
 

 
 
 
 
 
 

COORDINATING MACROECONOMIC POLICY IN A SIMPLE AK GROWTH MODEL* 
 
 
 
 

Richard C. Barnett    
Department of Economics 

Southern Methodist University 
 
 

 

 

_______________________________________________________________________________________________ 

ABSTRACT 
    

Modern theories of government finance stress the importance of an economy=s fiscal deficits in determining the 
course of monetary policy.  Modern growth theory stresses the role of monetary factors in economic growth.  This 
paper explores how these two are interrelated, using a simple AK growth model, one with money, reserve 
requirements, and government debt.  We provide a comprehensive look at the coordination of macroeconomic policy 
and its effects on long-run growth under three alternative coordinating arrangements.  We uncover some 
unconventional results regarding the relationship between growth and a number of policy variables; these rest squarely 
on the constraint of the coordination process. 
_______________________________________________________________________________________________ 
 
 
 
 
 
JEL Classification: E5; E6 
      
Keywords: Monetary and fiscal policy; Reserve requirements; Open market operations; AK growth model.   
   
Revised, October 2003. 
_______________________________________________________________________________________________ 

*Correspondence: R. C. Barnett, Department of Economics, Dedman College, PO Box 750496 Southern Methodist University, 
Dallas TX 75275-0496. Phone: (214) 768-3981.  E-Mail: rbarnett@mail.smu.edu.  An early version of this paper was presented at 
the 1st Missouri Economic Conference, Columbus, MO, the 6th Annual Meeting of SPiE, Lisbon, Portugal, and the Department of 
Economics, Carlos III, Madrid, Spain. I thank the participants of these talks, along with Joydeep Bhattacharya, Merwan Engineer, 
Marco Espinosa-Vega, Mun Ho, Steve Russell, and two anonymous referees for their comments on the paper.  All errors are my 
own.     

 
 



 
 
 
 
 
 
 

 
 
 

COORDINATING MACROECONOMIC POLICY IN A SIMPLE AK GROWTH MODEL 
 
 
 

ABSTRACT 
    

Modern theories of government finance stress the importance of an economy=s fiscal deficits in determining the course 
of monetary policy.  Modern growth theory stresses the role of monetary factors in economic growth.  This paper explores 
how these two are interrelated, using a simple AK growth model, one with money, reserve requirements, and government 
debt.  We provide a comprehensive look at the coordination of macroeconomic policy and its effects on long-run growth 
under three alternative arrangements.  We uncover some unconventional results regarding the relationship between growth 
and a number of policy variables; these rest squarely on the constraint of the coordination process. 



- 1 - 

1 INTRODUCTION 

 It is widely recognized that a nation’s fiscal deficits can play a critical role in determining the course of 

monetary policy.  The government’s consolidated budget constraint links the policies of its two fiduciaries 

(the monetary and fiscal authorities), preventing them from pursuing policies that are strictly independent of 

one another. Sargent (1999) refers to the reconciling of this budget constraint as the coordination of 

monetary and fiscal policy; how this is achieved and what are some of the consequences of the coordination 

arrangement for long-run growth, inflation, and monetary policy is a central theme of this paper.    

Following the literature, we approach this problem assuming a dominant fiscal authority, one that sets an 

independent course for the nation’s fiscal deficits.  In the environment considered by Sargent and Wallace 

(1981) and others, the course of the money supply is then endogenous and the coordination of macro policy 

attains solely through changes in the inflation rate.  This description eloquently captures the essence of the 

coordination process.  It is, however, limited on at least two accounts: i) other macro variables, such as long-

run economic growth or real interest rates, do not adjust along with the inflation rate, and ii) no other 

instruments of monetary policy, such open market operations, the reserve requirement, or discount policy, 

are considered as alternative means of achieving coordination. 

  This paper addresses these two concerns within the context of a simple endogenous growth model with 

money, reserve requirements, and government debt.  Besides the process described above, which we refer to 

specifically as coordination-by-inflation, or more simply, an inflation-coordinating arrangement, we 

consider two alternative instruments of monetary policy that the central bank can use to achieve 

coordination. These include adjustments in the profile of government liabilities (an open-market 

coordinating arrangement) and changes in the required reserve ratio (a reserve requirement coordinating 

arrangement).1  In all three cases, the growth rate adjusts simultaneously, along with the coordinating 

instrument, to satisfy market-clearing and the overall government budget constraint.  

Why are these two issues important?  Consider first the role of the growth rate in the coordination 

process.  Of concern is the size of the growth rate relative to the real return on government debt. This 

                                                 
1.  In our setting, a change in the required reserve ratio is equivalent to a change in the discount window when the 
monetary authority sets the nominal discount rate equal to zero. 
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determines whether long run, net debt issues provide positive real revenues for the government. Most, 

including Sargent and Wallace (1981), take both the growth rate and the real return as given, so either 

government debt provides sustainable revenues or it does not. It is in the latter case – which occurs when the 

growth rate is less than the return on debt – that the monetary and fiscal authorities cannot adopt long-run 

independent policies.  Yet, the very conditions on growth and returns which determine whether long-run 

coordination is necessary seem to be ones that should originate from the model, not imposed from outside. 

Further, in light of the considerable evidence of the growth effects of monetary policy, there is good reason 

to believe that whichever monetary instrument the central bank uses to achieve coordination, it will affect an 

economy’s growth rate (which in turn affects coordination).  Our model makes a modest attempt at exposing 

this simultaneity between growth, monetary policy, and coordination.2    

 Growth and the real return on government debt also play an important role in determining how the 

coordinating instrument must change in response to an exogenous change in fiscal or monetary policy. 

Sargent and Wallace’s ‘unpleasant monetarist arithmetic’ (tight money increases the inflation rate) provides a 

nice illustration. In their framework, an open market sale or increase in the debt-to-money ratio produces 

unpleasant monetarist arithmetic, provided the growth rate is less than the real return on debt.  An increase in 

government debt, however, will likely impact negatively on growth in an endogenous growth model, simply 

by crowding out private capital.  If so, unpleasant arithmetic may emerge even when the growth rate is 

greater than the return on debt. Lower growth may reduce net revenues from debt issues, forcing the 

monetary authority to raise the inflation tax in order to satisfy the government’s budget.  We devote part of 

our study of inflation coordination to the impact of open market operations on long-run growth and inflation, 

and we provide an example of this type of high-growth unpleasant monetarist arithmetic.  Our model, of 

course, also displays other, more conventional arithmetics, similar to Espinosa-Vega and Russell (2001).   

 Our study also provides a comprehensive look at alternative ways by which the monetary authority can 

achieve coordination.  As far as we know, ours is the only study examining these within the context of a 
                                                 
2.  Our approach can be compared with Bhattacharaya et al (1997) and Espinosa-Vega and Russell (1998).  Both studies 
allow long-run inflation and real returns to adjust in the coordination process. Espinosa-Vega and Russell (2001), 
Bhattacharaya and Kudoh (2002), and Nikitin and Russell (2003) consider long-run changes in the capital stock, but 
changes to the growth rate play no role in the long-run coordination process since steady state growth equals zero. 
Espinosa-Vega and Yip (1999) provide a model of an inflation-coordination arrangement and long-run economic 
growth with no government debt.  
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model with long-run growth.3 Besides offering insight into the possible implications for policy that these 

alternatives offer, we are drawn to their study by the fact that many central banks have opted recently for 

greater autonomy, especially when setting money growth rates.  Policies such as targeting the aggregate price 

level, or the inflation rate, seem to fly in the face of coordination-by-inflation.  Reflecting on how these 

targeting policies square with policy coordination, one can simply supplant the assumption of a dominant 

fiscal authority for a dominant monetary one, though there is scant hard evidence to suggest governments 

have found ways to curb substantially their long-run fiscal appetites.  On the other hand, even in a world with 

a dominant fiscal authority, money growth can be independent of fiscal policy – though overall monetary 

policy cannot.  Using its other instruments for coordination, the monetary authority can achieve some degree 

of independence in setting its long-run inflationary goals.  Our study of these alternative arrangements 

underscores this point, as well as the fact that a central bank’s inflation target may not be entirely free or 

independent of the fiscal constraint.  The alternatives to inflation coordination provide some monetary 

independence, but an overly ambitious inflationary target is incompatible with an equilibrium.     

 Our model provides some interesting comparative static results, two of which we spotlight here in this 

introduction. First, since both growth and inflation are determined endogenously under our inflation 

coordinating arrangement, our study can provide some insight into the sort of inflation-growth correlations 

one might observe in a cross section of economies.  Varying government deficits, the reserve requirement, or 

the bond-money ratio – all exogenous determinants of a nation’s inflation policy under this coordinating 

process – suggest a mix of both positive and negative inflation-growth correlations, not unlike the mixed 

observations on inflation and growth in the data.  Second, while some of our results are straightforward, a 

few buck conventional wisdom.  For example, an increase in the reserve requirement under an open market 

coordinating arrangement can increase long-run growth, counter to the notion that a higher reserve 

requirement is financially repressive and retards growth. The anomaly rests squarely on the type of monetary 

instrument we assume adjusts to achieve coordination and that the higher reserve requirement leads to a 

concomitant change in the coordinating instrument that enhances growth.  The anomaly of an open market 
                                                 
3 Bhattacharya and Haslag (2003), Bhattacharya and Kudoh (2002), and Espinosa-Vega and Russell (2001) explore 
different aspects of these alternatives in models with no long-run growth. Espinosa-Vega and Yip (1999) compare a tax 
coordination arrangement with an inflation arrangement in a long-run growth model with no government debt. 
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sale associated with Sargent and Wallace’s unpleasant monetarist arithmetic is rooted in the same principle – 

it is not so much the change in the policy itself that matters, as it is the change it evokes in the coordinating 

instrument.  This is precisely why it is important to understand the coordinating process. 

