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Hpdqxhod Vflxeed�

Idfxow| ri Hfrqrplfv dqg Srolwlfv

Xqlyhuvlw| ri Fdpeulgjh

dqg

Wlqehujhq Lqvwlwxwh Urwwhugdp

Mdqxdu| 5333

Devwudfw

Zh frqvlghu d vw|olvhg prgho ri d �qdqfldo pdunhw zkhuh dvvhwv duh

wudghg ryhu 5 shulrgv e| wkuhh djhqwv= wzr ixqg pdqdjhuv dqg d wklug

odujh wudghu wkdw uhsuhvhqwv wkh uhvw ri wkh pdunhw1 Ixqg pdqdjhuv duh

uhzdughg dw wkh hqg ri wkh vhfrqg shulrg e| d erqxv wkdw lv dzdughg wr

wkh pdqdjhu wkdw rewdlqv wkh ehvw fxpxodwlyh shuirupdqfh1 Zh vkrz

wkdw/ hyhq zkhq lqirupdwlrq lv v|pphwulf/ lqh!flhqw khuglqj pd| eh

revhuyhg dv dq htxloleulxp rxwfrph1 Khuglqj dprqj ixqg pdqdjhuv

rffxuv zkhq wkh vl}h ri wkh uhvw ri wkh pdunhw lv odujh/ exw �qlwh/ vr

wkdw wkh lpsdfw ri wkh khug rq htxloleulxp sulfhv lv qrw qhjoljleoh dqg

lqghhg ghvwdelolvlqj iru dvvhw sulfhv1

MHO Fodvvl�fdwlrq= G73/ G;4/ J43/ J531

Nh|zrugv= uhodwlyh shuirupdqfh lqfhqwlyhv/ khuglqj ehkdylrxu/

sulfh yrodwlolw|1

Dgguhvv iru Fruuhvsrqghqfh= Hpdqxhod Vflxeed/ Wlqehujhq

Lqvwlwxwh Urwwhugdp/ Exujhphhvwhu Rxgoddq 83/ 6395 SD Urwwhugdp/

Wkh Qhwkhuodqgv1 Skrqh= .64 43 73; ;<861 Id{= .64 43 73; <3641

H0pdlo= vflxeedCihz1hxu1qo

�L dp ghhso| lqghewhg wr Oxfd Dqghuolql iru klv khosixo jxlgdqfh1 L dovr ehqh�whg iurp
glvfxvvlrqv zlwk Dqguhd Sudw1
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4 Lqwurgxfwlrq

414 Prwlydwlrq

Wkh dlp ri wklv sdshu lv wr dvvhvv wkh lq xhqfh ri uhodwlyh shuirupdqfh lqfhq0
wlyhv rq sruwirolr fkrlfhv dqg rq dvvhw sulfh g|qdplfv1 Zh dvn zkhwkhu/ wr
zkdw h{whqw dqg zlwk zklfk frqvhtxhqfhv rq dvvhw sulfhv/ sruwirolr fkrlfhv
fdq eh d�hfwhg e| wkh idfw wkdw surihvvlrqdo prqh| pdqdjhuv dlp dw pd{0
lplvlqj wkhlu uhodwlyh/ udwkhu wkdq devroxwh/ shuirupdqfh1

Lqvwlwxwlrqv krog dq lqfuhdvlqj sruwlrq ri wkh ydoxh ri htxlwlhv1 X1V1 lq0
vwlwxwlrqdo lqyhvwruv/ zkr rzqhg rqo| 914( ri doo htxlwlhv lq 4<83/ qrz krog
d wrwdo ri ' 916 wuloolrq/ htxlydohqw wr 7<19( ri wrwdo rxwvwdqglqj htxlwlhv41
Sulydwh dqg sxeolf shqvlrq ixqgv dorqh krog wrjhwkhu ' 614 wuloolrq/ ru 57( ri
htxlwlhv1 Lq Hxursh/ wkh suhvhqfh ri lqvwlwxwlrqdo lqyhvwruv kdv qrw uhdfkhg
wkh vdph pdjqlwxgh dv lq wkh X1V1/ exw ehfrphv lqfuhdvlqjo| frqvslfxrxv1
Lq 4<<:/ pdqdjhg ixqgv dv d shufhqwdjh ri JGS zhuh :3( lq Lwdo|/ 8<( lq
Jhupdq|/ <6( lq Iudqfh/ 8;( lq Vsdlq/ 4<:( lq wkh Qhwkhuodqgv/ dqg 4:7(
lq wkh X1N15

Qrw rqo| lqvwlwxwlrqdo lqyhvwruv krog wkh odujhvw vkduh ri htxlwlhv/ exw
wkh| dovr dffrxqw iru prvw ri wkh wudglqj yroxph zlwk wkhlu wudglqj dfwlylw|>
prvw lqvwlwxwlrqdo lqyhvwruv iroorz vwudwhjlhv ri dfwlyho| slfnlqj dqg wudglqj
vwrfnv1 Dv d uhvxow/ odujh lqvwlwxwlrqv kdyh ehfrph lqfuhdvlqjo| lpsruwdqw
lq ghwhuplqlqj pdunhw sulfhv1 Xqghuvwdqglqj wkh ehkdylrxu ri vwrfn sulfhv
wkhuhiruh uhtxluhv dq xqghuvwdqglqj ri wkh lqyhvwphqw vwudwhjlhv ri lqvwlwx0
wlrqdo lqyhvwruv1

Wkh frpprq eholhi lv wkdw lqvwlwxwlrqdo lqyhvwruv pryh lq dqg rxw ri
vwrfnv lq d khug olnh pdqqhu1 Wkh lghd wkdw lqyhvwruv lq jhqhudo duh lq x0
hqfhg e| wkh ghflvlrqv ri rwkhu lqyhvwruv gdwhv edfn dw ohdvw wr Nh|qhv* zhoo
nqrzq phwdskru ri wkh ehdxw| frqwhvw61 Lq sduwlfxodu/ zkhq lw frphv wr lq0
vwlwxwlrqdo lqyhvwruv/ erwk fdvxdo hpslulflvp dqg hpslulfdo hylghqfh7 vxjjhvw
wkdw wkhlu sruwirolr ghflvlrqv glvsod| khuglqj ehkdylrxu1 Ixqg pdqdjhuv duh
dzduh ri wklv dqg riwhq eoxqwo| dgplw wr iroorz wkh furzg1 Odnrqlvkrfn hw

4Dphulfdq gdwd duh iurp wkh Qhz \run Vwrfn H{fkdqjh Idfw Errn 4<<; ^57`1
5Hxurshdq gdwd duh iurp wkh Edqn ri Lwdo| ^5`1
6Nh|qhv ^4<` fodlphg wkdw surihvvlrqdo lqyhvwruv ehkdyh olnh mxgjhv lq d ehdxw| frqwhvw

zkr yrwh rq wkh edvlv ri frqwhvwdqwv* h{shfwhg srsxodulw| zlwk rwkhu mxgjhv udwkhu wkdq
rq wkh edvlv ri wkhlu devroxwh ehdxw|1

7Vhh iru h{dpsoh Odnrqlvkrfn hw do ^53` dqg Julqeodww hw do ^47`1

5



do ^53` uhsruw iurp dq lqwhuylhz wr d shqvlrq ixqg pdqdjhu= �Lqvwlwxwlrqv
duh khuglqj dqlpdov1 Zh zdwfk wkh vdph lqglfdwruv dqg olvwhq wr wkh vdph
surjqrvwlfdwlrqv1 Olnh ohpplqjv/ zh whqg wr pryh lq wkh vdph gluhfwlrq dqg
dw wkh vdph wlph1 Dqg wkdw/ qdwxudoo|/ h{dfhuedwhv sulfh pryhphqwv�1 Wklv
odwwhu revhuydwlrq lv d pdmru frqfhuq iru sudfwlwlrqhuv dqg d fkdoohqjh iru
�qdqfldo hfrqrplvwv= lv khuglqj ehkdylrxu ghvwdelolvlqj iru vwrfn sulfhvB

Wkh lvvxh grhv qrw kdyh dq reylrxv dqvzhu1 Lq jhqhudo whupv/ khuglqj
fdq eh gh�qhg dv ehkdylrxu sdwwhuqv wkdw duh fruuhodwhg dfurvv lqglylgxdov1
Krzhyhu/ li pdq| lqyhvwruv duh sxufkdvlqj surplvlqj �krw� vwrfnv/ fruuh0
odwhg dfwlrq pljkw eh gxh wr wkh idfw wkdw wkh| kdyh doo uhfhlyhg srvlwlyh
uhohydqw lqirupdwlrq rq wkh vdph vwrfnv1 Li vr/ lqyhvwruv duh lqghhg pdnlqj
wkh pdunhw pruh h!flhqw dqg vshhglqj xs wkh surfhvv ri dgmxvwphqw ri sulfhv
wr ixqgdphqwdov1 Rq wkh frqwudu|/ wkh qrwlrq ri khuglqj wkdw rqh whqgv wr
dvvrfldwh zlwk lqvwlwxwlrqdo lqyhvwruv lv lqvwhdg d qhjdwlyh rqh/ wkdw ohdgv wr
v|vwhpdwlf vxe0rswlpdo ghflvlrq pdnlqj81

Uhfhqw hpslulfdo vwxglhv9 kdyh surylghg h{whqvlyh hylghqfh ri lqh!flhqw
khuglqj ehkdylrxu e| ixqg pdqdjhuv dqg kdyh vkrzhg wkdw wkh lpsdfw ri
lqvwlwxwlrqdo wudglqj rq vwrfn sulfhv kdv ehhq riwhq ghvwdelolvlqj1 Prvw ri
wkhvh vwxglhv kdyh ehhq prwlydwhg e| wkh vwrfn pdunhw fudvk ri Rfwrehu
4<;: dqg e| wkh dqdo|vlv ri wkh fudvk lwvhoi pdgh e| wkh Eudg| Frpplvvlrq/
wkdw pdlqo| eodphg lqvwlwxwlrqdo lqyhvwruv wkdw iroorzhg irupdo dqg lqirupdo
g|qdplf khgjlqj vwudwhjlhv/ ru �sruwirolr lqvxudqfh� srolflhv1 Dv Odnrq0
lvkrfn hw do ^53` srlqw rxw/ khgjlqj vwudwhjlhv fdq fohduo| suryh ghvwdelolvlqj
li wkh| ohdg lqvwlwxwlrqv wr �mxps rq wkh edqgzdjrq� dqg ex| ryhusulfhg
vwrfnv dqg vhoo xqghusulfhg vwrfnv/ fdxvlqj ixuwkhu glyhujhqfh ri sulfhv iurp
ixqgdphqwdov1

Zk| gr prqh| pdqdjhuv khugB Julqeodww hw do ^47` vwxg| wkh fruuhodwlrq
ehwzhhq wkh whqghqf| ri lqglylgxdo ixqgv wr khug dqg wkh ixqg shuirupdqfh
dqg revhuyh wkdw wkh uhodwlrq lv lqghhg frqwuryhuvldo1 Lw lv qrw dw doo fohdu
wkdw khuglqj ehkdylrxu sd|v r� lq whupv ri devroxwh shuirupdqfh1

Wzr uhfhqw hpslulfdo vwxglhv kdyh lqyhvwljdwhg wkh uhodwlrq ehwzhhq shu0
irupdqfh dqg whqghqf| wr khug/ exw lq wkh rssrvlwh gluhfwlrq= vxffhvvixo
prqh| pdqdjhuv zloo glvsod| d kljkhu whqghqf| wr khug1 Eurzq hw do ^8`
dqg Fkhydolhu dqg Hoolvrq ^:` whvw wkh k|srwkhvlv wkdw pdqdjhuv zlwk hlwkhu

8Vhh iru h{dpsoh Elnkfkdqgdql hw do ^B`1
9Vhh/ iru h{dpsoh/ Fxwohu hw do ^;`/ Gh Orqj hw do ^<`/ Julqeodww hw do ^47` dqg Odnrqlvkrfn

hw do ^53`/ rq wkh 4<;: fudvk1 Iudqnho dqg Iurrw ^44` vwxglhv khuglqj ehkdylrxu lq wkh iruhljq
h{fkdqjh pdunhw1
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h{wuhpho| jrrg ru edg uhodwlyh uhwxuqv dw plg0|hdu/ kdyh lqfhqwlyhv wr dowhu
wkh fkdudfwhulvwlfv ri wkhlu sruwirolrv dqg fkdqjh wkhlu ulvn sur�ohv1 Zruvw
shuiruplqj ixqgv zloo wdnh pruh ulvnv/ zkloh ehwwhu shuiruplqj ixqgv zloo
whqg wr orfn lq wkhlu jdlqv dqg lqgh{ wkh pdunhw1 Wkh| h{dplqh sruwirolr
fkdqjhv lq wkh odvw txduwhu ri wkh |hdu dqg dwwulexwh wklv vwulnlqj uhvxow wr
wkh vwurqj uhodwlrqvkls ehwzhhq wkh lq rz ri qhz lqyhvwphqw lq wkh ixqg
dqg wkh ixqg*v sdvw uhodwlyh shuirupdqfh1 Lq rughu wr pd{lplvh lqyhvwphqw
lq rz/ prqh| pdqdjhuv kdyh wr pd{lplvh wkh udqnlqj ri wkhlu ixqgv1 Wkh
 rz0shuirupdqfh uhodwlrqvkls zrunv dv dq lpsolflw lqfhqwlyh frqwudfw iru wkh
ixqg pdqdjhu1 Ilqdoo|/ wkh fxuuhqw v|vwhp ri dvvhvvlqj dqg uhsruwlqj ixqg
shuirupdqfh rq dq dqqxdo edvlv fdxvhv wkh �hqg ri wkh |hdu� h�hfw1 Fdohqgdu
|hdu gdwd dsshdu wr eh wkh prvw jhqhudoo| dydlodeoh wr frqvxphuv= olvwlqjv
ri pxwxdo ixqgv/ dffrpsdqlhg e| fdohqgdu |hdu uhwxuqv/ duh sxeolvkhg rq dq
dqqxdo edvlv lq pdq| qhzv/ exvlqhvv dqg �qdqfldo sxeolfdwlrqv1

Dvkwrq hw do ^4` uhsruw vrph lqwhuhvwlqj lqwhuylhzv zlwk prqh| pdqdjhuv1
Wkh| dgplw d whqghqf| wr khug= �Ixqg pdqdjhuv dv d jurxs duh frpsohwh
zlpsv edvlfdoo|1 Wkhuh lv ixqg pdqdjhu ulvn dyhuvlrq zklfk L dp vxuh |rx
duh ehfrplqj dzduh ri/ zklfk lv wkh ghvluh wr eh lq zlwk wkh furzgv/ vr wkdw
li hyhu|erg| jhwv lw zurqj/ wkhq lw grhvq*w pdwwhu� +^4`/ s1;,1 Wkh| frq�up
wkdw uhodwlyh shuirupdqfh lv zkdw pdwwhuv= �Wkh idfw ri wkh pdwwhu lv/ li |rx
duh lq wkh wrs ghfloh ^111`/ |rx jhw sdwwhg rq wkh khdg e| wkh folhqw1 Li |rx
duh lq wkh erwwrp ghfloh/ |rx*oo suredeo| eh �uhg1 Vr wkh whpswdwlrq lv wr eh
lq wkh 6ug wr wkh :wk dqg wkdw phdqv qrw ghyldwlqj xvxdoo| iurp wkh ^lqgh{`1
Dqg ehfdxvh wkh ^lqgh{` lv zkdw hyhu|erg| hovh lv grlqj/ zh*uh doo fkdvlqj
rxu rzq wdlo1�+^4`/ s1;,> �Lw grhv qrw pdwwhu zkdw |rxu devroxwh shuirupdqfh
lv1 Lw grhvq*w pdwwhu li |rx*uh soxv 533(/ li wkh pdunhw*v soxv 543(1 Zkdw L
kdyh wr gr lv wr hqvxuh wkdw wklv ixqg fdq dfw dv d zlqgrz iru rxu vdohv irufh1
Lw*v jrw wr eh phgldq ru deryh/ rwkhuzlvh zh fdq*w vhoo lw1�+^4`/ s1<,1

Lq wklv sdshu zh dlp dw surylglqj d wkhruhwlfdo iudphzrun wr vwxg| wkh
uhodwlrq ehwzhhq uhodwlyh shuirupdqfh hydoxdwlrq ri ixqg pdqdjhuv/ khuglqj
ehkdylrxu dqg ghvwdelolvdwlrq ri dvvhw sulfhv1

Zh frqvlghu d vw|olvhg g|qdplf prgho ri d �qdqfldo pdunhw zkhuh wzr
dvvhwv/ d ulvn0iuhh dqg d ulvn| dvvhw/ duh wudghg ryhu 2 shulrgv e| wkuhh djhqwv=
wzr ixqg pdqdjhuv dqg d wklug odujh wudghu wkdw uhsuhvhqwv wkh uhvw ri wkh
pdunhw1 Ixqg pdqdjhuv duh uhzdughg dw wkh hqg ri wkh vhfrqg shulrg e|
phdqv ri d erqxv wkdw lv dzdughg wr wkh pdqdjhu wkdw rewdlqv wkh ehvw
fxpxodwlyh shuirupdqfh1 Wkh lqirupdwlrq rq ixqgdphqwdov lv v|pphwulf=
doo djhqwv nqrz wkh fruuhfw suredelolw| glvwulexwlrq ryhu wkh uhwxuq ri wkh
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ulvn| dvvhw1 Sruwirolr ghflvlrqv duh wdnhq vlpxowdqhrxvo| e| doo djhqwv dw wkh
ehjlqqlqj ri hdfk wlph shulrg/ dqg pdunhwv fohdu1

Rxu pdlq uhvxow lv wkdw/ hyhq wkrxjk lqirupdwlrq lv v|pphwulf/ uhodwlyh
shuirupdqfh lqfhqwlyhv vhuyh dv d frruglqdwlrq ghylfh iru ixqg pdqdjhuv wr
khug1 Khuglqj fdq eh revhuyhg dv dq htxloleulxp rxwfrph xqghu lqwhuhvwlqj
hfrqrplf flufxpvwdqfhv1 Diwhu d jrrg uhdolvdwlrq ri wkh ulvn| dvvhw dqg li wkh
ulvn| dvvhw lv vwloo olnho| wr |lhog d kljk sd|r� lq wkh ixwxuh/ ixqg pdqdjhuv
pd| khug rq wkh vdih dvvhw1 Diwhu d edg uhdolvdwlrq ri wkh ulvn| dvvhw dqg li
wkh ulvn| dvvhw lv vwloo olnho| wr |lhog d orz sd|r� lq wkh ixwxuh/ ixqg pdqdjhuv
pd| khug rq wkh ulvn| dvvhw1 Fohduo| wkh khuglqj ehkdylrxu zh pd| rewdlq
lv lqh!flhqw1 Uhodwlyh shuirupdqfh hydoxdwlrq pljkw idlo wr surylgh wkh uljkw
lqfhqwlyhv/ dqg/ dv d uhvxow/ ixqg pdqdjhuv pljkw qrw sxuvxh h{shfwhg zhdowk
pd{lplvdwlrq1

Pruh lq ghwdlo/ ixqg pdqdjhuv sod| d wzr0vwdjh jdph wkdw zh vroyh edfn0
zdugv1 Wkh jdph fohduo| glvsod|v d pxowlsolflw| ri htxloleuld1 Krzhyhu zh
fdq frqyhqlhqwo| glvwlqjxlvk ehwzhhq wzr w|shv ri htxloleulxp sdwkv/ dffrug0
lqj wr sod|huv* ehkdylrxu lq wkh �uvw vwdjh ri wkh jdph1 Li wkh wzr +lghqwlfdo,
ixqg pdqdjhuv vwduw r� lqyhvwlqj lq wkh vdph dvvhw/ wkhq wkh| uhdfk wkh hqg
ri wkh �uvw vwdjh zlwk lghqwlfdo zhdowk1 Khqfh wkh jdph wkdw wkh| idfh lq wkh
vhfrqg vwdjh lv v|pphwulf1 Lq rughu wr ehfrph ohdghu dqg zlq wkh erqxv/ lq
wkh vhfrqg vwdjh wkh| zloo erwk suhihu wr sod| gl�huhqw vwudwhjlhv/ vr wkdw hdfk
ri wkhp kdv d srvlwlyh fkdqfh ri zlqqlqj wkh erqxv1 Rq wkhvh htxloleulxp
sdwkv zh revhuyh erwk ixqg pdqdjhuv lqyhvwlqj lq wkh dvvhw zlwk wkh kljkhu
h{shfwhg uhwxuq lq wkh �uvw vwdjh1

