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7KLV SDSHU SUHVHQWV D FRPSOHWH FKDUDFWHUL]DWLRQ RI WKH ORFDO G\QDPLFV IRU RSWLPDO FRQWURO
SUREOHPV LQ V\VWHPV JRYHUQHG E\ IRXU QRQ�OLQHDU RUGLQDU\ GLmHUHQWLDO HTXDWLRQV �2'(�� :H
IRFXV RQ WKH LQnQLWH KRUL]RQ� FRQWLQXRXV WLPH� DXWRQRPRXV DQG GLVFRXQWHG SUREOHP�

7KH ORFDO G\QDPLFV RI WKH +DPLOWRQLDQ V\VWHP IRU VFDODU DQG SODQDU RSWLPDO FRQWURO
SUREOHPV LV ZHOO XQGHUVWRRG� )RU WKH VFDODU SUREOHP� �+DUWO� ����� VKRZHG WKDW WKH VWDEOH
VXE�PDQLIROG KDV PD[LPXP GLPHQVLRQ HTXDO WR RQH DQG WKDW LWV WDQJHQW VWDEOH VXE�VSDFH
ZLOO RQO\ GLVSOD\ PRQRWRQRXV WUDMHFWRULHV� )RU WKH SODQDU SUREOHP� �'RFNQHU� ����� DQG
�)HLFKWLQJHU� 1RYDN� DQG :LUO� ����� VKRZHG WKDW WKH VWDEOH VXE�PDQLIROG KDV PD[LPXP
GLPHQVLRQ HTXDO WR WZR DQG WKDW WKH WDQJHQW VXE�VSDFHV FDQ GLVSOD\ PRQRWRQRXV RU RVFLOOD�
WRU\ SDWKV� )ROG DQG +RSI ELIXUFDWLRQV PD\ RFFXU �VHH �)HLFKWLQJHU HW DO�� ����� DQG �%ULWR�
������ DQG IRU DOO WKHVH GHnQLWLRQV VHH �*XFNHQKHLPHU DQG +ROPHV� ����� RU �.X]QHWVRY�
������� )RU WKH ��GLPHQVLRQDO SUREOHP ZH VKRZHG �VHH �%ULWR� ������ WKDW� �L� WKH VWDEOH
VXE�PDQLIROG KDV PD[LPXP GLPHQVLRQ HTXDO WR WKUHH� �LL� VHYHUDO FRPELQDWLRQV RI RVFLOOD�
WRU\ DQG PRQRWRQRXV EHKDYLRUV PD\ RFFXU� DQG� �LLL� WKH VHW RI SRVVLEOH ORFDO ELIXUFDWLRQV
LQFOXGHV� IROG� +RSI� GRXEOH IROG DQG IROG�+RSI ELIXUFDWLRQV�
,Q WKLV SDSHU ZH DGG RQH IXUWKHU GLPHQVLRQ� 7KRXJK WKH FKDUDFWHULVWLF HTXDWLRQ IRU WKH

-DFRELDQ RI WKH PRGLnHG +DPLOWRQLDQ G\QDPLF V\VWHP LV D �WK RUGHU SRO\QRPLDO� ZH SURYH
WKDW LW LV HTXLYDOHQW WR D FRPSRVLWLRQ RI WZR SRO\QRPLDOV RI �QG DQG �WK RUGHUV� 7KHUHIRUH�
WKH HLJHQYDOXHV FDQ EH H[SOLFLWO\ GHWHUPLQHG�
7KH HLJHQYDOXHV PDS WKH SULPLWLYH SDUDPHWHU VSDFH LQWR D VL[�GLPHQVLRQDO FRPSOH[ nHOG�

