Introduction

The present paper attempts to study the dynamic properties of residential and commercial
property prices. A dynamic general equilibrium model is built and certain testable hypotheses
concerning the second moment of property prices are derived. To test these hypotheses, a
multi-city panel dataset is used. It is demonstrated that, by and large, the theoretical predictions
are consistent with the empirical findings.

The existing studies of the housing market fall into several strands. The first strand treats
aggregate output and income as exogenous, and studies how housing demand and supply, and the
equilibrium price react to different types of shock. The modelsin most of these studies are
essentially static. In some, even the price, or the rent, istaken as given in order to focus on tenure
decision. footnote Therefore, these studies cannot address the evolution and interdependent
dynamics of the prices of different property type.

The second strand focuses on the option aspect of properties. footnote Thisisan
increasingly important area as the market for mortgage-based securities in the US, among others,
becomes more and more devel oped. Studies here take the dynamic aspect of housing price
seriously and some of the analyses are exceedingly technical. They contribute significantly to our
understanding of mortgage-financing under the possibility of default and early termination of
contract. The drawback is that they mainly focus on individua property buyer’s problem and are
silent to the macro aspects of the housing market.

The present paper follows yet another approach, one which studies the housing market using
the dynamic general equilibrium approach — as adopted in, for instance, Greenwood and
Hercowitz (1991), Baxter (1996), and Gort, Greenwood and Rupert (1998). This approach
enables us to endogenize and study the interdependent dynamics of property prices. Several
casual observations provide justification for this approach. In reality, a construction company
that builds commercial property typically could build residential property aswell. Thereis
substitutability between the two types of output. Also, an expanding construction industry
inevitably absorbs resources from the rest of the economy and thereby increases the marginal
cost of other sectors. Therefore, it isnatural to conjecture that the prices of commercial and
residential properties are simultaneously determined. This paper takes a preliminary step along
this direction. In our model, the price of both commercial and residential property is
endogenously determined. Moreover, our model can generate closed form solutions from which
several testable hypotheses concerning the short-run commercial and residential property prices
are obtained. In particular, we show that under certain conditions: (1) the volatility of
commercial property is higher than that of residential property, (2) each of lagged, contemporary,
and forward commercial property pricesis positively correlated with the residential property
price, and (3) the contemporaneous covariance between the two property pricesislarger than the
lagged covariance.

Intuitively, property prices should also be positively correlated with real output growth and
other aggregate variables. Consider the situation where business capital and commercial property
are complements in producing final goods in the economy. A temporary increase in general
productivity will increase the demand for both business capital and commercial property. This
might lead to an increase in commercial property price. Furthermore, if it is foreseen that there
will be an increase in the amount of business capital stock in the following period, which means
that the marginal product of commercial property will increase, there will be afurther increasein
the demand for commercial property. The interaction does not stop here. At the equilibrium,
there is atrade-off between (nondurable) consumption, and the accumulation of business capital,
commercial property, and residential property. An unexpected increase in productivity will drive



up the demand for both consumption goods and residential capital at the given price. To clear the
markets, the property prices would need to adjust. These interactions should be reflected in the
correlation between real output growth and property prices. In this paper, we address formally
this output growth vs. property price correlation by allowing endogenous accumulation of
factors. Some testable hypothesis will be derived, which are then tested against real data.

We are not pioneersin the study of output growth and property prices correlation. For
instance, Greenwood and Hercowitz (1991) attempt to explain the cyclicity of residential
investment and business investment. However, their model assumes perfect irreversibility
between residential capital and consumption goods, hence the relative price of residential capital
isaways unity. While this formulation is a clever abstraction for studies of business cycles, it
precludes an investigation of property price dynamicsin agenera equilibrium context. They do
not have commercial property in their model either. In arecent study, Gort, Greenwood and
Rupert (1998) study technological progress embedded in “structures’ (such as roads). However,
they restrict their attention to the balanced growth path and they do not incorporate residential
property into their model. A distinguishing feature of our present paper isthat it puts economy
output, commercial and residential property prices together in a unifying framework. footnote

This paper may also contribute to the multi-sector general equilibrium literature, which is
typically very involved computationally but not very insightful analytically. While the current
model isvery simple, it nevertheless provides some closed form solutions and serves as a useful
starting point for future investigations. This is somewhat important as there is a recent tendency
in the business cycles literature to disaggregate the one good paradigm into a paradigm with
several sectors. A natural outcome of this paradigm is the emergence of relative price dynamics.
This paper demonstrates that under some assumptions, it is feasible to obtain closed form
analytical solution for relative prices (as afunction of shocks) even in a dynamic general
equilibrium context. It would complement more general models which only deliver numerical
results.

The organization of this paper is as follows. The theoretical model is presented in
Section ref: model . Section ref: empirical tests describes our dataset and presents the empirical

results. Section ref: conc concludes. Technical derivations are relegated to the appendix.