Vxssrvh/ lqvwhdg/ wkdw ixqg pdqdjhuv fkrrvh gl�huhqw vwudwhjlhv lq wkh
�uvw vwdjh ri wkh jdph1 Zkhq wkh| uhdfk wkh ehjlqqlqj ri wkh vhfrqg vwdjh/
rqh ri wkh wzr ixqg pdqdjhuv zloo glvsod| vxshulru lqwhulp shuirupdqfh1
Khqfh/ lq wkh vhfrqg vwdjh/ wkh jdph ehwzhhq ixqg pdqdjhuv lv dv|pphwulf
dqg rswlpdo vwudwhjlhv gl�hu dfurvv wkh wzr sod|huv1 Wkh odjjdug zdqwv wr
gl�huhqwldwh klpvhoi dv pxfk dv srvvleoh iurp wkh ohdglqj pdqdjhu/ dqg wkh
ohdglqj pdqdjhu zdqwv wr lplwdwh wkh iroorzhu1 Krzhyhu/ li wkh zhdowk jds
ehwzhhq wkh wzr ixqgv lv odujh hqrxjk/ wkhq wkh odjjdug pd| qrw kdyh dq|
srvvlelolw| ri fdwfklqj xs dqg zloo �qg lw rswlpdo wr khug zlwk wkh ohdghu1

Zh frqfhqwudwh rq wklv w|sh ri htxloleulxp sdwkv +zlwk dv|pphwulf sod|
lq wkh �uvw vwdjh, dqg zh fkdudfwhulvh wkh frqglwlrqv wkdw ohdg wr khuglqj dv
dq htxloleulxp rxwfrph lq wkh vhfrqg vwdjh1 Li wkh ulvn| dvvhw sdlg d kljk
sd|r� lq wkh �uvw vwdjh/ khuglqj lq wkh vdih dvvhw pd| rffxu lq wkh vhfrqg
vwdjh li wkh suredelolw| ri d jrrg uhdolvdwlrq ri wkh ulvn| dvvhw lq wkh qh{w
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vwdjh lv kljk hqrxjk1 Li wkh ulvn| dvvhw sdlg d orz sd|r� lq wkh �uvw vwdjh/
khuglqj lq wkh ulvn| dvvhw pd| rffxu lq wkh vhfrqg vwdjh li wkh suredelolw|
ri d kljk uhdolvdwlrq ri wkh ulvn| dvvhw lq wkh qh{w vwdjh lv vx!flhqwo| orz1
Pruhryhu/ lqwhuhvwlqjo| hqrxjk/ lqh!flhqw khuglqj rffxuv zkhq wkh vl}h ri
wkh uhvw ri wkh pdunhw lv odujh/ exw �qlwh/ vr wkdw wkh lpsdfw ri khuglqj rq
htxloleulxp sulfhv lv qrw qhjoljleoh dqg zh fdq frqfoxgh wkdw wkh suhvhqfh ri
lqvwlwxwlrqdo lqyhvwruv lv lqghhg ghvwdelolvlqj iru dvvhw sulfhv1

Wklv uhvxow suryhv sduwlfxoduo| vxusulvlqj lq wkh oljkw ri wkh idfw wkdw
zh rewdlq khuglqj ehkdylrxu dqg sulfh ghvwdelolvdwlrq/ zlwkrxw dvvxplqj
dq| ghjuhh ri dv|pphwulf lqirupdwlrq1 Fohduo| wkh suhvhqfh ri lqirupdwlrq
dv|pphwulhv/ dv lq Jhqqrwwh dqg Ohodqg ^45`/ zrxog uhlqirufh rxu uhvxow1

415 Uhodwhg Olwhudwxuh

Lq wklv sdshu zh exlog d vw|olvhg �qdqfldo pdunhw prgho wkdw hqfrpsdvvhv
uhodwlyh shuirupdqfh lqfhqwlyhv/ khuglqj ehkdylrxu dqg h{fhvv yrodwlolw| lq
dvvhw sulfhv1 Wkxv/ wkhuh duh dw ohdvw wkuhh vwudqgv ri olwhudwxuh wkdw duh
uhodwhg wr wkh suhvhqw sdshu= wkh olwhudwxuh rq wkh hfrqrplf udwlrqdoh dqg
wkh h�hfwv ri uhodwlyh shuirupdqfh hydoxdwlrq> wkh ydvw olwhudwxuh rq khuglqj
lq �qdqfldo pdunhwv> dqg �qdoo| wkh olwhudwxuh rq h{fhvv yrodwlolw| dqg sulfh
fudvkhv1

Wkh hfrqrplf udwlrqdoh iru uhodwlyh shuirupdqfh hydoxdwlrq lv wr eh irxqg
lq wkh olwhudwxuh rq prudo kd}dug lq whdpv1 Lw lv zhoo0nqrzq wkdw uhodwlyh shu0
irupdqfh hydoxdwlrq fdq hqkdqfh h!flhqf| lq d pxowl0djhqw vlqjoh0sulqflsdo
vhwwlqj1 Prrnkhumhh ^55` frqvlghuv wkh vlwxdwlrq zkhuh wkh djhqw*v rxwsxw gh0
shqgv qrw rqo| rq h�ruw dqg lglrv|qfudwlf qrlvh/ exw dovr rq d frpprq vkrfn
h{shulhqfhg e| rwkhu djhqwv1 Lq wkhvh flufxpvwdqfhv wkh rswlpdo frqwudfw lv
edvhg rq uhodwlyh shuirupdqfh hydoxdwlrq1 Qdohex� dqg Vwljolw} ^56` frqvlghu
d udqn rughu wrxuqdphqw/ l1h1 d frpshqvdwlrq vfkhph lq zklfk frqwhvwdqwv*
uhzdugv duh edvhg rq wkhlu ruglqdo srvlwlrqv dorqh dqg qrw rq wkh vl}h ri
wkhlu rxwsxw/ dqg vkrz wkdw vxfk d vwuxfwxuh lv suhihudeoh wr lqglylgxdolvwlf
uhzdug vwuxfwxuhv zkhq hqylurqphqwdo xqfhuwdlqw| lv odujh1 Wkh| suryh wkdw/
lq wkh olplw/ dv wkh qxpehu ri frqwhvwdqwv ehfrphv odujh/ wkh rxwfrph ri d
udqn rughu wrxuqdphqw dssur{lpdwhv �uvw ehvw1 Jleerqv dqg Pxusk| ^46`
�qg vlplodu surshuwlhv iru d uhodwlyh shuirupdqfh hydoxdwlrq vfkhph iru Fklhi
H{hfxwlyh R!fhuv1 Wkh| dovr vxjjhvw wkdw uhodwlyh shuirupdqfh hydoxdwlrq
glvwruwv zrunhuv* lqfhqwlyhv zkhqhyhu djhqwv fdq wdnh dfwlrqv wkdw d�hfw wkh
dyhudjh rxwsxw ri wkhlu uhihuhqfh jurxs> iru h{dpsoh/ zkhq wkh| jhw wr fkrrvh
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wkhlu fr0zrunhuv/ ru zkhq wkh| fdq frooxgh1
Prvw ri wkhvh frqwulexwlrqv/ krzhyhu/ dqdo|vh wkh djhqf| sureohp lq d

vwdwlf vhwwlqj1 Ph|hu dqg Ylfnhuv ^54` vkrz wkdw/ lq d g|qdplf vhwwlqj/ frp0
sdudwlyh shuirupdqfh hydoxdwlrq kdv dq dpeljxrxv lpsdfw/ dqg wkdw lw lv qrw
jxdudqwhhg wkdw lw hqkdqfhv h!flhqf|1 Lqghhg/ vrph uhfhqw zrun suryhv wkdw
uhodwlyh shuirupdqfh hydoxdwlrq pljkw eh xqghvludeoh lq vshfl�f g|qdplf vhw0
wlqjv> iru h{dpsoh/ zkhq djhqwv qrw rqo| fkrrvh wkh ohyho ri h�ruw +h{shfwhg
uhwxuq, exw dovr wkh ulvnlqhvv ri wkhlu dfwlrqv +yduldqfh,1 Wklv lv sduwlfxoduo|
uhohydqw iru prqh| pdqdjhuv/ wkdw fohduo| frqwuro erwk wkh h{shfwhg uhwxuq
dqg wkh ulvn ri wkhlu sruwirolrv1 Kylgh ^49` vwxglhv d vlwxdwlrq zkhuh djhqwv
dovr jhw wr ghflgh rq wkh ulvnlqhvv ri wkhlu dfwlrqv1 Kh suryhv wkdw d frqwudfw
wkdw udqnv djhqwv dffruglqj wr wkh uhodwlyh forvhqhvv ri wkhlu rxwsxw wr d
ehqfkpdun +udwkhu wkdq udqnlqj wkhp djdlqvw hdfk rwkhu, fdq eh ehqh�fldo
wr olplw wkh ulvn wkdw wkh djhqw pljkw eh zloolqj wr wdnh1 Kh dujxhv wkdw wklv
frxog vhuyh dv d udwlrqdoh iru wkh idfw wkdw vrphwlphv prghvw rxwfrphv duh
pruh kljko| uhzdughg wkdq yhu| kljk shuirupdqfhv1

Kylgh dqg Nulvwldqvhq ^4:` dovr orrn dw wkh h!flhqf| ri uhodwlyh shuiru0
pdqfh hydoxdwlrq zkhq djhqwv fdq ghflgh rq ulvnv wr eh wdnhq1 Gl�huhqwo|
iurp ^49`/ wkh| dqdo|vh krz zhoo frqwhvwv vhohfw wdohqwhg djhqwv/ udwkhu wkdq
krz zhoo frqwhvwv surylgh wkh uljkw lqfhqwlyhv wr holflw h�ruw1 Wkhlu pdlq
uhvxow lv udwkhu frxqwhulqwxlwlyh= d ehwwhu txdolw| ri wkh srro ri frqwhvwdqwv
pljkw uhgxfh wkh h!flhqf| ri wkh frqwhvw1 Wklv kdsshqv ehfdxvh d pruh
frpshwlwlyh wrxuqdphqw +d wrxuqdphqw zlwk sduwlflsdqwv ri kljkhu txdolw|,
lqgxfhv djhqwv wr dgrsw ulvnlhu vwudwhjlhv/ zklfk pljkw kdup wkh vhohfwlrq ri
kljk txdolw| lqglylgxdov1 Ulvnlhu surmhfwv fuhdwh pruh qrlvh lq wkh vhohfwlrq
frqwhvw/ wkhuhe| uhgxflqj wkh lqirupdwlyhqhvv ri wkh udqn1

Ilqdoo|/ Sdorplqr dqg Sudw ^58` ghyhors d jhqhudo prgho ri ghohjdwhg
sruwirolr pdqdjhphqw zlwk wkh ihdwxuh wkdw wkh djhqw fdq frqwuro wkh ulvn0
lqhvv ri wkh sruwirolr1 Lq wkh vwdwlf fdvh/ wkh rswlpdo frqwudfw lv d erqxv
frqwudfw/ edvhg rq uhodwlyh shuirupdqfh1 Lq wkh pxowlshulrg fdvh/ wkh erqxv
frqwudfw lv qr orqjhu �uvw0ehvw1 Wkh lqwxlwlrq iru wkhlu uhvxow olhv lq wkh idfw
wkdw lq d g|qdplf vhwwlqj wkh djhqw fdq uhylvh klv sruwirolr fkrlfh diwhu re0
vhuylqj klv shuirupdqfh dw lqwhuphgldwh vwdjhv1 Wklv lv sduwlfxoduo| wuxh li zh
eholhyh wkdw lqyhvwruv fdq hydoxdwh wkh djhqw*v shuirupdqfh ohvv riwhq wkdw kh
fdq uhylvh klv sruwirolr ghflvlrqv1 Wkh vdph lghd lv lq wkh hpslulfdo zrun e|
Fkhydolhu dqg Hoolvrq ^:`= pxwxdo ixqg pdqdjhuv frqwuro lqyhvwphqw yrodwlo0
lw| frqwlqxrxvo|/ zkloh lqyhvwruv uhfhlyh shuirupdqfh lqirupdwlrq dw glvfuhwh
wlph lqwhuydov1
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Lq wkh vhwwlqj wkdw zh lqyhvwljdwh/ wkh uhvxowv e| Sdorplqr dqg Sudw ^58`
duh sxw wr zrun lq d pdunhw vhwwlqj1 Zh vkrz wkdw d erqxv frqwudfw pd|
lqghhg suryh lqh!flhqw dqg zh fkdudfwhulvh wkh w|sh ri glvwruwlrq wkdw lw pd|
fdxvh erwk rq sruwirolrv dqg rq dvvhw sulfhv1

Zlwklq wkh olwhudwxuh rq uhodwlyh shuirupdqfh hydoxdwlrq/ vrph frqwulex0
wlrqv kdyh dovr orrnhg dw wkh sureohp ri lqirupdwlrq dftxlvlwlrq1 Hlfkehujhu
hw do ^43` orrn dw d prgho zkhuh ixqg pdqdjhuv duh uhzdughg rq wkh edvlv ri
uhodwlyh shuirupdqfh dqg kdyh wr ghflgh zkhwkhu wr jdwkhu lqirupdwlrq dqg
krz wr doorfdwh wkhlu sruwirolrv1 Wkh| �qg wkdw wkhuh duh pxowlsoh htxlole0
uld/ vr wkdw uhodwlyh shuirupdqfh hydoxdwlrq pljkw ru pljkw qrw surylgh wkh
uljkw lqfhqwlyhv1 Jÿpeho ^48` frqvlghuv d vlplodu prgho lq d pdunhw vhwwlqj1
Lqwhuhvwlqjo| hqrxjk/ kh rewdlqv h!flhqw khuglqj dv dq htxloleulxp rxwfrph1
Khuglqj lq lqirupdwlrq dftxlvlwlrq lv lqgxfhg e| wkh sulqflsdo +djhqwv zdqw
wr dftxluh wkh vdph slhfh ri lqirupdwlrq dv wkhlu frpshwlwruv, dqg lw lqfuhdvhv
wkh h!flhqf| ri sulfhv1

Wkhuh lv d fohdu vlplodulw| dqg vhyhudo lpsruwdqw gl�huhqfhv ehwzhhq Jÿp0
eho ^48` dqg wkh suhvhqw sdshu1 Lq ^48`/ wkh dxwkru rewdlqv khuglqj lq htxlole0
ulxp dv dq h�hfw ri uhodwlyh shuirupdqfh hydoxdwlrq1 Krzhyhu/ lq ^48` khuglqj
lv lq wkh lqirupdwlrq dftxlvlwlrq srolf|/ zkloh zh rewdlq khuglqj lq sruwirolrv1
Pruhryhu/ lq ^48` khuglqj lv h!flhqw dqg pdnhv dvvhw sulfhv pruh lqirupd0
wlyh/ zkloh lq wkh suhvhqw sdshu zh pdlqo| frqfhqwudwh rq lqh!flhqw khuglqj
wkdw gulyhv dvvhw sulfhv ixuwkhu dzd| iurp ixqgdphqwdov1 Ilqdoo|/ wkh pdunhw
vwuxfwxuh lq ^48` lv dq roljrsro| ã od N|oh/ zkloh zh orrn dw d frpshwlwlyh
pdunhw1

Wklv sdshu lv yhu| forvh lq vslulw wr vrph uhfhqw zrun e| Fdeudo ^9` dqg
Sdorplqr dqg Sudw ^59`1 Fdeudo frqvlghuv dq lq�qlwh0shulrg udfh zkhuh sod|0
huv fkrrvh ehwzhhq dowhuqdwlyh jurzwk whfkqrorjlhv1 Kh surylghv vx!flhqw
frqglwlrqv xqghu zklfk/ lq htxloleulxp/ wkh ohdghu fkrrvhv d vdih whfkqrorj|
dqg wkh odjjdug d ulvn| rqh> dqg frqglwlrqv xqghu zklfk wkh odjjdug suhihuv
wr gl�huhqwldwh iurp wkh ohdghu zkhuhdv wkh ohdghu suhihuv wr lplwdwh wkh
iroorzhu1 Sdorplqr dqg Sudw ^59` dqdo|vh frpshwlwlrq ryhu wzr lqyhvwphqw
shulrgv ehwzhhq wzr prqh| pdqdjhuv wkdw kdyh udqnlqj0edvhg remhfwlyhv1
Wkh| ghulyh frqglwlrqv rq lqwhuphgldwh shuirupdqfhv xqghu zklfk pdqdjhuv
sod| frqvhuydwlyh dqg ryhuo|0ulvn| vwudwhjlhv dqg �qg wkdw/ li wkh gl�huhqfh
lq shuirupdqfhv lq wkh �uvw shulrg lv odujh/ wkh lqwhulp zlqqhu kdv lqfhqwlyhv
wr plqlplvh wkh ohyho ri ulvn xqghuwdnhq lq wkh vhfrqg shulrg wr orfn lq klv
jdlq ri wkh �uvw shulrg1

Rxu sdshu vkduhv vrph ri wkh lqwxlwlrq iru lwv uhvxowv zlwk ^9` dqg ^59`1
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Krzhyhu/ zh dgdsw wkhlu dqdo|vlv wr d �qdqfldo pdunhw vhwwlqj/ zlwk wkh pdlq
gl�huhqfh wkdw ^9` dqg ^59` rqo| dqdo|vh wkh jdph ehwzhhq frqwhvwdqwv/ zkloh
zh dovr orrn dw wkh pdunhw htxloleulxp dqg dw wkh h�hfwv ri frqwhvwdqwv*
ehkdylrxu rq hqgrjhqrxv dvvhw sulfhv1

Wkh vhfrqg vwudqg ri olwhudwxuh wkdw lv uhodwhg wr wkh suhvhqw sdshu lv wkh
olwhudwxuh rq khuglqj ehkdylrxu1 Wkh uhvhdufk rq khuglqj kdv srodulvhg lq wzr
gl�huhqw ylhzv= d qrq0udwlrqdo ylhz/ wkdw dwwulexwhv lqh!flhqw khuglqj eh0
kdylrxu wr lplwdwlrq dqg plplfu| lqvwlqfwv dqg wr lqyhvwruv* sv|fkrorj|> dqg
d udwlrqdo ylhz/ wkdw vkrzv wkdw lqh!flhqw khuglqj pd| rewdlq dv dq htxlole0
ulxp rxwfrph ri d jdph sod|hg e| ixoo| udwlrqdo lqyhvwruv1 Wkh udwlrqdo ylhz
+zklfk wklv sdshu dgrswv, kdv fhqwhuhg rq wkuhh gl�huhqw dssurdfkhv/ wkdq
fdq eh vxppdulvhg dv iroorzv= suhvhqfh ri sd|r� h{whuqdolwlhv/ lqirupdwlrqdo
fdvfdghv dqg sulqflsdo0djhqw prghov1 Dq h{dpsoh zlwklq wkh �uvw dssurdfk
lv jlyhq e| prghov ri lqirupdwlrq dftxlvlwlrq1 Djhqwv pljkw khug rq lqiru0
pdwlrq dftxlvlwlrq dv wkh| �qg lw zruwkzkloh wr dftxluh ixuwkhu lqirupdwlrq
rqo| li rwkhu djhqwv dovr gr:1 Lq wkh prgho zh sursrvh wkhuh lv qhlwkhu lqiru0
pdwlrq dftxlvlwlrq h{whuqdolwlhv qru rwkhu sd|r� h{whuqdolwlhv/ exw khuglqj lv
vwloo rewdlqdeoh dv dq htxloleulxp rxwfrph1