/RFDO ELIXUFDWLRQ DQDO\VLV FRQVLVWV LQ nQGLQJ SDUWLWLRQV RYHU WKH SULPLWLYH SDUDPHWHU VSDFH
ZKLFK DUH WKH VXE�UDQJHV RI DQ LQYHUVH PDSSLQJ IURP WKH ORFDO FHQWHU� VWDEOH DQG RVFLOODWRU\
VXE�PDQLIROGV� $V WKH GHFRPSRVLWLRQ RI WKH FKDUDFWHULVWLF SRO\QRPLDO LPSOLHV WKH H[LVWHQFH
RI DQ LQWHUPHGLDWH ��GLPHQVLRQDO UHDO nHOG� WKHQ WKH FODVVLnFDWLRQ SUREOHP FDQ EH ERWK VLP�
SOLnHG DQG VROYHG LQ JHQHUDO� E\ SDUWLWLRQLQJ WKLV LQWHUPHGLDWH VSDFH� +RZHYHU� IURP WKH
JDORLV nHOG WKHRUHP� DV JHQHUDO SRO\QRPLDOV RI RUGHU ODUJHU WKDQ IRXU DUH QRW VROYDEOH E\
UDGLFDOV �VHH �%ULVRQ� �����>S����@ RU �+XQJHUIRUG� �����>S����@ D WKHRUHP E\ $EHO�� WKHQ ZH
GHDO LQ WKLV SDSHU ZLWK WKH ODUJHVW V\VWHP IRU ZKLFK ZH PD\ GHWHUPLQH H[SOLFLWO\ WKH HLJHQ�
YDOXHV IRU WKH DVVRFLDWHG -DFRELDQ PDWUL[� DQG WKHUHIRUH SUHVHQW D FRPSOHWH FKDUDFWHUL]DWLRQ
RI WKH YDULDWLRQDO V\VWHP�
7KH SDSHU SURFHHGV DV IROORZV� 6HFWLRQ � VWDWHV WKH SUREOHP DQG RXU PHWKRG IRU VROYLQJ

LW� 6HFWLRQ � FKDUDFWHUL]HV WKH DOJHEUDLF VWUXFWXUH RI WKH -DFRELDQ DQG GHWHUPLQHV H[SOLFLWO\
WKH HLJHQYDOXHV DV IXQFWLRQV RI WKH LQWHUPHGLDWH FRHpFLHQWV� ,Q 6HFWLRQ �� ZH GHULYH D
WD[RQRP\ IRU ORFDO G\QDPLFV E\ SHUIRUPLQJ WKUHH RYHUODSSLQJ SDUWLWLRQV RQ WKH GRPDLQ RI
WKH LQWHUPHGLDWH PDSSLQJ� 6HFWLRQ � SUHVHQWV WKH ORFDO VWDELOLW\ WKHRUHP DQG ORFDWHV WKH
SRVVLEOH ORFDO ELIXUFDWLRQV�
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7KH YHFWRU VXE�VSDFHV� ZKLFK DUH WDQJHQW WR WKH ORFDO VXE�PDQLIROGV� DUH WKH JHQHUDOL]HG
HLJHQVSDFHV FRUUHVSRQGLQJ WR WKH XQLRQ RI DOO LWV HLJHQYDOXHV �VHH �*XFNHQKHLPHU DQG+ROPHV�
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ELIXUFDWLRQ WKHRUHP � LQYROYHV QRW RQO\ QHFHVVDU\ FRQGLWLRQV UHODWHG WR WKH OLQHDU SDUW RI
WKH YDULDWLRQDO V\VWHP �QXPEHU RI HLJHQYDOXHV ZLWK ]HUR UHDO SDUWV� EXW DOVR WR WKH QRQ�
OLQHDU SDUW� 7KHUHIRUH� IURP WKH WDQJHQW YHFWRU VSDFH ZH FDQ ERWK ORFDWH DQG JLYH D nUVW
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DUH WKH VROXWLRQ RI J���  �� )URP $EUDPRZLW] DQG 6WHJXQ ������ WKH URRWV RI WKH SRO\�
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FULPLQDQW LV JLYHQ E\ HTXDWLRQ ����� 8SRQ VXEVWLWXWLRQ RI WKH H[SUHVVLRQV IRU NZ� WR NZ��
JLYHQ LQ HTXDWLRQV ��� WR ����� ZH FDQ VHH WKDW WKH FRHpFLHQWV O� WR O� DUH IRUPDOO\ LGHQWLFDO
IXQFWLRQ RI N� WR N� �VHH HTXDWLRQV ���� WR ������

7KH QH[W UHVXOW IROORZV QDWXUDOO\�

&RUROODU\ �� �'LPHQVLRQV RI WKH VXE�PDQLIROGV� ,I p ! � WKHQ Q
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� �� Q� � � DQG QF � ��

