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Abstract

The paper proposes a method for construction, estimation, and testing the Ratio-
nal Beliefs (RB) models. RB models, due to Kurz (1994b), allow agents’ beliefs to differ
from the Rational Expectations (RE), but require that beliefs cannot be contradicted
by past data. By implication, RB and RE must agree in strictly stationary worlds,
while a disagreement is allowed in non-stationary setting. The estimation method in-
volves sample counterparts to the conditional and unconditional moment restrictions
formed from the Euler equations and rationality conditions. In essence, the method
deduces systems of conditional beliefs consistent with the conditional moment re-
striction posed by the Euler equations. Consistent test statistics then discriminates
the rationality from non-rationality. The attractive features are (i) the estimation and
testing procedures are implemented without solving explicitly for RB equilibria, (ii)
learning is permitted, and (iii) both the econometrician and the economic agents are
put on the “equal footing” in the sense of Muth (1961), and “down to earth”. Under
flexible regularity conditions, the test statistics are shown to converge in distribution
to the continuous functionals of generalized Brownian bridges, whose coordinates are
projections on the space of moment functions that are used to phrase the rationality
conditions. As a result, the limit distributions are non-standard or standard, depend-
ing on whether the test statistic is itself a function of finite-dimensional projection or
a functional of the whole process, respectively. The resampling and simulation meth-
ods allow for valid approximation of either distribution. A simple estimated model
of aggregate consumption and stock market behavior, populated by investors with
rational beliefs, points to the variation in agents” sentiments as a dominant source of
asset price volatility.
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1 Introduction

The Rational Beliefs (RB) models, introduced in Kurz (1994b), allow agents to hold beliefs
that differ from the Rational Expectations (RE). These beliefs, however, should satisfy the
key coherency condition, termed the Rationality condition: the beliefs can not be contra-
dicted with the past data. The principle does not imply Rational Expectations.

Precisely, non-stationarity of the world allows a Rational Belief and Rational Expecta-
tion to disagree. In RB models, RE represent an RB, as a special case. The principal sources
of non-stationarity of the economy can be either exogenous, such as technological shocks,
or endogenous, such as the perceived non-stationarity in the beliefs'.

The RE models were designed to represent the situation in which the knowledge of
economic agent is superior: the true probability law of motion is assumed to be known
or approximately known by the agents. Such requirement turns out to be highly prob-
lematic when the economies are significantly non-stationary. Non-stationarity, in principle,
precludes the very possibility of learning the true probability law of motion, even if the
infinite history is available.

Driven by the failure of RE to explain puzzling features of macroeconomic dynamics,
such as equity premium, consumption and stock price volatility, forward discount bias, to
name a few?, many attempts at rigor have been made to “drift” away from RE in various
ways. Models of learning, for example, recognized the approximate nature of Rational
Expectations Equilibrium (REE)®. In the limit of the learning dynamics, REE is typically
recovered. Analysis of investor behavior and patterns of stock price reaction to news such
as earnings announcements has lead some researchers to develop models of investor sen-
timent* which, coupled with Bayesian learning, were consistent with evidence of under-
reaction to news but overreaction to a series of good or bad news. In spirit, the literature on
investor sentiment is close to RB approach but for the motivation it is derived from: sen-
timent models are rooted in elements of psychology while the central requirement of RB

! An example due to Kurz (1994a) shows that even if the exogenous environment is completely station-
ary, if agents believe in non-stationarity, the resulting dynamics of prices is non-stationary. This implies a
history from which we can not learn the true probability law of motion.

2Long series of empirical papers have documented the issue. See, for example, Hansen and Singleton
(1982), Mehra and Prescott (1985), Hansen and Jagannathan (1991), Froot and Frankel (1989), Burnside
(1994), Geweke (1999).

3This includes Marcet and Sargent (1989), Anderson, Hansen, and Sargent (1999), Brock and LeBaron
(1996), Epstein and Wang (1994), Cochrane (1989), Hansen and Sargent (1993), Krusell and Smith (1996).
The list is by no means exhaustive. In Marcet and Sargent (1989), agents use the estimated transition laws
of correct functional forms which they mistakenly take as non-random and time-invariant. In Cochrane
(1989) and Krusell and Smith (1996), consumers use decision rules that are perturbed by small amounts in
arbitrary directions form optimal ones.

