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Abstract

This paper studies the impact of the process of technological change on the distribution of pro-
ductivities and profits across sectors. We find that if technological progress affects high-tech and
traditional sectors differently, the impact of changes in the determinants of economic growth may dif-
fer depending on which is the actual change. When an economy is growing faster due to an increase
in the productivity of research or to a reduction of the taxes on capital accumulation, inequality will
decrease. However, if faster growth is due to the presence of tax incentives to high technology sectors
or to structural changes that allow a better absorption of externalities, inequality will increase. Re-
garding the effect on growth of changes affecting the distribution of productivities we find that if the
scope of technological spillovers is sufficiently broad, a distribution with a larger mass of high-tech
sectors is associated with a larger growth rate. Nevertheless, a larger mass of research intensive sec-
tors is not necessarily associated with faster growth when spillovers are technology specific or narrow
in scope. In this case, the mass of the leading group of sectors will not affect the growth rate because
the increased probability of innovation due to the larger mass of high-tech products is completely

offset by the reduction in the marginal impact of an individual innovation.



1 Introduction

Does technological progress increase or reduce inequality in the profitability of productive activities? How
is the distribution of productivities related to the growth process? Do growth promoting policies induce
different degrees of inequality among productivities? In this paper we try to provide answers to these
questions by means of an endogenous growth model in which the distribution of productivities across
sectors affects and is affected by the characteristics of the process of technological change.

We take as reference the Aghion and Howitt (1998) model of endogenous technological change in
which the distribution of relative productivities is time invariant and is not affected by changes in most
of the parameters except for the size of innovations. By means of the introduction of a punishment to
obsolescence, we develop a model in which both technological parameters and policy instruments will
be able to modify the distribution of productivities. We will find that in some cases, faster growth can
induce more inequality, introducing a wider gap between the technological leaders of the economy and
the less innovative sectors.

R&D based models of growth were initially divided into horizontal models of product development
(as in Romer 1990) and models of growth through creative destruction (Aghion and Howitt 1992). The
introduction of the schumpeterian concept of creative destruction allows for the existence of obsolescence
of old intermediate products but technological improvements in other sectors can also cause relative
obsolescence. However, Aghion and Howitt (1992) considered only one intermediate sector producing
improved varieties of the same good as technology evolved. When a multisector approach is taken, as in
Caballero and Jaffé (1993) and Howitt and Aghion (1998), a wide variety of new considerations appear. In
this new framework, growth promoting policies will make aggregate productivity grow faster but different
policies may have distinct effects on the distribution of productivities across the economy. Empirical
studies detect relevant changes in the distribution of productivities in the last decades. Cameron et
al. (1997) find that the distribution of productivity levels across UK manufacturing sectors exhibits an
increase in dispersion and becomes increasingly skewed during the period 1973-1989. They find evidence
of convergence of a number of industries just below the mean while productivity levels in a few sectors
persistently remain above and rise away from mean values. This divergence in productivity levels between
high-tech industries and traditional sectors and the formation of technological clusters has been observed

I In addition, there exists a wide array of policies that try to affect the

in most developed countries.
productive performance of different sectors. Research subsidies are predominantly devoted to high-tech
sectors while most countries develop programs to support the competitiveness of traditional sectors or to
increase research productivity.? The model we propose allows to analyze the distributional implications
of these different policies in a theoretical framework.

The distribution of productivities considered in this model differs from the one used in leap-frogging

neo-Schumpeterian literature in the following aspect: In the standard model, the occurrence of a sole

1See Bergeron et al. (1998) or Boschma (1999).
2See Ford, R. and W. Suyker (1990) and Eaton et al. (1998).



innovation would take the productivity of the sector to the leading edge, no matter how long ago occurred
the last innovation or how obsolete was the previous technology. In our model, the introduction of a
punishment to obsolescence creates two classes of sectors. If the relative productivity of a sector falls below
a given threshold, it will not be able to reach the technological frontier with just one innovation. Instead,
the productivity increase will only be a fraction of the gap existing between the previous productivity
and the most advanced technology of the economy. We will refer to these sectors as the lagging group.
Conversely, the leading group will be formed by those sectors with a relative productivity parameter
above that threshold. These sectors are able to reach the leading edge if they innovate, but if they do
not, their relative productivity will fall and will enter into the lagging class. The resulting distribution
will be affected by policy variables and technological parameters. We find that a larger productivity of
research or an increase in the incentives to accumulate capital will make the economy grow faster and
reduce the mass of technological laggards, improving thus the distribution of productivities and profits
across sectors. Conversely, a larger size of innovations or a higher influence of individual innovations on
the aggregate state of knowledge will increase the size of the lagging group, and therefore, there will exist
a larger mass of firms earning relatively low profits with respect to the technological leaders. Whether
this increase in the size of innovations is growth enhancing or not will depend on the assumption we make
about what determines the growth rate of productivity. Similarly, a research subsidy to high-tech sectors
will also reduce the mass of the leading group since it will induce a higher research intensity and thus a
faster rate of decay of non-innovating sectors. Again, the effect on growth of this subsidy depends on how
the size of the leading group affects the evolution of aggregate productivity. We have also found that a
subsidy to less research intensive sectors will reduce the size of the lagging group and may increase the
rate of growth of the economy.

