its steady-state level.

ssrbcnod214 = Li st Li nePl ot [ssrbcrmd213,
FranelLabel -» {"Years after shock", "% deviation from steady-state"},
Pl ot Label - "I npul se Response of |nvestnent, Pt
Frame -» True, GidLines » Automatic, GidLi nesStyl e » Dashed,
Pl ot Styl e - {Thi ckness[0.007], Hue[0.99]}, Pl ot Range - {{0, 100}, {-0.1, O. 35}}]

% deviation from steady—state

Y ears after shock

Now we combine all these preceding figures into asingle graph.
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ssrbcnpd215 = Li stLinePlot [

{ssrbcnpd203, ssrbcnpd205, ssrbcnod207, ssrbcnod209, ssrbcnopd211, ssrbcnpd213},
FranmeLabel - {"Years after shock", "% deviation from steady-state"},
Pl ot Label - "I nmpul se Response Functions of the Variables", Frane - True,
GidLines » Automatic, GridLinesStyl e - Dashed, Pl otLegend -»

{" Technol ogy", "Capital Stock", "Consunption", "Labor", "Qutput", "Investnent"},
LegendPosition -» {1.1, -0.4}, | mageSi ze » 550,
Pl ot Styl e » {{Thi ckness[0.007], Hue[0.65]}, {Thickness[0.007], Hue[0.1]},

{Thi ckness [0. 007], Hue[O0.3]}, {Thickness[0.007], Hue[0.5]1}, {Thickness[0.007],
Hue[0. 8]}, {Thi ckness[0.007], Hue[0.99]}}, Pl ot Range » {{0, 100}, {-0.05, 0.35}}]

Impulse Response Functions of the Variables
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Now we present the graphs side by side.



SolvingAndSimulatingRBCModels.nb |35

ssrbcnmod216 = Graphi csGid[{{ssrbcnpd204, ssrbcnod206},
{ssrbcnpd208, ssrbcnmd210}, {ssrbcnpd212, ssrbcnpd214}}, | mageSi ze -» 600]

‘ I mp‘ulse R%P‘O”SE of T‘echnol 0%, 2 Impulse Response of Capital Stock, k;
o 008 oo : l i i
s ®] o - -/~ 1~ T TN [ [ttt [
1{5 1? | \ | |
777777 Ny
-§ 0.06 ? 0.05 ‘ ‘ ‘ ‘
| | | |
g g 004F — /-~ [ TN T T
S 004 5 | | | |
- = 003F - -+ |- - - - N [
S 5 | | | |
B8 ®g 002F /- - == === == N\ ===
< oo 2 | | | ‘
| | |
2 -2 001F /-~ [ [ T [
© & | | | |
0.00 0.00 & I I I I =
0 20 40 60 80 100
Y ears after shock Y ears after shock
‘ |mpl‘1|99 Rap(‘)nse of Cc‘)nsumpti on, G Impulse Response of Labor, iy
o 0025p-/--~- N~ - it ittty ® ; ; ; ;
ko] | | | A o Yo 2~ S L - - [ [ |
“? 0,020 | | | | % 0.02 | | | |
.020 - —— — — [l - it ity | | | |
g‘ | | | | ‘g 001F - - — |- — = - = |l—— === [ - —-—---4
5 | | | £ | | | |
e 0015 -~ — - == === N~~~ L £ | | | |
S | | | | 5 0.00 T T T T
— | | | | = | | | |
§ 0010 ---- -— - =T TN i T c | | I ;
'% | | -% -001F -~ - - [ [ T _ [
3 | | | | = | | ) |
L 0005p----- === == - e - - _g —002F - -~ \ — - - - _7 [P [ER—
< | | | ) < | | | |
| | | | \ : | |
0.000 L I I I i = -0.03 L. I I I i A
0 20 40 60 80 100 0 20 40 60 80 100
Y ears after shock
Impulse Response of Investment, i
T T T T
| | |
g g o3\ .
7 i o
= | |
-\ -+ ____ [
g g 02 ‘ ‘
| |
§ § | |
= « (O e e [
5 5 | |
= = | | |
: g ool >~
R < | | | |
| | | |
-0.1 I | | |
0 20 40 60 80 100
Y ears after shock Y ears after shock

5.2. Stochastic Simulation

We set the random seed to 2000 in order to allow the reproduction of our simulations.
SeedRandom[2000]

We generate 5000 normal random numbers with mean 0 and standard deviation 0.083666. This series represents the
innovations to technology.