4See Barberis, Shleifer, and Vishny (1998).



theory is rationality with respect to the observed past. Another brand of literature deals
with the ‘robust’ decision-making approach®. In particular, Anderson, Hansen, and Sar-
gent (1999), suggested a “robust” version of the dynamic decision-making, in which the
decision-maker recognizes that the RE reference model is akin to an estimate provided by
econometrician, and he therefore guards against the estimation uncertainty by choosing
beliefs that are least-favorable to him in a neighborhood of the estimate. We argue later
on that such a paradigm, with additional reinterpretation could be fit into a very specific
class of the empirical RB models that we provide here. Indeed, ‘robust’ rules for choosing
the most pessimistic beliefs is only one special way of assigning beliefs to the agents. Such
beliefs could be rational in the sense of not being rejected by rationality specification tests
we pose here, but the imposition of pessimism seems unwarranted. We like to allow for
less gloomy worlds. Further, Anderson, Hansen, and Sargent explicitly prohibit learn-
ing to keep the misspecification error constant, in a sense®. The RB models, on the other
hand, that we consider here, expressly allow for agents to learn both in the long run and
short run (adaptation). Overall, deviating from RE formulations has allowed the models
to enjoy some success in explaining one or the other puzzle.

On the other hand, the RB modeling, representing a significant departure from the
RE framework, has been considerably successful. Omne unified and simple model of
economy, with agents having Rational Beliefs, is able to accurately explain such seem-
ingly unrelated and diverse phenomena as excessive volatility of prices (Kurz and Mo-
tolese, 1998; Kurz, 1998), risk and equity premia (Kurz and Beltratti, 1997), forward dis-
count bias (Kurz, 1997b; Black, 1997) , dynamic money non-neutrality (Motolese, 1998)

°A sample of other recent papers include Gilboa and Schmeidler (1989), Hansen, Sargent, and Tallarini
(1999), Anderson, Hansen, and Sargent (1999), and Epstein and Wang (1994). Gilboa and Schmeidler, and
Epstein and Wang offer an axiomatic approach, in which the belief is represented by a family of probability
measures and the ‘minmax’ criterion is utilized in decision making. In the formulation of Hansen, Sargent,
and Tallarini, Epstein and Wang (1994), and Anderson, Hansen, and Sargent (1999), there is the “true” or
reference model, around which a family of permissible misspecifications is stated. The agents then use a
‘minmax’ criterion to select the decision rule that would reflects the most pessimistic ‘belief” in the class of
beliefs allowed by misspecification . The families of misspecifications are stemmed from the robust control
and information theory literature. In particular, these include H,, H2, and maximum entropy methods.
Equivalent formulations are derived from the risk-sensitive recursive formulation.

6In Anderson, Hansen, and Sargent (1999), the size of misspecification is interpreted as the preference
for robustness parameter. On the other hand, in the stationary world with infinite data, learning can recover
the true law of motion, and misspecification cannot arise. Hence, alternative view of the misspecification
size in the context of Anderson, Hansen, and Sargent is to relate it primarily to the data size. To accom-
modate the size of misspecification varying with the size of the data, future developments would need to
augment the model by some learning mechanism, perhaps at the expense of mathematically elegant recur-
sive formulation. The econometric “empiricist” model developed below already incorporates the above
model as a special case, but does not impute to the agents the “minmax” rules for the choice of their beliefs.
Our econometric modeling avoids explicit solutions and thus avoids technicalities.



and other “puzzles” (see Kurz (1997a)). In simulation studies, simple models of RB
Economies perform better than the models of RE Economies by the order of magnitudes.

To date, however, all of the above studies employed simulation, or simulation com-
bined with calibration, as a main tool. Simulation approaches require explicit solution for
RB equilibria and the computational and informational burden of doing so can be exces-
sive. This limits the computational complexity of implementable models much beyond
the finite state Markovian specification, put together by M. Kurz and his colleagues . The
approach requires the modeler to have knowledge of the true probability law and of the
agent’s beliefs on the infinite sequences. In the present work, we supply simple economet-
ric weaponry to RB modelers in an effort to help better reveal the empirical content of RB
models. This methodology can be applied to highly complex models, as the methodology
avoids explicit solutions for RB equilibria. Importantly, it does not require the knowledge
of the true law of motion and the beliefs on the infinite sequences. This is plausible,
because, in the general nonstationary settings, the econometrician, even armed with the
infinite data, can not deduce the true law of motion, as it requires of him to know the
number of parameters at least of the order of cardinality of the data. Henceforth, in man-
ufacturing the econometric methods, we pose the following principles, that the proposed
econometric method must have.