 The rest of paper proceeds as follows.  In Section 2, we discuss the general structure of the model.  This 

includes a description of the decisions of households, firms, and intermediaries, the government=s budget 

constraint, and the market-clearing conditions of the model. The next three sections provide a comprehensive 

look at each coordinating process, starting with an inflation-coordinating arrangement.  In each, we lay out 

the conditions for the existence of equilibrium and provide some comparative static results.  Section 6 

provides a short comparison of these arrangements.  Concluding remarks are contained in Section 7. 

2 THE MODEL 

Agents 

 Time is discrete and at each date t , 1t ≥ , a continuum (measure 1) of two-period lived agents is born.  

Agents of each generation are identical. Each is endowed with 1 unit of time when young, which is supplied 

inelastically to a competitive firm that produces the consumption good at each date using inputs of labor and 

capital.   A portion of the agent=s wage earnings, tw  finances consumption in the current period, the rest is 

saved for future consumption. All saving is in the form of an intermediated bank deposit.  At 1t = , the old 

are endowed collectively with 0M , 0B , and 0K  (cash, government debt, and capital, respectively).  

Formally, a representative agent h  born at date 1t ≥  saves t
h
t wss =  and consumes t

h
t ws1c )( −=  in 

the current period, where 1  <    s<  0  is the saving rate. 4  Letting tr  denote the gross return on intermediated 

deposits, the same agent consumes h
tt

h
t srx =  at date 1t + . Aggregate saving, tS , equals tY1s )( α− , where 

α  -  1  is labor’s share of output and tY  is date t  GNP.   

Firms 

Firms hire young workers and rent capital from the intermediary.  Factor markets are competitive and 

each factor is paid its marginal product.  Growth is introduced by assuming a simple Romer-type model of 

                                                 
4.  A constant saving rate is consistent with a model where agents have log-linear utility lnct

h + β lnxt
h, where 0 < β < 1. 

In this case, s = β /(1+β).   
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capital externality; at the firm level, output is given by ααα −−
= 1i

t
i
t

1
t

i
t NKKAY )()(  , where tK  is the 

economy-wide average capital stock available at date t .  Aggregate output is given by tt KAY = .  For 

simplicity, we assume capital depreciates fully each period. 

Factor prices each period are tt Y1w )( α−=  and Aqt α= , where tq  is the rental price of capital.   

Intermediaries 

Intermediaries act as a go-between for agents and firms, accepting deposits from young agents and 

renting capital to firms.  Each faces a reserve requirement, 10 << λλ , , which forces them to hold a 

minimum fraction of the deposits in the form of cash.  When binding, the competitive return on deposits is 

ttmt q1rr )(; λλ −+= , where 1tttm PPr +≡ /;  is the real return on money (the inverse of gross inflation).5 

Government 

 Two branches (a fiscal and a monetary authority) represent the government of this economy.  The fiscal 

authority sets sequences for taxes, government spending, and issues nominal government debt. Denote the 

primary deficit as tG , which we assume is a constant fraction of real GNP; tt YgG = , where 1g0 << .  The 

amount of nominal bonds or debt at t  is ttB BP ; , where tB  is the number of bonds and tBP ; , 1P0 tB << ; , is 

the nominal bond price.  These bonds pay off at par at date 1 + t . To keep things simple, we assume 

government debt is subject to the same intermediation process as private capital – that is, we treat debt and 

capital as perfect substitutes, and each pays the same real return.6  

The monetary authority sets the path of the money supply { }tM  and the reserve requirement λ .  It also 

manages the profile of the government’s liabilities, through open market operations.  These, together with 

fiscal policy, must satisfy the consolidated budget constraint of the government at each date, 

                                                 
5.  Our treatment of intermediaries and reserve requirements is similar to Wallace (1984), Bhattacharya et al (1998), 
Bhattacharya and Haslag (2003), and Espinosa-Vega and Russell (2001).  Alternatively, reserves can be determined 
endogenously. (See Schreft and Smith (1998), Bhattacharya et al (1997), or Espinosa-Vega and Yip (1999,2000)). 

6.  Wallace (1984) and McCandless (1995) make similar assumptions.  Alternatively, one can assume government debt 
is not subject to intermediation, as in Bhattacharya et al (1998). There also may be a different (non-zero) reserve 
requirement for government debt.  The assumption that debt and capital are intermediated in the same manner makes the 
model easier to present, but it does not change fundamentally many of the results.  As an example, see Footnote 20.  
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t

1tttB

t

1tt
t P

BBP
P

MM
G −− −

+
−

= ;         (1) 

for ...,, 21t = ,with 0M 0 >  and 0B0 >  given.     

Market-Clearing 

At each date, two markets must clear – the money market and the rental capital/bond market (the factor 

prices already incorporate clearing for the labor market).  The clearing conditions for these markets are  

  ( )
t

t
t P

M
Y1s =−αλ .         (2)  

( )( )
t

ttB
1tt P

BP
KY11s ;+=−− +αλ .       (3) 

 An equilibrium is a sequence for prices, interest rates, allocations of goods, capital, debt, and money and 

the coordinating instrument (money growth, reserve requirement, or debt-money ratio) such that: 

■ the allocations are optimal for agents and firms when faced with those interest rates and prices; 

■ the allocations satisfy the market-clearing conditions; 

■ the government budget constraint is satisfied at each date. 
    
A balanced growth (or stationary) equilibrium is an equilibrium with a constant growth rate for output, 

capital, consumption, and is characterized by constant consumption-to-output ratios, capital-to-output ratios, 

and constant real returns to money and capital at each date. 

Our strategy for establishing the existence of a balanced growth equilibrium in Sections 3-5 involves 

distilling two curves from the government budget constraint (1) and the clearing conditions (2), (3). These 

describe the relationship between growth and the coordinating instrument for the arrangement at hand, and 

determine jointly the (stationary) equilibrium values of the growth rate and coordinating instrument. We then 

use these curves in some comparative static exercises.  Section 3 (coordination-by-inflation) contains the 

bulk of the discussion behind our procedure, though it readily extends to the other two coordinating 

arrangements discussed in Sections 4 and 5. 

 



- 7 - 

3 AN INFLATION-COORDINATING ARRANGEMENT 

This section establishes the existence of a balanced growth equilibrium assuming the money growth rate 

adjusts to ensure the government’s budget constraint holds for each date.  We also provide a characterization 

of the equilibrium and explore some of the comparative static properties of this arrangement.  

3.1 Equilibrium 

Capital/bond market-clearing 

Begin by rewriting the capital/bond clearing condition in terms of the return on money mr , the (gross) 

growth rate t1tt YY /+≡γ , and bond-money ratio tt MB , which in this section we assume is constant and 

equal to θ  for 1.    t ≥ 7 This assumption plays an integral role in our depiction of the inflation-growth 

relationship described below.  

Since bonds and capital are perfect substitutes, government debt displays a standard ‘Fisherian’ property. 

Its nominal return, tBP1 ; , is an inflation-adjusted markup of the real return, Aα : t1ttB PPAP1 // ; +=α .  

Using this, along with (2) and the policy parameter θ , write (3) as      

  ( ) ( ) ( )
A

Y1s
P
P

KY11s t

1t

t
1tt α

αλθαλ −
+=−−

+
+ .      (4) 

Multiplying both sides of (4) by A  and divide each by tY , we write    

( ) ( ) ( )
α

αλθγαλ   -  1    s     
P
P

   +       =      -  1  -  1 As
1t

t
t

+
.     (5) 

In (5), we use the fact 1t1t KAY ++ =  and t1tt YY /+≡γ .  

Rearranging (5), we can express growth as a decreasing, linear function of the real gross return on 

money, tmr ;  – our first of two curves describing the inflation-growth relationship:  

( ) ( ) ( )( ) αλθαλαγ tmtma rA11sr ;; −−−= .      (6) 

  

                                                 
7.  We interpret a change in θ  under an inflation-coordinating arrangement as a once-and-for-all open market operation.  
Our approach here is consistent with Wallace (1984), McCandless (1995), and Espinosa-Vega and Russell (1998).  
Others interpret an open market operation as a once-and-for-all change in the ratio of the market value of debt to money, 
PB;t Bt /Mt rather than its face value  Bt /Mt  (see, for example, Bhattacharya et al (1998) or Schreft and Smith (1998)). 
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 A higher inflation rate, all else the same, increases the nominal interest rate (bond prices fall).  Given the 

ratio of bonds to money,θ , the real value of government debt issues declines, so a larger portion of saving is 

allocated to productive capital.  This gives rise to the positive growth-inflation relationship found in (6).   

Government budget constraint and money-market clearing 

Turning to the government=s budget constraint, replace the lagged real balance term in (1) with 

( ) 1t1tm Y1sr −− −αλ; , since ( ) 1t1tm1t1t1tmt1t Y1srPMrPM −−−−−− −== αλ;;  for 2t ≥ , from (2).  Similarly, 

lagged debt outstanding at date t , t1t PB − , is ( ) ( ) ( ) ( ) 1tm1tt1t1t1t1t1t rY  -  1  s PPPMMB −−−−−−− = ;αλθ . 