Model

Our model is similar to that of Lucas (1978), and Greenwood and Hercowitz (1991) and so
the present description will be brief. In our model, time is discrete and the horizon isinfinite.
The population is constant and is normalized to unity. There are four goods: a non-storable
consumption good, residential property, commercial property, and business capital; with the
latter three goods being durable. footnote It is commonly recognized that the depreciation rate of
business capital (e.g. machinery) is higher than that of property (e.g. structures). To highlight this
difference, it is assumed that business capital completely depreciates after (goods) production,
while residential property and commercial property only partially depreciate. footnote

Our analysis will focus on the representative agent of the economy. At timet,t =0,1,2,...,

the agent maximizes life-time utility
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> Bou(Cs,Hs + HY)
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which is a discounted sum of the periodic utility u(Cs,Hs + HS), footnote where 8, 0 < 8 < 1,
isthe discount factor, Cs isthe amount of consumption in period s, and Hs is the stock of
residential property owned by the representative agent in period s, Hj is the stock of residential
property rented from the market by the representative agent inperiods,s=1t, t+1, t+ 2,...
Essentially, it is assumed that rented and owned residential properties are perfect substitutesin



terms of service rendered. We follow the baseline model of Greenwood and Hercowitz (1991) in
assuming that the preference islog-separable, u(Cs,Hs) = (InCs + oIn(Hs + HY)), Hs + HE > 0,
where w > 0 is apreference parameter governing the substitution between consumption and
residential property. Thisis admittedly a strong assumption, yet it enables us to obtain closed
form solutions and sharp predictions, as is made clear in the following. footnote

Goods production technology is such that the total amount of production Y; in period t
depends on the stock of commercial property owned by the representative agent F, the stock of
commercial property rented from the market F{, and the stock of business capital owned by the
representative agent K;. For smplicity, it is assumed that the business capital owned by the agent
and that rented from the market are perfect substitutes. And the same applies to commercial
property,

Yt = At(Kt)lfa(Ft + Ftr)a’ #

O<a<l1t=1, 2,..Asemphasized in Gort, Greenwood and Rupert (1998), commercial
property (F: here) plays an important role in goods production. To incorporate thisidea, the
aggregate production function is assumed to exhibit constant returns to scale in business capital
and commercial property. footnote The amount of output, however, depends not on the amount
of business capital and commercial property, but also on productivity A, which fluctuates over
time. In this paper, we assume that the fluctuation of productivity is the only exogenous
(random) shock on the economy. For simplicity, the series of “productivity” {A¢}, iS assumed
to be bounded and positive, 0 < A; < M < o, some constant M, Vt, and isidentically and
independently distributed (i.i.d.). Both the mean and the variance of this random productivity are
bounded, footnote

0< E(At), Var(At) < oo, VL.

To close the model, it is necessary to describe the evolution of the different kinds of capital
stock. Recall that business capital completely depreciates after one period. In the case of
commercial and residential property, depreciation is partial and the accumulation of each is
deterministic,

Fri = Be(ID) ™ (Fe + F§)?, #
and
Hea = Bu(IM) ™ (He + HE)?, #

and By, Be are constants, 0 < B, Br < . Equations( ref: pd f prod ) saysthat the existing stock
of commercial property, whether it is already owned by the agent, i.e. Ft, or purchased from the
market, i.e. F§, are complement to investment | in the formation process of the new stock of
commercial property Fi.1. Similar reasoning applies to Equations( ref: pd h prod ) for residential
property. Notice that the rental market is a spot market, and hence the amount of residential or
commercial property rented from the market, Hf and F{, do not enter the equations

(ref: pdf prod) and ( ref: pd h prod ). The specific form of the laws of motion for commercial
buildings and residential property is adapted from Hercowitz and Sampson (1991). In this
formulation, 1 — ¢, where 0 < ¢ < 1, can be interpreted as the “ depreciation rate” of existing
commercial buildings, and 1 - 0, where 0 < 6 < 1, can be interpreted as the “ depreciation rate”
of existing residential property. Besides building the properties, the representative agent can
buy/sell commercial property F§ and residential property Hf at unit prices Pg; and Py
respectively. They can also rent commercia property F{ and residential H{ from the market at
rental rate Re; and Ry respectively. (Notice that business capital K depreciates completely after
one period and hence the rental market of business capital can be assumed away without loss of
generality). We assume that they first produce output and make payments for commercial



property and residential property afterwards.
Asin Greenwood and Hercowitz (1991), the dynamic optimization problem is summarized in
a Bellman equation as

W(H¢, Fi, Ky) =

Ct.Ks1 Het Froa |15 HEFE FLLHE

InC; + wIn(Hs + HY) + BEW(Ha, Fria, Keia)
st.
Ci+ Kea + I + 1T + RetF} + Ry ¢H}
< A(K)T(Fy + FD)® — PeF$ — PyHS, #

and also (ref: pd f prod) and (ref: pd hprod). Let 11, A2 and A3 represent the multipliers of
the constraints ( ref: pd sbudget ), (ref: pd f prod) and ( ref: pd h prod ) respectively. It is easy
to show that the first order conditions of our dynamic programming problem are