)URP HTXDWLRQ �""�� WKH HLJHQYDOXHV w � �wV
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� DUH HTXLYDOHQW WR WKH FRPSRVLWH
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ZKLFK WUDQVIRUPV N �� O�N�� 7KHQ w  O p N� 7KH LQYHUVH PDSSLQJ N  Ob��w� DOORZV
XV WR GHnQH SDUWLWLRQV RYHU WKH nHOG .� ZKLFK DUH KRPRPRUSKLF WR WKH YHFWRU VXE�VSDFHV
WDQJHQW WR WKH FRPSOH[� FHQWHU DQG VWDEOH VXE�PDQLIROGV� ,Q WKH SUHVHQW SDSHU ZH DGGUHVV
WKH ORFDWLRQ RI WKH FHQWHU PDQLIROGV DV VXEVHWV RI .�

� 7\SHV RI HLJHQYDOXHV

)URP HTXDWLRQV ���� DQG ���� LW FDQ EH VHHQ WKDW ERWK WKH QXPEHU RI FRPSOH[ HLJHQYDOXHV
DQG WKH PDJQLWXGH WKHLU UHDO SDUWV GHSHQG RQ �� 7KH SRO\QRPLDO HTXDWLRQ J���  �� PD\
KDYH UHDO RU FRPSOH[ URRWV�
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���mLnL� :KLOH WKH IRUPHU VXP KDV DQ DPELJXRXV
VLJQ� WKH ODWWHU SURGXFW LV DOZD\V SRVLWLYH�

7KLV FODVVLnFDWLRQ DOORZV XV WR REVHUYH WKDW D QHFHVVDU\ FRQGLWLRQ IRU WKH H[LVWHQFH
RI HLJHQYDOXHV ZLWK ]HUR UHDO SDUWV LV WKDW WKH HLJHQYDOXHV VKRXOG EH RI W\SH , RU ,,,� ,Q
SDUWLFXODU�

q ]HUR HLJHQYDOXHV ZLOO RFFXU RQO\ LI WKH SDLU RI HLJHQYDOXHV LV RI W\SH ,� LI WKH DVVRFLDWHG

�L LV HTXDO WR �� 7KLV LPSOLHV WKDW y
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q D SDLU RI FRPSOH[ FRQMXJDWH HLJHQYDOXHV ZLWK ]HUR UHDO SDUWV ZLOO RFFXU RQO\ LI WKH SDLU

RI HLJHQYDOXHV LV RI W\SH ,,,� LI WKH DVVRFLDWHG mL� WKDW LV WKH UHDO SDUW RI WKH DVVRFLDWHG
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1H[W ZH SUHVHQW QHFHVVDU\ DQG VXpFLHQW FRQGLWLRQV IRU WKH H[LVWHQFH RI ]HUR WR IRXU SDLUV RI

FRPSOH[ HLJHQYDOXHV�

/HPPD �� �7KH ,Z
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VHWV� /HW ,Z
L
� IN � . � QFZ  LJ ZKHUH L  �� � � � � LV WKH QXPEHU RI

FRPSOH[ URRWV RI J���  �� /HW NZ�� NZ�� NZ� DQG NZ� EH JLYHQ E\ HTXDWLRQV ��� WR �����

7KHQ
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,Z�  IN � pV ! �J > IN � pV  �� O� � � RU O� ! �J ����

,Z�  IN � pV � �� O� � � RU O� ! �J � ����
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GLVFULPLQDQW LV pV � T� � U�� $FFRUGLQJ WR WKH )XQGDPHQWDO WKHRUHP RI $OJHEUD WKH URRWV

]L YHULI\�

]� � ]� � ]�  bO�

]�]� � ]�]� � ]�]�  O�

]�]�]�  bO��

)LUVW� pV � � DQG O� � � RU O� ! � Lm QFZ  �� 6XpFLHQF\� $V pV � � WKHQ WKH WKUHH
]L DUH UHDO DQG DOVR DV O� � � WKHQ� Y� J�� ]� w � DQG VLJQ�]��  VLJQ�]��� $VVXPH WKDW
WKH ODVW WZR DUH QRQ�QHJDWLYH� 7KHQ O� � � DQG O� w � ZKLFK FRQWUDGLFWV WKH DVVXPSWLRQ�
7KHUHIRUH ]� DQG ]� DUH QHJDWLYH DQG WKHLU VTXDUH URRWV DUH FRPSOH[� $V WKH\ DUH QRW
FRPSOH[ FRQMXJDWH WKHQ