Current debt issues are ( ) ( ) ( ) ( ) ttmtttttBtttB Y1sArPMMBPPBP αλθα −== ;;; . Rewriting (1),  

( ) ( ) ( ) ( ) 1t1tmttm1t1tmtt Ys1rAYs1rYs1rYs1G −−−− −−−+−−−= αλθααλθαλαλ ;;; , for 2    t ≥ . 

    ( ) ( ) 1011m1011 PBAYs1rPMYs1G −−+−−= ααλθαλ ; , for 1  =  t . 

Since our point of focus is a stationary equilibrium, we set mtm1tm rrr ==− ;;  in the constraints above. 

Substituting tYg  for tG  and arranging terms, we have 

 ( )[ ] ( ) ( ) [ ]γαθαλαγαλ A11sArr11sg mm −−+−−= ,      (7) 

for 2    t ≥ , whereγ is the balanced growth rate.  This gives us our second expression describing the growth 

rate as a function of the real return on money, 

 ( ) ( )( )
( ) ( )[ ] gAr1A1s

11srA
r

m

m
mb αθαλααλ

θααλγ
−−+−

+−
= .       (8) 

At date 1,   

( ) ( ) 110m110 YPBA1srYPM1sg −−+−−= αθαλαλ ,      (9) 

where 0M , 0B  are given, and 11 KAY =  is given, since the initial capital stock, 1K , is given. 

From (7), we identify two potential sources of government revenue under this arrangement – money 

seignorage, ( )[ ]γαλ mr11sms −−≡ , and bond seignorage, ( ) ( ) [ ]γαθαλα A11sArbs m −−≡ .  Money 

seignorage is non-negative in any monetary equilibrium, and, since the saving rate is constant, an increase in 
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the inflation rate (a decrease in mr ) increases money seignorage revenues.8  Depending on the growth rate 

and the return on debt, net revenues from bond issues can be positive or negative. Without sufficient growth, 

revenues from new bond issues are not enough to offset the real service of past debt. 

With Assumption 1 below, ( )mb rγ  describes a negative relationship between growth and inflation. This 

relationship stems from that fact that a marginal increase in mr  changes total seignorage, bsms + , by 

( ) ( )[ ]γθαθαλ +−− 1A1s , which is negative, since the growth rate under this arrangement is less than 

( ) θθα +1A .9  To compensate for the reduction in revenues, the growth rate must increase in order to satisfy 

the budget constraint (7) (note money and bond seignorage both are increasing functions of the growth rate).  

Existence of Equilibrium 

Our strategy for establishing the existence of an equilibrium is as follows.  First, we show we can find a 

mr , mr0 <  which satisfies ( ) ( )mbma rr γγ = .  This establishes a growth rate and return on money that satisfy 

market-clearing and the government=s budget constraint for all dates 2t ≥ . Using (9), we then find the initial 

price level 1P  that satisfies market clearing and the government budget constraint for date 1.  The initial 

price level depends on (given) values for the initial stocks of money and debt outstanding, ( 0M and 0B  

respectively), output 1Y  (also given), and on mr .  

We focus on binding equilibria; by this we mean equilibria in which the reserve requirement is binding 

at each date, or, equivalently, the price of rental capital, tq , is at least as great as the return on money, mr . 

Assumption 1 and 2 below ensure a binding equilibrium exists. 

    
Assumption 1. ( ) ( )[ ] 0111s >−+−+ θλαα . 

Assumption 2. ( ) g1s >−αλ . 

 

                                                 
8.  The economy does not display an inflation-tax Laffer curve, in part because the monetary tax base is a constant 
function of the return on money rm.  Two values for rm satisfy γa(rm) = γb(rm); given Assumptions 1 and 2, only one is 
positive.       

9.  The fact the growth rate is less than αΑ (1+ θ) /θ comes directly from (8); simple calculus shows (8) is increasing in 
rm, and the limit of the right-hand side of (8) as rm goes to infinity is αΑ(1+ θ) /θ . 
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Assumption 2 restricts the primary government deficit to be less than the monetary seignorage tax base, 

ensuring there exists an inflation tax that can finance the deficit.  Wallace (1984) makes a similar 

assumption.  With it, ( )mb rγ  is increasing and concave over ( )∞,0 , with ( ) 00b =γ . Assumption 1 ensures 

bindingness.10 An appendix detailing the significance of this assumption and containing the mathematical 

derivations of most of the results of the paper is available upon request.  

 A pivotal issue in the literature on unpleasant monetarist arithmetic and the effect of an open market 

operation on inflation turns on whether the growth rate in the economy is greater than or less than the real 

return on government debt. Our first result establishes the existence of equilibrium under an inflation-

coordinating arrangement and characterizes the equilibrium growth rate relative to Aα , the return on debt. 

Result 1. Characterizing equilibrium growth under an inflation-coordinating arrangement.  

A.  Suppose ( )( ) AAs11 ααλ <−− .  An equilibrium exists with a balanced growth rate less than Aα .   

B.  Suppose ( )( ) AAs11 ααλ >−− .   

  i) If ( ) ( )[ ] g11s1 θθλαα >−+−+ , an equilibrium exists and the growth rate is less than Aα .   

 ii) If ( ) ( )[ ] g11s1 θθλαα <−+−+ , an equilibrium exists and the growth rate is greater than Aα .   

3.2 Comparative Statics 

The triplet ( )λθ ,,g  defines a country’s inflation policy under this coordinating arrangement.  A change 

in any component of the policy triplet changes the equilibrium growth and inflation rates.  Below, we 

summarize how the steady-state changes for marginal changes in the two monetary policy parameters θ  and 

λ .  Since the primary deficit g  is a parameter common to the triplets of all three coordinating arrangements, 

we defer until Section 6 our discussion of the effects of an increase in g  on each arrangement.  Section 6 

also contains a table summarizing all the comparative static results of the model. 

Result 2. Effect of an open market sale on growth and inflation.  A permanent increase in the ratio of 

bonds-to-money,θ  (a permanent, tighter monetary policy) has a negative effect on the equilibrium growth 

rate and an ambiguous effect on the inflation rate. 
                                                 
10. Assumption 1 is sufficient for bindingness; one can easily produce examples of binding equilibria where 
Assumption 1 does not hold.  
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This result admits two possible outcomes, due to the fact both γ  curves shift with an increase in θ .  We 

provide more definitive predictions for inflation by considering each of the following in turn. 

Case A.  >Low-Growth= Cases.  Tighter money increases the inflation rate and reduces the growth rate. 

>Low-growth= refers to equilibria with a growth rate less than the real return, Aα ; it is the case 

considered by Sargent and Wallace (1981).  Results 1A and 1B state conditions which support such 

equilibria.  In each case, bond seignorage, ( )[ ] [ ]γααθαλ A1A1srm −− , in equilibrium, is negative.  All 

else the same, a marginal increase in the bond-to-money ratio θ  increases the net debt service of the 

government.  A higher θ  also reduces the growth rate by (directly) crowding out private capital in the rental 

capital/government debt market.  This has a secondary, reinforcing negative effect on both the seignorages.  

To compensate, the return on money must fall (the inflation rate increases) in order to satisfy the government 

budget constraint.  Although a higher inflation rate reduces the price of new debt issues, and by consequence, 

has a positive effect on growth, a higher θ  will not increase growth in this economy.  (See Figures 1A, 1B).   

Case B.  >High-Growth= Cases.  Tighter money has an ambiguous effect on the equilibrium inflation rate 

and reduces the growth rate. 

Under a high-growth case ( Aαγ > ), bond seignorage is positive. By itself, a marginal increase in θ   

increases the amount of revenue collected by the government.  However, the increase in θ  also crowds out 

some private capital, as described above for the low growth cases. Whether tighter money decreases or 

increases the equilibrium inflation rate depends critically on whether the positive impact of a higher θ  on 

bond seignorage is larger or smaller than the negative effect of lower growth on the amount of bond and 

money seignorage collected.  (See Figure 1C).  

To illustration a case of unpleasant monetarist arithmetic with ‘high growth’ let 

04.,0075.g,475.s,45.3A,3. ===== λα  and 2=θ .  Raising θ  to 5.2=θ  increases the net inflation rate 

from 106.87%  to113.53% .  The net, equilibrium growth rate, for the lower and higher value of θ  is 5.84%  

and 4.88%  respectively; both are greater than the net real yield on government debt, 3.5% . 

- Insert Figure 1 - 
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Despite the possibility that a tighter monetary policy leads to higher inflation, the model exhibits the 

conventional result that a tighter monetary policy reduces the initial price level.  From (9), 

( ) ( ) ( )( )gs1rs1YBMP m1001 −−+−+= αλθαλ , where mr  satisfies ( ) ( )mbma rr γγ = . It is easy to show 

( ) 1drdr mm −>θθ , so ( )s1rm αλθ −  increases with an increase in θ  and the price level is lower. 

Result 3.  Effect of a change in the reserve requirement on growth and inflation.  A permanent increase in 

the reserve requirement λ  reduces the balanced growth rate and has an ambiguous effect on the inflation rate.  

We can describe the effect of a change in the reserve requirement parameter λ  on the equilibrium 

growth and inflation rates in much the same terms as an open market operation. Unlike an open market 

operation, however, the initial or direct effect of an increase in λ  increases the seignorage sum, bsms + , 

regardless of whether Aαγ <
> .11  The increase in λ  has two direct effects on the rental capital/debt market; 

both reduce growth.  First, an increase in the reserve requirement forces the intermediary to hold more cash 

on reserve, so fewer resources are available to the market.  Second, the real value of new government debt 

issues, tttB PBP ; , increases, since, for a given bond-to-money ratio θ , ( ) AY1srPBP tmtttB ααλθ −=; . 