A1 = 1UC, #

Pl = AaBuO(HI(He + HE)) M, #
Peidu = AxBre(IF/(F + FE), #
Ret = Awa(Ki/(Ft + F) T2, #

Rut = (VA1) (w/(He + HD)), #

At = AaBu(1-0)((He + HR)N)’, #
A1t = AaBe(1 - €)((Fy + FHNE)F, #

and
At = (1 - @) PE[ A1t At (K1) *(Fra + Fi) ]
— _ Yira )
1 a)ﬁEt[ll,Hl( K :|, #

Aot = PE{A1t:10A01 (K)o (Fua + FiL )t
+),2,t+185|:(|t':+1/(|:t+l + Fts+l))l_8}

_ Yt+1 ) ( I:t+2 )}
= BEi< A —_— 1+ A —_ e , #

B t{ 1410 ( Foa+ FL, 2t41€ For+ FS,

Ao = PE 2 + xmeBH('tH—”)H

Ht+l ' Ht+l + Hts+1
H
= BE,{ -9 1) 9(#)} #
ﬁ t{ Ht+l 3+l Ht+l T Hts+l

To complete the model, it is necessary to impose equilibrium conditions. Note that this
model differs from the standard real business cycle modelsin two ways. First, there is no explicit



treatment of the firm’s problem in this model. Second, closed form solutions can be obtained.
We therefore skip the detailed characterization of the equilibrium and go directly to finding the
solution.

Since the economy is populated by alarge number of identical agents, in equilibrium, the net
sale of different types of properties among agents must be zero,

Hf = Ff = 0, Vt. #
Similarly, the net trade in the rental market should also be zero,
Hf = F| = 0, Vt. #

Given the above, we can now define the stationary equilibrium of this model.

Definition For a given sequence of productivity shocks {A:}1,, a stationary equilibriumisa
sequence of quantity variables {Ct, Kt,1, Ht,1, Frig, I, 1T}, and a sequence of price variables
{Rrt,Rut, Prt, PHt 1o, SUCh that the representative agent maximizes his expected life-time
utility, subject to the constraints ( ref: pd sbudget ), (ref: pd f prod) and ( ref: pd h prod ), and
market clearing conditions ( ref: mkt clear ) and ( ref: mkt clear 2).

We now solve the equilibrium explicitly. The equilibrium quantities are solved first,

followed by prices. In the appendix, it is shown that the equilibrium quantities can be
characterized by the following equations,

Proposition If the following conditions are satisfied,
Bla+e—ag) < 1, #
dH Dy < 1, #

some constant ®", @, then the evolution of the equilibrium quantities can be summarized by
the following equations,

Ci = DYy,
Ku1 = TKY;,

IH = THY,,

IF =TFY,,

for some positive constant @, I'', suchthat0 < ®, I'" < 1, i = K,H,F, and ( ref: pdf prod),
(ref: pd hprod), and ( ref: prod fn), for any given initial conditions, Ao, Ko, Fo, Ho.

The conditions ( ref: uselesscond 1) and ( ref: useless cond 2 ) are technical. Intuitively,
they serve to ensure that the return of investing in any of the three types of capital (business
capital K, residential property H; and commercia property F:) would not be too low or too high
at the equilibrium, and hence guarantee a positive fraction (not exceeding one) of output to be
devoted to each type of capital. To solve the equilibrium quantities in each period as functions of
exogenous variables, it would be convenient to rewritein log form, i.e., we write ¢ = In®,
yk = InTK, ¢t = InCy, if = InIF, y; = InY,, etc. The economy is hence represented by the
following linear equations:

Yt = at+(1—a)kt+aft, #
ft+l = bf+(1—8)i{+8ft, #

ht+l = bh+(l—0)i?+9ht, #



Ct:¢+yt, #

kt+1=7k+Yt, #
i{:}/f-i-yt, #
iP:7h+yt’ #

given theinitial conditions ao, ko, fo, ho.