In summary, this model establishes a set of links between the process of technological progress and the
distribution of productivities and profits across economic sectors. We find that if technological progress
affects high-tech and traditional sectors differently, the impact of changes in the determinants of economic
growth may be very different depending on which is the source of faster growth.

The rest of the paper is organized as follows: Section 2 presents the model, sections 3 and 4 perform

the equilibrium and steady state analysis and section 5 concludes the paper.

2 The model

This paper presents a model in which the nature of the process of innovation will affect the distribution of
productivities across sectors. The paper is based on the work of Aghion and Howitt (1998) but their model
is modified in such a way that changes in the technological parameters will influence the distribution of

profits across economic sectors.



2.1 Consumers

There exists a representative consumer who gets utility from the consumption of a final good. He

therefore, will maximize the present value of utility

V(O (@) = /0 S n(C (1)e "t (1)

where C' (t) is consumption at time ¢ and p is the rate of discount.

2.2 Final good sector

The consumption good is produced in a competitive sector out of labor L, that is assumed to be exoge-
nously given, and a continuum of mass one of intermediate goods. Let m; (t) be the supply of sector ¢
at date t. The production function is a Cobb-Douglas with constant returns on intermediate goods and

efficiency units of labor as given by

Y (1) = L1 /O A, (8) [ (0)]° di, (2)

where Y (¢) is final good production and A; (t) is the productivity coefficient of each sector. The evolution
of each sector’s productivity coefficient A; (¢) is determined in the research sector. I assume equal factor

intensities to simplify calculations.

2.3 Intermediate goods

Intermediate goods are produced in a sector formed by a continuum of monopolies each producing one
good. They are monopolies because their production technology is protected by a patent. The only
input in the production of intermediate goods is capital. In particular, it is assumed that A; (¢) units of
capital are needed to produce one unit of intermediate good i at date ¢t. As we will see, this assumption is
necessary to obtain stability. Capital is hired in a perfectly competitive market at rate ¢ (¢) . Therefore,
the cost of one unit of intermediate good i is A; () ¢ (t) . Because the final good sector is assumed to be

competitive, the equilibrium price p (m; (t)) of intermediate good i will be its marginal product
p(mi (1)) = L'~ A; () [mi ()]
Consequently, the monopolist’s profit maximization problem will be

i (t)

max [p(m; (t))m; (t) — A; (¢) € (8) mi (¢)]

m,,(t)

subject to p(m; (t)) = aL'™@A;(t) [m; (t)]afl )

from where we obtain the profit-maximizing supply and the flow of profits as

1
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mi(t) = a(l—a)L*™*A; (t) [m; (1)]”.

m; (t)



Due to the assumption of equal factor intensities, supply of intermediate goods is equal in all sectors,
m; (t) = m (t). Thus, the aggregate demand of capital is equal to fol A (t)m (t)di. Let A(t) = fol A; (t) di,
be the aggregate productivity coefficient. Then, equilibrium in the capital market requires demand to

equal supply

or equivalently, the flow of intermediate output must be equal to %t%l which we will call capital intensity
and denote by k (¢). That is,

With this notation we can express the equilibrium rental rate in terms of capital intensity

C(t) =L [k(t)] 7" (3)

2.4 Research sector

Innovations are produced using the same technology of the final good sector. Hence, they need capital
apart from labor to be produced. Let n; (t) = % be the productivity adjusted level of research or
research intensity of sector ¢ at date t. It is defined as the total amount of output invested in research
by that sector N; (t), divided by A™*(t), the productivity coefficient of the most advanced technology
in the economy. Investment in research is adjusted by A™* (¢) in order to take into account the effect
of increasing technological complexity. Thus, as technology evolves and becomes more complex, an ever
increasing amount of research will be necessary in order to obtain further technological improvements.
The Poisson arrival rate of innovations in each sector is assumed to be An; (t), where A is a positive
parameter representing the productivity of research.