Wkh vhfrqg dssurdfk surylghv wkh prvw frpprq h{sodqdwlrq ri khuglqj1
Lw exlogv rq wkh lghd wkdw djhqwv jdlq xvhixo lqirupdwlrq iurp revhuylqj
suhylrxv djhqwv* ghflvlrqv/ wr wkh srlqw wkdw wkh| rswlpdoo| dqg udwlrqdoo|
frpsohwho| ljqruh wkhlu rzq sulydwh lqirupdwlrq/ dqg khug1 Lqirupdwlrqdo
fdvfdghv kdyh ehhq lqwurgxfhg e| Elnkfkdqgdql hw do ^6` dqg Zhofk ^63`1
Lq wkh suhvhqw sdshu ghflvlrq pdnlqj lv vlpxowdqhrxv dqg lqirupdwlrq lv
v|pphwulf/ vr wkdw vrfldo ohduqlqj dqg lqirupdwlrqdo fdvfdghv kdyh qr uroh1

Khuh/ khuglqj rffxuv ehfdxvh ri uhodwlyh shuirupdqfh lqfhqwlyhv/ vr wkdw
rxu iudphzrun lv forvhu wr wkh wklug dssurdfk/ zkhuh khuglqj lv rewdlqhg
dv dq rxwfrph ri djhqf| sureohpv1 D vlplodu shuvshfwlyh lv lq Vfkduivwhlq
dqg Vwhlq ^5:`1 Wkh| ghyhors d prgho zkhuh pdqdjhuv duh frqfhuqhg derxw
wkhlu uhsxwdwlrq dqg wkhuhiruh vlpso| plplf wkh lqyhvwphqw ghflvlrqv ri rwkhu
pdqdjhuv/ ljqrulqj vxevwdqwldo sulydwh lqirupdwlrq1 D �vkdulqj wkh eodph�
h�hfw gulyhv wkhp wr khug1 D fuxfldo ihdwxuh ri wkhlu prgho lv wkdw wkh|
dvvxph wkdw d pdqdjhu grhv qrw nqrz klv txdolw|> krzhyhu/ kh nqrzv wkdw li
kh lv vpduw kh zloo revhuyh wkh vdph vljqdo dv rwkhu vpduw pdqdjhuv lq wkh
pdunhw1

D vlplodu vhwwlqj lv ghyhorshg e| ]zlheho ^64`1 Kh rewdlqv wkh vdph uhvxow

:Vhh/ iru h{dpsoh/ Jÿpeho ^48`1
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dv Vfkduivwhlq dqg Vwhlq ^5:`/ exw zlwk d gl�huhqw lqirupdwlrq vwuxfwxuh1 Kh
dvvxphv wkdw pdqdjhuv nqrz wkhlu rzq delolw|> krzhyhu/ ehfdxvh ri uhsxwd0
wlrqdo frqfhuqv/ wkh| vwloo uhiudlq iurp xqghuwdnlqj lqqrydwlrqv wkdw vwrfkdv0
wlfdoo| grplqdwh wkh lqgxvwu| vwdqgdug dqg jhw orfnhg lq lqihulru htxloleuld1
]zlheho fdoov wklv w|sh ri ehkdylrxu �frusrudwh frqvhuydwlvp�1

Wkh pdlq gl�huhqfhv ehwzhhq Vfkduivwhlq dqg Vwdlq ^5:` dqg ]zlheho ^64`
dqg wkh suhvhqw sdshu duh wkh iroorzlqj= �uvw ri doo/ khuglqj ehkdylrxu lq rxu
vhwwlqj grhv qrw vwhp iurp uhsxwdwlrqdo frqfhuqv/ exw iurp uhodwlyh shuiru0
pdqfh hydoxdwlrq1 Zh dvvxph wkdw ixqg pdqdjhuv kdyh wkh vdph delolw| dqg
wkh vdph txdolw| ri lqirupdwlrq1 Vhfrqgo|/ dqg prvw lpsruwdqwo|/ zh dqdo|vh
d pdunhw vhwwlqj/ zkhuh wkh h�hfw ri khuglqj rq dvvhw sulfhv lv dovr vwxglhg1

Ilqdoo|/ wkh suhvhqw sdshu lv dovr uhodwhg wr wkh olwhudwxuh rq sulfh fudvkhv
dqg lq sduwlfxodu wr wkh olwhudwxuh wkdw vwxglhv wkh uroh ri wkh ehkdylrxu ri
lqvwlwxwlrqdo lqyhvwruv lq sulfh fudvkhv1 Jhqqrwwh dqg Ohodqg ^45` ghyhors d
�qdqfldo pdunhw prgho zkhuh d uhodwlyh vpdoo dprxqw ri g|qdplf khgjlqj
vwudwhjlhv fdq fdxvh dvvhw sulfhv wr idoo vljql�fdqwo|1 Wkh gulylqj irufh ri
wkhlu uhvxow olhv lq wkh idfw wkdw/ hyhq li wkhuh duh rqo| d ihz khgjhuv/ wkhuh duh
wudghuv zkr lqihu lqirupdwlrq iurp pdunhw sulfhv1 Dv d uhvxow/ wkh h�hfwv ri
khgjlqj dfwlylw| rq dvvhw sulfhv duh pdjql�hg1 D vlplodu vhwwlqj lv lq Mdfnolq
hw do ^4;`1 Wkh| h{dplqh wkh uroh sod|hg e| irupdo dqg lqirupdo g|qdplf
khgjlqj vwudwhjlhv lq wkh pdunhw fudvk ri Rfwrehu 4<;:1 Wkh| surylgh d
wkhruhwlfdo xqghuslqqlqj iru wkh vw|olvhg idfw wkdw/ lq wkh shulrg sulru wr
wkh fudvk/ sulfhv duh kljkhu wkdq ixqgdphqwdov zrxog lpso|1 Wkh lqwxlwlrq
iru wkhlu uhvxow lv wkdw lqirupdwlrq rq wkh h{whqw ri sruwirolr lqvxudqfh lv
uhyhdohg rqo| vorzo| wkurxjk wlph/ vr wkdw/ sulru wr d fudvk/ wkh pdunhw lv
lqghhg xqghuhvwlpdwlqj wkh vl}h ri khgjhuv wkdw duh dfwlyh lq wkh pdunhw1
Zkhq wkh dprxqw ri sruwirolr lqvxudqfh lv ixoo| uhyhdohg/ wkh sulfh idoov1

Lq wkh suhvhqw sdshu zh rewdlq h{fhvv yrodwlolw|1 Wkh gulylqj irufh lq
rxu fdvh lv qrw wkh suhvhqfh ri khgjhuv/ exw wkh fxvwrp ri uhzduglqj prqh|
pdqdjhuv dffruglqj wr wkhlu uhodwlyh shuirupdqfh1

416 Ryhuylhz

Wkh vwuxfwxuh ri wkh sdshu lv dv iroorzv1 Lq vhfwlrq 5 zh suhvhqw wkh edvlf
vwuxfwxuh ri rxu prgho lq d vlpsol�hg vhwwlqj= zh orrn dw d wzr0shulrg lqyhvw0
phqw prgho zkhuh lqyhvwruv fkrrvh ehwzhhq dowhuqdwlyh olqhdu whfkqrorjlhv
zkrvh uhwxuqv duh dvvxphg wr eh h{rjhqrxv> vxe0vhfwlrqv 514 dqg 515 fkdudf0
whulvh uhvshfwlyho| wkh htxloleuld ri wkh jdph sod|hg e| lqyhvwruv lq wkh odvw
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dqg lqwhulp vwdjhv> �qdoo| vxe0vhfwlrq 518 kljkoljkwv vrph ri wkh ihdwxuhv ri
wklv vlpsoh whfkqrorj| dgrswlrq prgho dqg vxjjhvwv krz wr h{whqg lw wr d
�qdqfldo pdunhw prgho/ zkhuh dvvhw sulfhv 0 khuh uhwxuqv iurp dowhuqdwlyh
whfkqrorjlhv 0 duh lqghhg hqgrjhqrxv1

Lq vhfwlrq 6 zh h{whqg rxu dqdo|vlv wr d �qdqfldo pdunhw prgho dqg zh
suhvhqw rxu pdlq uhvxowv1 Lq sduwlfxodu/ lq vxe0vhfwlrq 614 zh orrn dw wkh
jdph sod|hg e| ixqg pdqdjhuv lq wkh lqwhulp vwdjh> lq vxe0vhfwlrq 615 zh
suryh h{lvwhqfh dqg xqltxhqhvv ri d pdunhw fohdulqj htxloleulxp iru hdfk
vwdjh ri wkh jdph> �qdoo|/ lq vxe0vhfwlrq 616 zh suhvhqw wkh pdlq uhvxowv ri
rxu dqdo|vlv= zh fkdudfwhulvh vx!flhqw frqglwlrqv iru lqh!flhqw khuglqj wr
eh rewdlqhg dv dq htxloleulxp rxwfrph lq wkh vhfrqg vwdjh ri wkh jdph dqg
zh vkrz wkdw wkh khuglqj ehkdylrxu wkxv rewdlqhg lv lqghhg ghvwdelolvlqj iru
dvvhw sulfhv1

Lq vhfwlrq 7 zh h{dplqh wkh urexvwqhvv ri rxu dqdo|vlv lq ohvv vlpsol�hg
hqylurqphqwv dqg zh vxjjhvw gluhfwlrqv iru ixwxuh uhvhdufk1

Vhfwlrq 8 frqfoxghv wkh sdshu1
Iru hdvh ri h{srvlwlrq/ doo surriv duh lq wkh dsshqgl{1

5 D Prgho zlwk Olqhdu Whfkqrorjlhv

Frqvlghu d vlpsoh wzr0shulrg lqyhvwphqw prgho zkhuh lqyhvwruv/ dw wkh eh0
jlqqlqj ri hdfk wlph shulrg/ fkrrvh ehwzhhq wzr dowhuqdwlyh whfkqrorjlhv wr
vwruh zhdowk= d vdih whfkqrorj| � dqg d ulvn| whfkqrorj| �1 Erwk whfkqror0
jlhv duh olqhdu/ vr wkdw/ li zhdowk dydlodeoh iru lqyhvwphqw dw wkh ehjlqqlqj ri
shulrg | +hqg ri shulrg |� �,/ �|3�/ lv lqyhvwhg lq wkh vdih whfkqrorj| �/ wkh
wrwdo uhwxuq dw wkh hqg ri shulrg | lv=

�| ' � �|3�

Li wkh ulvn| whfkqrorj| � lv fkrvhq iru lqyhvwphqw lq shulrg |/ wkhq wkh
lqyhvwphqw lqfrph dw | lv=

�| ' h�| �|3�

zkhuh h�| lv htxdo wr �
M zlwk suredelolw| R : f dqg wr �u zlwk suredelolw|

E�� R� : f1 Zh dvvxph wkdw �u 	 � 	 �M 1
Wkhuh duh wzr surihvvlrqdo lqyhvwruv wkdw pdqdjh lghqwlfdo zhdowk hq0

grzphqwv dw | ' f/ erwk qrupdolvhg wr eh htxdo wr 41 Lqyhvwruv fkrrvh
whfkqrorjlhv wzlfh +dw | ' f dqg dw | ' �, dqg fdvk lqyhvwphqw lqfrphv wzlfh
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+dw | ' � dqg | ' 2�1 Whfkqrorj| fkrlfhv odvw iru rqh shulrg rqo|/ vr wkdw
lqyhvwruv pd| ru pd| qrw dgrsw wkh vdph whfkqrorj| wzlfh1 Lqyhvwruv kdyh
qr rwkhu zd| wr vwruh zhdowk/ vr wkdw wkh lqlwldo hqgrzphqw lv hqwluho| lq0
yhvwhg lq wkh whfkqrorj| fkrvhq iru wkh �uvw shulrg1 Vlploduo|/ wkh lqyhvwphqw
lqfrph iurp wkh �uvw shulrg lv hqwluho| lqyhvwhg lq wkh whfkqrorj| fkrvhq iru
wkh vhfrqg shulrg1 Zh dovr dvvxph wkdw lqyhvwruv fdqqrw krog �sruwirolrv�
ri whfkqrorjlhv/ exw rqo| lqyhvw lq rqh whfkqrorj| dw d wlph1 Lq zkdw iroorzv
+vhh vxevhfwlrq 517,/ zh vkrz wkdw wklv dvvxpswlrq lv zlwkrxw orvv ri jhqhu0
dolw| lq rxu vhwwlqj= li lqyhvwruv rqo| fduh derxw wkhlu udqnlqj/ wkh| suhihu wr
krog �h{wuhph sruwirolrv�/ zkhuh rqo| rqh whfkqrorj| lv uhsuhvhqwhg;1

Wkh hfrqrplf djhqwv wkdw jhw wr fkrrvh zklfk whfkqrorj| wr dgrsw/ duh
lqghhg surihvvlrqdo lqyhvwruv pdqdjlqj folhqwv* prqh|/ udwkhu wkdq wkhlu rzq1
Khqfh zh dvvxph wkdw wkh| gr qrw ghulyh xwlolw| gluhfwo| iurp wkh lqyhvwphqw
lqfrphv wkdw wkh| rewdlq rq ehkdoi ri wkhlu folhqwv1 Lqyhvwruv lq rxu prgho
rqo| fduh derxw wkhlu frpshqvdwlrq= wkh lqyhvwru wkdw hqgv xs zlwk wkh
odujhvw zhdowk dw | ' 2 rewdlqv d vwulfwo| srvlwlyh erqxv> lq fdvh ri wlh/
qrerg| jhwv wkh erqxv<1 Wklv odwwhu ihdwxuh lpsolhv wkdw lqyhvwruv zloo qhyhu
zdqw wr dgrsw wkh vdph vhtxhqfh ri whfkqrorjlhv/ zlwk wkh uhvxow wkdw d wlh
zloo qhyhu eh revhuyhg lq htxloleulxp1

514 Wkh Erqxv Vwdjh

Lq wkh vlpsoh zruog zh duh ghvfulelqj/ ixqg pdqdjhuv sod| d wzr0vwdjh jdph/
zkhuh sd|r�v +wkh erqxv, duh glvwulexwhg rqo| dw wkh hqg ri wkh vhfrqg vwdjh1
Sod|huv dlp dw uhdfklqj wkh ohdghuvkls srvlwlrq lq rughu wr zlq wkh erqxv1
Zh fdq vroyh wkh jdph edfnzdugv= fdoo wkh wzr vwdjhv ri sod| lqwhulp dqg
erqxv vwdjh uhvshfwlyho|/ dqg irfxv rq wkh erqxv vwdjh �uvw1

Zh qhhg wr �{ dq klvwru| iru wkh lqwhulp vwdjh1 Vxssrvh wkdw lqyhvwruv
fkrrvh gl�huhqw dvvhwv lq wkh �uvw vwdjh ri sod|/ vr wr uhdfk wkh erqxv vwdjh
zlwk �ohdghu� dqg �iroorzhu� urohv1 Pruhryhu/ frqvlghu wkh fdvh h�� ' �M

�uvw1 Diwhu d �jrrg� uhdolvdwlrq ri wkh ulvn| whfkqrorj| lq wkh lqwhulp vwdjh/

;Zkhq lqyhvwruv dovr fduh derxw wkhlu devroxwh shuirupdqfh/ wkh| kdyh dq lqfhqwlyh wr
glyhuvli|1 Krzhyhu/ lq vhfwlrq 7 zh dujxh wkdw krz rxu pdlq uhvxowv vkrxog suryh urexvw
wr vxfk fkdqjhv lq wkh prgho1

<Wklv dvvxpswlrq vlpsol�hv rxu dqdo|vlv1 Lw dovr �qgv vxssruw e| wkh hpslulfdo hylghqfh=
Eurzq hw do ^8` dqg Fkhydolhu dqg Hoolvrq ^:` vkrz wkdw wkh ixqg*v qhz prqh|  rz0
shuirupdqfh uhodwlrqvkls/ wkdw dfwv dv dq lpsolflw lqfhqwlyh frqwudfw iru wkh ixqg pdqdjhu/
lv frqyh{1 �Uhdo� ohdghuv duh pruh jhqhurxvo| frpshqvdwhg1
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dw | ' �/ wkh sod|hu zkr lqyhvwhg lq whfkqrorj| � lv wkh ohdghu dqg wkh sod|hu
zkr lqyhvwhg lq wkh vdih whfkqrorj| � lv wkh iroorzhu1 Wkh erqxv vxejdph lv
wkh jdph wkdw ohdghu dqg iroorzhu sod| djdlqvw hdfk rwkhu lq wkh erqxv vwdjh1
Ohw xv fdoo sod|hu � dqg sod|hu � wkh ohdghu dqg wkh iroorzhu dw gdwh | ' �/
uhvshfwlyho|1 Dovr zh zloo iroorz wkh frqyhqwlrq ri kdylqj wkh lqwhulp iroorzhu
dv �uvw +urz, sod|hu dqg wkh lqwhulp ohdghu dv vhfrqg +froxpq, sod|hu1

Li/ lq wkh erqxv vwdjh/ erwk pdqdjhuv lqyhvw lq wkh vdph whfkqrorj| +vwudw0
hj| sur�ohv �� dqg ��,/ wkhq fohduo| wkh lqwhulp ohdghu +sod|hu �, zloo zlq
wkh erqxv zlwk suredelolw| 41 Li wkh| lqyhvw lq gl�huhqw whfkqrorjlhv wkhq wkh
lqwhulp iroorzhu pljkw +ru pljkw qrw, fdwfk xs zlwk wkh lqwhulp ohdghu1 Lq
sduwlfxodu/ li/ lq wkh erqxv vwdjh/ iroorzhu dqg ohdghu lqyhvw lq wkh ulvn| dqg
vdih whfkqrorjlhv uhvshfwlyho| +vwudwhj| sur�oh ��,/ sod|hu �*v zhdowk lv htxdo
wr �M� dqg sod|hu �*v zhdowk lv htxdo wr � h�21 Dv d uhvxow/ li lq wkh vhfrqg
vwdjh h�2 ' �M / zh kdyh d wlh +dqg qrerg| jhwv wkh erqxv,/ li h�2 ' �u wkhq
sod|hu � zlqv wkh erqxv1 Li zh qrupdolvh wkh vl}h ri wkh erqxv wr �c h{shfwhg
sd|r�v wr wkh lqwhulp iroorzhu dqg ohdghu/ zlwk wkh vwudwhj| sur�oh ��c duh
f dqg E�� R� uhvshfwlyho|1 Rqh odvw fdvh wr frqvlghu lv wkh vwudwhj| sur�oh
��> zkhq wkh lqwhulp iroorzhu lqyhvwv lq wkh vdih whfkqrorj| dqg wkh lqwhulp
ohdghu lq wkh ulvn| rqh/ wkhq wkh iroorzhu pljkw lqghhg kdyh wkh fkdqfh wr
rxwshuirup wkh ohdghu1 Wkh rxwfrph zloo ghshqg rq rxu sdudphwulf dvvxps0
wlrqv1 Li �2 : �M�u wkhq wkh iroorzhu zloo rxwshuirup wkh ohdghu dqg zlq
wkh erqxv1 Li/ rq wkh frqwudu|/ �2 	 �M�u/ wkhq wkh lqwhulp ohdghu zloo vwd|
ohdghu dqg jhw wkh erqxv1 Ilqdoo|/ li �2 ' �M�u/ zh kdyh d wlh dqg qrqh ri
wkh lqyhvwruv zlqv wkh erqxv1

Wkh erqxv vxejdph wkdw lqwhulp ohdghu dqg iroorzhu sod|/ xqghu wkhvh
wkuhh gl�huhqw sdudphwulf dvvxpswlrqv/ fdq eh vxppdulvhg e| wkh iroorzlqj
sd|r� pdwulfhv/ zkhuh erog sd|r�v lghqwli| htxloleuld=

41 Li �2 : �M�u=

IroorzhuqOhdghu � �
� f( � � � R( R
� f( � � R f( �

51 Li �2 	 �M�u=

IroorzhuqOhdghu � �
� f( � f( �

� f( �� R f( �
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61 Li �2 ' �M�u=