It iseasy to seethat (log) non-durable consumption c; and (log) residential housing h; are
determined by (log) output y; and (log) commercia housing f;, given the initial conditions. This
is clearly arecursive system, with the subsystems ( ref: linear prod ), ( ref: linear '),

(ref: linear k') and ( ref: linear if ) determining the outcome of the large system. In fact,
(ref: linear prod ), (ref: linear f'), (ref: linear k') and ( ref: linear if ) can be combined and
further simplified as

Yir1 — afy1 = (1 - a)yk + (1 - a)yt + Att1, #

ft+l = b; + (1 - S)yt + Sft, #

where b; = by + (1 - £)y". Following Sargent (1979) and L titkepohl (1993), footnote it is shown
in the appendix that the equation system ( ref: y-alphaf ) and ( ref: f' f ) can be solved, giving rise
to the simple representation:

AY1 = ba + (1 —el)(1-g,L) ta, #
and
Afpa = ba + (1 - g)L(1 - e,L) tag, #
where
ba = (1-2.) {1 - a)((1-e)y¥) + abi},

AX; = X; — X1, for any variable X:. L isthe lagged operator, L"X; = Xin, n = 1,2,3,..., and
Lc = ¢, for any constant c.
With ( ref: change of y ) and ( ref: change of f ) in place, the evolution of residential capital

stock can be easily traced. By ( ref: linear h') and (ref: linear ih), it is clear that
ha = (1-0)71by, + (1 - 0)(1 - 6L) 1y, #
or
Ahyr = (1-0)(1-0L) Ay,
where
L= (1-6)"bn.
which, when combined with ( ref: change of y ), can be re-written as

Ahyg = by + (1-60)(1-60L) (1 -eL)(1 - g,L) a. #



Equipped with ( ref: change of y ), ( ref: change of f ) and ( ref: change of h)), we can
compute the relative prices of the two types of property. In fact, we need to solve both prices and
rents of both types of property. The following result, which relates rents and prices, is useful:

Lemma Each property rent is proportional to the corresponding property price.
Rrt = BFPgy,
Ryt = BPyy,

for some constants BF, B.

Thisresult is consistent with the empirical finding that housing prices and rents exhibit the
same trend. footnote By taking log of ( ref: rent pricef ) and ( ref: rent price h), we get

re = bf + pr, roe = b + pre,

for some constant bf, b". Since constants have no impact on variance and covariance terms, all
the conditions and results for property prices apply directly to property rents. Therefore, without
loss of generality, we can focus on the cross-relationships of prices. First, notice that

(ref: pdfochO) and ( ref: pd foc ih’) can be combined to yield

- (229) (1) - (2D #
Similarly, (ref: pd foc f0) and ( ref: pd foc if ) can be combined to yield
- (25 () - (H22) (%) #

Asfor the quantity variables, we take the log of all price variables, for example, we write
Prt = InPxt. (ref: pd phegn) and ( ref: pd pf eqn) can then be written as

Prt = dn + Yt — hy, #
and
prt = df + yt — T, #

where dy, df are constants,

It is clear that whether pr: and pr have finite variance depends on the terms (y; — hy),
(yt — ft). The following lemmas provide useful characterization of these terms. Proofs can be
found in the appendix.

Lemma (y: — h;) can be written as a discounted sum of past productivity shocks,
yi—h = (Z niat_i) + (constant terms), #
i=0

where
go=ex(1-a),

i i-1
mi = [Z(ev(sa)‘-i —£) (0)(sa)" J
j=0 i=0

with No = 1



Lemma (y: — fi) can bewritten as a discounted sum of past productivity shocks,

yi—fi = (zw:(sa)iati). #

i=0

Itisclear that (y; — f;) is Stationary. footnote We assume that (y: — h;) istoo. footnote As
will be made clear, the magnitude of n; playsakey role in the results over relative volatility. Itis
perhaps instructive to explicitly compute the variance of (log) property prices. To do this,
assumptions on {a;} need to be made. For expositional purposes, it is assumed that {a;} isan
i.i.d. process. In the appendix, the case of {a;} being an AR(1) processis analyzed. For the
present section, since {a;} isi.i.d. with finite first and second moments, mean and variance of p
exist. In particular, by ( ref: phlog) and ( ref: y hlemma),

var(pnt) = V&I’(Z Uiati) = o2 Z(ni)z’ "

i=0 i=0

where ¢35 = var(a). footnote The existence of var(ps) can be shown in the same manner. By
(ref:y flemma),

var (pr) = var(iz;(sa)ia“) = a%(ﬁ). #

Combining ( ref: var ph) and ( ref: var pf ) yields the first principal result of this paper, which
concerns the relative volatility of the prices of commercial versus residential properties.

Proposition Commercial property priceis more volatile than residential housing priceif the
following condition is satisfied,