S
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S
]� DQG

S
]� b

S
]� DUH DOVR FRPSOH[ DQG� WKHUHIRUH� WKHUH

DUH WZR SDLUV RI FRPSOH[ FRQMXJDWH HLJHQYDOXHV� 1HFHVVLW\� $VVXPH WKDW WKHUH DUH WZR SDLUV
RI FRPSOH[ FRQMXJDWH HLJHQYDOXHV w���  m� h n�

�
DQG w���  m� h n�

�
� 7KHQ JLYHQ HTXDWLRQV

�""� DQG �""�� WKHUH LV QR FRPSOH[ FRQMXJDWH SDLU RI ]L DQG WKHUH VKRXOG EH DW OHDVW RQH
QHJDWLYH ]L� )URP HTXDWLRQV ���� DQG ����� IRU KDYLQJ WKUHH UHDO ] WKHQ pV � � DQG DV O� � �
WKHUH VKRXOG EH WZR QHJDWLYH ]L� Y�J� ]�� ]� � �� $V ]� LV QRQ�QHJDWLYH� WKHQ O�� ]�� ]� � �
DQG O� � O��]� � ]�� � �� 7KHQ O� � � RU O� ! ��
6HFRQG� pV ! � RU pV  � DQG O� � � RU O� ! � Lm QF  �� 6XpFLHQF\� ,I pV ! � WKHUH LV

RQH UHDO ] �Y�J� ]�� LW LV QRQ�QHJDWLYH EHFDXVH O� � � DQG D SDLU RI FRPSOH[ FRQMXJDWH �Y�J�
]���  mhnL�� 7KHQ S]� DQG S]��S]� LV UHDO DQG S]�bS]� LV FRPSOH[� 7KHUHIRUH QF  ��
WKDW LV� w� DQG w� DUH UHDO DQG w� DQG w� DUH FRPSOH[ FRQMXJDWH� ,I pV  � WKHQ WKHUH DUH DW
OHDVW WZR UHDO ] �Y�J� ]�  ]�  ]�� ,I O� � � RU O� ! � WKH\ DUH QRQ�]HUR DQG QHJDWLYH� DV ZH
VDZ LQ WKH ODVW SRLQW� +RZHYHU DV WKHLU VTXDUH URRWV DUH DOVR HTXDO WKHQ
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]� LV FRPSOH[ DQG QF  �� 1HFHVVLW\� $VVXPH WKDW WKHUH DUH WZR UHDO HLJHQYDOXHV
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FDVH pV � � DQG LQ WKH VHFRQG pV  � DQG O� � b�] DQG O� � �]O� � �� ZKLFK LPSOLHV WKDW
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7KLUG� pV � �� O� w � DQG O� � � Lm QF  �� 6XpFLHQF\� ,I pV � � WKHQ WKH WKUHH ]L
DUH UHDO� ,I DGGLWLRQDOO\� O� w � DQG O� � � WKH\ DUH QRQ�QHJDWLYH� 7KHQ� DV WKHLU VTXDUH

URRWV DUH DOVR QRQ�QHJDWLYH� WKHUH DUH QR FRPSOH[ HLJHQYDOXHV� L�H�� QF  �� 1HFHVVLW\� ,I WKH

IRXU HLJHQYDOXHV DUH UHDO WKHQ WKH WKUHH ]L DUH QRQ�QHJDWLYH DQG WKHQ pV � � DQG O� w � DQG

O� � ��

��� 7KH JHRPHWU\ RI WKH ,Z�VHWV

)LJXUH � DQG )LJXUHV ��$ WR ��1 SUHVHQW LPSOLFLW SORWV IRU pV  �� 7KHVH nJXUHV PXVW EH
UHDG LQ WKH IROORZLQJ ZD\� nUVW� D SRLQW LQ WKH VSDFH �N�� N�� LV n[HG LQ nJXUH �� VHFRQG�
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WKH SRLQWV ODEHOHG E\ D OHWWHU UHIHU WR D nJXUH � ODEHOHG ZLWK WKH VDPH OHWWHU� 7KH OHWWHUV
LQ nJXUH � UHIHU WR WKH TXDOLWDWLYHO\ GLmHUHQW FDVHV� 7KLV UHSUHVHQWDWLRQ DOORZV IRU D GLUHFW
FRPSDULVRQ ZLWK DQDORJRXV nJXUHV IRU WKH RSWLPDO FRQWURO SUREOHPV IRU ��GLPHQVLRQDO �VHH
�%ULWR� ������ DQG ��GLPHQVLRQDO 2'( V\VWHPV �VHH �%ULWR� �������
7KHUH DUH WKUHH PDLQ FDVHV� VHSDUDWHG E\ WKH D[LV IRU N�  � DQG E\ WKH FXUYH � � 
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RQH FRUUHVSRQGLQJ WR WKH ZHOO NQRZQ TXDGUDWLF FDVH DQG WKH N��D[LV� LI N�  � DQG
N� � � �VHH nJXUHV ��% DQG ��&� WKH GLVFULPLQDQW ZLOO EH DV\PPHWULF DURXQG WKH
N� D[LV DQG ZLOO GLVSOD\ WZR EUDQFKHV VXFK WKDW RQH ZLOO KDYH D VLQJXODULW\ JLYLQJ
ELUWK WR D ,Z