IroorzhuqOhdghu � �
� f( � f( R
� f( �� R f( �

Lq fdvh +4,/ wkh erqxv vxejdph kdv d xqltxh Qdvk Htxloleulxp/ ��1
Zkhq sod|huv uhdfk wkh vhfrqg vwdjh ri wkh jdph zlwk qrq0lghqwlfdo zhdowk/
diwhu d jrrg uhdolvdwlrq ri wkh ulvn| whfkqrorj| lq wkh �uvw vwdjh/ erwk sod|huv
zloo sod| vdih lq wkh erqxv vwdjh dqg lqyhvw wkhlu zkroh hqgrzphqw lq wkh
vdih whfkqrorj|1 Lq fdvh +5,/ Qdvk Htxloleuld iru wkh erqxv vxejdph +lq sxuh
vwudwhjlhv, duh= ��/ ��/ ��1 Sod|huv zloo hlwkhu erwk lqyhvw lq wkh vdih
whfkqrorj|/ ru erwk lq wkh ulvn| whfkqrorj|/ ru/ �qdoo|/ erwk dgrsw wkh vdph
whfkqrorjlhv wkh| kdg fkrvhq lq wkh lqwhulp vwdjh +l1h1 ohdghu dqg iroorzhu zloo
uhvshfwlyho| lqyhvw lq wkh ulvn| dqg wkh vdih whfkqrorj|,1 Lq fdvh +6,/ Qdvk
Htxloleuld iru wkh erqxv vxejdph +lq sxuh vwudwhjlhv, duh= ��/ ��1 Rqfh
djdlq/ lq wkh vhfrqg vwdjh ri sod|/ lqyhvwruv zloo dgrsw wkh vdph whfkqrorj|
lq htxloleulxp1

Vlploduo|/ zh fdq h{dplqh zkdw lv wkh sod| lq wkh erqxv vwdjh/ diwhu wkh
klvwru| h�� ' �u iru wkh lqwhulp vwdjh1 Rqfh djdlq/ vxssrvh wkdw lqyhvwruv
fkrrvh gl�huhqw dvvhwv lq wkh �uvw vwdjh ri sod|/ vr wr uhdfk wkh erqxv vwdjh
zlwk �ohdghu� dqg �iroorzhu� urohv1 Lq wklv fdvh/ zh fdoo sod|hu � wkh sod|hu
zkr lqyhvwhg klv hqgrzphqw lq wkh vdih whfkqrorj| lq wkh lqwhulp vwdjh/ vr
wkdw � lv wkh lqwhulp ohdghu dw | ' �� Zh fdoo � wkh sod|hu zkr lqyhvwhg klv
zhdowk lq wkh ulvn| whfkqrorj| lq wkh lqwhulp vwdjh/ vr wkdw � lv wkh lqwhulp
iroorzhu dw | ' �1 Lq wkh erqxv vwdjh/ li erwk sod|huv lqyhvw lq wkh vdph
whfkqrorj|/ fohduo| sod|hu � +wkh lqwhulp ohdghu, zloo vwd| ohdghu dqg zlq wkh
erqxv zlwk suredelolw| 41 Li wkh| lqyhvw lq gl�huhqw whfkqrorjlhv/ wkhq wkh
lqwhulp iroorzhu/ xqghu vrph frqglwlrqv/ rxwshuirupv wkh lqwhulp ohdghu1 Olnh
ehiruh/ gl�huhqw sdudphwulf dvvxpswlrqv lpso| gl�huhqw vhwv ri htxloleuld iru
wkh erqxv vxejdph +htxloleulxp sd|r�v duh lq erog,=

41 Li �2 	 �M�u=

IroorzhuqOhdghu � �
� f( � f( R
� R( �� R f( �
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51 Li �2 : �M�u=

IroorzhuqOhdghu � �
� f( � f( R
� f( � f( �

61 Li �2 ' �M�u=

IroorzhuqOhdghu � �
� f( � f( R
� f( �� R f( �

Dv rqh pljkw kdyh h{shfwhg/ wkh uhvxowv zh rewdlq duh v|pphwulf wr zkdw
zh irxqg lq wkh suhylrxv fdvh deryh1 Lq fdvh +4,/ wkh erqxv vxejdph kdv
d xqltxh Qdvk Htxloleulxp/ ��1 Lq wkh odvw vwdjh ri jdph/ li sod|huv kdyh
qrq0lghqwlfdo zhdowk dqg diwhu d edg uhdolvdwlrq ri wkh ulvn| dvvhw lq wkh
lqwhulp vwdjh/ erwk sod|huv sod| ulvn| dqg lqyhvw wkhlu zkroh hqgrzphqw lq
wkh ulvn| whfkqrorj|1 Lq fdvh +5,/ Qdvk Htxloleuld iru wkh erqxv vxejdph +lq
sxuh vwudwhjlhv, duh= ��/ ��/ ��1 Sod|huv zloo hlwkhu erwk lqyhvw lq wkh vdih
whfkqrorj|/ ru erwk lq wkh ulvn| whfkqrorj|/ ru/ �qdoo|/ erwk dgrsw wkh vdph
whfkqrorjlhv wkh| kdg fkrvhq lq wkh lqwhulp vwdjh +l1h1 ohdghu dqg iroorzhu zloo
uhvshfwlyho| lqyhvw lq wkh ulvn| dqg wkh vdih whfkqrorj|,1 Lq fdvh +6,/ Qdvk
Htxloleuld iru wkh erqxv vxejdph +lq sxuh vwudwhjlhv, duh= ��/ ��1 Rqfh
djdlq/ lq wkh vhfrqg vwdjh ri sod|/ lqyhvwruv zloo dgrsw wkh vdph whfkqrorj|
lq htxloleulxp1

Ohw xv qrz frqvlghu d gl�huhqw klvwru| iru wkh lqwhulp vwdjh1 Vxssrvh wkdw
lqyhvwruv fkrrvh wkh vdph whfkqrorj| wr vwruh zhdowk lq wkh �uvw shulrg1 Wkh
wzr ixqg pdqdjhuv +lghqwlfdo dw | ' f, zloo uhdfk wkh erqxv vxejdph zlwk
lghqwlfdo zhdowk hqgrzphqwv1 Vlqfh wkhuh lv qr �lqwhulp ohdghu�/ lqyhvwruv
sod| d v|pphwulf vxejdph lq wkh erqxv vwdjh/ zkhuh wkh| erwk wu| dqg uhdfk
iru wkh ohdghuvkls1

Uhfdoo wkdw zh duh dvvxplqj wkdw lq fdvh ri wlh qrerg| jhwv wkh erqxv>
ixqg pdqdjhuv kdyh wr rxwshuirup wkhlu rssrqhqwv lq rughu wr txdoli| iru
wkh uhzdug1 Dv d uhvxow/ lq htxloleulxp lqyhvwruv zloo fkrrvh wr vwruh zhdowk
lq gl�huhqw whfkqrorjlhv1 Sd|r�v iru wkh erqxv vxejdph/ zkhq sod|huv kdyh
lghqwlfdo zhdowk/ fdq eh vxppdulvhg e| wkh iroorzlqj pdwul{/ zkhuh htxlole0
ulxp sd|r�v duh ghqrwhg lq erog1

Iluvw sod|huqVhfrqg sod|hu � �
� f( f �� T( T
� T( �� T f( f
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Lq wklv fdvh wkh +sxuh vwudwhjlhv, Qdvk Htxloleuld ri wkh erqxv vxejdph duh
�� dqg ��1

Vxppdulvlqj/ ghshqglqj rq sdudphwulf dvvxpswlrqv/ wkh erqxv vxejdph
wkdw iroorzv dq dv|pphwulf sod| lq wkh lqwhulp vwdjh/ pd| glvsod| rqh/ wzr ru
wkuhh Qdvk Htxloleuld1 Doo htxloleuld duh sd|r� htxlydohqw1 Lq sduwlfxodu lw lv
dozd|v srvvleoh iru wkh lqwhulp ohdghu wr nhhs klv ohdghuvkls lq htxloleulxp dqg
zlq wkh erqxv zlwk suredelolw| rqh dw wkh hqg ri wkh vhfrqg vwdjh1 Zkhqhyhu
lqyhvwruv sod| dv|pphwulfdoo| lq wkh lqwhulp vwdjh/ wkh dfwxdo erqxv zlqqhu
lv lq idfw ghwhuplqhg e| wkh hqg ri wkh �uvw shulrg1

Rq wkh frqwudu|/ zkhq lqyhvwruv sod| vlpphwulfdoo| lq wkh �uvw shulrg/ wkh
erqxv zlqqhu lv wr eh ghwhuplqhg lq wkh vhfrqg vwdjh ri wkh jdph1 Lq wklv
fdvh/ wkh erqxv vxejdph dozd|v kdv wzr Qdvk Htxloleuld1 Erwk htxloleuld
duh dv|pphwulf dqg wkh| duh qrw sd|r� htxlydohqw1 Ghshqglqj rq krz olnho|
wkh ulvn| dvvhw lv wr |lhog d kljk sd|r� +wkh ydoxh ri wkh suredelolw| R,/ ixqg
pdqdjhuv zloo eh ehwwhu r� lq rqh htxloleulxp udwkhu wkdq lq wkh rwkhu1

515 Wkh Lqwhulp Vwdjh

Vroylqj wkh jdph e| edfnzdug lqgxfwlrq/ zh fdq qrz dvn zklfk vwudwhjlhv zloo
ixqg pdqdjhuv rswlpdoo| fkrrvh lq wkh lqwhulp vwdjh/ jlyhq wkh htxloleulxp
rxwfrphv ri wkh iroorzlqj vxejdphv1

Wkh sd|r�v wr ixqg pdqdjhuv zkr lqyhvw dv|pphwulfdoo| lq wkh �uvw vwdjh
+vwudwhj| sur�ohv �� dqg ��, duh hdv| wr frpsxwh1 Zkhq lqyhvwruv sod|
gl�huhqw vwudwhjlhv lq wkh �uvw vwdjh ri wkh jdph/ wkh lqwhulp ohdghu lv jxdu0
dqwhhg wr eh erqxv zlqqhu/ vr wkdw h{shfwhg sd|r�v wr hdfk ri wkh sod|huv duh
lqghhg htxdo wr wkh suredelolwlhv ri ehfrplqj lqwhulp ohdghuv1 Dv d uhvxow/ wkh
h{shfwhg sd|r� wr d ixqg pdqdjhu wkdw lqyhvwv lq wkh ulvn| whfkqrorj|/ zkloh
klv rssrqhqw lv lqyhvwlqj lq wkh vdih whfkqrorj|/ lv htxdo wr R> klv rssrqhqw*v
h{shfwhg sd|r� lv E� � R�1 Wkhvh sd|r�v fdq eh vxppdulvhg e| wkh iroorzlqj
+lqfrpsohwh, sd|r� pdwul{1

Iluvw sod|huqVhfrqg sod|hu � �
� � � R( R
� R( � � R

Zkhq lqyhvwruv fkrrvh wkh vdph whfkqrorj| lq wkh �uvw vwdjh ri sod|
+vwudwhj| sur�ohv �� dqg ��,/ wkh erqxv vxejdph glvsod|v wzr Qdvk Htxl0
oleuld zklfk duh qrw sd|r� htxlydohqw1 Khqfh/ h{shfwhg sd|r�v lq wkh lqwhulp
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vwdjh duh frqglwlrqdo rq wkh vshfl�f htxloleulxp wkdw suhydlov lq wkh vhfrqg
vwdjh ri wkh jdph1 Zh fdq wkhuhiruh glvwlqjxlvk ehwzhhq irxu gl�huhqw fdvhv1

41 Vxssrvh/ �uvw/ wkdw diwhu erwk �� dqg �� lq wkh �uvw vwdjh/ wkh htxl0
oleulxp�� suhydlov lq wkh vhfrqg vwdjh ri jdph/ vr wkdw wkh �uvw sod|hu
zlqv wkh erqxv zlwk suredelolw| E�� R� dqg wkh vhfrqg sod|hu zlqv wkh
erqxv zlwk suredelolw| R1 Lq wkh lqwhulp vwdjh wkh sd|r� pdwul{ zrxog
orrn dv iroorzv=

Iluvw sod|huqVhfrqg sod|hu � �
� �� R( R � � R( R
� R( � � R � � R( R

Wkh +sxuh vwudwhjlhv, Qdvk Htxloleuld ri wkh jdph sod|hg lq wkh lqwhulp
vwdjh ghshqg rq wkh ydoxh ri R1 Li R lv vpdoo +lq sduwlfxodu/ li R 	 �*2,/
wkhq �� dqg �� duh htxloleuld1 Li R lv odujh +lq sduwlfxodu/ li R : �*2,/
wkhq �� dqg �� duh htxloleuld1

51 Vxssrvh/ rq wkh rssrvlwh/ wkdw diwhu erwk �� dqg �� lq wkh �uvw
vwdjh/ wkh htxloleulxp �� suhydlov lq wkh vhfrqg vwdjh ri jdph/ vr wkdw
wkh �uvw sod|hu zlqv wkh erqxv zlwk suredelolw| R dqg wkh vhfrqg sod|hu
zlqv wkh erqxv zlwk suredelolw| E�� R�1 Lq wkh lqwhulp vwdjh wkh sd|r�
pdwul{ zrxog orrn dv iroorzv=

Iluvw sod|huqVhfrqg sod|hu � �
� R( � � R � � R( R
� R( � � R R( � � R

Wkh +sxuh vwudwhjlhv, Qdvk Htxloleuld ri wkh jdph sod|hg lq wkh lqwhulp
vwdjh ghshqg rq wkh ydoxh ri R1 Li R lv vpdoo +lq sduwlfxodu/ li R 	 �*2,/
wkhq �� dqg �� duh htxloleuld1 Li R lv odujh +lq sduwlfxodu/ li R : �*2,/
wkhq �� dqg �� duh htxloleuld1

61 Vxssrvh/ qrz/ wkdw diwhu �� lq wkh �uvw vwdjh/ wkh htxloleulxp wkdw
suhydlov lq wkh vhfrqg vwdjh lv �� dqg wkdw/ diwhu �� lq wkh �uvw vwdjh/
wkh htxloleulxp wkdw suhydlov lq wkh vhfrqg vwdjh lv ��1 Lq wkh lqwhulp
vwdjh wkh sd|r� pdwul{ zrxog orrn dv iroorzv=

Iluvw sod|huqVhfrqg sod|hu � �
� �� R( R � � R( R
� R( � � R R( � � R
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Wkh +sxuh vwudwhjlhv, Qdvk Htxloleuld ri wkh jdph sod|hg lq wkh lqwhulp
vwdjh ghshqg rq wkh ydoxh ri R1 Li R lv vpdoo +lq sduwlfxodu/ li R 	 �*2,/
wkhq �� dqg �� duh htxloleuld1 Li R lv odujh +lq sduwlfxodu/ li R : �*2,/
wkhq �� dqg �� duh htxloleuld1

71 Ilqdoo|/ vxssrvh wkdw diwhu �� lq wkh �uvw vwdjh/ wkh htxloleulxp wkdw
suhydlov lq wkh vhfrqg vwdjh lv �� dqg wkdw/ diwhu �� lq wkh �uvw vwdjh/
wkh htxloleulxp wkdw suhydlov lq wkh vhfrqg vwdjh lv ��1 Lq wkh lqwhulp
vwdjh wkh sd|r� pwul{ zrxog orrn dv iroorzv=

Iluvw sod|huqVhfrqg sod|hu � �
� R( � � R � � R( R
� R( � � R � � R( R

Wkh +sxuh vwudwhjlhv, Qdvk Htxloleuld ri wkh jdph sod|hg lq wkh lqwhulp
vwdjh ghshqg rq wkh ydoxh ri R1 Li R lv vpdoo +lq sduwlfxodu/ li R 	 �*2,/
wkhq �� dqg �� duh htxloleuld1 Li R lv odujh +lq sduwlfxodu/ li R : �*2,/
wkhq �� dqg �� duh htxloleuld1

Vxppdulvlqj/ zh �qg wkdw lq wkh lqwhulp vwdjh erwk v|pphwulf dqg dv|p0
phwulf sod| fdq eh revhuyhg lq htxloleulxp1 Zkhqhyhu zh revhuyh v|pphwulf
sod| +�� ru ��,/ wkh sdudphwhu wkdw lv fuxfldo lq ghwhuplqlqj zkhwkhu ixqg
pdqdjhuv zloo erwk lqyhvw lq wkh vdih whfkqrorj| ru lq wkh ulvn| rqh/ lv wkh
suredelolw| wkdw wkh ulvn| whfkqrorj| |lhogv d kljk sd|r� +wkh ydoxh ri R,1 Li
R lv odujh +kljk sd|r� lv yhu| olnho|,/ erwk ixqg pdqdjhuv zloo lqyhvw lq wkh
ulvn| whfkqrorj| dqg �� zloo eh revhuyhg lq htxloleulxp1 Li R lv vpdoo +kljk
sd|r� yhu| xqolnho|,/ erwk ixqg pdqdjhuv zloo lqyhvw lq wkh vdih whfkqrorj|
dqg �� zloo eh revhuyhg lq htxloleulxp1

Zkhqhyhu dv|pphwulf sod| +�� ru ��, lv revhuyhg lq htxloleulxp/ wkh
suredelolw| R sod|v qr uroh dqg wkh rqo| ghwhuplqdqw wkdw lpsolhv rqh htxl0
oleulxp udwkhu wkdq wkh rwkhu lv wkh sxqlvkphqw lq fdvh ri ghyldwlrqv1 Iru
h{dpsoh/ d sod|hu wkdw xqlodwhudoo| ghyldwhv iurp �� +wr �� ru ��, dqg
wkdw idfhv wkh +fuhgleoh, sxqlvkphqw �� lq wkh vhfrqg vwdjh ri jdph/ ohdglqj
klp wr dq lghqwlfdo h{shfwhg sd|r�/ kdv qr lqfhqwlyh wr ghyldwh1

516 Htxloleulxp Sdwkv

Lq wkh suhylrxv wzr vxevhfwlrqv zh kdyh vroyhg wkh wzr vwdjh jdph ehwzhhq
ixqg pdqdjhuv e| edfnzdug lqgxfwlrq1 Zh fdq qrz �qdoo| vxppdulvh dqg
fkdudfwhulvh wkh zkroh htxloleulxp sdwkv1
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Wkh jdph ehwzhhq ixqg pdqdjhuv fohduo| glvsod|v d pxowlsolflw| ri htxl0
oleuld1 Krzhyhu zh fdq frqyhqlhqwo| glvwlqjxlvk ehwzhhq wzr w|shv ri htxl0
oleulxp sdwkv/ dffruglqj wr sod|huv* ehkdylrxu lq wkh �uvw vwdjh ri wkh jdph1

41 Li wkh wzr sod|huv lqyhvw lq wkh vdph whfkqrorj| lq wkh lqwhulp vwdjh
+vwudwhj| sur�ohv �� dqg ��,/ wkhq wkh| zloo lqyhvw lq gl�huhqw whfk0
qrorjlhv lq wkh erqxv vwdjh1 Lq sduwlfxodu/ li wkh ulvn| whfkqrorj| kdv d
kljkhu h{shfwhg uhwxuq wkdq wkh vdih whfkqrorj| +l1h1 R odujh hqrxjk,/
wkhq erwk sod|huv zloo lqyhvw lq wkh ulvn| whfkqrorj| lq wkh �uvw vwdjh1
Khqfh zh zloo revhuyh �� lq wkh �uvw shulrg/ iroorzhg e| hlwkhu �� ru
�� lq wkh erqxv vwdjh1 Rq wkh frqwudu|/ li wkh vdih whfkqrorj| kdv d
kljkhu h{shfwhg uhwxuq wkdq wkh ulvn| whfkqrorj| +l1h1 R vpdoo hqrxjk,/
wkhq erwk sod|huv zloo lqyhvw lq wkh vdih whfkqrorj| lq wkh �uvw vwdjh1
Khqfh zh zloo revhuyh �� lq wkh �uvw shulrg/ iroorzhg e| hlwkhu �� ru
�� lq wkh erqxv vwdjh1