var (pr)/var (pry) > 1 < (1 ) ) Z(UI

i=0

The message of the proposition can be made more transparent by considering two limiting
cases. First, consider the case where ¢ is equal to unity. footnote In this case, commercial
property does not depreciate at all. It followsthat i = (9)'. Hence, 3" (n1)2 = (1~ (0)2)
On the other hand, ¢ = 1 meansthat ¢, = 1 — a. The proposition states that if the contribution of
business capital in goods production, (1 — a), islarger than the contribution of existing
residential property in the formation of future (i.e. next period’s) residential property, 0, then
commercial property price will exhibit higher volatility than residential property price. The
intuition is clear. Where e = 1, that the stock of commercial property isfixed. By ( ref: pf log),
var (px) = var(y;). The variance of (log) output clearly depends on the variance of (log) business
capital, which itself is part of output. Thisiswhy the contribution of business capital in goods
production matters — because it determines the extent that current output is “affected” by
previous output. On the other hand, the variance of (log) residential price will depend on the
variance of (log) output relative to the stock of residential property, var(y: — h;) by ( ref: phlog).
Since both business capital investment K, and residential property investment I, are fixed
fractions of output Yi_1, they are perfectly correlated. Hence var (y; — h;) would ultimately
depend on the contribution of commercial property F: to current output Y; (captured by a),
relative to the contribution of previous period’ sresidential property H;_; to the formation of
current residential property H: (captured by 6). However, the stock of commercial property is
fixed in this case. Therefore, the only parameter that mattersis 6.

Next, we consider the limiting case where 6 is equal to zero. It corresponds to the case where
residential property completely depreciates after one period and the stock of residential property
adjusts very quickly to changes in market condition. Inthiscase, i = (g,)'(1 — €). Hence,



Comi)? = 1-e)(1-(ea)?) !, By the stated proposition, commercial property price has to
be more volatile than its residential counterpart, var (ps) > var(pn). The intuition is also clear.
Suppose the economy experiences a negative shock and the demand for both commercial and
residential property decreases. For residential property, the existing stock would vanish in the
next period. However, thisis not the case for commercial property. Thus, the relative price of
commercial property must adjust downward to clear the market. Similar reasoning would apply
if the economy experiences a positive shock. We therefore arrive at the conclusion that the price
of commercial property is more volatile. In general, both € and 6 lie strictly between zero and
unity so that which property priceis more volatile is not certain a priori. The discussion of the
two limiting cases does illustrate the forces at work and suggest some insight in the stated
proposition.

The simplicity of our model not only allows usto calculate the variance terms of property
prices, it also allows usto calculate the covariances as well. The algebrais straightforward and
only the crucial steps are shown.

cov(pre, Pr) = cov( D midei, X o(€a)'Ati)

2§ ® i #
= Gazizo(sa) ni-
Similarly,
cov(prt, Pre1) = 03 Z(Sa)i+l77i’ #
i=0
cov(pre, Pre1) = 62 D (&a) i #

i=1
Notethat O < (e,) < 1. Thus, it isrelatively easy to ensure the positivity of covariances:

Proposition Under some mild conditions, the prices of commercial and residential property
move together, i.e.

If D (a)'ni > 0, then cov(pw, pr) > O.

i=0

If Z(ea)”lni > 0, then cov(pr, Prea) > 0.

i=0

If D" (4)™ni > 0, then cov(pr, Prr-1) > O.

i=0
Assuming that all the covariance terms are positive, we can compare ( ref: covtt) and
(ref: cov tt+1) and arrive at the following proposition,

Proposition The covariance between pr: and py islarger than that between pre and pr 1, 1.€.

cov(pPnt, Pit) > COV(Prt, Prir1)-

Corollary The correlation between py: and pr is larger than that between pr: and ps .1,

corr(pnt, Pit) > COrr(Pnt, Pri+1)-



[Proof] The proof istrivial.
Cov(pht’ pfS)
Jvar (pro) Jvar (prs)

s = t,t + 1. However, the variance of commercial property price is constant over time,
var (pst) = var(psi+1), and the corollary follows.

A comparison of the relative magnitudes of cov(pr, pr) and cov(pn, Pre-1) IS however
non-trivial. The following proposition however provides the necessary and sufficient condition.

Proposition

corr(pnt, Pts) =

cov(pnt, pre) > cov(Pnt, Prt-1)
= 1 > 27 [1-ed](ea) i

The proof follows directly from combining ( ref: cov tt) and (ref: cov t t-1) and istherefore
skipped. By the constancy of the variance of the prices, the following corollary can be easily
derived,

Corollary

corr(pnt, pPrt) > corr (P, Pri1)
= 1 > > [1-¢eal(ga) i

Our results here provide us with a set of hypotheses which we can test using empirical data.
The next section describes the econometric procedure and the city-level dataset that we employ
for exactly this purpose. However, before we move on, we should mention that the present model
also generates testable implications on the covariance between the growth rate of output Ay; and
the property prices pnt, pr: - These yield interesting hypotheses as well.

Proposition If (no+ (¢4 — &)X, o(€a)'Mis1) > 0, then
COV(AY:, Pnt) > 0. #

Proposition If (no+ (¢4 — )Y, (€2)?*) > 0, then
COV(Ayt,pf,t) > 0. #

Empirical Tests

In this section the propositions concerning the second moments of py, pr and Ay are tested.
The tests are based on housing price data extracted from the National Real Estate Index
published by CB Richard Ellis National Real Estate I ndex. From the fourth quarter of 1985
through the first quarter of 1998, the database provides quarterly data for 56 major U.S. cities
apartment and office rents. footnote The National Real Estate Index are supplemented by the
annual data of metropolitan level per capitaincome from the Bureau of Economic Analysis of
the US Department of Commerce. Since the data frequency of the National Real Estate Index
datais different that of the Bureau of Economic Analysis data, we match only the fourth quarter
National Real Estate Index data with the Bureau of Economic Analysis data. This leaves uswith
496 observations. The data are deflated using the CPI (all urban consumers) from the Bureau of
Labor Statistics.