Let us define a; (t) as the relative productivity parameter of sector ¢ at date ¢. This relative productivity
is given by the productivity coefficient A; (t) of that sector, divided by the productivity coefficient A™?* (t)
of the leading edge technology, and this ratio measures the technological level of the sector with respect to
the most advanced technology of the economy. We will assume that A™* (¢) will grow due to the flow of
innovations in the economy. Therefore, if A; (¢) does not change, the relative productivity parameter will
gradually fall as the sector’s technology becomes obsolete. This process of obsolescence can be avoided if
an innovation occurs in the sector since then, its productivity coefficient will increase. In order to take
into account the effect of intertemporal and intersectoral spillovers, we assume that A; (t) will jump to
Amax () . That is, the final increase in productivity depends upon the evolution of innovations in the rest
of the economy and the technological gain will arise from the adoption of new technologies created in other
sectors and the absorption of spillovers. However, consider a sector with a very low relative productivity
parameter. A low value of a; (t) implies that the sector’s technology has fallen far behind the leading

edge and that no recent innovations have taken place. Let us call this type of sectors lagging sectors. In



Aghion and Howitt’s model, a sole innovation would take the productivity coefficient of this sector to the
leading edge. In the present model, we will introduce a punishment for having lagged behind, in the sense
that if the relative productivity parameter has fallen below a given threshold, innovating once will not
allow the sector to reach the top of the distribution. We will thus assume that if an innovation occurs in
a lagging sector, the productivity coefficient attained will only be a fraction of A™#* (t). Specifically, we
assume that if a; (¢) falls below (3, the relative productivity parameter attainable by an innovation will
be 7 instead of 1, where 0 < 8 < v < 1. In order to analyze the implications of this assumption, we will
consider first the determination of the equilibrium level of research investment.

There exists a number of research firms in each sector competing in a patent race to get the next
innovation for a specific production technology. The first innovating firm gains the patent and it either
becomes the monopolist producer of the new variety or sells the patent to an established firm. In any case,
the reward to the innovation will be the present value of the flow of profits arising from the monopolistic
exploitation of the patent. Let us denote the value of the innovation by V (¢). On the other hand, the
cost of one unit of research is one unit of output. If a firm invests one unit of research it will have a
probability of obtaining the innovation equal to A%x(t)‘ The research arbitrage equation establishes that
the cost of one unit of research must be equal to the expected revenue from this research. Therefore,

AV (1)

1= Si = Amax (t) ’ (4)

where s; is the subsidy rate to research in sector i. Consider now the determination of the value of
the innovation V (¢). The flow of profits will depend on whether the innovating sector was a leading or
a lagging sector. If the innovation has occurred in a leading sector, then the productivity coefficient
achieved is A™#* () and the flow of profits will be given by a (1 — a) L' =A™ (¢) [k (¢)]” and equation
(4) may be written as

A (1 —a) L= [k ()"
r(t) + An; (t) ’

1*51':

where 7 (¢) is the interest rate. Notice that in order to compute the present value of the flow of profits,
the rate of discount includes An; (t) in addition to the rate of interest. The term An; (t) represents the
probability that the incumbent monopolist is replaced by the owner of a new patent and it is also known
as the rate of creative destruction.

If the innovating sector was a lagging sector, then the flow of profits arising from the innovation will
be a (1 — ) L=y Amax () [k (¢)]” . Consequently, equation (4) will now be given by

el a) L k@)
151'7( 7 (8) + g () )

It is thus obvious that research intensity in lagging and leading sectors will be generally different. In

particular, we can establish that the relationship between research intensities will be

Ang (t) = 7Ang () — (L =27)7 (1),



1—sp
1—s;’

where ny (t) and ny, (t) are research intensity in lagging and leading sectors, respectively, and 7 =
where s; and sj, are the corresponding subsidies to lagging and leading sectors. Notice that in equilibrium,
the research intensity performed in all the sectors belonging to the same group will be equal given that
they will obtain the same reward. Notice also that if 7 < %, research intensity in the lagging group will
not be larger than research intensity in the leading group. In what follows we will restrict the analysis to
subsidy values satisfying this condition, namely, that the subsidy to lagged sectors may increase research
intensity up to but not above the level of leading sectors. Thus, we will not consider subsidies that would
make lagged sectors more research intensive than the technological leaders.