51 Li wkh wzr sod|huv lqyhvw lq gl�huhqw whfkqrorjlhv lq wkh lqwhulp vwdjh
+vwudwhj| sur�ohv �� dqg ��,/ wkhq lq wkh erqxv vwdjh zh pljkw kdyh
hlwkhu rqh/ ru wzr ru hyhq wkuhh sd|r� htxlydohqw Qdvk Htxloleuld/ gh0
shqglqj rq sdudphwhu ydoxhv dqg rq wkh uhdolvdwlrq ri wkh whfkqrorj|
lq wkh lqwhulp vwdjh1 Lqwhuhvwlqjo| hqrxjk rqh qrwlfhv wkdw wkh rqo|
htxloleulxp rxwfrph zklfk doo sdudphwulf vshfl�fdwlrqv kdyh lq frp0
prq lv vxfk wkdw lq wkh vhfrqg shulrg lqyhvwruv khug lq wkh dvvhw zklfk
kdv ehhq wkh ohdvw vxffhvvixo lq wkh �uvw shulrg1 Lq sduwlfxodu/ ixqg
pdqdjhuv khug lq wkh vdih dvvhw lq wkh erqxv vwdjh/ li wkh ulvn| dvvhw
kdv sdlg d kljk sd|r� lq wkh lqwhulp vwdjh1 Rq wkh frqwudu|/ wkh| khug
lq wkh ulvn| dvvhw lq wkh erqxv vwdjh/ li wkh ulvn| dvvhw kdv sdlg d orz
sd|r� lq wkh lqwhulp vwdjh1 Pruhryhu/ wkh khug wkdw rffxuv lq wkh vhf0
rqg vwdjh ri sod|/ xqolnh wkh khug wkdw rqh frxog revhuyh lq wkh �uvw
vwdjh ri sod|/ lv qrw qhfhvvdulo| h!flhqw1 Lq idfw/ wkh h{shfwhg uhwxuq
ri wkh ulvn| whfkqrorj| sod|v qr uroh lq vxfk dq htxloleulxp rxwfrph
dqg lqghhg erwk sod|huv pljkw �qg wkhpvhoyhv rswlpdoo| lqyhvwlqj lq
wkh ulvn| whfkqrorj| hyhq zkhq lw |lhogv d orzhu h{shfwhg uhwxuq wkdq
wkh vdih whfkqrorj|1

517 Gr Ixqg Pdqdjhuv Krog �H{wuhph� SruwirolrvB

Lq wkh prgho ghvfulehg lq wklv vhfwlrq/ zh kdyh dvvxphg wkdw ixqg pdqdjhuv
fdq hlwkhu lqyhvw lq wkh vdih whfkqrorj| ru lq wkh ulvn| whfkqrorj|= wkh|
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fdqqrw lqyhvw wkhlu hqgrzphqwv lq d glyhuvl�hg sruwirolr ri whfkqrorjlhv1 Zh
fdq vkrz wkdw/ vr orqj dv lqyhvwruv duh uhzdughg rq wkh edvlv ri wkhlu uhodwlyh
shuirupdqfh/ wklv dvvxpswlrq lv zlwkrxw orvv ri jhqhudolw|1 Qdpho|/ hyhq
li doorzhg wr krog sruwirolrv ri whfkqrorjlhv/ wkh| zrxog rswlpdoo| fkrrvh
�h{wuhph� sruwirolr frpsrvlwlrqv dqg lqyhvw wkhlu hqwluh hqgrzphqwv lq rqo|
rqh ri wkh dydlodeoh whfkqrorjlhv1

Iru h{dpsoh/ ohw xv frqvlghu wkh erqxv vxejdph wkdw iroorzv dv|pphwulf
ehkdylrxu lq wkh lqwhulp vwdjh/ diwhu d jrrg uhdolvdwlrq ri wkh ulvn| whfkqrorj|
lq wkh lqwhulp vwdjh1 Zh nqrz iurp rxu suhylrxv dqdo|vlv wkdw/ zkhq ixqg
pdqdjhuv fdqqrw glyhuvli|/ xqghu wkh sdudphwulf frqglwlrq �2 : �M�u/ wkh
xqltxh Qdvk Htxloleulxp ri wkh erqxv vxejdph lv ��/ l1h1 erwk sod|huv zloo
fkrrvh wkh vdih whfkqrorj|1 Zh fdq hdvlo| suryh wkdw/ hyhq zkhq zh dvvxph
wkdw prqh| pdqdjhuv fdq glyhuvli| wkhlu sruwirolrv +dqg khqfh frqvlghu d
odujhu vwudwhj| vsdfh iru wkh wzr sod|huv,/ xqghu wkh vdph sdudphwulf frq0
glwlrqv/ �doo wkh prqh| lq vdih� lv vwloo d Qdvk Htxloleulxp ri wkh h{whqghg
vxejdph1

Vxssrvh/ lq idfw/ wkdw wkh lqwhulp iroorzhu lv kdylqj doo klv hqgrzphqw
lqyhvwhg lq wkh vdih whfkqrorj|1 Lw lv fohduo| d ehvw uhso| iru wkh lqwhulp
ohdghu wr plplf klv rssrqhqw*v sruwirolr1 Khqfh �doo wkh prqh| lq vdih� lv
zkdw wkh ohdghu zloo udwlrqdoo| fkrrvh wr gr1 Vxssrvh/ qrz/ wkdw wkh lqwhulp
ohdghu lv kdylqj doo klv hqgrzphqw lqyhvwhg lq wkh vdih whfkqrorj|> grhv wkh
lqwhulp iroorzhu kdyh dq lqfhqwlyh wr ghyldwh iurp �doo wkh prqh| lq vdih�B
Li kh glyhuwv sduw ri klv uhvrxufhv wr wkh ulvn| whfkqrorj|/ kh fdqqrw gr dq|
ehwwhu/ dv rxu sdudphwulf frqglwlrqv jxdudqwhh wkdw fdwfklqj xs zlwk wkh
lqwhulp ohdghu lv h{foxghg dq|zd|1 Li zh dvvxph wkdw wkhuh lv hyhq d vpdoo
oh{lfrjudsklf frvw lq lqyhvwlqj lq wzr whfkqrorjlhv +ru dvvhwv, udwkhu wkdq rqh/
wkhq fohduo| wkh iroorzhu zloo vwulfwo| suhihu wr khug zlwk wkh ohdghu/ udwkhu
wkdq kroglqj d glyhuvl�hg sruwirolr wkdw frvwv klp pruh dqg |lhogv wkh vdph
h{shfwhg erqxv1

Pruhryhu/ wkh dvvxpswlrq ri d vpdoo oh{lfrjudsklf frvw iru glyhuvl�fdwlrq
lpsolhv wkdw +iru h{dpsoh lq wkh vdph sdudphwulf fdvh zh kdyh frqvlghuhg
deryh, �doo wkh prqh| lq vdih� iru erwk ixqg pdqdjhuv lv wkh xqltxh Qdvk
Htxloleulxp/ dovr lq wkh vxejdph zkhuh wkh vwudwhj| vsdfh lv jlyhq e| sruw0
irolrv ri whfkqrorjlhv1

Lq idfw/ dq| vwudwhj| sur�oh vxfk wkdw rqh ixqg pdqdjhu lv lqyhvwlqj lq
dq �h{wuhph� sruwirolr dqg wkh rwkhu ixqg pdqdjhu lv lqyhvwlqj lq d pl{ ri
whfkqrorjlhv fdqqrw eh dq htxloleulxp1 Wkh sod|hu zkr lv kroglqj d glyhu0
vl�hg sruwirolr/ fdq rswlpdoo| uhvsrqg zlwk d vlqjoh whfkqrorj| +wkh vdph
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dv klv rssrqhqw*v li kh lv wkh lqwhulp ohdghu> wkh rqh wkdw klv rssrqhqw lv
qrw dgrswlqj/ li kh lv wkh lqwhulp iroorzhu,1 Li kh ghyldwhv iurp wkh fdqgl0
gdwh htxloleulxp/ klv h{shfwhg erqxv zloo eh wkh vdph dqg kh zloo vdyh rq
oh{lfrjudsklf frvwv1

Vlploduo| zh fdq vkrz wkdw zh fdqqrw kdyh dq htxloleulxp zkhuh erwk
ixqg pdqdjhuv krog glyhuvl�hg sruwirolrv1 Vxssrvh lq idfw wkdw d ixqg pdq0
djhu lv idflqj dq rssrqhqw wkdw lv kroglqj d glyhuvl�hg sruwirolr/ wkhq kh fdq
rswlpdoo| uhvsrqg wr klv rssrqhqw e| xvlqj d vlqjoh whfkqrorj|1 Rqfh djdlq/
klv h{shfwhg erqxv zloo eh wkh vdph dqg kh zloo vdyh rq oh{lfrjudsklf frvwv1

Iroorzlqj dqdorjrxv dujxphqwv zh fdq vkrz wkdw ixqg pdqdjhuv rswl0
pdoo| fkrrvh wr krog �h{wuhph� sruwirolrv lq wkh erqxv vxejdph wkdw iroorzv
v|pphwulf sod| lq wkh lqwhulp vwdjh/ dqg lq wkh lqwhulp vwdjh lwvhoi1

Fohduo|/ li zh frqvlghu d iudphzrun zkhuh ixqg pdqdjhuv duh qrw frp0
shqvdwhg rq kh edvlv ri wkhlu uhodwlyh shuirupdqfh rqo|/ exw dovr rq dffrxqw
ri wkhlu devroxwh shuirupdqfh/ ixqg pdqdjhuv zloo uhwdlq vrph lqfhqwlyhv wr
glyhuvli|1 Lq vxevhfwlrq 714/ krzhyhu/ zh vkrz krz dqg wr zkdw h{whqw rxu
dqdo|vlv pljkw krog lq vxfk d pruh jhqhudo vhwwlqj1

518 Wrzdugv d Pdunhw Prgho

Wkh prgho zh kdyh ghvfulehg lq wklv vhfwlrq lv h{wuhpho| vlpsoh dqg |hw
vhhpv surplvlqj1 Lw surylghv dq h{sodqdwlrq ri krz uhodwlyh shuirupdqfh
lqfhqwlyhv ohdg wr khuglqj ehkdylrxu1 Lw doorzv xv wr fkdudfwhulvh wkh uhvxowlqj
khuglqj ehkdylrxu dv h!flhqw/ zkhq lw rffxuv lq wkh �uvw vwdjh ri wkh jdph/
dqg dv +srvvleo|, lqh!flhqw zkhq lw rffxuv lq wkh vhfrqg vwdjh1 Zlwklq
wklv vlpsoh prgho zh fdq dovr vkrz krz wklv odwwhu w|sh ri khuglqj rxwfrph
+khuglqj lq wkh erqxv vwdjh, lv sdwk ghshqghqw lq d udwkhu frxqwhulqwxlwlyh
idvklrq1 Lq sduwlfxodu/ zh vkrzhg wkdw/ diwhu d jrrg uhdolvdwlrq ri wkh ulvn|
whfkqrorj|/ lqyhvwruv pljkw lq idfw dedqgrq lw dqg pryh lq d khug olnh pdqqhu
wrzdugv wkh dydlodeoh dowhuqdwlyh/ wkh vdih whfkqrorj|1 V|pphwulfdoo|/ diwhu d
edg uhdolvdwlrq ri wkh ulvn| whfkqrorj|/ doo ixqg pdqdjhuv pljkw dedqgrq lwv
vdihu dowhuqdwlyh1 Wkh iruphu ri wkhvh h�hfwv lv zhoo nqrzq lq wkh hpslulfdo
olwhudwxuh lq �qdqfh dv wkh �orfn0lq h�hfw�1 Wkh odwwhu h�hfw kdv dovr ehhq
ghvfulehg e| wkh hpslulfdo olwhudwxuh wkdw kdv riwhq dwwulexwhg lw wr wkh d
vxssrvhgo| luudwlrqdo pdunhw �sv|fkrorj|�1

Krzhyhu zh zrxog hqfrxqwhu vhulrxv gl!fxowlhv lq vwuhwfklqj wkh ydolglw|
ri wklv vlpsoh prgho*v lpsolfdwlrqv wr wkh ixqfwlrqlqj ri d �qdqfldo pdunhw1
Wklv lv sulpdulo| ehfdxvh ri wkh idfw wkdw lq wkh whfkqrorjlhv* dgrswlrq prgho
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wkdw zh kdyh ghvfulehg/ udwhv ri uhwxuq +� dqg h�|, duh h{rjhqrxvo| jlyhq dv
sdudphwhuv ri wkh prgho1 Lq d �qdqfldo pdunhw/ rq wkh frqwudu|/ rqh zrxog
h{shfw udwhv ri uhwxuq wr ghshqg rq dvvhw sulfhv dqg eh/ wkhuhiruh d pdunhw
rxwfrph1 Lq vhfwlrq 6 zh wu| wr ryhufrph wklv sureohp/ prghoolqj d vlpl0
odu uhodwlyh lqfhqwlyh vwuxfwxuh zlwklq d frpshwlwlyh pdunhw/ vr wkdw udwhv ri
uhwxuq duh hqgrjhqrxv1 Zh zloo vkrz wkdw d pdunhw prgho uhwdlqv doo wkh lq0
whuhvwlqj ihdwxuhv ri wkh vlpsoh prgho zlwk olqhdu whfkqrorjlhv1 Lq sduwlfxodu/
zh suryh wkdw lqh!flhqw khuglqj fdq eh revhuyhg dv dq htxloleulxp rxwfrph1
Pruhryhu/ zh vkrz wkdw wkh vdph frxqwhulqwxlwlyh sdwk ghshqghqf| dv lq
wkh prgho zlwk olqhdu whfkqrorjlhv rewdlqv lq wkh pdunhw prgho= surylghg
wkdw wkh| uhdfk wkh vhfrqg vwdjh ri wkh jdph zlwk qrq0lghqwlfdo zhdowk/ ixqg
pdqdjhuv khug rq wkh vdih dvvhw/ li wkh ulvn| dvvhw mxvw sdlg d kljk uhwxuq> rq
wkh frqwudu|/ wkh| khug rq wkh ulvn| dvvhw/ li lw mxvw sdlg d orz uhwxuq lq wkh
lqwhulp vwdjh1

Pruhryhu/ lq wkh qh{w vhfwlrq zh vkrz wkdw d pdunhw prgho glvsod|v d
fohdu dgydqwdjh zlwk uhvshfw wr wkh vlpsoh prgho zlwk olqhdu whfkqrorjlhv1
Wkh idfw wkdw wkh ydoxhv ri �c �M dqg �u duh qrw h{rjhqrxv lq d pdunhw
prgho/ ehvlghv iurp ehlqj pruh uhdolvwlf/ khosv rxu uhvxowv1 Lq idfw zh duh
deoh wr lghqwli| vlpsoh sdudphwulf frqglwlrqv rq wkh suredelolw| glvwulexwlrq
ri wkh uhwxuqv ri wkh ulvn| dvvhw dqg rq wkh pdunhw vl}h/ vxfk wkdw/ lq wkh
vhfrqg vwdjh ri wkh jdph +dqg diwhu dv|pphwulf sod| lq wkh lqwhulp vwdjh,
frqglwlrqv htxlydohqw wr�2 : �M�u zkhq h�� ' �M lq wkh lqwhulp vwdjh/ dqg
�2 	 �M�u zkhq h�� ' �u lq wkh lqwhulp vwdjh/ duh hqgrjhqrxvo| rewdlqhg1
Wkh sdudphwulf frqglwlrqv qhhghg wr rewdlq rxu khuglqj uhvxow fohduo| vxjjhvw
wkdw khuglqj ehkdylrxu lq wkh erqxv vwdjh lv fohduo| lqh!flhqw1 Qdpho| ixqg
pdqdjhuv hqwuxvw wkhlu zhdowk hqgrzphqwv wr wkh dvvhw wkdw glvsod|v wkh
orzhu h{shfwhg udwh ri uhwxuq1 Pruhryhu/ zh vkrz wkdw lqh!flhqw khuglqj
dprqj ixqg pdqdjhuv rffxuv zkhq wkh vl}h ri wkh uhvw ri wkh pdunhw lv odujh/
exw �qlwh/ vr wkdw wkh lpsdfw ri wkh khug rq htxloleulxp sulfhv lv qrw qhjoljleoh
dqg lqghhg ghvwdelolvlqj iru dvvhw sulfhv1

6 D Pdunhw Prgho

Zh frqvlghu d pdunhw zkhuh wzr dvvhwv duh wudghg= d vdih dvvhw � dqg d ulvn|
dvvhw �1 Lq hdfk shulrg wkhuh lv rqh xqlw ri hdfk dvvhw dydlodeoh= rqh xqlw
ri dvvhw � sd|v d nqrzq sd|r� �� dw wkh hqg ri hdfk shulrg/ luuhvshfwlyh
ri wkh vwdwh ri qdwxuh> rqh xqlw ri dvvhw � sd|v �M

� zlwk suredelolw| R dqg
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� zlwk suredelolw| E� � R�1 Zh dvvxph wkdw �u

� 	 �� 	 �M
� 1 Ghqrwh wkh

pdunhw sulfhv ri wkh wzr dvvhwv/ lq shulrg |/ e| 4�| dqg 4�|1 +H{0srvw, udwhv
ri uhwxuq duh=
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�

4�|

Wkhuh duh wkuhh gl�huhqw lqyhvwruv lq wklv pdunhw= lqyhvwruv � dqg �/ ixqg
pdqdjhuv wkdw duh prwlydwhg e| uhodwlyh shuirupdqfh lqfhqwlyhv lghqwlfdo
wr zkdw zh ghvfulehg iru wkh prgho zlwk olqhdu whfkqrorjlhv/ dqg d wudghu
hqgrzhg zlwk d orjdulwkplf xwlolw| ixqfwlrq zklfk lv uhsuhvhqwdwlyh ri wkh
uhvw ri wkh pdunhw431 Dw | ' f/ wkh wzr ixqg pdqdjhuv kdyh lghqwlfdo zhdowk
hqgrzphqwv/ zklfk zh qrupdolvh htxdo wr 4> wkh uhvw ri wkh pdunhw kdv
zhdowk htxdo wr � 1 Lqyhvwlqj lq wkh wzr dydlodeoh dvvhwv lv wkh rqo| zd| wr
vwruh zhdowk/ vr wkdw wkh hqwluh hqgrzphqw lv lqyhvwhg lq wkh �uvw vwdjh dqg
wkh hqwluh lqyhvwphqw lqfrph rewdlqhg lq wkh �uvw vwdjh lv uhlqyhvwhg lq wkh
vhfrqg vwdjh1 Wkh remhfwlyh ri wkh wzr ixqg pdqdjhuv lv wr zlq wkh erqxv dw
wkh hqg ri wkh vhfrqg vwdjh> wkh remhfwlyh ri wkh uhvw ri wkh pdunhw/ lq hdfk
vwdjh/ lv wr pd{lplvh wkh h{shfwhg orj ri hqg ri shulrg zhdowk441

Doo wudghuv duh sulfh wdnhuv1 Krzhyhu wkh wzr ixqg pdqdjhuv wdnh wkhlu
sruwirolr ghflvlrqv vwudwhjlfdoo| wr rxwshuirup hdfk rwkhu dqg zlq wkh erqxv1

43Rxu fkrlfh wr prgho wkh wudghu wkdw lv uhsuhvhqwdwlyh ri wkh uhvw ri wkh pdunhw dv
d orjdulwkplf xwlolw| pd{lplvhu/ �qgv vxssruw lq wkh olwhudwxuh rq vxuylydo ri wudghuv lq
�qdqfldo pdunhwv1 Orjdulwkplf xwlolw| pd{lplvdwlrq lv wkh ��wwhvw� ehkdylrxu lq d ulvn|
hqylurqphqw= lq d �qdqfldo pdunhw zlwk khwhurjhqhrxv wudghuv/ orjdulwkplf xwlolw| pd{0
lplvhuv zloo grplqdwh/ ghwhuplqh dvvhw sulfhv dv|pswrwlfdoo| dqg gulyh wr h{wlqfwlrq dq|
rwkhu wudghu zkr grhv qrw ehkdyh dv d orjdulwkplf xwlolw| pd{lplvhu/ dw ohdvw lq wkh orqj
uxq1 Vhh/ iru h{dpsoh/ wkh vhplqdo sdshu e| Eoxph dqg Hdvoh| ^7` dqg vrph uhfhqw zrun
e| Vflxeed ^5;` dqg ^5<`1

44Dqrwkhu fohdu dgydqwdjh ri orjdulwkplf xwlolw| lv wkdw wkh �plrslf� rswlplvdwlrq sure0
ohp wkdw zh duh vroylqj shulrg e| shulrg +pd{lplvlqj h{shfwhg orj ri hqg ri shulrg zhdowk,
|lhogv wkh vdph uhvxowv dv d g|qdplf rswlplvdwlrq sureohp/ ryhu erwk shulrgv dqg zlwk
dq| glvfrxqw udwh1
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614 Wkh Lqwhulp Vwdjh