As in open market sale, the negative effect on the sum, bsms + , of a decrease in the growth rate may or may 

not outweigh the direct effect of λ  on this sum.  If the secondary growth effect does outweigh the direct 

effect, the inflation rate must rise ( mr  falls) to satisfy the government budget constraint.  Otherwise, a higher 

λ  reduces the equilibrium inflation rate.  The result is analogous to the two cases described in Figure 1C. 

We close with some observations regarding possible inflation-growth diagrams that might emerge in a 

world consisting of economies with differing components for seignorage policy ( ,,θg or λ ), but are 

otherwise identical.  These illustrate the impact the policy has on the inflation-coordinating arrangement. 

Figure 2A shows a hypothetical inflation-growth cross-sectional diagram for a world comprised of similar 

economies, differing only as regards the ratio of bond-to-money, θ .  Figures 2B and 2C show similar 

diagrams, the differences across economies being the reserve requirement λ , and fraction of government 

                                                 
11.  From the definition of ms and bs and the government budget constraint, it is easy to see that the direct effect of an 
increase in λ  on the sum ms + bs equals g/λ. 
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spending to GNP, respectively. 12  

Much of what we glean from these diagrams follows directly from the comparative statics.  Figure 2A 

suggests a clear negative relation between inflation and growth, while Figure 2C suggests these variables are 

positively related.13  Depending on the portion of the diagram one focuses on, Figure 2B shows a negative 

and positive relationship between the two.  Collectively, these diagrams underscore the importance of 

understanding macro-policy coordination and the role it plays in the relationship between inflation and 

growth. Clearly, this relationship depends very much on the policy measures driving the difference in these 

variables across economies.14 This point seems applicable, in light of the mixed empirical observations on 

inflation and growth in the data. (See, for example, McCandless and Weber (1995)). 

-Insert Figure 2- 

4 AN OPEN-MARKET COORDINATING ARRANGEMENT  

In this section and the next, we examine two alternative coordinating arrangements at the disposal of a 

central bank.  Under certain circumstances, these allow the bank to pursue the disparate goals of coordinating 

and inflation targeting – that is, under these arrangements, the inflation rate is an exogenous policy 

parameter.15  Since the inflation target, among other factors, affects the coordinating process, a considerable 

part of our discussion is devoted to describing the comparative statics of a change in the inflation rate. 

This section considers the bond-money ratio θ  as a coordinating instrument. Here, the central bank sets 

the monetary growth rate (equivalently, the long-run inflation rate) and the reserve requirement, and the 

bond-money ratio θ  adjusts, along with the economy=s growth rate, so as to satisfy the market-clearing 

conditions and the government=s budget constraint each period.  

                                                 
12.  The diagrams in Figure 2 are illustrative examples, not calibrations of actual economies.  We assume α = .27, A = 
3.85, s = .44; this yields a rental price of capital/return on government debt of 1.0395, or 3.95%.  These values were 
selected, in part, because they support equilibria for a large variation in the policy parameters g, θ, and λ.  In Figure 2A, 
we set g = .025 and λ = .10, and vary θ from θ = .60 to θ = 6.  We assume g = .025 and θ =4, and vary λ  from λ = .08 
to λ = .26 in Figure 2B.  In Figure 2C, we set λ =.10 and θ = 4, and vary g from g = .003 to g = .03. 

13.  The diagram for variations in the open market operation parameter, θ  can, theoretically, look like that of Figure 
2B; for this parameterization of the model, however, it displays a distinct negative inflation-growth relationship.   

14.  The possibility that countries may operate under different coordinating arrangements compounds this problem. 

15.  In this model, inflation targeting is equivalent to targeting the nominal interest rate, since the real return is constant.  
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Throughout the section, we compare the central bank’s target policy against a benchmarked inflation 

policy o
mr1 , one where bond seignorage equals zero for all 0>θ . When the bank’s target is lower than o

mr1  

( o
mm rr > ), bond seignorage is always positive. An analogous argument holds for o

mm rr < . 

4.1 Equilibrium  

Let ( )[ ] ( )αλααλ −−−≡ 1sAgs1ro
m .  We characterize the inflation policy as a simple function of o

mr , 

o
mm rr σ=  , with 1<

>σ .16    

Capital/bond market-clearing 

With the assignment o
mm rr σ= , the counterpart to (6) for this coordinating arrangement is  

  ( ) ( ) ( )( )[ ] g111sA =   a θσσθλαθγ ++−− ,       (10) 

which is decreasing and linear in θ , by Assumption 1.  The intuition behind (10) is clear. Given a constant 

inflation rate, the nominal price of new debt issues is constant. A higher θ  then represents a larger real debt 

obligation of the government, crowding out private capital and reducing the growth rate.  

Government budget constraint and money-market clearing 

The counterpart to eq.(8) is given by 

( ) ( ) ( )θσθασθγ ++= 11Ab ,        (11) 

which is decreasing and convex if 1  >  σ , concave and increasing if 1  <  σ , and a constant function of θ  if 

1  =  σ .  Regardless of the size of σ , ( ) A  = Lim b αθγ
θ ∞→

. 

The intuition behind the bγ  curve (11) and its relationship with the inflation target is straightforward.  By 

construction, bond seignorage is zero under the target o
mr1 . Since ( ) ( ) [ ]γαθαλα A11sArbs m −−≡ , 

growth must equal the real return Aα  for all 0>θ  when the target equals o
mr1 , and the government’s 

deficit is financed solely by money seignorage, ms .   A target set lower than o
mr1  ( o

mm rr >  or 1>σ ),  

                                                 
16.  There is no loss in generality in using σ rm 

o to characterize the targeted return rm when establishing the existence of 
an equilibrium. It is, however, of limited use in comparative statics, since σ  rm

o varies with λ and g.  The condition for 
bindingness, rm < αA, implies, σ  < αA/ rm

o.  We assume this inequality holds throughout the discussion above. 
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reduces money seignorage for all 0≥θ .  In turn, this implies bond seignorage under the lower target is 

positive for each 0>θ  in order for bsmsg += , as required by the government’s budget constraint (7).  A 

higher θ  increases the bond seignorage tax base; given the government’s revenue needs, g , the bond 

seignorage tax, ( )γα A1 −  must fall, i.e., the growth rate falls.  The opposite occurs when o
mm r1r1 > . 

Under this coordinating arrangement, the initial price, ( ) ( ) ( )( )[ ]gs1A1YBMP 1001 −−++= αλθασ , 

is positive, provided Assumption 1 holds.  

Existence of Equilibrium 

Let ( )( ) αλασ −−≡ 11s* .  It turns out 0    Lim ba0 >
<

→
−γγ

θ
 whenever *σσ <

> .  Below, we use σ  (policy) 

and *σ (benchmark) to characterize the equilibrium growth paths. 

Result 4.  Characterizing Equilibria (Open-Market Coordinating Arrangement). 

A. If 1<<σσ * , an equilibrium does not exist. 

B. If 1<σ  and *σσ < , an equilibrium exists, it is unique, and the growth rate is less than Aα . 

C. If *σσ <<1 , an equilibrium exists and it is unique.  The equilibrium growth rate is greater than Aα . 

D. If 1 > σ  and *σσ  > , coordination, if possible, admits two possible equilibria.  In each case, the 

growth rate is greater than Aα .  

Figure 3 illustrates the four possibilities described above.  

- Insert Figure 3- 

The intuition behind Result 4 is as follows.  The effective inflation tax is ( )γmr  -  1 .  If the condition of 

4A prevails, the growth rate is never high enough to support coordination.  The conditions of 4B and 4C 

permit a growth rate high enough to allow coordination.  In 4B, mr  is low enough (inflation target is high 

enough) that all revenues can be raised via money seignorage; bond seignorage is negative due to the fact the 

only θ  that achieves coordination is one that leaves the equilibrium growth rate less than Aα .  In other 

words, the amount of monetary seignorage revenues raised when Aαγ = , ( )( ) .gAr11s m >−− ααλ   Any 

0>θ  that leaves Aαγ >  produces even more monetary seignorage and positive bond seignorage, which is 
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incompatible  with the budget requirement bsmsg += . The opposite is true in 4C.  Together, these suggest 

that if 1>*σ , all generations, aside from the initial old, benefit if the central bank adopts a lower inflation 

target (or, in other words, moves from 4B to 4C), as it permits higher growth and a higher effective return.17 

4D reflects a Laffer curve relation for this economy, one that applies directly to bond, as oppose to 

monetary, seignorage.  Here, the inflation rate is sufficiently low so that a portion of revenues must be raised 

through bond seignorage, ( ) ( ) [ ]γαθαλα A11sArm −− .  This can be raised in two ways: i) levy a ‘high’ 

effective tax – one with a higher growth rate and ‘low’ base (as measured by a low θ ), or ii) a ‘low’ tax 

(lower growth, high θ  configuration). Note the proportion of money seignorage to total seignorage is higher 

under i), since the money tax ( )γmr  -  1  is increasing inγ . 

Result 4 also reveals limits to the coordination process, suggesting the budgetary needs of the 

government place some constraints on the central bank=s inflation target.  4A and D indicate the bank cannot 

be too ambiguous in targeting inflation without adjusting the other monetary instrument, the reserve 

requirement λ .  How limited is the target? That’s an open question. Obviously, the bank cannot be 

completely independent in setting mr1 – a target that sets γ=mr , for example, raises no money seignorage, 

which is incompatible with an equilibrium. 