For the sake of simplicity, we will assume that aggregate knowledge and, hence, A™** (t) will only
grow thanks to innovations in the leading group. Intuitively, this implies that lagged sectors only adapt
technological improvements from other sectors, but do not add to the growth of the technological frontier.
Indeed, data on the contribution of traditional sectors to knowledge creation suggest that this assumption
is not too far from reality.®> We will consider two alternative assumptions for the growth behavior
of Ama*(¢). The first assumption simply states that the rate of growth of the knowledge frontier is

proportional to the aggregate probability of innovation in leading sectors, that is

max
jTXEgza(l—qﬁ))\nh(t), (5)
where o > 0 is a parameter that measures the effect of individual innovations on the leading edge
productivity coefficient. This parameter is traditionally interpreted as measuring the size of innovations,
but it can also represent the degree of interrelation between sectors or the capacity to absorb spillovers
from other sectors. The parameter ¢ measures the size of the lagging group. We will refer to this
assumption as the aggregate assumption.

In models where technological progress is due to both vertical and horizontal innovations, it is generally
assumed that an increase in the mass of available technologies reduces the effect of an innovation on the
aggregate economy. In particular, it is assumed that the increasing probability of innovation due to the
larger mass of products is completely offset by the reduction in the marginal impact of an individual
innovation.? In this case the rate of growth of aggregate knowledge would be proportional to the average

probability of innovation in leading sectors. Consequently, we will refer to this assumption as the average

assumption and the rate of growth of A™** (¢) would be given by

Amax (t)

———= =0Mny, (1), 6

T (] = P 1) (6)
where 6 > 0 is a parameter measuring the effect on the rate of growth of aggregate knowledge of a change

in the average probability of innovation in leading sectors.

3Cameron et al. (1997) report that only seven industries out of nineteen accounted for 95% of TFP growth in the UK
economy in the last decades. Among these industries, Computing, Pharmaceuticals and Aerospace, the highest productivity

attainers, accounted for a 42% of the total growth in productivity.
4See Aghion and Howitt (1998), chapter 12 or Howitt (1999).



The key difference between these two assumptions lies on whether we consider that the technological
frontier is formed by all the production technologies in the economy or only by those sectors innovatively
active enough to reach the frontier with just one innovation. In the first case, an increase in the mass
of the leading group should make the economy grow faster because the sectors in this group are more
research intensive. In the second case, even though there will be more research, there will also exist more
technologies to improve and thus, research efforts will have to be distributed among more different fields.

The lagging group is formed by sectors with obsolete technologies in which no innovation has occurred
for a considerably long period of time. Productivity increases in these sectors are generally due to the
adoption of technologies from other sectors. Therefore, ignoring them as part of the technological frontier
should not represent a problem, at least when there exists a large distance between traditional and high-
tech sectors. In very developed economies we may expect a wide gap between the leading-edge production
technologies and the most traditional sectors of the economy. In these cases, spillovers from the high-tech
sectors will probably be technology specific and narrower in scope.” This picture of the technological
system is better fit by the average assumption. On the other hand, consider an economy in the early
phases of development or with a nearly non-existing high-tech sector. Then, the difference between the
leading-edge and the more obsolete sectors will not be so large and technological improvements in the
leading group will not be so specific that the whole mass of technologies cannot benefit from it. In this
case, the most appropriate assumption would be the aggregate assumption.

Trying to connect these theoretical discussion with empirical findings, let us mention the paper by
Caballero and Jaffé (1993) in which the authors observe a decline over the twentieth century in a parameter
representing the “potency of spillovers emanating from each cohort of ideas or the intensity of use of old
ideas by new ideas”. This decline could be interpreted, in the authors’ words, as a process by which
“research is steadily becoming narrower and hence generates fewer spillovers because each new idea is
relevant to a smaller and smaller set of technological concerns”. The authors estimate that the average
idea at the beginning of the century generated about 5 times the level of spillovers as the average recent
idea. This narrower scope for spillovers could be supporting the average assumption, by which the relevant
set of technologies that conform the technological frontier is the leading group and an increase in the size
of this group would induce a smaller effect of innovations on the enlarged set of technologies.

We will develop the model first under the average assumption because this assumption allows us to
identify the effect of growth determinants on the distribution of relative productivities. In fact, under
the average assumption we could abstract from the complications arising from the interaction between
the productivities distribution and the growth rate. When considering the aggregate assumption, we will
have to take into account the relationship between changes in the mass of the lagging group and changes
in the growth rate.