�
�VXEVHW �LQVLGH� D ,Z

�
�DUHD� DQG LI N� � � �VHH nJXUHV ��'� ��) DQG ��*�

WKHQ pV  � ZLOO GLVSOD\ WZR VHSDUDWH ,
Z

�
�EUDQFKHV VWDUWLQJ DW WZR VLQJXODULW\ SRLQWV

VSUHDGLQJ DZD\ IURP WKH N��D[LV ZKHQ N� EHFRPHV GLmHUHQW IURP ]HUR� $JDLQ� WKH VLJQ
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,Z VXEVHWV� DQG� LQ SDUWLFXODU ,Z
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DQG ��0�� +RZHYHU� WKHUH ZLOO EH D WUDQVLWLRQ VXEVHW �ZKRVH ORFDWLRQ DV UHJDUGV WKH
N��D[LV LV DJDLQ FRQWUROOHG E\ WKH VLJQ RI N�� EHWZHHQ WKH WZR IRUPHU FDVHV� 7KLV ZLOO
EH PDWHULDOL]HG E\ D FORVHG ,Z

�
VXEVHW LQVLGH D ,Z

�
DUHD�

��� 7KH ,
N�VHWV

,Q VRPH FDVHV� UHODWHG WR WKH ORFDWLRQ RI WKH ORFDO ELIXUFDWLRQV LW LV LPSRUWDQW WR NQRZ WKH
QXPEHU RI SDLU RI FRPSOH[ HLJHQYDOXHV� GHnQHG RYHU WKH .�VSDFH� 7KLV LV GRQH LQ WKH QH[W
UHVXOW�
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3URRI� $V ZH KDYH VHHQ� WKH QXPEHU RI SDLUV RI FRPSOH[ HLJHQYDOXHV GHSHQGV XSRQ WKH W\SH
RI HLJHQYDOXHV� 7KHVH GHSHQG� nUVW� RQ WKH W\SHV RI �L� ZKLFK DUH VROXWLRQV RI D TXDUWLF
SRO\QRPLDO HTXDWLRQ ���� ZKLFK GHWHUPLQH WKH VHWV ,Z

�
WR ,Z

�
LQ HTXDWLRQV ���� WR ����� $
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FRPSOH[ HLJHQYDOXHV DUH UHODWHG WR W\SH WZR

HLJHQYDOXHV ZKLFK DUH DVVRFLDWHG WR UHDO EXW QHJDWLYH �L� 7KHQ ZH KDYH WR IXUWKHU SDUWLWLRQ
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�� 7KH V\VWHP ����EHFRPHV
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1RWH WKDW WKH WHUP m� � n� LV DOZD\V SRVLWLYH� HYHQ LI m  �� )LUVW� NZ� � � RU NZ�  �
DQG NZ� ! � Lm Q

F  �� L�H� LI WKHUH LV RQH QHJDWLYH �� VD\ �� � �� $V VLJQ�NZ��  VLJQ������
WKHQ NZ� � � Lm �� ! � DQG �� � �� $QG ��  � DQG �� � � Lm NZ�  � DQG NZ� ! ��
6HFRQG� NZ� w � LV D QHFHVVDU\ FRQGLWLRQ IRU ERWK QF  � RU QF  �� ,Q WKH nUVW FDVH�
�� DQG �� DUH QRQ�QHJDWLYH DQG LQ WKH VHFRQG FDVH WKH\ DUH QHJDWLYH� %DVLFDOO\� ZH KDYH
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