ssrbcnpd217 = RandonVari at e [Nor mal Di stri buti on[0, 0.083666], 50007;

Now we plot only the last 150 values of the previous series.
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ssrbcnpd218 = Li st Li nePl ot [Take [ssrbcnpd217, -150],
FranmeLabel - {"Time", e}, PlotLabel -» "Innovations to technol ogy",
Frame -» True, GridLines » Automatic, GidLi nesStyl e » Dashed]

Innovations to technology
e e

02—~ H-—-t-———+—-== =4 ===~

RL | NGIIPRTR
L | |

|

|

|

|

[ |
=01y - - T I By | oA
r | | R

| |

| |

| |

|

€

—0.217——— [ R

Time
Next we present the Hodrick-Prescott (1997) filter used to filter the data we are going to study. To find the Hodrick-
Prescott (HP) filter, we minimize the following expression:;

MD ST c2 45 50(9t -Gt 1) - (Gt -1 -0t 2) 12

Where vy; is the series we want to smooth, g; is the trend component, ¢; is the cyclical component and A is the smooth-
ing parameter.
Danthine and Girardin (1989) show that the solution to this optimization problem is given by:

g = (I + 2K K)tyq

With | an identity matrix of dimension T and K is aspecia matrix of dimension (T-2)xT having the following form:

1-2 1 0 O0..0 0 O
01 -2 1 0..0 0 O
0 0 1 -21 0

0o 0o 0o 0 O0--1-21

Having found g, the the cyclical component is calculated as ¢; = y; - g; . Since the parameters of our model are
calibrated for quarterly data, we will use the value A = 1600. Now let us write a function that computes the HP filter.
The function takes two arguments: the first is the data we want to smooth and the second is the value of the parameter
A. The function then returns the cyclical component and the trend component respectively.
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hPfilterz[data List, A _?Positive] :=

Modul e[{totine, trend, cycl e, KKMAT, | DM MATA}, totine = Length[data]; KKMAT = SparseArray [

{{r_, r_}y ->1., {r_, s_.}y /; s==r1r+1->-2.,{r_, s}y /, s==14+2 ->1.},

{(totinme - 2), totine}, 0.];

IDM=ldentityMatrix[totime]; MATA = | DM+ A Tr anspose [KKMAT]. KKVAT ;

trend = Linear Sol ve[MATA, data, Method - "Automatic"];

cycle =data-trend; {cycle, trend}]
We generate the simulated time series of technology.

ssrbcnod219 = fzh[0. 95, ssrbcnpd217, 49997];

We take the last 150 values of the previous series.
ssrbcnpd220 = Take[ssrbcnod219, -1507;

We apply the HP-filter to the preceding resuilt.
ssrbcnod221 = hPfilterz[ssrbcnpd220, 16007;

We extract the cyclical component of the technology series.
ssrbcnmd222 = ssrbcnpd221[[1]1];

We plot the HP-filtered time path of technology.

ssrbcnod223 =
Li st Li nePl ot [ssrbcm)d222, FrameLabel - {"Tine", "% deviation from steady-state"},

Pl ot Label - "Time path of Technol ogy (HP-filtered), Z;", Franme - True,
GridLines » Automatic, GidLinesStyl e » Dashed, PlotStyl e » {Thi ckness[0.004], Hue[O. 65] }]

% deviation from steady—state

We generate the simulated time series of capital stock.
ssrbcnmd224 = fkh[ssrbcnmodl197[[2, 1, 1]]1, ssrbcnod197[[2, 2, 1]], 5000, ssrbcnod219];

We take the last 150 values of the previous series.
ssrbcnpd225 = Take[ssrbcnod224, -1507;

We apply the HP-filter to the preceding resuilt.
ssrbcnod226 = hPfilterz[ssrbcnpd225, 1600]7;

We extract the cyclical component of the capital stock series.
ssrbcnmod227 = ssrbcnod226[[1]11];
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We plot the HP-filtered time path of capital stock.
ssrbcnod228 =

Li st Li nePl ot [ssrbcm)d227, FrameLabel -» {"Time", "% deviation from steady-state"},

Pl ot Label -» "Tinme path of Capital Stock (HP-filtered),
GidLines » Automatic, GidLi nesStyl e » Dashed, Pl ot Styl e - {Thi ckness[0.004], Hue[O
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We generate the simulated time series of consumption.

ki", Frame - True,

-111]

ssrbcnmod229 = fch[ssrbcnmod198[[2, 1, 1]], ssrbcnod198[[2, 2, 1]], ssrbcnod224, ssrbcnopd219];

