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Abstract

A transformed metric entropy measure of dependence is studied
which satisfies several desirable properties and is capable of impressive
performance in identifying nonlinear dependence in time series. The
measure is applicable for both continuous and discrete variables. A
nonparametric kernel density implementation is considered here for
ten models including MA, AR, integrated series and chaotic dynamics.
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1 Introduction

The most widely used measures of dependence are geared towards linear
relations and continuous variables. Correlation-based indices are common
and are defined over the realizations of the random variables. Entropy-based
indices are defined over the actual distributions which are the bases of inde-
pendence/dependence concepts, and more fully represent their underlying
variables, both continuous and discrete. For example, the relative entropy
measure based on Shannon’s entropy function has been increasingly uti-
lized in the literature (see Joe (1989), Robinson (1991), Skaug & Tjgstheim
(1996), and Granger & Lin (1994)). But relative entropy, and almost all
other entropies, fail to be “metric” as they violate the triangularity rule.
We wish to consider a metric entropy measure which also satisfies several
other desirable properties stated in Granger & Lin (1994).

A measure of functional dependence for a pair of random variables X

and Y may be required to satisfy the following six “ideal” properties:

1. Tt is well defined for both continuous and discrete variables.

2. It is normalized to zero if X and Y are independent, and lies between
-1 and +1.

3. The modulus of the measure should equal unity if there is an exact

(nonlinear) relationship, X = ¢g(Y') say, between the variables.

4. Tt is equal to or has a simple relationship with the (linear) correlation
coefficient in the case of a bivariate normal distribution.

5. It is metric, that is, it is a true measure of “distance” and not just of

divergence.

6. The measure is invariant under continuous and strictly increasing
transformations A(.). This is useful since X and Y are independent if
and only if A(X) and A(Y') are independent.



Granger & Maasoumi (1993) considered a normalization of the Matusida-

Bhattacharya-Hellinger measure of dependence given by
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where f = f(a,b) is the joint density and f; = f(a) and fo = f(b) are the
marginal densities of the random variables A and B, and where 0 < p* <
JJ(fxFf fg)% dadb < 1. The measure is one half of the Hellinger (last
equality) and the Matusida M (.) measures which are non-negative.

S, satisfies properties 1-3. Property 5 is established in the literature (see
Maasoumi (1993)), and property 6 was established by Skaug & Tj stheim
(1996) for the Hellinger measure. s for property 4, we note that when
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e consider using S, to measure the degree of dependence present in
time-series data. To this end we employ a adaraya- atson ( adaraya
(1965), atson (1964)) kernel estimator of f( , _ ), f( ), and f( _ ),

=1,2,..., . e investigate the performance of this kernel-based im-
plementation, and we use the many non-linear models and simulations of
Granger & in (1994) as our benchmark. The traditional, correlation-based

measures fail, sometimes very badly indeed, whereas our measure is very






