In addition to the effect on the research investment of firms, the introduction of the assumption that

5Indeed, Cameron et al. (1997) find informal evidence suggesting that for at least a small subsector of industries,
the development of technology is quite specific to the individual sector and does not spill over rapidly into many other

manufacturing sectors.



lagged sectors will not be able to reach the leading edge with a sole innovation has another important
implication. Without this assumption, the long run distribution of relative productivity parameters is
time invariant and does not depend on the growth behavior of the economy. Specifically, the long run

distribution of relative productivities is described by the following distribution function®

Q=

H (a) =a~.

In the present model however, the distribution of relative productivities will depend upon the growth

rate of the economy and will be affected by changes in the determinants of equilibrium.

2.5 Capital market

Capital is used as a factor of production in the intermediate goods sector. We have seen that equilibrium
in the capital market requires the rental rate to satisfy equation (3). The owner of a unit of capital will
obtain ( (t) for it. This amount must be enough to cover the cost of capital. This includes the interest
rate r (t), the depreciation rate ¢, and the tax rate on capital accumulation 74 which is introduced in
order to parametrize the incentives to accumulate capital. Hence, the capital market arbitrage equation

is
rt)+6+T1K = Q?Ll—® [k (t)] a-l

which establishes a decreasing relationship between the interest rate and capital intensity.

2.6 Public sector

The role of the government in this model will be confined to the concession of subsidies to leading and
lagging sectors s, and s;, respectively and the imposition of the tax on capital accumulation 7. The
public budget will be balanced through a lump-sum tax or transfer T" which will help us to isolate the
effects of the different policy instruments. Therefore, the government budget is given by the following

equation:

T(t) = spNp, (t) + 51 N; (t) — 1K (t) .

2.7 Distribution of relative productivity coefficients

The existence of a lagging group that behaves differently after an innovation determines a distribution of
relative productivities that will be affected by changes in the technological and policy parameters. The

next proposition provides the distribution function of a under the average assumption:

6See Aghion and Howitt (1998).



Proposition 1 The long run distribution of relative productivity coefficients under the average assump-

tion is time invariant and is described by the following cumulative distribution function:

¢+(1—1¢)a% 1 if y<a<l1
H (a) = ¢+(g)g((1—¢>vé+¢fjmz(f(a>>(%)gf’(a)da) if f<a<y, (7
d)exp(f/\nl (f(a))f’(a)da) if a<p

where t (a) is a differentiable and decreasing function relating date t and the relative productivity a of a

given sector which is implicitly defined by equation (23) in Appendiz A.
Proof. See Appendix A. m

Similarly, Proposition 2 gives the distribution function of a under the aggregate assumption.

Proposition 2 The distribution of relative productivity coefficients under the aggregate assumption is
time invariant and may be characterized by the following distribution function:
b+ (1—¢)asT® if y<a<l1
6+ (1 - 6077 +
H (a) = 1 1
CIeET) 7 o\ TP
+ (%) ¢ [ Ay (E(a)) (;) t' (a) da
dexp (ff)\m (f(a))f’(a)da) if a<p

Proof. See Appendix A. m

if B<a<y . 8)

The distribution of relative productivity coefficients will thus be affected by policy changes and the
characteristics of the process of technological change. In order to analyze the implications of changes in

these parameters we solve the model in the following section.

3 Equilibrium

3.1 Equilibrium under the average assumption.

General equilibrium is defined by the following equations:

M (1 —a) L' [k (£)]

Lo == ©)
Ang (t) =1 ng, (8) = (L—~71) 7 (t), (10)
r(t) 6+ TR =LYk (1)] 7 (11)

where (9) is the arbitrage equation for research in a leading sector, (10) gives the relationship between

lagged and leading sectors research intensity and (11) is the capital market arbitrage equation. The last

10



expression implies that the interest rate is a function of the equilibrium value of capital intensity. Thus,
from (9) we can view ny, (t) as a function of & (¢), while (10) gives us the research intensity n; (t) in
lagged sectors as a function of capital intensity & (¢). Consequently, using these equations we may denote
np (t) =np (k(t)), n (t) =ny (k(t)) and 7 (¢) = r (k (t)) . Therefore, we can express the dynamics of the

model in terms of capital and consumption. The laws of motion for these two variables are
K (1) =¥ (1) = O (1) = (Nu (1) + Ni (1)) = 8K (1),
and
C1)=(r(t) = pC(1), (12)

where (12) is derived from the consumer’s optimization problem. These expressions can be written in

efficiency units as follows:

k() = L7k ()" —c(t) - () (nn (k (8)) +nu (k (1)) = (6 + g (£)k (¢) (13)