Lq wkh lqwhulp vwdjh/ wkh wzr lghqwlfdo ixqg pdqdjhuv ehkdyh h{dfwo| dv zh
kdyh ghvfulehg lq vxevhfwlrq 515 iru wkh prgho zlwk olqhdu whfkqrorjlhv1 Vlqfh
lq fdvh ri wlh qrerg| zlqv wkh erqxv/ ixqg pdqdjhuv zloo wu| dqg gl�huhqwldwh
lq dw ohdvw rqh ri wkh wzr vwdjhv1 Li wkh| lqyhvw lq wkh vdph dvvhw lq wkh lqwhulp
vwdjh/ wkhq rqo| dv|pphwulf htxloleuld duh srvvleoh lq wkh erqxv vwdjh1 Lq
htxloleulxp/ wkh dvvhw rq zklfk erwk prqh| pdqdjhuv khug lq wkh �uvw shulrg
ri sod| lv wkh rqh zlwk kljkhu h{shfwhg uhwxuq1 Qrwklqj whuuleo| vxusulvlqj
lqvridu1

Ohw xv irfxv/ lqvwhdg/ rq dv|pphwulf sod| lq wkh lqwhulp vwdjh1 Vxssrvh
wkdw hdfk ixqg pdqdjhu hqwuxvwv klv zhdowk hqgrzphqw wr d gl�huhqw dv0
vhw1 Uhfdoo/ lq idfw/ iurp vhfwlrq 517 wkdw/ li lqyhvwruv rqo| fduh derxw wkhlu
udqnlqj/ wkh| zloo rswlpdoo| fkrrvh qrw wr glyhuvli| dqg zloo lqvwhdg krog
�h{wuhph� sruwirolrv1 Khqfh/ rqh ri wkh wzr prqh| pdqdjhuv zloo ghpdqg
�*4�c� ri dvvhw �> klv rssrqhqw zloo ghpdqg �*4�c� ri dvvhw �1

Wkh uhvw ri wkh pdunhw zloo fkrrvh d sruwirolr vr dv wr pd{lplvh wkh
h{shfwhg orj ri hqg ri shulrg zhdowk1 Dw wkh hqg ri wkh lqwhulp vwdjh/ dw
| ' �/ wkh zhdowk ri wkh orjdulwkplf wudghu wkdw kdv fkrvhq d sruwirolr zlwk
zhljkwv k� dqg E�� k�� lq dvvhwv � dqg � uhvshfwlyho|/ lv dv iroorzv=

h�u�C
�

' k��� n E�� k�� h��

zkhuh h�� ' �M
�

zlwk suredelolw| R dqg h�� ' �u
�
zlwk suredelolw| E�� R�1

Wkh vxevfulsw ghqrwhv wlph1 Lq wklv pdunhw prgho udwhv ri uhwxuq duh wlph
ghshqghqw dv wkh| duh hqgrjhqrxvo| ghwhuplqhg e| pdunhw sulfhv1 Lq sduwlf0
xodu/ lq wkh lqwhulp vwdjh=

�� '
��
4�c�

�M
�

'
�M
�

4�c�

�u
�

'
�u
�

4�c�

Wkh orjdulwkplf wudghu fkrrvhv k� pd{lplvlqj .
k
*L} h�u�C

�

l
1 Wkh �uvw

rughu frqglwlrq |lhogv=

k� ' E�� R�
�M

�

�M
�
���

n R
�u

�

�u
�
���
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Wkhuhiruh/ wkh sruwirolr zhljkw lqyhvwhg lq wkh ulvn| dvvhw fdq eh zulwwhq
dv=

q
�
� E�� k�� '

��

E�M
�
���� E�� ��u

�
�

k
.

� h��

�
���

l

zkhuh .
� h��

�
' R�M

�
n E�� R��u

�
1

615 Htxloleulxp

Lq rughu wr vroyh iru htxloleulxp sulfhv zh kdyh wr frqvlghu pdunhw ghpdqgv
iru hdfk dvvhw1 Dvvhw sulfhv +khqfh udwhv ri uhwxuq, zloo eh gl�huhqw lq wkh
wkuhh gl�huhqw vwudwhjlf vfhqdulrv iru wkh wzr ixqg pdqdjhuv +erwk lqyhvw lq
�> rqh lqyhvwv lq � dqg wkh rwkhu lqyhvwv lq �> erwk lqyhvw lq �,1

Lq zkdw iroorzv/ zh zloo frqfhqwudwh rqo| rq wkrvh htxloleulxp sdwkv wkdw
vwduw zlwk wkh wzr ixqg pdqdjhuv sod|lqj dv|pphwulfdoo|1 Wkh uhdvrq iru
grlqj vr lv wkdw/ zkhq ixqg pdqdjhuv khug lq wkh �uvw vwdjh/ wkh pdunhw prgho
dggv qr ixuwkhu lqvljkw wr wkh dqdo|vlv wkdw zh kdyh douhdg| frqgxfwhg lq wkh
suhylrxv vhfwlrqv iru wkh vlpsoh prgho zlwk olqhdu whfkqrorjlhv1 Khqfh/ ohw
xv dvvxph wkdw lq wkh lqwhulp vwdjh rqh ri wkh ixqg pdqdjhuv lv lqyhvwlqj lq
dvvhw � dqg klv rssrqhqw lv lqyhvwlqj lq dvvhw �1 Pruhryhu/ vlqfh erwk ixqg
pdqdjhuv duh hqgrzhg zlwk lghqwlfdo zhdowk/ zh gr qrw qhhg wr glvwlqjxlvk
zkhwkhu lw lv � udwkhu wkdq � zkr lqyhvwv lq wkh vdih dv rssrvhg wr wkh ulvn|
dvvhw/ dqg ylfhyhuvd= dvvhw sulfhv zloo eh wkh vdph lq erwk fdvhv1 Rqh ri wkh
wzr ixqg pdqdjhuv zloo lqyhvw klv xqlwdu| zhdowk lq wkh vdih dvvhw dqg wkh
rwkhu ixqg pdqdjhu zloo lqyhvw klv xqlwdu| zhdowk lq wkh ulvn| dvvhw1 Vlqfh
wkh| kdyh lghqwlfdo zhdowk/ wkh wzr vwudwhjlf vfhqdulrv wkdw zh zloo revhuyh
lq htxloleulxp glvsod| wkh vdph uhodwlyh sulfhv1 Pdunhw fohdulqj uhtxluhv

&� �
4�c�
4�c�

'
k�� n �

E�� k��� n �
+4,

zkhuh k� lv fohduo| d ixqfwlrq ri wkh uhodwlyh sulfh ri wkh vdih dvvhw &�1 Htxl0
oleulxp lq wklv hfrqrp| uhtxluhv wkh uhodwlyh sulfh wr eh pdunhw fohdulqj dqg
wr vdwlvi| qr duelwudjh1 Qr duelwudjh uhtxluhv wkdw ;| ' �c 2=

�u
| 	 �| 	 �M

|

Vlpsoh pdqlsxodwlrq doorzv xv wr vwdwh wkh iroorzlqj=
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Uhpdun 4 +Qr duelwudjh, Qr duelwudjh lq wklv hfrqrp| lv vdwlv�hg zkhq

��
��M

	 &| 	
��
��u

Iurp htxdwlrq 4 zh fdq dovr fodlp wkh iroorzlqj=

Sursrvlwlrq 4 +Htxloleulxp lq wkh Lqwhulp Vwdjh, Lq wkh lqwhulp vwdjh

wkhuh lv dozd|v rqh dqg rqo| rqh pdunhw fohdulqj htxloleulxp1

Surri1 Vhh dsshqgl{1

616 Wkh Erqxv Vwdjh

Dv ehiruh/ lw lv frqyhqlhqw wr �{ d klvwru| iru wkh lqwhulp vwdjh1 Iluvw/ frqvlghu
wkh fdvh h�� ' �M

�
/ vr wkdw wkh ixqg pdqdjhu zkr lqyhvwhg lq wkh ulvn| dvvhw

lv wkh lqwhulp ohdghu +fdoo klp sod|hu �, dqg wkh ixqg pdqdjhu zkr lqyhvwhg
lq wkh vdih dvvhw lv wkh lqwhulp iroorzhu +fdoo klp sod|hu �,451

Li h�� ' �M
�
/ dw | ' � wkh zhdowk ri wkh orjdulwkplf wudghu dydlodeoh iru

lqyhvwphqw lq wkh erqxv vwdjh lv=

�u�C
�

' k��� n E�� k���
M
�

Zh fdq hdvlo| vkrz wkdw wkh sruwirolr zhljkwv fkrvhq iru wkh erqxv vwdjh duh
wkh vdph dv wkh rqhv fkrvhq iru wkh lqwhulp vwdjh1 Lq idfw/ iru d orjdulwkplf
wudghu sruwirolr zhljkwv gr qrw ghshqg rq zhdowk dydlodeoh iru lqyhvwphqw1

Dw wkh hqg ri wkh vhfrqg vwdjh/ dw | ' 2/ wkh orjdulwkplf wudghu kdv zhdowk
htxdo wr=

h�u�C
2

'
k
k2�2 n E�� k2� h�2

l
�u�C
�

Wkh orj wudghu fkrrvhv k2 pd{lplvlqj

.
k
*L} h�u�C

2

l
' .

k
*L}

q
k2�2 n E�� k2� h�2

rl
n *L}�u�C

�

dqg dv d uhvxow wkh ohyho ri zhdowk dydlodeoh iru lqyhvwphqw kdv qr uroh lq wkh
pd{lplvdwlrq sureohp +lw grhv qrw dsshdu lq wkh �uvw rughu frqglwlrq,1

Wkhuhiruh sruwirolr zhljkwv dv d ixqfwlrq ri dvvhw sulfhv duh dv lq wkh
lqwhulp vwdjh=

k2 ' E�� R�
�M

2

�M
2 ��2

n R
�u

2

�u
2 ��2

45Uhfdoo wkdw zh duh frqfhqwudwlqj rq wkrvh htxloleulxp sdwkv wkdw vwduw zlwk ixqg

pdqdjhuv sod|lqj dv|pphwulfdoo|1
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2
� E�� k2� '

�2

E�M
2
��2� E�2 ��u

2
�

k
.
� h�2

�
��2

l

Dv d uhvxow/ h{lvwhqfh dqg xqltxhqhvv ri pdunhw fohdulqj htxloleulxp lq
wkh erqxv vwdjh dqg iru hdfk ri wkh vwudwhjlf vfhqdulrv iru ixqg pdqdjhuv/ fdq
eh suryhg lq wkh vdph zd| dv iru wkh lqwhulp vwdjh/ xvlqj wkh qr duelwudjh
frqglwlrq1

Sursrvlwlrq 5 +Htxloleulxp lq wkh Erqxv Vwdjh, Lq wkh erqxv vwdjh wkhuh

lv dozd|v rqh dqg rqo| rqh pdunhw fohdulqj htxloleulxp1

Surri1 Vhh dsshqgl{1
Zh frqvlghu qrz wkh vwudwhjlf lqwhudfwlrq ehwzhhq wkh wzr ixqg pdqdjhuv

lq wkh erqxv vwdjh1 Frqvlghu wkh +dv|pphwulf, jdph wkdw iroorzv wkh klvwru|
�M

�
lq wkh lqwhulp vwdjh1 Wr �qg rxw krz wkh erqxv vxejdph zloo eh sod|hg

e| wkh wzr ixqg pdqdjhuv zh qhhg wr dvn zkr zlqv wkh erqxv xqghu wkh irxu
gl�huhqw vwudwhjlf vfhqdulrv1 Qr duelwudjh jxdudqwhhv=

�u
2
	 �2 	 �M

2

41 Li ��c wkhq wkh ohdghu hqgv xs zlwk zhdowk htxdo wr �M
�
�2 dqg wkh

iroorzhu zlwk zhdowk ���21 Fohduo| wkh ohdghu vwd|v ohdghu dqg zlqv
wkh erqxv1

51 Li ��/ wkhq wkh ohdghu hqgv xs zlwk zhdowk htxdo wr �M
�

h�2 dqg wkh
iroorzhu zlwk zhdowk��

h�21 Luuhvshfwlyh ri wkh uhdolvdwlrq ri wkh udqgrp
uhwxuq/ wkh ohdghu vwd|v ohdghu dqg zlqv wkh erqxv1

61 Li �� +iroorzhu lq wkh vdih/ ohdghu lq wkh ulvn|,/ wkhq wkh ohdghu hqgv
xs zlwk zhdowk htxdo wr �M

�

h�2 dqg wkh iroorzhu zlwk zhdowk ���21 Lih�2 ' �M
2
/ wkhq fohduo| wkh ohdghu jhwv wkh erqxv1 Li h�2 ' �u

2
/ wkhq wkh

iroorzhu pljkw eh deoh wr rxwshuirup wkh ohdghu1

71 Li �� +iroorzhu lq wkh ulvn|/ ohdghu lq wkh vdih,/ wkhq wkh ohdghu hqgv
xs zlwk zhdowk htxdo wr �M

�
�2 dqg wkh iroorzhu zlwk zhdowk ��

h�21 Lih�2 ' �u
2
/ wkhq wkh ohdghu vwd|v ohdghu dqg zlqv wkh erqxv1 Li h�2 ' �M

2
/

wkhq wkh iroorzhu pljkw eh deoh wr rxwshuirup wkh ohdghu1

Zh zdqw wr fkdudfwhulvh vx!flhqw frqglwlrqv vr wkdw �� lv d Qdvk Htxl0
oleulxp ri wkh erqxv vxejdph iroorzlqj dv|pphwulf sod| lq wkh lqwhulp vwdjh1
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Iru wkh lqwhulp ohdghu/ lplwdwlqj wkh iroorzhu lv dozd|v d ehvw uhso|1 Rq wkh
frqwudu|/ wkh lqwhulp iroorzhu zloo lq jhqhudo kdyh dq lqfhqwlyh wr gl�huhqwl0
dwh klv sruwirolr fkrlfh iurp wkh ohdghu*v/ lq rughu wr vwloo hqmr| vrph srvlwlyh
fkdqfh ri fdwfklqj xs1 Krzhyhu/ li wkh zhdowk jds ehwzhhq wkh wzr ixqg
pdqdjhuv lv odujh hqrxjk/ wkhq wkh lqwhulp iroorzhu kdv qr srvlwlyh fkdqfh
ri rxwshuiruplqj wkh ohdghu dqg dv d uhvxow/ kh zloo qrw kdyh dq| lqfhqwlyh
wr ghyldwh iurp rxu fdqglgdwh htxloleulxp/ zkhuh erwk ixqg pdqdjhuv lqyhvw
lq wkh vdih dvvhw1 Pruh lq ghwdlo= li erwk ixqg pdqdjhuv lqyhvw lq wkh vdih
dvvhw/ wkhq wkh ohdghu zlqv wkh erqxv zlwk suredelolw| 4/ vr wkdw wkh h{shfwhg
sd|r� wr wkh iroorzhu lv htxdo wr }hur1 Fohduo| wkh ohdghu kdv qr lqfhqwlyh
wr ghyldwh1 Zh fdq vkrz wkdw li wkh ulvn| dvvhw sd|v d kljk sd|r� zlwk d
vx!flhqwo| kljk suredelolw| dqg wkh uhvw ri wkh pdunhw lv odujh hqrxjk/ wkh
sulfh ri wkh ulvn| dvvhw lv vr kljk wkdw wkh uhwxuq wkdw wkh iroorzhu pljkw jhw/
hyhq li kh lqyhvwv klv zkroh sruwirolr lq wkh ulvn| dvvhw dqg wkh ulvn| dvvhw
sd|v d kljk sd|r�/ zrxog qrw eh vx!flhqw iru wkh iroorzhu wr fdwfk xs zlwk
wkh ohdghu/ vr wkdw lq idfw kh kdv qr lqfhqwlyh wr ghyldwh iurp ��1 Zh fdq
wkhuhiruh vwdwh wkh iroorzlqj=

Sursrvlwlrq 6 +Khuglqj lq wkh Vdih Dvvhw= Orfn0lq, Diwhu d jrrg uh0

dolvdwlrq ri wkh ulvn| dvvhw lq wkh lqwhulp vwdjh/ li ixqg pdqdjhuv uhdfk wkh

erqxv vwdjh lq �ohdghu� dqg �iroorzhu� urohv/ li wkh pdunhw lv odujh hqrxjk

zlwk uhvshfw wr hdfk ri wkh wzr ixqgv/ dqg wkh suredelolw| ri d jrrg sd|r�

iurp wkh ulvn| dvvhw lv kljk hqrxjk/ zh rewdlq htxloleulxp khuglqj lq wkh vdih

dvvhw1 Irupdoo|/ li h�� ' �M
�
/ � �� dqg R � R 0 zkhuh � 	4 dqg R 	 �

duh gh�qhg lq wkh dsshqgl{ 0 wkhq �� lv d Qdvk Htxloleulxp ri wkh erqxv

vxejdph wkdw iroorzv �� ru �� lq wkh lqwhulp vwdjh1

Surri1 Vhh dsshqgl{1
Zh wkhuhiruh jhw khuglqj lq wkh vdih dvvhw dv dq htxloleulxp rxwfrph ri

wkh jdph sod|hg e| ixqg pdqdjhuv1 Lqwhuhvwlqjo| hqrxjk/ khuglqj lq wkh
vdih dvvhw rffxuv zkhqhyhu lw lv prvw lqh!flhqw/ l1h1 zkhq wkh ulvn| dvvhw
sd|v d jrrg sd|r� zlwk d vx!flhqwo| kljk suredelolw|1 Lq idfw/ sursrvlwlrq
5 jxdudqwhhv wkdw htxloleulxp sulfhv vdwlvi| qr duelwudjh/ vr wkdw zkhq wkh
suredelolw| ri d jrrg uhdolvdwlrq ri wkh ulvn| dvvhw lv kljk hqrxjk/ ghvslwh
lwv sulfh ehlqj kljk/ wkh h{shfwhg uhwxuq iurp wkh vdih dvvhw lv orzhu wkdq
wkh h{shfwhg uhwxuq iurp wkh ulvn| dvvhw/ vr wkdw ixqg pdqdjhuv duh lqghhg
glvfduglqj wkh dvvhw zlwk wkh kljkhvw h{shfwhg uhwxuq1

Frqvlghu qrz d gl�huhqw klvwru| iru wkh lqwhulp vwdjh1 Nhhs rxu dvvxps0
wlrq wkdw ixqg pdqdjhuv sod| dv|pphwulfdoo| lq wkh lqwhulp vwdjh1 Pruhryhu
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vxssrvh wkdw lq wkh lqwhulp vwdjh wkh ulvn| dvvhw sdlg d orz sd|r�/ vr wkdwh�� ' �u
�
1 Dv lq wkh suhylrxv fdvh/ lq rughu wr �qg rxw krz wkh erqxv

vxejdph zloo eh sod|hg zh qhhg wr dvn zkr zlqv wkh erqxv xqghu wkh irxu
gl�huhqw vwudwhjlf vfhqdulrv1 Qr duelwudjh jxdudqwhhv=

�u
2
	 �2 	 �M

2

41 Li ��c wkhq wkh ohdghu hqgv xs zlwk zhdowk htxdo wr ���2 dqg wkh
iroorzhu zlwk zhdowk �u

�
�21 Fohduo| wkh ohdghu vwd|v ohdghu dqg zlqv

wkh erqxv1

51 Li ��/ wkhq wkh ohdghu hqgv xs zlwk zhdowk htxdo wr ��
h�2 dqg wkh

iroorzhu zlwk zhdowk�u
�

h�21 Luuhvshfwlyh ri wkh uhdolvdwlrq ri wkh udqgrp
uhwxuq/ wkh ohdghu vwd|v ohdghu dqg zlqv wkh erqxv1

61 Li �� +iroorzhu lq wkh vdih/ ohdghu lq wkh ulvn|,/ wkhq wkh ohdghu hqgv
xs zlwk zhdowk htxdo wr ��

h�2 dqg wkh iroorzhu zlwk zhdowk �u
�
�21 Lih�2 ' �M

2
/ wkhq fohduo| wkh ohdghu jhwv wkh erqxv1 Li h�2 ' �u

2
/ wkhq wkh

iroorzhu pljkw eh deoh wr rxwshuirup wkh ohdghu1

71 Li �� +iroorzhu lq wkh ulvn|/ ohdghu lq wkh vdih,/ wkhq wkh ohdghu hqgv
xs zlwk zhdowk htxdo wr ���2 dqg wkh iroorzhu zlwk zhdowk �u