The method should represent a joint economic and econometric paradigm in which:

(i) Agents and the econometrician do not know the true probability law, and they rec-
ognize this.

(ii) An agent has access to finite but increasing data. As an econometrician himself, he
is allowed to draw inferences and accumulate knowledge, i.e. learn.

(iii) Beliefs of agents should to be rational, i.e. they should imply the same quantification
of history as the history itself. The rationality conditions should be simply phrased.

(iv) The method should avoid the closed form solutions of stochastic equilibria, since
these can only be obtained in special simple cases and with a knowledge of the true
probability law of motion.

The proposed qualities (i) — (iv) agree with the principles of modeling advocated by
Kurz (1994a) in requiring the above notion of rationality, and by Muth (1961), which states
that the econometrician and the agents should be put on “equal footing” in the sense that
both should have the same data and structural knowledge. Furthermore, the principle

“For the finite state Markov specification, the Kurz group has successfully harnessed the supercomputer
power by adopting some advanced parallel computing techniques that allow their simulation studies to
run on more than 50 Unix workstations simultaneously.



(ii) strips both the agents and econometrician of other god-like qualities, such as access to
the infinite data.

It should be said, however, that the theoretical model suggested by Kurz implicitly
postulates that the data is infinite by requiring the agents to know the stationary measure®
(the learnable part of true law) and to coordinate their beliefs with it. In practice this
translates into regarding the estimated stationary measure as the true stationary measure,
and ignoring the estimation uncertainty (as irrelevant or very small). We shall refer to
this model as to the canonical RB model, and this model will receive the priority in the
empirical implementation and discussion. Explicitly built into our construct is, however,
another model that incorporates and accounts for the additional estimation uncertainty
resulting from the finiteness of the data. Importantly, it manifests itself in the asymptotic
approximations to the distribution of the test statistics that checks the rationality of the
agents. We shall refer to the second model as to the empiricist RB model. Aside minor
subtleties, at the heart of both econometric models is the principle of compatibility with
the data, the rationality principle proposed by Kurz (Kurz, 1997a).

Of course, we, the econometrician, always have to make some prior simplifications
and assumptions about the structure of the economy and beliefs, e.g. allow ergodicity
(to be able to conduct estimation and inference), assume bounded heterogeneity when
characterizing non-stationarity (to enable derivation of the stochastic limit results for es-
timators and test statistics), assume some functional forms for relevant functions and en-
vironments. These sacrifices ought to be made to extract something intelligible from em-
pirical data and make the theory generate testable implications. Apart from such general
a priori assumptions, the methodology proposed here agrees with the described earlier
principles.

Overview
The paper is organized as follows. The discussion of Rational Beliefs Models and its
translation to finite (but increasing data) is given in section 2. The canonical and the
empiricist RB models are phrased there in econometric terms. The section also presents
the key basic building blocks of the empirical RB models.

Section 3 describes the novel econometric estimation and modeling methodology. This
is the first methodology, to our knowledge, that offers ways of empirical investigation of
RB models (other than the simulation methods). The approach avoids explicit solutions
for the equilibria.

Section 4 is an application to a representative agent economy with a rational belief.
The choice of representative agent situation is motivated by the availability of data, ease
of implementation, and the resulting multitude of applications, such as security pricing,

8See definition in the next section.



decomposition of uncertainty, and the market price of risk.