4.2 Comparative Statics 

 Simple differentiation of (10) shows aγ  is decreasing in the target σ . Similarly bγ  of (11) is increasing 

inσ .  These lead to our first comparative static result for this arrangement.        

Result 5.  The effects of inflation targeting under an open-market coordinating arrangement. 

 A. If the conditions of cases 4B or 4C hold, a lower inflation target mr1  increases the growth rate and 

decreases the equilibrium coordinating bond-money ratio. 

B. If the conditions of case 4D hold and an equilibrium exists, a lower inflation target lowers the higher 

equilibrium growth rate and raises θ , and raises the lower equilibrium growth rate and reduces the ratioθ . 

                                                 
17.  The old benefit from a higher σ as well, in the form of a lower initial price P1, but P1 is also affected by the 
accompanying change in θ. 
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As noted, a lower mr1 reduces the total amount of seignorage collected. If bond seignorage is positive, 

(4C and D) an increase in the bond-money ratio θ  can possibly offset the decline in revenues, though this 

has the effect of decreasing the growth rate, which effectively lowers the tax rate on money and on 

government debt.  Alternatively, raising the tax rate on both seignorages – through an increase in growth – 

can always compensate for the decline in revenues resulting from a lower inflation target.  This increase in 

the growth is accomplished through a lower θ  – that is, the government relies relatively more on money 

versus bond seignorage.  If bond seignorage is negative (4B), a lower θ  increases growth (compensating in 

part for the direct impact the lower target has on total revenues) as well as reduce the government’s overall 

financial burden by reducing the total amount it pays in net interest payments on debt.   

 We close with an example involving the effect of a higher reserve requirement under this arrangement.  

Result 6.  An increase in the reserve requirement and its effect on growth.  A higher reserve requirement 

may increase the long-run growth rate under an open-market coordinating arrangement. 

We highlight this result as it runs counter to the notion an increase in the reserve requirement is 

financially repressive and reduces long-run growth.  This is, in fact, the conclusion reached in Result 3. The 

notion is generally correct, though it fails to recognize that an exogenous change in reserve policy can invoke 

other changes, as part of the coordination process, which may be growth-enhancing.  In this case, 

specifically, the bond-money ratio θ  falls.  As noted in the Introduction, the anomaly is grounded in the 

same principle as unpleasant monetarist arithmetic. Here=s an example: let .05;= .475; =   s.0075;= g λ  

3.85 = A .27; =  .85; = rm α . The economy supports two equilibria (4D).  Growth in the steady-state with 

higher growth is 19.3%, and the bond-money ratio is 1.38.  Increasing λ  to .06 raises the growth rate to 

22.7%, and θ  falls to .426.  Of course, growth in the other steady-state decreases with the increase in λ . 

 
5 A RESEVE REQUIRMENT COORDINATING ARRANGEMENT  

As an alternative to the two arrangements described above, the central bank can use the reserve 

requirement λ  as a coordinating instrument of macro policy.  As in Sections 3 and 4, we use (5), (2), and (7) 

to derive the appropriate aγ and bγ curves which summarize the relationship between growth and λ  for this 
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coordinating arrangement. This is similar to the steps in Section 3 and is not repeated here.  

For this section, we replace Assumption 2 with:  

Assumption 3 ( ) ( )[ ]mrA1sgA  θαααλλ +−≡>
−

 . 

Assumption 3 ensures the initial price level, as well as the growth rate, are positive whenever the real rate of 

return, Aα , is greater than 1.  Any λ  that satisfies Assumption 2 satisfies Assumption 3. Additionally, any 

0>λ  with ( ) ( ) 0ba >= λγλγ  will be larger than
−
λ  , since 0b <γ  for 

−
< λλ .18  

5.1 Equilibrium 

Capital/bond market-clearing 

It is simple enough to show ( )λγa , the counterpart to (6) and (10), is decreasing and linear in the reserve 

requirement. A higher λ  reduces the amount of intermediated saving channeled to the capital/bond market as 

well as increases the real value of government debt, by lowering the price level tP .  Both reduce growth.  

Government budget constraint and money-market clearing 

 Given Assumption 3, the function summarizing the government budget constraint and money market-

clearing, ( )λγb , is decreasing and convex in λ .  All else the same, a marginal increase in λ  increases 

revenues bsms +  by ( ) ( ) ( ) ( ) λαγαθαγα gAA11sr11s m =−−+−− . Lowering the growth rate reduces 

these revenues in accord with the government budget constraint (7).   

Existence of Equilibrium  

Define the ancillary reserve requirement, ( ) ( )( )[ ]mm rA1sgAr −−≡ αααλ*  and target, 

( )[ ] ( )[ ]αθαααα −+−−−−≡ g1sgs1Arm
* . Evaluating γ b  at ( )mr

*λ  – for any target – we 

have, ( )( ) Armb αλγ =* , which equals γ a , evaluated at ( )mr
*λ  at the target *

mr .  These benchmarks, along with 

fact aγ ( bγ ) is decreasing (increasing) in mr , are used to establish and characterize an equilibrium.  Our 

characterization also provides insight into the effects of a change in the inflation target under this 

arrangement. 

                                                 
18.  An equilibrium reserve requirement satisfies  λ  < λ < 1.  The second inequality follows from the properties of the  
γa and γb curves, described below, and the fact that γb > 0 at the point (less than 1) where γa = 0.  
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Result 7.  Characterizing Equilibria (Reserve Ratio Coordinating Arrangement). 

A.  If  *
mm rr < , there exist two possible equilibria: 

i) A low λ , high growth equilibrium (bond seignorage is positive). 

ii) A high λ , low growth equilibrium (bond seignorage is negative). 

B.  If *
mm rr > ,  coordination, if possible, admits two possible equilibria; both either have growth rates less 

than Aα  (bond seignorage is negative in both case) or both have growth rates greater than Aα  (bond 

seignorage is positive in both cases). 

Note it is possible 0rm <* , in which case all equilibria are of type 7B. 

We show the three possibilities in Figure 4.  The dashed curves in the figure represent the ( )γλ ,  loci 

implied by aγ , bγ  when *
mm rr = .  At ( )mr

*λ , both are equal to Aα , as indicated above.  When *
mm rr < , the aγ  

curve ( bγ  curve) lies to the right (left) of its dashed counterpart (these are shown as the solid curves in 

Figure 4).  As shown in the figure, the economy supports two equilibria – a ‘low’ reserve requirement, high 

growth equilibrium, and a ‘high’ reserve requirement, low growth equilibrium.  The intuition behind these is 

similar to our discussion of the Laffer-relationship for the bond-money ratio θ  in the previous subsection. 

A very similar situation holds when *
mm rr > , though in this instance, the two equilibrium growth rates 

are either both high ( A αγ > ) or both low ( A αγ < ), as shown in Figure 4.  Moreover, as the case with an 

open market coordinating arrangement, an equilibrium may not exist if the targeted inflation rate is too low. 

-Insert Figure 4- 

5.2 Comparative Statics 

 The effects of a marginal change in the inflation target follows directly from our characterization of the 

equilibria in Result 7.  We have 

Result 8.  The effects of inflation targeting under a reserve requirement arrangement. Regardless of 

whether *
mm rr >

< , a marginal decrease in the inflation target will reduce the growth rate and raise the reserve 

requirement for the equilibrium with higher growth and the lower reserve requirement, and increase growth  

and lower the reserve requirement for the equilibrium with lower growth and a higher reserve requirement.  
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 It is easy to infer the equilibrium effects of an increase in the inflation target on γ  and λ  from Figure 4, 

since an increase in mr  shifts the aγ  and bγ  curves in opposite directions.   

 The direct effect a marginal increase in mr  on total revenue is ( ) ( )[ ] 0A1A1s <−+−− αγθθαθαλ .  

Note that revenues will fall relatively more in the equilibrium with lower growth and a higher reserve 

requirement. The reduction in revenues can be offset by an increase in the effective inflation tax, γmr1 − , 

by increasing the growth rate. This occurs in the lower growth equilibrium, and is accomplished by a 

reduction in the reserve requirement. The latter does have the effect of reducing revenues, since it reduces the 

seignorage tax base, but the increase in the effective inflation tax more than offsets the reduction in the base. 

In the higher growth case, the equilibrium effective inflation tax falls. An increase in the reserve requirement 

compensates for the reduction in the tax rate.     

 Unfortunately, the comparative static results of a marginal change in the bond-money ratio θ  on this 

coordinating arrangement are not as easy to portray graphically.  This is due to two reasons.  First, the shift in 

the bγ  curve for an increase in θ  depends on the inflation target.  Second, an increase in θ  can shift the two 

γ  curves in the same direction. However, definitive analytical results are available, which we present in 

Result 9 below.  

Result 9.  The effects of a marginal increase in θ on growth under a reserve requirement coordinating 

arrangement.  A marginal increase in the bond-money ratio θ  increases the growth rate for any equilibrium 

with lower growth and a high reserve requirement and lowers the growth rate for the equilibrium with higher 

growth and lower λ .  

 The direct impact of a higher θ  on total revenues is ( )( )γααλ A11srm −− , which is negative when 

growth is than Aα .  The tax base and/or the effective inflation tax rate γmr1 −  need to adjust in order to 

satisfy the budget constraint.  In the case of the lower growth equilibrium, this is accomplished by an 

increase in the growth rate (which requires a lower λ , since a higher θ  already has a negative crowding out 

effect on growth).  For the higher growth equilibrium, the inflation tax base increases ( λ  increases); this has 

an additional crowding out effect on growth.  
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 When Aαγ > , the increase in θ  has a positive direct effect on revenues.  The accompanying decrease in 

revenues is accomplished by a lower λ , which raises the growth rate in the lower growth equilibrium case.  