The National Real Estate Index database contains data on housing price and rent. However,
the high proportion of missing observations in the price series prevents us from using price data
for empirical analysis. Instead, we use the rent series. The descriptive statistics of the sample are
presented in Table ref: sample.
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The examination of the validity of Propositions 46 and 12—13 could be accomplished by
testing the hypotheseslisted in Table ref: teststat . The 95% confidence intervals of the test

statistics are computed and reported in Table ref: teststat . The confidence intervals are
computed using the bootstrap methodology (see Efron and Tibshirani, 1993). The following
briefly describes the construction of the confidence intervals. We first draw 1000 random
samples (of the same size as the original sample with replacement) from the original sample.
From each of the 1000 artificial samples we estimate a statistic g, yielding q» = (s, ...,d100) ,
which constitute an empirical distribution of g. A confidence interval of a significance level,
denoted by {c,,cy,}, IS constructed with ¢, being the (1000 x a)th element of gy, and ¢, the
[1000 x (1 — a)]th element, where qy is equivalent to gy sorted in ascending order. Bootstrapping
is a computer-intensive (i.e., time-consuming) numerical method. We use this method in order to
avoid imposing distributional assumptions on the test statistics. All computations are coded in
GAUSS.

We accept the null hypothesis of Hp : g = xif the confidence interval of statistic g does not
cover x, i.e., if c,, < xorc;, > X. Theresultsin Table ref: teststat suggests that except for
hypothesis 5, al the null hypotheses are rejected. In other words, except for proposition 6, al the
testable propositions are supported by the data. It islikely that the acceptance of hypothesis5is
due to the strong autocorrelation for pn;.

We conclude from the empirical results that the validity of most of the testable hypothesesin
the present paper are confirmed.

renewcommand

Hypothesis Testing
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Conclusions

Thereis growing attention on how different asset markets interact with the aggregate
economy, and how this interaction would affect business cycles. Housing market is one of the
major issue on the agenda since a significant proportion of households have real estate making
up the largest share of their physical wealth. Following Greenwood and Hercowitz (1991),
Baxter (1996), Gort, Greenwood and Rupert (1998), among others, this paper explores some
ignored aspects of the housing market. Unlike previous works, which are mainly numerical, this
paper adopts the formulations of Hercowitz and Sampson (1991) and generates some theoretical
predictions concerning the stochastic features of the property prices, and their relationship with
aggregate output. Thus, this paper complements the literature in the following ways. We
document some stylized facts concerning the cross-dynamics and volatility of different types of
property price. We formulate a dynamic general equilibrium model which generates predictions
consistent with our empirical findings. Along the way, we also demonstrate a possibility of
studying the dynamics of relative price in a dynamic general equilibrium context. We believe
that this work contributes to enriching our understanding of the housing market and its
relationship with the economy. In future, we will extend the model to allow for endogenous
heterogeneity of the agents to enhance our understanding of property market transactions.
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appendix

Proofs

Proof of Proposition 1

To compute the equilibrium quantities, different variables will first be written as functions of
non-durable consumption, and by use of goods market equilibrium condition, the non-durable
consumption is computed. The first target relationship is in between the investment in residential
capital and non-durable consumption. By ( ref: mkt clear ), ( ref: pd foc h') can be written as

AztHu1 = BEH o + 0431 (Hu2) )

since H,1 isachoice variable at time period t. Assuming no bubble conditions, which means that



limB*Et(AausHusi1) = 0,
LLrQ ﬂHSEt(l&HSFHsﬂ) =0,
it can be shown that

2a = (FE2 ) a+op+@p7+ )

t+1

- (85 () ’

2 (e )

Combined with ( ref: pd foc c), it gives

(ﬁgﬁ)(HCJl) N (m)(i‘t)@ #

However, ( ref: pd h prod ) can be written as

>From ( ref: pd focih),

Thus, ( ref: c-h' ratio ) will reduce to

IH =THC,, #
where
H_ (1—9)60[3)
e - (G008, .

Itisclear that 0 < T'H. (ref: ih-c) saysthat the investment in building houses is proportional to
the amount of non-durable consumption at any period of time.

It is possible to derive asimilar relationship among other variables. By ( ref: pd foc if ), the
left hand side of ( ref: pd foc f') becomes

(T )(#) (2)

and the right hand side becomes

ped ()0« (e ) (#2) (B2) ]}

However, by (ref: pd f prod ),

Fsi1 = BE(I5) ™ (Fs)?, Vs,

Hence, (ref: pd foc f') can be ssimplified as

(@5)(&) = e[ (F) - () (&) I #




Obvioudly, if the ratio of output relative to non-durable consumption is a constant, so will the
ratio of commercial buildings investment relative to the non-durable consumption.