We take the last 150 values of the previous series.
ssrbcnmd230 = Take[ssrbcnod229, -1507;

We apply the HP-filter to the preceding resuilt.
ssrbcnmod231 = hPfilterz[ssrbcnpd230, 1600];

We extract the cyclical component of the consumption series.

ssrbcnmd232 = ssrbcnpd231[[1]1];

We plot the HP-filtered time path of consumption.
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ssrbcnod233 =
Li st Li nePl ot [ssr bcnpd232, FranelLabel - {"Tinme", "% deviation from steady-state"},
Pl ot Label -» "Ti me path of Consunption (HP-filtered), &:", Frame - True,
GridLines » Automatic, GridLi nesStyl e » Dashed, PlotStyle » {Thi ckness[0.004], Hue[O0. 3] }]
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We generate the simulated time series of labor.
ssrbcnmd234 = fl h[ssrbcnod192[[2, 1, 111, ssrbcnod192[[2, 2, 111, ssrbcnmd224, ssrbcnod219];

We take the last 150 values of the previous series.
ssrbcnod235 = Take[ssrbcnod234, -1507;

We apply the HP-filter to the preceding resuilt.
ssrbcnod236 = hPfilterz[ssrbcnpd235, 16007;

We extract the cyclical component of the labor series.
ssrbcnmd237 = ssrbcnpd236[[1]1];

We plot the HP-filtered time path of labor.

ssrbcnod238 =
Li st Li nePl ot [ssrbcm)d237, FrameLabel - {"Tine", "% deviation from steady-state"},

Pl ot Label - "Time path of Labor (HP-filtered), rt", Frame -» True, GidLi nes » Automati c,
GidLinesStyl e » Dashed, Pl ot Styl e » {Thi ckness[0.004], Hue[O0.5] }]
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We generate the simulated time series of output.
ssrbcnmd239 = fyh[ssrbcnmod200[[2, 1, 1]], ssrbcnmod200[[2, 2, 1]], ssrbcnmd224, ssrbcnod219];

We take the last 150 values of the previous series.
ssrbcnmd240 = Take[ssrbcnod239, -1507;

We apply the HP-filter to the preceding result.
ssrbcnod241 = hPfilterz[ssrbcnpd240, 16007;

We extract the cyclical component of the output series.
ssrbcnmd242 = ssrbcnod241[[1]1];

We plot the HP-filtered time path of output.

ssrbcnpd243 =
Li st Li nePl ot [ssr bcnod242, FranelLabel - {"Tinme", "% deviation from steady-state"},
Pl ot Label -» "Tinme path of Qutput (HP-filtered), ¥,", Frane - True,
GridLines » Automatic, GridLi nesStyl e » Dashed, Pl ot Styl e » {Thi ckness[0.004], Hue[O. 8] }]

T| me path of Output (HP flltered) yt

m Wi {\ ’3 v i

% deviation from steady—state

We generate the simulated time series of investment.
ssrbcnmod244 = fivh[ssrbcnpd201[[2, 1, 1]], ssrbcnod201[[2, 2, 1]], ssrbcnmod224, ssrbcnmod2197];

We take the last 150 values of the previous series.
ssrbcnod245 = Take[ssrbcnod244, -1507;

We apply the HP-filter to the preceding result.
ssrbcnod246 = hPfilterz[ssrbcnpd245, 16007;

We extract the cyclical component of the investment series.
ssrbcmd247 = ssrbcnpd246[[1]];

We plot the HP-filtered time path of investment.
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Li st Li nePl ot [ssr bcnod247, FranelLabel - {"Tinme", "% deviation from steady-state"},

Pl ot Label - "Time path of Investnent (HP-filtered), ft ", Frame - True,
GridLines » Automatic, GridLinesStyl e » Dashed, PlotStyle » {Thi ckness[0.004], Hue[0.99] }]
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Now we combine all these preceding figures into a single graph.

ssrbcnod249 = Li stLinePlot [
{ssrbcnpd222, ssrbcnpd227, ssrbcnod232, ssrbcnod237, ssrbcnpd242, ssrbcnpd247},

FranmeLabel - {"Time", "% devi ation from steady-state"},

Pl ot Label -» "Tinme path of the Variables (HP-filtered)", Frame - True,

GidLines » Automatic, GridLi nesStyl e - Dashed, Pl otLegend -»

{" Technol ogy", "Capital Stock", "Consunption", "Labor", "Qutput", "Investnent"},

LegendPosition » {1.1, -0.4}, | mageSi ze -» 550,
Pl ot Styl e » {{Thi ckness[0.007], Hue[0.65]}, {Thickness[0.007], Hue[0.171},
{Thi ckness [0. 007], Hue[O0.3]}, {Thickness[0.007], Hue[0.5]1}, {Thickness[0.007],
Hue[0. 8]}, {Thi ckness[0.007], Hue[0.99]}}, Pl ot Range » {{0, 150}, {-1.5, 1.5}}]
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The graph illustrates that investment is more volatile than output while capital stock and consumption are smoother

than output.