In the higher growth equilibrium, a decrease in the growth rate lowers the effective inflation tax. It is unclear, 

however, whether the reduction in the growth rate for this case must accompany an increase in the reserve  

ratio λ  – a higher θ , by itself, reduces growth, so the equilibrium λ  can rise or fall with an increase in θ .  

 As in the previous section, one result stands out from the rest. Here, it is possible that an open market 

sale can increase the growth rate, despite the fact that a higher bond-money ratio has the effect of crowding 

out private capital.  As before, this result stems from the accompanying change in the instrument used to 

coordinate the government’s budget constraint.   

6 COMPARING COORDINATING ARRANGEMENTS 

 The policy triplet ( )λθ ,,g  defines inflation policy under inflation coordination. Similarly, ( )λ,, mrg  and 

( )θ,, mrg  define open market policy and reserve requirement policy, respectively, under their corresponding 

coordination arrangements.  Since each have the fiscal parameter g in common, we begin this section by 

presenting the comparative static results of the effects of an increase in g  on the equilibrium obtained for 

each arrangement.  We then provide some general statements comparing the coordinating arrangements.  We 

close this section with a few brief comments regarding welfare.  

6.1 Growth and deficit spending g under alternative coordination arrangements 

Unlike Barro (1990), and more recently, Basu (2001), government spending in the model has no 

productive qualities. Instead, we assume g  is the usual sort of ‘dumped in the ocean’ spending found 

commonly in macroeconomics.  It may come of some surprise, then, that under each coordinating 

arrangement, an increase in g  can have a positive effect on growth. 

Where do these results originating, generally?  In each case, it rests on the fiscal constraint and the 

imposition it places on the monetary coordinating instrument.  An increase in the growth rate is one way to 

raise the additional revenue needed to finance higher deficit spending, since higher growth raises the 

effective tax on money and bond seignorages. Under inflation coordination, an increase in the equilibrium 
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inflation rate must accompany the increase in government spending.19  This in turn reduces the real value of 

government borrowing in the bond/rental capital market.  With higher inflation, the price BP  of new 

government debt issues falls in order to retain the return equality ( )( ) APPP1 1tttB α=+; , as required by the 

assumption that debt and capital are perfect substitutes.  Since the central bank maintains the ratio of bonds 

to money θ , the real value of government debt issues declines, leaving more resources available for capital 

formation. 20 The growth effect, in this instance, very much depends on the fact that we assume the central 

bank sets the bond-money ratio θ  in terms of its face value, rather than its market value. The higher inflation 

accompanying an increase in g , in effect, reduces the market value of the government=s debt, allowing for 

the increase in growth.    

By contrast, a change in the bond-money ratio θ  under the open market alternative considered in Section 

5 has a direct (positive) impact on the face value of the debt (as well as its market value, since the inflation 

rate is constant under this arrangement).21 If the inflation tax is large enough and bond seignorage is negative 

(5B above), a marginal increase in g  can only be financed by reducing θ , the bond-money ratio. A lower θ  

permits greater capital formation and higher growth, which in turn raises the effective money seignorage tax 

rate, ( )γmr1 − . On the other hand, if the deficit is financed by both money and positive bond seignorage, 

(5C and D), the increase in g  can be financed by relying more on either form of seignorage, which is to say, 

equilibrium θ  and growth may either rise or fall to achieve coordination.  A similar result holds if 

                                                 
19.  If the inflation rate were to fall, revenues collected through seignorage would be insufficient to fund the additional 
spending. This is due to two features of the model – first, the tax collect on total seignorage, ms + bs would be lower, 
due directly to the lower inflation tax.  Second, the growth rate falls, further reducing revenues. 
 
20. This result holds, if alternatively, government debt is not subject to intermediation.  In this case, the initial impact of 
an increase in g affects the real returns of both intermediated deposits and bonds.  The concomitant increase in the 
inflation rate has a disproportionately (negative) impact on the return on bonds than on deposits since the latter is a 
weighted return on money and capital, and the return on rental capital is unaffected by inflation.  The initial, marginal 
impact of an increase in inflation (lower rm) on the real interest differential between deposits and bonds will equal  –(1-
1/PB) > 0.  Agents will then want to hold deposits instead of bonds, and the bond price must fall in order to restore the 
interest differential to 0, as required for an equilibrium.  The remainder of the story - the impact on the long-run growth 
rate - follows the same logic as we describe above.  

21.  The analysis of an increase in g under an open-market coordinating arrangement is based on the government budget 
constraint/money market clearing relation described in (8) rather than (11), since (11) incorporates the assumption that 
rm = σ rm

o, which varies with g, as noted in Footnote 16.  The curves for this coordinating arrangement, generated 
without the assumption rm = σ rm

o share the same properties as those displayed in Figure 3.    
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coordinating by reserve requirement.  (See the discussion in 6.2 and Table 1 below).  

Result 8 formally states these findings. 22   

Result 8.  The effect of an increase in g under each coordinating arrangement. 

 A. Inflation coordination: A marginal increase in deficit spending increases growth and inflation. 

 B. Open-market coordination:  

  i.   A marginal increase in g increases growth and lowers θ  in the low-growth equilibrium (5B) and 

in the case where the economy supports a unique high-growth equilibrium (5C).   

  ii.  If the economy supports two equilibra (5D), a marginal increase in g increases growth and 

lowers θ  for the lower growth equilibrium and lowers growth and increases θ  for the equilibrium with 

higher growth.       

 C. Reserve requirement coordination: A marginal increase in g increases growth and lowers θ  for the 

lower growth equilibrium and lowers growth and increases θ  for the equilibrium with higher growth.    

6.2 Comparing arrangements more generally 

Note the policy parameter g is unique in the sense that it is the only element of the defining triplet – for 

each arrangement – that does not have a direct effect on the excess demand in the capital/bond market.  That 

is, a marginal increase in g affects directly only the government’s budget (7) (or the bγ curve).  Any change 

in the growth rate is the result of a change in the coordinating instrument.  This is not the case for a marginal 

change in any other element of the triplets.  Below are some general comments comparing the coordination 

arrangements, based on the comparative static results of the model.                    

An exogenous, marginal change in mr , θ , or λ  each have two direct effects in model.  First, each has a 

direct, negative effect on growth via the impact on the excess demand in the capital/bond market.  A higher 

value for mr , like a higher bond-money ratio θ , increases the government’s demand for capital/debt 

resources, directly crowding out private capital.  A higher reserve requirement has a similar negative effect 

on growth (in this case, a higher λ  affects real government debt through its effect on the price level tP ).  

                                                 
22.  It is easy to see these results graphically. An increase in g shifts the γb curve upward (regardless of the coordinating 
arrangement) while having no impact on the γa curve.   
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Additionally, λ  has a second, direct effect on excess demand and growth – a higher λ  reduces the amount 

of intermediated saving allocated to the capital/bond market. 

 While each of these variables has, qualitatively, the same general effect in capital/bond market, a much 

different story unfolds as regards their direct impact on government revenues. A higher mr  always reduces 

total revenues; a higher λ  always increases them. An increase in θ  has a negative direct impact on revenues 

whenever γα >A , since bond seignorage in this case is negative. The opposite is true when γα <A . 

 What role do these two direct effects play in determining the change in the equilibrium values for growth 

and the coordinating instrument?  First, the direct negative effect on growth emerging from the capital/bond 

market has a secondary, negative impact on government revenues, since a lower growth rate lowers the 

effective taxes on money and bonds.  It follows that whenever the direct effect on revenues described above 

is also negative, the coordinating instrument must adjust in a manner that raises government revenues.  When 

the coordinating arrangement supports two equilibria (θ  and λ  coordination), this is accomplished in one of 

two ways: increase the revenue base by increasing the coordinating instrument (which has a reinforcing 

negative impact on growth) or by raising the effective tax rate by raising the growth rate (which is 

accomplished by a lower value for the coordinating instrument).  The former always applies to the 

equilibrium with higher growth, the latter with lower growth. 

 If, on the other hand, the equilibrium is unique and the growth rate is less than Aα , the negative direct 

impact on revenues and growth solicits a change in the coordinating instrument that must be growth-

enhancing. If this were not the case, the change in the coordinating instrument would repress growth further, 

which reduces government revenues.  The two relevant cases – a marginal increase in θ  under inflation 

coordination (where 0drd m <θ ) and an increase in the inflation target under an open market arrangement 

where conditions of 4B are met ( 0rdd m <θ ) – exhibit different overall impacts on the equilibrium growth 

rate.  Evidently, in the former, the positive impact on growth accompanying the increase in the coordinating 

instrument (inflation) is not enough to overcome the negative direct impact higher θ  has on growth, and the 

equilibrium growth rate falls. The opposite is true for the latter case.  
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 When the change in the exogenous policy variable has a positive direct effect on government revenues, 

as in say, an increase in the reserve requirement under inflation coordination or an open market coordinating 

arrangement when Aαγ > , the change in the coordinating variable can either enhance or inhibit growth.  The 

reasoning is straightforward. In net, the combined effect of the exogenous variable on revenues (the positive 

direct effect on (7) and the negative indirect effect coming from the impact on growth) cannot be determined 

without additional assumptions on the primitives.  The net effect, in turn, plays a critical role in determining 

how the coordinating instrument and growth adjust to restore (7).   