Conjecture The amount of non-durable consumption is a fixed fraction of output,
Ci = DYy, #

0 < ® < 1, and the commercial building investment is also proportional to non-durable
consumption,

If =TeC, #
0 < T§, Vt.
By (ref: conject c-y ) and ( ref: conject if-c ), (ref: if-c prelim) is reduced to
r_( (A-¢)ap 1
re = (0 ) (8) #

Now, by ( ref: ih-c) and ( ref: conject if-c), ( ref: pd sbudget ) can be re-written as

Yi = Ci+ Ky + 17 +1F

= Ku1+ (T +TE+1)C
which implies that
Kua = TXY,, #
where
K =[1-TE+TE+1)0]
by ( ref: conject c-y ). Notice that ( ref: pd foc k') can be written as
& - a-ors( (<l )|

or

& -a-ome] (4) 7k |

Thisimplies that

IK=[1-TH+TE+1)0] = (1-a)p, #
which means that
0<TK<«1,
and
_1-(-o)p 4

C TH+TE+1)°
If TE > 0, itisclear that 0 < @ < 1. Substitute ( ref: ata 1) into (ref: if-c) gives

(1-¢)af* (TE+1) 50
[(A-ef)1-(1-a)B)]-(1-¢e)ap '

To verify the conjectures ( ref: conject c-y ) and ( ref: conject if-c), it suffices to show that the

rE - "




shares of different kinds of investment are in fact positive and smaller than unity, 0 < I11/Y;,
IF/Y; < 1. These requirements lead to certain restrictions on the parameters, asit will be made
clear. Notethat If/Y; = ®I'E = T'" > 0. By (ref: if-c),

s - (S5)

= Pla+e—ag) <1 #

Thus, this paper imposes ( ref: ib-y cond ) to guarantee If/Y; < 1. The case for I/Y; issimilar.
Notethat I1'/Y; = @' = TH > 0. However, to know what restriction will lead to @'l < 1, itis
necessary to write @ as afunction of parametersfirst. By (ref: atal),

O+ =1-(1-a)f - OIE,

which means that

where

o fo-c-on- (450}
Hence, by ( ref: gammah),

orH — (141:(?“2 ){[1—(1—a)5]_((1 sg)gﬁ)}

where
(F_c“:) :( (1-0)op ) ", i
1+ 1-0)wp+(1-p)
In other words,
O <1 O xd, < 1. #

In sum, this section shows how we compute the share of non-durable consumption and
different kinds of investment, @, T'!, i = K,H,F, and their formulae are given by
(ref: gammah), (ref: extral), (ref: T F) and ( ref: extra2).

Proof of (ref: rent price f ) and (ref: rent price h)
It isvery simple. First, note that (ref: pd foc hO) and ( ref: pd foc ih) can be combined to

yield
o= (s (1) - ()% :

Similarly, (ref: pd foc f0) and ( ref: pd foc if ) can be combined to yield

Pr= (720) (%) = (52)(#). #

Now, (ref: rent f ) can be written as




_ ﬁ)
RFt—(l( Ft .

Combining it with ( ref: pd pf egn) yields

a(l—c¢) )
Ret = P
Ft ( D Fts

whichis ( ref: rent pricef ). Similarly, ( ref: rent f ) can be combined with ( ref: pd foc ¢ ) and
(‘ref: conject c-y ) and yields

which is (ref: rent price h).

Proof of (ref: change of y ) and (ref: change of f)

Following Sargent (1979), L itkepohl (1993), the equation system ( ref: y-alphaf ) and
(ref: f' f) can be expressed in the following matrix form,

M1Ve1 = N1+ M2(L)Veq + ang,
1 -« 1-—a)ykK 1-a)L O
My = , N1 = ( /)7 , M2o(L) = ( : ,
0 1 o (1-¢)L L
. N a
Y1 = ( i/:ll ), at+l:( gl )

By (ref: matrix formula), it is easy to see that the solution takes a very simple form

where

Vi1 = (M1 = M2(L)) Ny + (M1 — M2(L)) Yany,

where

-1
) L[ 1-a-aL
(M1~ Ma(L) ( o 1_8L)

_ mu (L) mya(L)
m21(L) mzz(L) ’

such that



mu (L) myo(L) 1-1-a)L -« [ 10
Ma1(L) mpa(L) “(1-gL 1-¢L / L 01 )

My (L)[1—-(1—-a)L]+ mp(L)[-(1-¢)L]
M1 (L)[—a] + maa(L)[1 — L]
Mz (L)[1—- (1 —a)L] + mp(L)[-(1-¢)L]
mMo1 (L) (—ar) + mpa(L)(1 — €Ll)

Or,

r O O F

It is easy to show that

mu(l) = (1-el)(1-L)*(L-el)™,
ML) = a(l-L)*(21-el)™,

mp(L) = (1-g)L(1-L) (1-e,L)?,
Mp(l) = 1-(1-a)L)A-L) A -elL)™

Hence, ( ref: matrix') can be written as

Ayt1 = Ma(L)N1 + Ma(L)an?