�

h�21 Lih�2 ' �u
2
/ wkhq wkh ohdghu vwd|v ohdghu dqg zlqv wkh erqxv1 Li h�2 ' �M

2
/

wkhq wkh iroorzhu pljkw eh deoh wr rxwshuirup wkh ohdghu1

Zh zdqw wr fkdudfwhulvh vx!flhqw frqglwlrqv vxfk wkdw �� lv d Qdvk
Htxloleulxp ri wkh erqxv vxejdph iroorzlqj dv|pphwulf sod| lq wkh lqwhulp
vwdjh1 Wkh uhdvrqlqj lv wkh vdph dv deryh1 Iru wkh lqwhulp ohdghu/ lplwdwlqj
wkh iroorzhu lv dozd|v d ehvw uhso|1 Rq wkh frqwudu|/ wkh lqwhulp iroorzhu
zloo lq jhqhudo kdyh dq lqfhqwlyh wr gl�huhqwldwh klv sruwirolr fkrlfh iurp wkh
ohdghu*v/ lq rughu wr vwloo hqmr| vrph srvlwlyh fkdqfh ri fdwfklqj xs1 Krzhyhu/
li wkh zhdowk jds ehwzhhq wkh wzr ixqg pdqdjhuv lv odujh hqrxjk/ wkhq wkh
lqwhulp iroorzhu zloo vhh irujrqh dq| srvlwlyh fkdqfh ri rxwshuiruplqj wkh
ohdghu dqg dv d uhvxow/ kh zloo qrw kdyh dq| lqfhqwlyh wr ghyldwh iurp rxu
fdqglgdwh htxloleulxp/ zkhuh erwk ixqg pdqdjhuv lqyhvw lq wkh ulvn| dvvhw1
Pruh lq ghwdlo= li erwk ixqgpdqdjhuv lqyhvw lq wkh ulvn| dvvhw/ wkhq wkh ohdghu
zlqv wkh erqxv zlwk suredelolw| 4/ vr wkdw wkh h{shfwhg sd|r� wr wkh iroorzhu
lv htxdo wr }hur1 Fohduo| wkh ohdghu kdv qr lqfhqwlyh wr ghyldwh1 Zh vkrz wkdw
li wkh ulvn| dvvhw sd|v d orz sd|r� zlwk d vx!flhqwo| kljk suredelolw| dqg

5<



wkh uhvw ri wkh pdunhw lv odujh hqrxjk/ wkh sulfh ri wkh vdih dvvhw jhwv vr kljk
wkdw wkh uhwxuq wkdw wkh iroorzhu pljkw jhw/ lqyhvwlqj hyhq d vpdoo sruwlrq ri
klv zhdowk lq wkh vdih dvvhw/ zrxog qrw eh vx!flhqw iru wkh iroorzhu wr fdwfk
xs zlwk wkh ohdghu/ qrw hyhq li wkh ohdghu lqyhvwhg klv zkroh zhdowk lq wkh
ulvn| dvvhw dqg jrw xqoxfn|/ vr wkdw lq idfw wkh iroorzhu kdv qr lqfhqwlyh wr
ghyldwh iurp ��1 Zh fdq wkhuhiruh vwdwh wkh iroorzlqj=

Sursrvlwlrq 7 +Khuglqj lq wkh Ulvn| Dvvhw, Diwhu d edg uhdolvdwlrq ri

wkh ulvn| dvvhw lq wkh lqwhulp vwdjh/ li ixqg pdqdjhuv uhdfk wkh erqxv vwdjh

lq �ohdghu� dqg �iroorzhu� urohv/ li wkh pdunhw lv odujh hqrxjk zlwk uhvshfw wr

hdfk ri wkh wzr ixqgv/ dqg wkh suredelolw| ri d edg sd|r� iru wkh ulvn| dvvhw

lv kljk hqrxjk/ zh rewdlq htxloleulxp khuglqj lq wkh ulvn| dvvhw1 Irupdoo|/ lih�� ' �u
�
/ � � f� dqg R � eR 0 zkhuh f� 	 4 dqg eR : f duh gh�qhg lq wkh

dsshqgl{ 0 wkhq �� lv d Qdvk Htxloleulxp ri wkh erqxv vxejdph/ wkdw iroorzv

�� ru �� lq wkh lqwhulp vwdjh1

Surri1 Vhh dsshqgl{1
Zh wkhuhiruh jhw khuglqj lq wkh ulvn| dvvhw dv dq htxloleulxp rxwfrph ri

wkh jdph sod|hg e| wkh wzr ixqg pdqdjhuv1 Lqwhuhvwlqjo| hqrxjk khuglqj lq
wkh ulvn| dvvhw rffxuv zkhqhyhu lw lv prvw lqh!flhqw/ l1h1 zkhq wkh ulvn| dvvhw
sd|v d edg sd|r� zlwk d vx!flhqwo| kljk suredelolw|1 Lq idfw/ sursrvlwlrq
5 jxdudqwhhv wkdw htxloleulxp sulfhv vdwlvi| qr duelwudjh/ vr wkdw zkhq wkh
suredelolw| ri d jrrg uhdolvdwlrq ri wkh ulvn| dvvhw lv orz hqrxjk/ ghvslwh
lwv sulfh ehlqj orz/ wkh h{shfwhg uhwxuq iurp wkh vdih dvvhw lv kljkhu wkdq
wkh h{shfwhg uhwxuq iurp wkh ulvn| dvvhw/ vr wkdw ixqg pdqdjhuv duh lqghhg
glvfduglqj wkh dvvhw zlwk wkh kljkhvw h{shfwhg uhwxuq1

Lq vxppdu|/ jlyhq vrph sdudphwulf frqglwlrqv/ lqh!flhqw khuglqj fdq eh
revhuyhg dv dq htxloleulxp rxwfrph/ zkhqhyhu ixqg pdqdjhuv duh prwlydwhg
e| uhodwlyh shuirupdqfh lqfhqwlyhv1 Khuglqj rffxuv zkhq wkh uhvw ri wkh
pdunhw lv odujh hqrxjk zlwk uhvshfw wr wkh ixqg pdqdjhuv/ exw lw lv qrw
qhfhvvdulo| lq�qlwh1 Dv d uhvxow/ wkh wzr ixqgpdqdjhuv duh qrw qhjoljleoh zlwk
uhvshfw wr +wkh uhvw ri, wkh pdunhw dqg wkhlu ghpdqgv zloo vljql�fdqwo| d�hfw
htxloleulxp sulfhv1 D fohdu frqvhtxhqfh ri lqh!flhqw khuglqj lv wkhuhiruh
d idloxuh ri wkh h!flhqw pdunhwv k|srwkhvlv wkdw uhvxowv lq h{fhvv yrodwlolw|
ri dvvhw sulfhv1 Iljxuh 4/ zklfk lv h{sodlqhg lq pruh ghwdlo lq wkh dsshqgl{/
looxvwudwhv wkh lpsdfw ri khuglqj ehkdylrxu rq dvvhw sulfhv1 Rq wkh krul}rqwdo
d{lv zh uhsuhvhqw wkh uhodwlyh sulfh ri wkh vdih dvvhw zlwk uhvshfw wr wkh ulvn|
dvvhw1 Wkh wzr yhuwlfdo dv|pswrwhv ri wkh ixqfwlrq ghqrwhg lq erog/ gholplwh
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wkh udqjh ri uhodwlyh sulfhv wkdw dovr vdwlvi| qr duelwudjh/ vr wkdw htxloleulxp
sulfh udwlr duh wr eh irxqg ehwzhhq wkh wzr dv|pswrwhv1 Wkh lqwhuvhfwlrq ri
wkh erog olqh zlwk wkh vrolg olqh ghqrwhv htxloleulxp sulfh udwlr zkhq ixqg
pdqdjhuv gr qrw khug1 Wkh lqwhuvhfwlrq ri wkh erog olqh zlwk wkh grwwhg
vwudljkw olqh ghqrwhv wkh htxloleulxp sulfh udwlr zkhq ixqg pdqdjhuv khug
rq wkh ulvn| dvvhw1 Ilqdoo| wkh lqwhuvhfwlrq ri wkh erog olqh zlwk wkh grwwhg
fxuyh ghqrwhv wkh htxloleulxp sulfh udwlr zkhq ixqg pdqdjhuv khug rq wkh
vdih dvvhw1

Hyhq mxvw d fdvxdo frpsdulvrq ri wkh wkuhh gl�huhqw htxloleulxp sulfh
udwlrv vkrzv wkdw wkh khug kdv d qrq qhjoljleoh lpsdfw rq dvvhw sulfhv1

k2

F(k2)
G(k2)
Q(k2)

     0

Iljxuh 4= Lpsdfw ri khuglqj ehkdylrxu rq dvvhw sulfhv1

7 H{whqvlrqv

714 Pl{hg Frpshqvdwlrq Vfkhph

Rqh pljkw dvn zkdw duh wkh h�hfwv rq sruwirolr fkrlfh dqg dvvhw sulfhv ri
d frpshqvdwlrq vfkhph iru ixqg pdqdjhuv wkdw uhzdugv erwk devroxwh dqg
uhodwlyh shuirupdqfh1 Zh eholhyh wkdw rxu uhvxowv duh urexvw/ dw ohdvw wr d
fhuwdlq h{whqw/ wr vxfk fkdqjhv lq wkh prgho1
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Dv zh dujxhg lq vxevhfwlrq 517/ rqh pdlq frqvhtxhqfh ri sduwldoo| uh0
zduglqj ixqg pdqdjhuv dffruglqj wr wkhlu devroxwh shuirupdqfh lv wkh idfw
wkdw wkh| zrxog qrw orqjhu fkrrvh wr krog h{wuhph sruwirolrv/ exw lqvwhdg
glyhuvli| dfurvv wkh wzr gl�huhqw dydlodeoh dvvhwv1 Surylghg wkdw wkh| duh dw
ohdvw sduwldoo| uhzdughg rq wkh edvlv ri wkhlu uhodwlyh shuirupdqfh/ lq wkh lq0
whulp vwdjh wkh| zrxog vwloo eh diwhu d ohdghuvkls srvlwlrq/ vr wkdw wkh| zrxog
fkrrvh wr krog gl�huhqw sruwirolrv lq wkh lqwhulp vwdjh1 Dv d uhvxow/ wkh v|p0
phwu| ehwzhhq wkh wzr ixqg pdqdjhuv lv eurnhq e| wkh wlph wkh| jhw wr wkh
hqg ri wkh �uvw vwdjh/ vr wkdw hdfk ri wkhp uhdfkhv wkh erqxv vwdjh hlwkhu lq d
ohdghu ru iroorzhu srvlwlrq1 Wkh zhdowk jds ehwzhhq wkhp lpsolhv wkdw wkhuh
zloo vwloo h{lvw d vhw ri sruwirolrv vxfk wkdw wkh ohdghu zlqv wkh erqxv iru vxuh
dqg d khuglqj htxloleulxp zloo eh srvvleoh rq rqh ri vxfk sruwirolrv1 Fohduo|
wkh vpdoohu wkh sruwlrq ri wkhlu frpshqvdwlrq wkdw lv edvhg rq uhodwlyh/ udwkhu
wkdq devroxwh/ shuirupdqfh/ wkh forvhu wr rswlpdolw| wkhlu sruwirolr fkrlfh zloo
eh1 Vr wkdw wkh khuglqj rxwfrph zloo jhw ohvv dqg ohvv lqh!flhqw/ wkh forvhu wr
}hur wkh sruwlrq ri wkhlu frpshqvdwlrq olqnhg wr uhodwlyh shuirupdqfh1 Krz0
hyhu zh eholhyh wkdw rxu �qglqjv rq lqh!flhqw htxloleulxp khuglqj zrxog eh
urexvw/ vr orqj dv ixqg pdqdjhuv uhfhlyh d vpdoo/ exw srvlwlyh/ frpshqvdwlrq
iru wkhlu uhodwlyh shuirupdqfh1

715 D Pxowlshulrg Prgho zlwk Hqgrjhqrxv H{shfwd0

wlrqv

Wkh suhvhqw vhwwlqj frxog eh h{whqghg wr dq ?0shulrg prgho dqg wkh lqhi0
�flhqw khuglqj uhvxowv zrxog suryh urexvw1 Lq idfw/ lq wkh odvw shulrg +ru
srvvleo| ehiruh, wkh ixqg pdqdjhuv zrxog �qg wkhpvhoyhv lq d erqxv vwdjh
jdph/ wkdw wkh| zrxog sod| lq d vlplodu idvklrq dv lq wkh odvw vwdjh ri d
wzr0shulrg prgho1

Wkh srvvlelolw| ri rewdlqlqj urexvwqhvv ri rxu uhvxowv lq dq ?0shulrg vhw0
wlqj/ ohdgv xv wr zkdw zh eholhyh lv d ydoxdeoh dqg lqwhuhvwlqj h{whqvlrq ri
rxu vlpsoh iudphzrun1 Lq wkh suhvhqw prgho zh kdyh dvvxphg wkdw hyhu|rqh
lq wkh pdunhw nqrzv wkh suredelolw| glvwulexwlrq ryhu wkh sd|r�v ri wkh ulvn|
dvvhw1 Vxssrvh wkdw wkh dfwxdo ydoxh iru R/ wkh suredelolw| wkdw wkh ulvn| dvvhw
zloo sd| d kljk sd|r�/ lv qrw lqlwldoo| nqrzq1 Wudghuv vwduw iurp d frpprq
sulru dqg uhylvh wkhlu eholhiv lq d Ed|hvldq idvklrq/ diwhu hdfk uhdolvdwlrq ri
wkh ulvn| dvvhw1 Li d vx!flhqwo| orqj vhtxhqfh ri jrrg uhdolvdwlrqv iru wkh
ulvn| dvvhw rffxuv/ wkh eholhi wkdw wudghuv dwwdfk wr d jrrg uhdolvdwlrq ri wkh
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ulvn| dvvhw lqfuhdvhv prqrwrqlfdoo| xqwlo lw uhdfkhv wkh wkuhvkrog ohyho wkdw
wuljjhuv wkh orfn0lq h�hfw= ixqg pdqdjhuv zloo vxgghqo| ohdyh wkh pdunhw ri
wkh ulvn| dvvhw1 Dv d uhvxow/ wkh sulfh ri wkdw vdph dvvhw wkdw sdlg kljk sd|0
r�v dqg orrnhg yhu| surplvlqj iru wkh ixwxuh/ vxgghqo| idoov1 Zh eholhyh wkdw
wklv frqvlghudwlrq frxog vkhg vrph oljkw rq sulfh fudvkhv1 Lq sduwlfxodu/ lw
zrxog surylgh dq dowhuqdwlyh h{sodqdwlrq wr Mdfnolq hw do ^4;` ri wkh idfw wkdw
lq wkh shulrg sulru wr wkh fudvk/ sulfhv duh kljkhu wkdq zrxog eh lpsolhg e|
ixqgdphqwdov1 Khuh/ dv lq ^4;`/ lq wkh shulrg sulru wr wkh fudvk/ dvvhw sulfhv
duh ryhusulfhg> zkhq khuglqj rffxuv/ sulfhv vxgghqo| idoo1

8 Frqfoxglqj Uhpdunv

Zh exlog d prgho ri g|qdplf frpshwlwlrq ehwzhhq prqh| pdqdjhuv wkdw duh
prwlydwhg e| uhodwlyh shuirupdqfh lqfhqwlyhv1 Zh frqvlghu d vw|olvhg �qdqfldo
pdunhw zkhuh wzr dvvhwv duh wudghg ryhu wzr shulrgv e| wkuhh djhqwv= wzr
ixqg pdqdjhuv dqg d wklug odujh wudghu wkdw uhsuhvhqwv wkh uhvw ri wkh pdunhw1
Xqolnh wkh wklug wudghu/ wkdw pdnhv klv sruwirolr fkrlfhv pd{lplvlqj h{shfwhg
xwlolw| iurp lqyhvwphqw lqfrph/ wkh wzr ixqg pdqdjhuv rqo| fduh derxw wkhlu
udqnlqj/ dv wkh| zdqw wr pd{lplvh wkh suredelolw| ri rewdlqlqj d vwulfwo|
srvlwlyh erqxv wkdw lv dzdughg dw wkh hqg ri wkh vhfrqg shulrg wr wkh ixqg
pdqdjhu wkdw glvsod|v wkh ehvw fxpxodwlyh shuirupdqfh ryhu wkh wzr shulrgv1

Zh vkrz wkdw lqh!flhqw khuglqj ehwzhhq ixqg pdqdjhuv fdq eh revhuyhg
dv htxloleulxp rxwfrph lq wkh vhfrqg wudglqj shulrg1 Rxu pdlq uhvxow lv wr
fkdudfwhulvh vx!flhqw frqglwlrqv vxfk wkdw khuglqj rewdlqv1 Zh vkrz wkdw
dq khug rffxuv zkhq wkh vl}h ri wkh uhvw ri wkh pdunhw lv odujh/ exw qrw
qhfhvvdulo| lq�qlwh1 Khqfh wkh lpsdfw ri wkh khug rq htxloleulxp sulfhv lv
qrw qhjoljleoh dqg ixqg pdqdjhuv* ehkdylrxu lv lqghhg ghvwdelolvlqj iru dvvhw
sulfhv1 Zh dovr suryh wkdw wkh gluhfwlrq ri wkh khug fuxfldoo| ghshqgv rq
ixqgv* sdvw shuirupdqfhv dqg/ lq sduwlfxodu/ rq wkh uhdolvdwlrq ri wkh ulvn|
dvvhw lq wkh shulrg sulru wr wkh khug1 Li/ sulru wr wkh khug/ wkh ulvn| dvvhw
|lhogv d kljk sd|r� dqg lw lv yhu| olnho| wr nhhs rq |lhoglqj kljk sd|r�v lq
wkh ixwxuh/ wkhq ixqg pdqdjhuv pljkw khug rq wkh vdih dvvhw> rq wkh frqwudu|/
li wkh ulvn| dvvhw |lhogv d orz sd|r� dqg lw lv yhu| olnho| wr nhhs rq |lhoglqj
orz sd|r�v lq wkh ixwxuh/ wkhq d khug pljkw ghyhors lq wkh ulvn| dvvhw1 Khqfh
zh fkdudfwhulvh wkh uhvxowlqj khuglqj ehkdylrxu dv lqh!flhqw= udqnlqj0edvhg
frpshwlwlrq ehwzhhq ixqg pdqdjhuv pdnhv wkhp zlwkgudz ixqgv iurp wkh
prvw surplvlqj w|sh ri lqyhvwphqw/ wkh rqh zlwk wkh kljkhvw h{shfwhg uhwxuq1
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Rxu uhvxowv duh frqvlvwhqw zlwk wkh hpslulfdo revhuydwlrqv ri Eurzq hw
do ^8` dqg Fkhydolhu dqg Hoolvrq ^:`1 Iurp d wkhruhwlfdo shuvshfwlyh/ rxu
�qglqjv vkrxog eh frpsduhg wr Fdeudo ^9` dqg Sdorplqr dqg Sudw ^59`= rxu
pdlq frqwulexwlrq zlwk uhvshfw wr wkhlu sdshuv lv wkdw zh frqvlghu d vlplodu
lqfhqwlyh vwuxfwxuh wr wkhluv lq d pdunhw vhwwlqj/ zkhuh zh fdq dovr hqylvdjh
wkh h�hfwv ri khuglqj ehkdylrxu rq dvvhw sulfhv1

Dsshqgl{

Surri ri Sursrvlwlrq 4 +Htxloleulxp lq wkh Lqwhulp Vwdjh,1 Lq wkh
lqwhulp vwdjh pdunhw fohdulqj uhtxluhv=