6.3 Welfare  

 As noted in Footnote 4, our assumption of a constant saving rate s  is consistent with a model where 

agents have log-linear preferences and ( )ββ −= 1s . Given that returns and the growth rate are constant at 

each date in a stationary equilibrium, the utility of a member of Generation t , 1t ≥ , is given by 

( )( ) r1t1ut lnln βγβδ +−++= , where ( )( ) ( ) ( ) 1Y11ss11 lnlnln βαβαδ ++−+−−≡  is a constant and 

( ) A1rr m αλλ −+= is the return on the intermediated deposit. If we assume the government discounts the 

future at the same rate β as agents, the sum of (discounted) utility of all generations, at date 1, aside from the 

current old, is   

  ( ) ( ) ( ) ( )2

0i
1i

i 111r1uU βγββββδβ −++−+−==∑
∞

=
+ lnln  .   (12) 

 One difficulty in comparing welfare across the coordinating arrangements is the fact that each take, as 

given, a policy parameter that is endogenous to another arrangement.  For example, when trying to assess 

whether U is higher under inflation coordination versus open-market coordination, what parameter value for 

θ  is appropriate for studying the former and what value for mr  for the latter? (Setting the value of θ  equal 

to the value that obtains under open-market coordination and likewise for mr  under inflation coordination, 

yields of course, the same value for U  for the two arrangements).   

 Alternatively, one can consider the optimal policy choices for the given parameters for arrangement and 

then look at how welfare varies across arrangements.  This is fairly easy; similar to Freeman’s (1987) result 

for an inflation coordination with capital storage, the best outcome in all cases involves setting the reserve 
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requirement to its limiting case ( ( )α−1sg ).23  By Assumption 2, the deficit can be financed with an 

equilibrium return on money equal to 0. The government simply defaults on any existing nominal obligations 

( 0M  and 0B ), as the initial price, ∞=1P .  The equilibrium growth rate, for this limiting case, 

is ( )( )g1sA −−α , and the return on deposits is ( )( ) ( )ααα −−− 1sg1sA , for each coordinating 

arrangement.  

7 CONCLUSIONS 

Fiscal policy often places constraints on the course of monetary policy.  When such conditions prevail, 

the policies of the fiscal and the monetary branches of government must somehow be coordinated.  This 

paper provides a comprehensive look at this process and its effects on long-run growth under three 

alternative coordinating arrangements.   

The first of these, an inflation-coordinating arrangement, provides insight into the interrelationship that 

arises between inflation and growth in an environment with a dominant fiscal authority.  Our results 

contribute to the literature on monetarist arithmetic by identifying a potentially important channel by which 

coordination is achieved.  Within this section of the paper, we look at how changes in each component of a 

country=s seigniorage policy affects long-run inflation and growth rates.  Both positive and negative 

nonlinear relationships between inflation and growth can be inferred from cross-sectional diagrams generated 

from numerical examples of the model. 

Much less is understood of the other two coordinating arrangements we study. These alternatives provide 

the monetary authority with some degree of autonomy, in the sense it can, perhaps, pursue an inflation 

targeting policy that is seemingly independent of the fiscal constraint.  However, as our results suggest, the 

central bank=s inflation target may not be entirely free of the fiscal constraint, as an overly ambitious target is 

incompatible with an equilibrium as we have envisioned it. 

Missing here is any consideration of nonstationary equilibria.  Most likely, a rich story of the dynamics 

of coordination and growth can be coaxed from our setting, complementing textbook treatments of money 

and government finance in models without endogenous growth (see, for example, Sargent (1987)).  

                                                 
23 .  

−
λ  of Assumption 3 equals this value under the targeting policy rm = 0.  
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Table 1. A summary of the comparative statics for each arrangement.  
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Figure 1. Tighter Money Under Inflation Coordination. 
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TECHNICAL APPENDIX 
(Not for Publication) 

  

This appendix contains some technical notes that accompany the main text.  

1. The impact of changes in λθ ,,, grm on the γ  curves. 

 Section 3 (Inflation-coordination). 

 i) ( ) 01srma <−−=∂∂ ααλθγ  and 0r 2
ma

2 =∂∂ γ . 

ii) ( ) ( )( ) ( )[ ] ( )( )[ ] 0AgrA1sg1s11srAr
2

mm
2

mb >−+−−−+−=∂∂ αθααλαλθαλαγ  and 

 ( ) ( ) ( ) ( )[ ] ( )( )[ ] 0AgrA1sg1s11sA2r
3

m
22222

mb
2 <−+−−−+−−=∂∂ αθααλαλθαλαγ . 

iii) ( ) 01srma <−−=∂∂ ααλθγ . 

iv) ( ) ( )( )[ ] ( )( )[ ] 0AgrA1sAgrA1s1srA 2
mmmb <

>−+−−−−−=∂∂ αθααλαααλαλαθγ . 

v) ( )( ) 0rA1s ma <+−−=∂∂ αθααλγ  . 

vi) ( ) ( )( ) ( )( )[ ] 0AgrA1s11srgA
2

mm
2

b <−+−+−−=∂∂ αθααλθααλγ .  

vii) 0ga =∂∂γ . 

viii)  ( ) ( )( ) ( )( )[ ] 0AgrA1s11srAg
2

mm
2

b >−+−+−=∂∂ αθααλθαλαγ . 

Section 4 (Open-market coordination).  

i)  ( )( ) 0g1sAa <−−−=∂∂ αλσθγ  and 02
a

2 =∂∂ θγ . 

ii) ( ) ( ) 011A 2
b >

<+−=∂∂ θσσσαθγ and ( ) ( ) 011A2
322

b
2

<
>+−−=∂∂ θσσσαθγ  when 1<

>σ . 

iii) ( )( ) 0g1sAa <−−−=∂∂ αλθσγ . 

iv) ( ) ( ) .011A 2
b >++=∂∂ σθθασγ  

To assess the impact of λ and g on the γ curves for an open-market  coordinating arrangement, set σ = 

o
mm rr in eqs. (10) and (11). The results are the same as shown in v)-viii) for inflation-coordination above. 
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Section 5 (Reserve requirement coordination). 

i) ( )( ) 0rA1s ma <+−−=∂∂ αθααλγ  and  02
a

2 =∂∂ λγ  

ii) ( ) ( )( ) ( )( )[ ] 0AgrA1s11srgA
2

mm
2

b <−+−+−−=∂∂ αθααλθααλγ  and 

( ) ( ) ( )( ) ( )( )[ ] 0AgrA1srA11srgA2
3

mm
22

m
22

b
2 >−+−++−=∂∂ αθααλθαθααλγ , assuming 

( )( )[ ]mrA1sAgAg θααααλλ +−≡> . 

The impact of a change in mr , g, and θ  on the γ  curves for a reserve requirement coordination 

arrangement are the same as shown in i) – iv) and vii) and viii) for an inflation coordination arrangement 

above. 

2.  Assumption 1 and its implications for bindingness.    

 In Section 3, we make the assumption that ( ) ( )[ ] 0111s >−+−+ θλαα  and we claim this assumption is 

sufficient to ensure Arm α< , as required for a binding equilibrium.   

With no bond financing ( )0=θ , ( ) ( )( ) As11rma αλγ −−= for all 0rm > , and ( )mb rγ  is simply a line 

extending from the origin.  Since ( )ma rγ  is everywhere below ( )( ) As11 αλ −− when 0>θ , financing a 

portion of the government=s deficit with debt issues necessarily results in an equilibrium growth rate less than 

( )( ) As11 αλ −− .1  With no bond financing of the deficit, the return on money is ( ) ( )[ ] λαλα gs11A −−− .   

It turns out the function bγ for 0=θ , ( )0rmb =θγ | , intersects the function ( )0rmb >θγ |  for any positive 

bond to money ratio θ at the point ( )[ ]
( )αλ

αλα
−

−−≡
1s

g1sAr bm;  and growth rate Aα .  (See Figure 2).  At this 

point, of course, bond seignorage equals 0, since the growth rate just matches the real rate of return on 

government debt.  It is easy to verify, Ar bm α<; . 

If ( )( ) AAs11 ααλ >−− , we can find a 0r am >; , with ( ) Ar ama αγ =; .  Assumption 1 ensures Ar am α<; .     

 

                                                 
15.  Note that ( ) ( )( ) As110a αλγ −−= , and recall, ( ) 0rma <′γ . 
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3. Comparative Statics  

Section 3 (Inflation-coordination). 

 The rental capital/government debt market can be written as 

  ( )( ) ( ) ααλθγλα −+=−− 1srA11s m         (A-1) 

Totally differentiating (A-1) for mr , , , γλθ , we have 

 ( ) ( )[ ] ( )[ ] ( )[ ] λααθααλθθααλγλα d1srrd1sd1srddA1s mmm −+−+−+=−−  (A-2) 

The government constraint can be written as: 

 ( )[ ] ( )[ ] [ ]γααθαλγαλ A1Ar1sr11sg mm −−+−−=      (A-3) 

Totally differentiating (A-3) with respect to mr , , , γλθ , and g  

( )[ ] ( )[ ][ ][ ] ( ) ( )[ ] 2
mmmm dr1sr1sdA1Ar1sr11sdg γγθαλαλλγααθαγα −+−+−−+−−=  (A-4) 

  ( )[ ][ ] ( )[ ] ( )[ ][ ] θγααθαλγαλγααθαλ dA1Ar1srd1sA1A1s mm −−+−−−−+ . 

Effect of a change in θ οn γ and rm . 