— AYi (1-L)ye Yir1 — Vi
A}/t+l = = = 1
Afi (1-L)fen fra — Tt

=] 1
ML :( (1—(c,|_)(1—g,,5|_)71 a(L - ell) } )
1-e)L(1-eL)™ A-(A-a)L)(1-g4l)

where

and

Proof of (ref: y h lemma)
By (ref: linear h'l),
Yt — ht
=(1-1-0A-0L) L)y +...
= (1-6L)H(A-6L)— (1-0)L)y; +...
=(1-6L)1A-L)y +..
= (1-60L)(1—eL)(1—e4,L) ar + ... by (ref: changeof y ),

with constant terms skipped. Note that



(1-6L)11-eb)(A-g,L)?t

= (1—eL>(Z(0L)i ) (Z(eaui)
i=0 i=0
= (1- sL>(§] L Z(9>i<sa)i-i>

i=0  j=0

0 i i-1
=1+ {Z Li[ OUCHREES D OICH J}
i=1 0 j=0

i i-1
ni = [Z(G)J(sn” —sZ(eﬂ(sa)”J

j=0 j=0

where

with 7o = 1. Itis assumed that ; converges to zero fast enough so that Y " ni isfinite. footnote
Thus, ( ref: y-h) can be written as

Yi — ht

Proof of (ref: y flemma)
By (ref: change of y ) and ( ref: change of ),

(Y1 — fren)
= (i —f) + (L—e,L) ™ [(1—eL) — (1 —¢)L]aw
= (yi—f) + (1 -e.L) (1 -L)am
=1-gL)*1-L)(@ui+ar+acs+...)
= (1-eal) @)

= (ea)' At
i=0

Proof of (ref: covy ph)and (ref: covy pf)

First, it is necessary to re-write equation ( ref: changeof y ) as

Ayt = by +ai+ (g4 — €) Z(Sa)iat—l—i-
i=0



Hence, the covariance of change of y; and pn; is

COV(Ayt, ph,t)

- cov(at +(ea—8) ) (ea)'arai, ) niat_i)
i=0 i=0
=02 x (770 +(eq — €) Z(sa)ini+1).
i=0
Similarly, the covariance of change of y; and py; is

COV(AVt, Prt)

_ cov(at +(ea—8) D (e) B, D () A )
i=0 i=0
= o4 * (770 + (8a — &) Z(Sa)Zi_l)-
i=1

The case when {a;} is an AR(1)

In this section, we consider the case where {a;} isan AR(1), and examine how the results are
affected. Formally,

ay = pai1 + Ui, #

where u; isi.i.d., with E(u;) = 0, var(u;) = o3 < o, Vtand cov(u;,us) = 0, Vs # t. By
(ref: at arl), we have

It means that

and



var (pr)

= var(zw:(aa)iati)
i=0

= var (Z(Sa)i Z(p)jut—i—J )
i—0 j=0

= Var(g(g(sa)j(p)i‘j )m)

0 i 2
- 052(2(8a>"<p>ii) .
i=0 \_j=0

Obvioudly,
var(pst) > var(pnt)
P i 2 » i 2
iff Z(Z(saﬂ(p)i-j) > Z(mei-ﬂ) .
i=0 j=0 i=0 j=0
Similarly,

cov(Prt, Pht)

- cov(g(jz_io:(sa)j(p)i‘j )ut—i, g(gm (p)“j)ut—i)
: {(jz_ioz(sa)j(p)“j ) (JZ_IO: nj(p)" ) }

Clearly, a sufficient but not necessary condition isthat n; > 0, Vj, then cov(ps, pnt) > O.

COV(Pr 1, Pht)

- cov(g(iZ(Sa Y(p)- )um_i, Z(,Zo: mi(p)" )ut-i )

j=0

fglgonr e o
o 5o ()}

Again, if n; > 0, Vj, then cov(ptts1, Pnt) > O.



cov(pPr-1, Pht)

- cov(g(ji_i;(sa ) (p) )ut_l_i, Z;,(Z ni(p)" )ut_i )
= Cov(g(zi:(sa)j(p)i‘j )ut 1, io(i ni(p)’ ‘)ut L )

j=0 i

Cov(i(i(sa)j(p)i‘j )ut i( 2 I ni(p)™ ) ut—i)
ZOI{(JZZ)(S ) (p) ,)(j_‘o ni(p)’ ,)}

Again, if n; > 0, Vj, then cov(pst-1,pnt) > O.
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