Now we present the graphs side by side.
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ssrbcnmd250 = Graphi csGid[{{ssrbcnpd223, ssrbcnpd228},
{ssrbcnpd233, ssrbcnmd238}, {ssrbcnpd243, ssrbcnpd248}}, | mageSi ze » 600]
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5.3. Second Moments Statistics

We start by writing a function that calculates the relative standard deviation. The function takes two arguments. Both
arguments are lists or time series in our case. The result of the function is the standard deviation of the first series
relative to the second.

rel ativesd[nvar _List, output_List]:=Mdule[{sdnvar, sdout },
sdnvar = St andardDevi ati on[nvar ]; sdout = StandardDevi ati on[output ]; sdmvar / sdout ]

We compute the standard deviation of each series relative output. To do this we automate the process by creating a
function that takes as first argument alist of list containing the series and as second argument the output series. The
function then gives asresult the list of the relative standard deviations.
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listrsdfunct [listrsd_, outrsd_] : =
Modul e[{resl, NN}, NN=Length[listrsd]; resl = Table[0, {i, NN}];
Do[resl[[i]] =relativesd[listrsd[[i]], outrsd], {i, 1, NN}]; resl]

We enter the series for which we want to calculate the relative standard deviation with output.

ssrbcnod251 = {ssrbcnpd222, ssrbcnod227, ssrbcnopd232, ssrbcnpd237, ssrbcnpd2473};

We calculate the relative standard deviation of technology, capital stock, consumption, labor and investment respec-
tively with output.

ssrbcnod252 = | i strsdfunct [ssrbcnpd251, ssrbcnpd242]

{0.827272, 0.325121, 0.233494, 0.319369, 3.27558)

We create a function that compute the correlation of each series with output. The function takes as first argument alist

of list containing the series and as second argument the output series. The result of the function is alist containing the
correlation of each series with output.

listcorrfunct[listcorr_, outcorr_]:=
Modul e[{rescorr, NNC}, NNC = Length[listcorr]; rescorr = Table[0, {i, NNC}];
Do[rescorr [[i]] =Correlation[listcorr[[i]], outcorr], {i, 1, NNC}]; rescorr]

We compute the correlation of technology, capital stock, consumption, labor and investment respectively with output.
ssrbcnmd253 = | i stcorrfunct [ssrbcnpd251, ssrbcnpd242]

{0. 999996, 0.0579083, 0.935252, 0.811926, 0.997319}

We display the relative standard deviation next to the correlation.
ssrbcnmd254 = Transpose[{ssrbcnmod252, ssrbcnpd253}]

{{0. 827272, 0.999996}, {0.325121, 0.0579083},
{0. 233494, 0.935252}, {0.319369, 0.811926}, {3.27558, 0.997319}}

Now we display the Second Moments Statistics of the model in table form.

ssrbcnod255 = Tabl eFor m[ssr bcnod254,
Tabl eHeadi ngs -» {{"Technol ogy", "Capital Stock", "Consunption", "Labor", "lnvestnent"},
{"relative volatility", "correlation"}}, Tabl eAlignments -» Center]

relative volatility correl ation

Technol ogy 0. 827272 0. 999996
Capital Stock 0. 325121 0. 0579083
Consunpti on 0. 233494 0. 935252
Labor 0. 319369 0.811926

I nvest nent 3. 27558 0.997319

From this table it appears that consumption, labor and capital stock are less volatile than output. Technology is almost
as volatile as output. Investment is more volatile than output. The table aso illustrates that technology, investment and
consumption are highly procyclic, while capital stock is less correlated with output.

This notebook has demonstrated how to solve and simulate a Real Business Cycle (RBC) model using the software
Mathematica. We have aso shown how to find the first order conditions, derive the steady-state and log-linearize the
model. A good extension of this notebook could be:

e First, to automate some parts instead of doing it step by step.We have chosen this last method for pedagogic
reasons.
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e Second, to use alternatives solution methods.
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