To solve for the effect of a change in θ  on γ  and mr , set 0dgd ==λ  in (A-2) and (A-4) and solve for 

 dddrd m θγθ , :   

( )( ) ( )( )
( ) ( ) ( )( )γθθαγθθαλ

αγγθαλ
θ −+++−

−−+−−=
1Ar11sA

Ar11sAr
d
rd

m

mmm      (A-5) 

( )
( ) ( ) ( )( )γθθαγθθαλ

αλγ
θ
γ

−+++−
−−=

1Ar11sA
r1sA

d
d

m

m       (A-6) 

The denominator in (A-1) (and (A-2)) is positive by the fact that ( ) 0rmb >′γ  and that  

( ) ( ) θθαγγ +=<
∞→

1ArLim mbrm

.  Hence, ,, 0dd0dd << λγθγ while 0drd m <
>θ .  Clearly, 0drd m <θ  

when Aαγ ≤ . 

Effect of a change in λ οn γ and rm . 

Solving for the effect of a change in λ  on γ  and mr , we set 0dgd ==θ  in (A-2) and (A-4):   

      ( )( )( ) ( ) ( )( )
( ) ( ) ( )( )γθθαγθθαλ

γθαθγαθαθαλ
λ −+++−

+−++++−−=
1Ar11sA

rAr1ArArA11s
d
rd

m

2
mmmmm .   (A-7) 
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( )( )
( ) ( ) ( )( )γθθαγθθαλ

γθαα
λ
γ

−+++−
+−−=

1Ar11sA
11sA

d
d

m

2

 .     (A-8)  

Again, the signs of the denominators of the right-hand sides of (A-7) and (A-8) are positive, so 

0dd <λγ while 0drd m <
>λ . 

Effect of a change in g οn γ and rm . 

To solve for the effect of a change in g  on γ  and mr , set 0dd == θλ  in (A-2) and (A-4) and solve for 

dgddgrd  m γ, : 

( ) ( ) ( ) ( )( )( )γθθαγθθαλαλ
γθ

−+++−−
−=

1Ar11sA1s
A

dg
rd

m

2
m .    (A-9) 

( ) ( ) ( )( )γθθαγθθαλ
γθγ

−+++−
=

1Ar11sA
A

dg
d

m

2

.      (A-10) 

In this case 0dgrd m < and 0dgd >γ . 

Section 4 (Open-market coordination). 

Begin by setting o
mm rr=σ in eqs. (10) and (11). 

Effect of a change in rm οn θ and γ . 

To solve for the effect of a change in mr  on γ  and θ , set 0dgd ==λ  in (A-2) and (A-4) and solve for 

mm rdd  ,rdd γθ :   

 For mrddθ see (A-5). 

  
( )

( ) ( ) ( )γαγθαλ
αλγγ

−++−
−

=
Ar11sA

1sA
rd

d

mm
.      (A-11) 

 Since 0rma <∂∂γ and 0rmb >∂∂γ , a marginal change in mr  will shift the curves in Figure 2 in 

opposite directions.  It follows that 0rdd m <θ for Cases 4B) and 4C), and 0rdd m >γ for Case 4C). (By 

inspection, (A-11) is positive for Aαγ ≤ , so 0rdd m >γ  for Case 4B) too).  Using similar logic, 

0rdd m <θ and 0rdd m >γ for the lower growth equilibrium and 0rdd m >θ , 0rdd m <γ  for the 

equilibrium with higher growth, in Case 4D).         
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Effect of a change in λ οn θ and γ . 

To solve for the effect of a change in λ  on γ  and θ , set 0dgrd m ==  in (A-2) and (A-4) and solve for 

λγλθ dd  ,dd :   

  
( )( )( ) ( ) ( )

( )( ) ( )γαγθαλ
γθαθγαθθααλ

λ
θ

−++−
+−++++−

−=
Ar11sA

rA1rA1rA1srA
d
d

m

2
mmmm    (A-12)   

  ( )( )
( )( ) ( )γαγθαλ

ααλγ
λ
γ

−++−
−−−=

Ar11sA
rA1sA

d
d

m

m        (A-13) 

 Since Arm α< , λγ dd  is the opposite sign of mrddγ in (A-11).  Hence, for Case 4B) and 4C), we have 

0dd <λγ ; for the lower growth equilibrium we have 0dd <λγ and the higher growth equilibrium, 

0dd >λγ , in Case 4D).  

 The sign of the denominator of (A-12) follows directly from our results for the sign of λγ dd  above. 

We can determine the sign of the numerator of (A-12) in the high growth equilibrium of Case 4D). Since the 

numerator of (A-13) is negative and 0dd >λγ  for any higher growth equilibrium, we have 

( )( ) 2
m Ar11sA γγαθαλ <++− . It follows that  

( )( ) ( ) ( ) ( ) ( ) ArA1rArA1rA11srA mm
2

mmm γαθαθγαγθαθγαθαλ −++<−++++− . 

But ( ) ( ) ( ) ( ) 0rAArAArA1rA mmmm <+−=−++ θααγαγαθαθγα , so the numerator of (A-12) is positive 

in this case. Hence, for the higher growth equilibrium in Case 4D), 0dd <λθ .  

Effect of a change in g οn θ and γ . 

 To solve for the effect of a change in g  on γ  and θ , set 0drd m == λ  in (A-2) and (A-4) and solve for 

gdd  g,dd γθ :   

( ) ( )( ) ( )[ ]γαγθαλαλ
γαθ

−++−−
−=

Ar11sA1sr
A

dg
d

mm

2

.     (A-14) 

  

( )( ) ( )γαγθαλ
γγ

−++−
=

Ar11sA
A

dg
d

m

2

.       (A-15) 
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From our work on the effect of a change in mr  on γ  and θ  above, we know the denominator of (A-14) is 

positive for Case 4B), Case 4C) and the lower growth equilibrium in Case 4D).  Hence, for these cases, 

0dgd <θ  and 0dgd >γ . For the higher growth equilibrium in Case 4D), 0dgd >θ and 0dgd <γ . 

Section 5 (reserve requirement coordination). 

Effect of a change in rm οn λ and γ . 

To solve for the effect of a change in mr  on γ  and λ , set 0dgd ==θ  in (A-2) and (A-4) and solve for 

mm rdd  ,rdd γλ :   

  For mrddλ , see (A-7). 

 
( )( )

( )( )( ) ( ) ( )θαγθγαθαθαλ
θαλγαγ

m
2

mmm

2

m rA1rArA11sAr
11sA

rd
d

+−++++−
+−

= .   (A-16)  

 Since 0rma <∂∂γ and 0rmb >∂∂γ , a marginal change in mr  will shift the curves in Figure 3 in 

opposite directions.  It follows that 0rdd m <λ  and 0rdd m >γ for the equilibrium with lower growth, and 

0rdd m >λ  and 0rdd m <γ  for the equilibrium with higher growth.  

Effect of a change in θ οn λ and γ . 

To solve for the effect of a change in θ  on γ  and λ , set 0dgrd m ==  in (A-2) and (A-4) and solve for 

θγθλ dd  ,dd :   

  For θλ dd , see (A-12). 

  ( )( )
( )( )( ) ( ) ( )m

2
mmm

mm

rA1rArA11sAr
rA1srA

d
d

θαγθγαθαθαλ
ααγλ

θ
γ

+−++++−
−−= .   (A-17) 

 Using the comparative static results for the case for marginal change in mr  above, we can conclude that 

0dd >θγ  for any of the lower growth equilibrium for any of the cases, and 0dd <θγ  for any of the 

equilibrium with higher growth.  These follow from the sign of θγ dd in (A-16) above, which has the same 

denominator as (A-17).   

 Examining (A-12), we note that the numerator of (A-12) is the negative of denominator of (A-17). 

Hence, the numerator of (A-12) is negative for any of the lower growth equilibrium, and it is positive for any 
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of the higher growth equilibrium.  The denominator of (A-12) is clearly positive if Aαγ < , so we can 

concluded that 0dd <θλ  for any of the lower growth equilibria with Aαγ < , and 0dd >θλ  in any of the 

higher growth equilibria with Aαγ < .   

 Since the numerator of (A-17) is positive and 0dd >θγ  for any lower growth equilibrium, we have  

( )( )( ) ( ) ( )m
2

mmm rA1rArA11sAr θαγθγαθαθαλ +>++++− ,or 

( )( ) ( ) ( ) 2
mmm rA1rA11sAr γθαθγαθαλ >++++− .  Given this inequality,  

( )( ) ( ) ( ) ( ) ( ) ( ) 0rArAArA1rAAAr11sA mmmmm >+−=++−>−++− θααγαθαθγαγαγαγθαλ .  From 

(A-12), it follows .0dd <θλ   

Effect of a change in g οn λ and γ . 

To solve for the effect of a change in g  on γ  and λ , set 0drd m == θ  in (A-2) and (A-4) and solve for 

dgd  g,dd λλ :   

  ( ) ( )( ) ( ) ( )( )2
mmm

2

rA1rA11srA1s
A

dg
d

γθαθγαθαλα
γαλ

+−+++−−
−=    (A-18) 

 

  
( )

( ) ( )( ) ( ) ( )( )2
mmm

2
m

rA1rA11srA1s
ArA

dg
d

γθαθγαθαλα
γθαγ

+−+++−−
+

=    (A-19) 

The signs of these derivatives are easy to determine. The sign of (A-19) is the same sign as (A-17).  Given 

our work on θγ dd above, 0dgd >γ  for any of the lower growth equilibrium for any of the cases, and 

0dgd <γ  for any of the equilibrium with higher growth.  dgdλ shares the opposite sign of dgdγ .   

  