To wit, subsection 4.1 formulates the modeling approach as applied to the standard
consumption and asset pricing model. Furthermore, we develop a quantitative decom-
position of uncertainty (“market price of risk”) into two parts: one arising from varia-
tion in the intertemporal rates of substitution, as in the usual case, and the second due
to “endogenous” uncertainty, arising from the inability to learn the true law of motion
and having to use a Rational Belief in lieu of the true probability measure. This offers
the quantitative and qualitative explanation of the “equity premium”. The econometric
methodology then applies to propose estimates of market price of risk and facilitate the
comparisons with the observed empirical values. A particularly simple “log-normal” ref-
erence example is worked out in subsection 4.2, with two following subsections, 4.3 and
4.4, implementing prototypical empirical evaluation of RB using U.S. economy data. Sec-
tion 5 offers concluding remarks. Appendix covers various technicalities that are glossed
over to ease the exposition. In particular, it contains all formal definitions and techni-
calities related to the presence of learning in the data. It defines all estimators and test
statistics. The null hypothesis of rationality is formalized, and the test statistics are of-
fered. These test statistics are continuous functionals (with respect to the uniform metric)
of the rationality score processes that represent the empirical processes whose finite di-
mensional projections form moment conditions for checking rationality. The resulting test
statistic is either a “sup” statistics, in the spirit of Kolmogorov-Smirnov statistic, over all
moment functions or a quadratic form of any finite-dimensional projection on the space of
moment functions. The asymptotic distributions of such test statistics are derived under
the null and the alternative, and the resulting test decisions have been demonstrated to
be asymptotically consistent in discriminating the rationality vs. non-rationality of a de-
duced system of beliefs. The corresponding asymptotic distributions can be viewed either
as the “sup” of a generalized Brownian bridge to which the rationality score converges or
the quadratic form of the finite-dimensional projection of the above process.

2 The Basic Building Blocks of RB models

Basic Notation

Let {z:} be a stochastic process, describing the economy, on probability space

((RM)™,B ((RY)>®),P). P is the true probability law. A proper belief of an agent is the
probability space ((RY)™,B ((RY)>),Q), or simply Q.

Generally, Q and [P can be taken as distinct from each other probability measures. The
measure [P is assumed to generate the so called stationary or ergodic measure, which is
defined by the limits of empirical distribution functions over all finite horizon events (see
definition below). Denote this measure by M. Throughout the paper we assume that the



IP is nonstationary and ergodic, in the usual sense employed in the literature. Sequence z;
is assumed to be stable, i.e. detrended etc.

Decision Making and the Optimality Conditions
Discrete time models of optimal behavior of economic agents often lead to the first order
conditions of the form

EQi“‘kh(iEt-I-k) 9) = O7 k = 1, 2, .. (21)

where z,.;, is a finite-dimensional vector of the variables observed by the agents and
econometrician as of date ¢ + k, 0 is finite-dimensional parameter unknown to econome-
trician, characterizing underlying preference or technology, h is a finite dimensional map-
ping and EQ§+1€ is an expectation operator with respect to probability measure Q:™*, which
is the belief of an agent about the events k periods forward from the date ¢, conditional
on his/her current information set I;. Equations of this type can emerge from the first or-
der necessary conditions of an agent’s utility maximization problem in an uncertain and
non-stationary dynamic environment. A detailed example is exhibited in the section 4.
Throughout we assume that the econometrician observes the actions of the agent within
last T, periods of history, whose total length is assumed to be H (in the canonical model
H = o0). T here is allowed to be less than or equal to H in the empiricist RB model,
whereas in the canonical RB model, it is negligible in relation to H.

Rationality: Compatibility with the Data
Kurz (1974; 1997a) has proposed to consider those beliefs Rational that are compatible
with data. The belief, Q, should not ignore the past history. In the theoretical and in the
simulation studies of RB models the past history is always assumed to be infinite, the
assumption we surely abandon here.

The notion of compatibility proposed by Kurz requires the observed empirical frequencies
to agree with the theoretical frequencies that the beliefs generate. Henceforth, this is the key
principle of our modeling. The rigorous definition given by Kurz is stated below.

Definition of Rationality — (Kurz, 1997a)

(I) Stability . A dynamic system is a pair of probability space and a shift transfor-
mation T (for z*  (xy, @y ...), Tat = 2'" ,and T =z Tx ). A dynamic
system, (R ) , ((R ) ),J,T), is stable if, for M ( )(z) > 1 (T z),
and any cylinder

M( )= M ( )(z) exists J a.e. (2.2)












3 Structure of the Econometric Procedure
















4 Application to a Representative Agent RB Economy
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