&� �
4�c�
4�c�

'
k�� n �

E�� k��� n �

zkhuh k� dqg E� � k�� duh sruwirolr zhljkwv ri wkh orjdulwkplf wudghu lq wkh
vdih dqg ulvn| dvvhwv uhvshfwlyho|1 Uhfdoo wkdw=

k� ' E�� R�
�M

�

�M
�
���

n R
�u

�

�u
�
���

zklfk fdq eh uhzulwwhq dv iroorzv=

k� ' E�� R�
�M
� *4�c�

�M
� *4�c� � ��*4�c�

n R
�u
�*4�c�

�u
�*4�c� � ��*4�c�

Dqg �qdoo|=

k� ' E�� R�

�
�M
� *��

�
&�

E�M
� *��� &� � �

n R

�
�u
�*��

�
&�

E�u
�*��� &� � �

Vlploduo| rqh rewdlqv=

E� � k�� ' � E� � R�
�

E�M
� *��� &� � �

� R
�

E�u
�*��� &� � �

Khqfh pdunhw fohdulqj uhtxluhv=

&� '
E�� R�

E�M� *���&�
E�M� *���&�3�

� n R
E�u�*���&�
E�u�*���&�3�

� n �

� E�� R� �

E�M� *���&�3�
� � R �

E�u�*���&�3�
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+5,
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Zh fdq vroyh iru htxloleulxp e| frpsxwlqj wkh vroxwlrqv ri 5/ zklfk lv d
wklug rughu htxdwlrq lq &�1 Htxdwlrq 5 jhqhudoo| dgplwv wkuhh vroxwlrqv +l1h1
wkuhh htxloleuld,/ exw rqo| rqh pdunhw fohdulqj htxloleulxp dovr vdwlv�hv qr
duelwudjh1 Lq idfw/ zlwk vlpsoh pdqlsxodwlrq/ 5 fdq eh uhzulwwhq dv=

8 E&�� ' C E&��

zkhuh=

8 E&�� � E�� R�
� n

�
�M
� *��

�
E�M

� *��� &� n �
n R

� n
�
�u
�*��

�
E�u

�*��� &� n �

C E&�� �
�

�
�
&� � �

&�

Zh fdq sorw 8 E&�� dqgC E&�� rq d gldjudp +�jxuh 5,/ wr rewdlq d jhrphwulfdo
surri ri rxu fodlp1 Wkh vrolg olqh lv 8 E&�� dqg wkh grwwhg olqh lv C E&��1

k1

F(k1)
G(k1)

     0    k1*

Iljxuh 5= Pdunhw fohulqj lq wkh lqwhulp vwdjh1

Wkh| lqwhuvhfw wkuhh wlphv> krzhyhu rqo| rqh lqwhuvhfwlrq fruuhvsrqgv wr d
sulfh udwlr vxfk wkdw qr duelwudjh lv jxdudqwhhg= 8 E&�� kdv wzr yhuwlfdo
dv|pswrwhv lq ��*�

M
� dqg lq ��*�

u
� 1 Iurp uhpdun 4/ zh nqrz wkdw d sulfh
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udwlr vdwlvi|lqj qr duelwudjh kdv wr eh vxfk wkdw= ��*�M
� 	 &| 	 ��*�u

�/
vr wkdw wkh rqo| sulfh udwlr wkdw dw wkh vdph wlph fohduv wkh pdunhwv dqg
vdwlv�hv qr duelwudjh lq wkh lqwhulp vwdjh lv &W

�
+dv ghqrwhg rq wkh gldjudp

lq �jxuh 5,1

Surri ri Sursrvlwlrq 5 +Htxloleulxp lq wkh Erqxv Vwdjh,1 Lq wkh
erqxv vwdjh/ zkhq wkh wzr ixqg pdqdjhuv rshudwh lq gl�huhqw pdunhwv +l1h1
hdfk ri wkhp lqyhvwv lq d gl�huhqw dvvhw,/ wkh surri lv lghqwlfdo wr wkh surri
ri sursrvlwlrq 41 Zkhq erwk ixqg pdqdjhuv lqyhvw lq wkh ulvn| dvvhw/ pdunhw
fohdulqj uhtxluhv=
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zkhuh �u�C
�

/ �u
�
dqg �8

�
duh uhvshfwlyho| wkh lqyhvwphqw lqfrphv ri wkh uhvw

ri wkh pdunhw/ wkh ohdghu dqg wkh iroorzhu dw wkh hqg ri wkh lqwhulp vwdjh1
Htxdwlrq 6 dgplwv rqo| rqh vroxwlrq wkdw dovr vdwlv�hv qr duelwudjh1 Lq idfw/
zlwk vlpsoh pdqlsxodwlrq/ 6 fdq eh uhzulwwhq dv=

8 E&2� ' C �
�u
�
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�

�u�C
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zkhuh=
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�M� *��

�
E�M� *��� &2 n �

n R
� n

�
�u�*��

�
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Zh fdq sorw 8 E&2� rq d gldjudp +vhh �jxuh 6,/ wr rewdlq d jhrphwulfdo surri
ri rxu fodlp1 Wkh vrolg olqh lv 8 E&2�/ zklfk htxdov C wzlfh> 8 E&2� kdv wzr
yhuwlfdo dv|pswrwhv lq ��*�

M
� dqg lq ��*�

u
�1 Iurp uhpdun 4/ zh nqrz wkdw

d sulfh udwlr vdwlvi|lqj qr duelwudjh kdv wr eh vxfk wkdw= ��*�
M
� 	 &| 	

��*�
u
�/ vr wkdw wkh rqo| sulfh udwlr wkdw dw wkh vdph wlph fohduv wkh pdunhwv

dqg vdwlv�hv qr duelwudjh lq wkh erqxv vwdjh lv &W
2
+dv ghqrwhg rq wkh gldjudp

lq �jxuh 6,1 Vlploduo| rqh fdq vkrz wkdw rqh dqg rqo| rqh htxloleulxp h{lvwv
zkhq erwk ixqg pdqdjhuv lqyhvw lq wkh vdih dvvhw1 Pdunhw fohdulqj uhtxluhv=
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k2

F(k2)
G

     0  k2
*

         G

Iljxuh 6= Khug lq wkh ulvn| dvvhw= pdunhw fohdulqj1

Htxdwlrq 7 dgplwv rqo| rqh vroxwlrq wkdw dovr vdwlv�hv qr duelwudjh1 Lq idfw/
zlwk vlpsoh pdqlsxodwlrq/ 7 fdq eh uhzulwwhq dv=

8 E&2� ' ' E&2�

zkhuh=

8 E&2� � E�� R�
� n
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n �8

�
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Zh fdq sorw 8 E&2� dqg ' E&2� rq d gldjudp +vhh �jxuh 7,/ wr rewdlq d jhr0
phwulfdo surri ri rxu fodlp1 Wkh vrolg olqh lq wkh gldjudp lv 8 E&2�/ zkloh
wkh grwwhg olqh lv ' E&2�1 Wkh| lqwhuvhfw wzlfh> 8 E&2� kdv wzr yhuwlfdo dv0
|pswrwhv lq ��*�

M
� dqg lq ��*�

u
� 1 Iurp uhpdun 4/ zh nqrz wkdw d sulfh

udwlr vdwlvi|lqj qr duelwudjh kdv wr eh vxfk wkdw= ��*�
M
� 	 &| 	 ��*�

u
�/

vr wkdw wkh rqo| sulfh udwlr wkdw fohdu wkh pdunhwv dqg vdwlv�hv qr duelwudjh
lq wkh erqxv vwdjh lv &W

2
+dv ghqrwhg rq wkh gldjudp lq �jxuh 7,1 Ilqdoo|/

lq �jxuh 8/ zh frpsduh htxloleulxp sulfhv zkhq ixqg pdqdjhuv khug dqg gr
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k2

F(k2)
Q(k2)

     0

   k2
*

Iljxuh 7= Khug lq wkh vdih dvvhw= pdunhw fohdulqj1

qrw khug= wkh erog olqh uhsuhvhqwv 8 E&2�> wkh grwwhg olqhv lq wkh gldjudp
uhsuhvhqw C dqg ' E&2� dqg fruuhvsrqg wr d vlwxdwlrq zkhuh ixqg pdqdjhuv
khug> wkh vrolg olqh uhsuhvhqwv C E&2� dqg fruuhvsrqgv wr d vlwxdwlrq zkhuh
ixqg pdqdjhuv gr qrw khug1 Zh fdq qrwlfh wkdw sulfh udwlrv duh gl�huhqw lq
wkh wkuhh vlwxdwlrqv= khuglqj ehkdylrxu gulyhv htxloleulxp sulfhv dzd| iurp
ixqgdphqwdov1

Surri ri Sursrvlwlrq 6 +Khuglqj lq wkh Vdih Dvvhw= Orfn0lq,1 Zh
zdqw wr fkdudfwhulvh frqglwlrqv vxfk wkdw �� lv d Qdvk Htxloleulxp ri wkh
erqxv jdph/ diwhu h�� ' �M

�
lq wkh lqwhulp vwdjh1 Frqvlghu wkh lqwhulp ohdghu

�uvw= li kh grhv qrw ghyldwh/ klv h{shfwhg sd|r� lv 4/ vlqfh kh lv jxdudqwhhg wr
nhhs klv ohdghuvkls dqg zlq wkh erqxv> fohduo| kh kdv qr lqfhqwlyh wr ghyldwh1
Frqvlghu qrz wkh iroorzhu= li kh grhv qrw ghyldwh/ klv h{shfwhg sd|r� lv }hur>
kh zloo ghyldwh/ li kh fdq gr ehwwhu wkdq }hur1 Li wkh iroorzhu ghyldwhv iurp
��/ wkhq wkh vwudwhj| sur�oh ehfrphv ��= wkh shuirupdqfh ri wkh lqwhulp
iroorzhu lv��

h�2/ zkloh wkh shuirupdqfh ri wkh lqwhulp ohdghu lv�M
�
�2> lq idfw/

li h�� ' �M
�
/ wkhq lw pxvw eh wkh fdvh wkdw/ lq wkh lqwhulp vwdjh/ lqwhulp ohdghu

dqg iroorzhu lqyhvwhg uhvshfwlyho| lq wkh ulvn| dqg vdih dvvhw1 Li h�2 ' �u
2
/

wkhq fohduo|=
��

h�2 ' ���
u
2
	 �M

�
�2
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k2

F(k2)
G(k2)
Q(k2)

     0

Iljxuh 8= Lpsdfw ri khuglqj ehkdylrxu rq dvvhw sulfhv1

vr wkdw wkh ohdghu vwd|v ohdghu dqg zlqv wkh erqxv zlwk suredelolw| rqh1
Khqfh/ zkhq h�2 ' �u

2
/ wkh lqwhulp iroorzhu kdv qr lqfhqwlyh wr ghyldwh iurp

rxu fdqglgdwh htxloleulxp1 Dv d uhvxow/ wkh rqo| vlwxdwlrq lq zklfk wkh lqwhulp
iroorzhu pljkw lqghhg rewdlq d vwulfwo| srvlwlyh sd|r� lv wkh fdvh h�2 ' �M

2
1

Lw lv vx!flhqw wr kdyh=
���

M
2
� �M

�
�2 +8,

wr jxdudqwhh wkdw wkh lqwhulp iroorzhu kdv qr lqfhqwlyh wr ghyldwh iurp wkh
fdqglgdwh htxloleulxp1 Vlpsoh pdqlsxodwlrq vkrzv wkdw 8 lv htxlydohqw wr=

&2 � &� +9,

zkhuh &| � 4�c|*4�c|1 Uhfdoo wkdw/ zkhq lq wkh lqwhulp vwdjh h�� ' �M
�
dqg

lq wkh erqxv vwdjh wkh vwudwhj| sur�oh lv �� +iroorzhu lq wkh ulvn|/ ohdghu lq
wkh vdih,/ e| vlpsoh pdunhw fohdulqj=

&2 '
k2�

� n�M
�

E� � k2�� � n��

+:,

zkhuh=
� � ' k���� n E�� k���

M
�
� +;,
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Vxevwlwxwlqj ; lqwr :/ zh �qg wkdw frqglwlrq 9 uhtxluhv=

k�k2� n E� � k��k2

�
�M� *��

�
&�� n

�
�M� *��

�
&�

k� E� � k2�� n E� � k�� E�� k2� E�M
� *��� &�� n �

� &� +<,

Zh fdq h{suhvv < dv dq lqhtxdolw| iru � dv=k
E� � k��

�
�M� *��

�
&� n k�

l
dE�� k2� &� � k2o� �

k�
�M� *��

�
� �

l
&� +43,

Lqhtxdolw| 43 lv vdwlv�hg zkhq erwk=

E�� k2� &� � k2 : f +44,

dqg=

� �� �

k�
�M� *��

�
� �

l
&�

dE� � k�� E�M� *��� &� n k�o dE� � k2� &� � k2o
+45,

Wkh odvw vwhs lq rxu surri lv wr �qg frqglwlrqv vxfk wkdw 44 lv vdwlv�hg1 Uhfdoo
wkdw e| qr duelwudjh &� lv erxqghg ehorz e| ��*�

M
� 1 Khqfh=

E�� k2� &� � k2 : E�� k2�
��
�M�

� k2 '
��
�M�

� k2

#
��
�M�

n �

$

Lw iroorzv wkdw 44 lv qhfhvvdulo| vdwlv�hg zkhq=

��
�M�

� k2

#
��
�M�

n �

$
� f

zklfk fdq eh uhirupxodwhg dv=

k2 �
��

�� n �M�
+46,

Zh fdq �qdoo| vkrz wkdw d vx!flhqwo| odujh ydoxh iru R lpsolhv 46/ dqg d
iruwlrul 441 Uhfdoo wkdw=

k2 ' E� � R�
�M
� &2

�M� &2 � ��
� R

�u�&2
�u�&2 � ��

vr wkdw 46 fdq eh uhzulwwhq dv=

E�� R�
�M� &2

�M� &2 � ��
� R

�u�&2
�u�&2 � ��

�
��

�� n �M�
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zklfk lpsolhv=

R � R �

�
�M� &2

�
*
�
�M� &2 � ��

�
���*

�
�� n �M�

�
E�M� &2� * E�

M
� &2 � ��� n E�u�&2� * E�

u
�&2 � ���

+47,

Vxppdulvlqj= R � R dqg� �� jxdudqwhh wkdw 9/ dqg khqfh 8 duh vdwlv�hg/
vr wkdw wkh lqwhulp iroorzhu kdv qr lqfhqwlyh wr ghyldwh iurp wkh fdqglgdwh
htxloleulxp1 Qrwlfh wkdw R 	 � dqg � 	 4/ vr wkdw sdudphwhu ydoxhv vxfk
wkdw wkh frqglwlrqv zh srvh duh vdwlv�hg lqghhg h{lvw1

Surri ri Sursrvlwlrq 7 +Khuglqj lq wkh Ulvn| Dvvhw,1 Zh zdqw wr
fkdudfwhulvh frqglwlrqv vxfk wkdw �� lv d Qdvk Htxloleulxp ri wkh erqxv
jdph/ diwhu h�� ' �u

�
lq wkh lqwhulp vwdjh1 Frqvlghu wkh lqwhulp ohdghu �uvw=

li kh grhv qrw ghyldwh/ klv h{shfwhg sd|r� lv 4/ vlqfh kh lv jxdudqwhhg wr
nhhs klv ohdghuvkls dqg zlq wkh erqxv> fohduo| kh kdv qr lqfhqwlyh wr ghyldwh1
Frqvlghu qrz wkh iroorzhu= li kh grhv qrw ghyldwh/ klv h{shfwhg sd|r� lv }hur>
kh zloo ghyldwh li kh fdq gr ehwwhu wkdq }hur1 Li wkh iroorzhu ghyldwhv iurp
��/ wkhq wkh vwudwhj| sur�oh ehfrphv ��= wkh shuirupdqfh ri wkh lqwhulp
iroorzhu lv �u

�
�2/ zkloh wkh shuirupdqfh ri wkh lqwhulp ohdghu lv ��

h�2> lq idfw/
li h�� ' �u

�
/ wkhq lw pxvw eh wkh fdvh wkdw/ lq wkh lqwhulp vwdjh/ lqwhulp ohdghu

dqg iroorzhu lqyhvwhg uhvshfwlyho| lq wkh vdih dqg ulvn| dvvhw1 Li h�2 ' �M
2
/

wkhq fohduo|=
��

h�2 ' ���
M
2
: �u

�
�2

vr wkdw wkh ohdghu vwd|v ohdghu dqg zlqv wkh erqxv zlwk suredelolw| rqh1
Khqfh/ zkhq h�2 ' �M

2
/ wkh lqwhulp iroorzhu kdv qr lqfhqwlyh wr ghyldwh iurp

wkh fdqglgdwh htxloleulxp1 Dv d uhvxow/ wkh rqo| vlwxdwlrq lq zklfk wkh lqwhulp
iroorzhu pljkw rxwshuirup wkh ohdghu dqg jdlq d vwulfwo| srvlwlyh sd|r�/ lv
wkh fdvh h�2 ' �u

2
1 Lw lv vx!flhqw wr kdyh=

���
u
2
� �u

�
�2 +48,

wr jxdudqwhh wkdw wkh lqwhulp iroorzhu kdv qr lqfhqwlyh wr ghyldwh iurp wkh
fdqglgdwh htxloleulxp1 Vlpsoh pdqlsxodwlrq vkrzv wkdw 48 lv htxlydohqw wr=

&� � &2 +49,

zkhuh &| � 4�c|*4�c|1 Uhfdoo wkdw/ zkhq lq wkh lqwhulp vwdjh h�� ' �u
�
dqg lq

wkh erqxv vwdjh wkh vwudwhj| sur�oh lv �� +iroorzhu lq wkh vdih/ ohdghu lq wkh
ulvn|,/ e| vlpsoh pdunhw fohdulqj=

&2 '
k2� � n�u

�

E� � k2�� � n��

+4:,
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zkhuh=
� � ' k���� n E�� k���

u
�
� +4;,

Vxevwlwxwlqj 4; lqwr 4:/ zh �qg wkdw frqglwlrq 49 uhtxluhv=

k�k2� n E�� k��k2

�
�u
�*��

�
&�� n

�
�u�*��

�
&�

k� E�� k2�� n E�� k�� E� � k2� E�u�*��� &�� n �
� &� +4<,

Zh fdq h{suhvv 4< dv dq lqhtxdolw| iru � dv=k
E�� k��

�
�u
�*��

�
&� n k�

l
dk2 � E�� k2� &�o� �

k
��

�
�u�*��

�l
&� +53,

Lqhtxdolw| 53 lv vdwlv�hg zkhq erwk=

k2 � E� � k2� &� : f +54,

dqg=

� � f� �

k
��

�
�u�*��

�l
&�

dE�� k�� E�u�*��� &� n k�o dk2 � E�� k2� &�o
+55,

Wkh odvw vwhs lq rxu surri lv wr �qg frqglwlrqv vxfk wkdw 54 lv vdwlv�hg1 Uhfdoo
wkdw e| qr duelwudjh &� lv erxqghg deryh e| ��*��u1 Khqfh=

k2 � E�� k2� &� : k2 � E�� k2�
��
�u
�

' k2

#
��
�u
�

n �

$
�
��
�u�

Lw iroorzv wkdw 54 lv qhfhvvdulo| vdwlv�hg zkhq=

k2

#
��
�u�

n �

$
�
��
�u�

� f

zklfk fdq eh uhirupxodwhg dv=

k2 �
��

�� n �u�
+56,

Zh fdq �qdoo| vkrz wkdw d vx!flhqwo| vpdoo ydoxh iru R lpsolhv 56/ dqg d
iruwlrul 541 Uhfdoo wkdw=

k2 ' E� � R�
�M
� &2

�M� &2 � ��
� R

�u�&2
�u�&2 � ��
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vr wkdw 56 fdq eh uhzulwwhq dv=

E� � R�
�M
� &2

�M
� &2 � ��

� R
�u�&2

�u�&2 � ��
�

��
�� n �u�

zklfk lpsolhv=

R � eR �
�
�M
� &2

�
*
�
�M� &2 � ��

�
� ��*

�
�� n �u�

�
E�M� &2� * E�

M
� &2 � ��� n E�u�&2� * E�

u
�&2 � ���

+57,

Vxppdulvlqj= R � eR dqg � � f� jxdudqwhh wkdw 49/ dqg khqfh 48 duh
vdwlv�hg/ vr wkdw wkh lqwhulp iroorzhu kdv qr lqfhqwlyh wr ghyldwh iurp rxu
fdqglgdwh htxloleulxp1 Qrwlfh wkdw eR : f dqg f� 	 4/ vr wkdw sdudphwhu
ydoxhv vxfk wkdw wkh frqglwlrqv zh srvh duh vdwlv�hg lqghhg h{lvw1
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