¢ty = (r®)—p—gt)e(), (14)

where g (t) is the rate of growth of aggregate knowledge and F (a) is the mean of the distribution of
relative productivity parameters.” The rate of growth of aggregate knowledge and E (a) can also be
viewed as functions of k (t) since F (a) will depend upon ny, (t) and r(¢), while g (¢) is given by the
following expression:

Aty  Amx(t)  E(a)

_ E (a)
0=~ @) T E)

E(a)

=0Any, (t) +

Since the distribution of a is time invariant in the long run, so is F (a). Therefore, g (t) = 0 ny, (t) .
Due to the non-linearity of the system, we linearize it around the steady state in order to analyze the
local dynamics of the model. We find local saddle path stability around the steady state.® Therefore, we

can perform comparative statics analysis at the long run equilibrium.

3.2 Equilibrium under the aggregate assumption.

The equations determining equilibrium under this assumption are the same as for the average assumption

except that the rate of growth of aggregate technology is now given by

g(t) =0 (l—¢)Anu(t), (15)

where ¢ is implicitly defined as a function of k by equation (29) in Appendix A. Therefore, the dynamic
system defined by equations (13) and (14) with g (¢) defined by (15) presents also local saddle path
stability. See Appendix B for a proof.

"We are using the relationship between aggregate and leading edge productivity since Ay = fol Ajdi = AP fol A—é&%dl =
t
Apax fol ah (a) da = AP**E (a), where h (a) is the density function of a.
8See Appendix B for a proof.
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4 Steady state analysis

4.1 Steady state analysis under the average assumption

In equilibrium, the production function is simplified due to the fact that the equilibrium value of inter-

mediate input is the same for every sector. Consequently, we may write equation (2) as
Y (t)=A@) L' [k (1)]",

which implies that in a steady state, the rate of growth of output will be the rate of growth of aggregate
productivity. That is

g = 0ny.

Using this result, and the fact that in a steady state k and nj, are constant we may write equations (9),
(10) and (11) as follows:

Aa (1 —a) Limok

1—s, = , 16

T T (L1 0) (o)

Ang =~y1Ang, — (1 —~47) (p+ 0Any,) (17)
p+ 0 ny + 6+ 71 = 2Lk (18)

where we are using the steady state relationship between the interest rate and the growth rate, i.e.
r = p + 0Any,. Equations (16) and (18) determine the steady state values for k£ and n and allow us
to perform comparative statics on the different parameters of the model. The following proposition

establishes the steady state relationships between some of the parameters and the growth rate:
Proposition 3 The steady state growth rate is increasing in 6, \ and s, and decreasing in Ty.

Proof. See Appendix A m

These results were already obtained in the standard model. They are relevant however, because we
want to look at the relationship between growth and the distribution of profits across sectors. The next

lemma establishes the relationship between the mass of the lagging group and the previous parameters:
Lemma 4 The mass of the lagging group ¢ is increasing in 0, 7 and sy and decreasing in .

Proof. See Appendix A m

The result established in Lemma 4 allows us to rank distribution functions. A change in these

parameters will have the following effects on the distribution of relative productivities:

12



Proposition 5 a) Let 0, < 03 and let Hy, (a) be the distribution function of relative productivities
associated to 0; for i =1,2. Then, Hy, (a) < Hp, (a) for a € (0,1).

b) Let Ay < Aa and let Hy, (a) be the distribution function of relative productivities associated to \;
fori=1,2. Then, Hy, (a) > Hj, (a) fora € (0,1).

c) Let sp1 < spa and let H,, (a) be the distribution function of relative productivities associated to
sni fori=1,2. Then, Hy,, (a) < Hs,, (a) for a € (0,1).

d) Let Tp1 < Tiro and let H,, (a) be the distribution function of relative productivities associated to

Tri fori=1,2. Then, H;,, (a) < H,,, (a) for a € (0,1).
Proof. See Appendix A m

Proposition 5 implies first degree stochastic dominance of Hy, (a) over Hy, (a), of Hy, (a) over
Hy, (a), of H,, (a) over Hy,, (a) and of H

i (@) over H.,, (a). Consequently, the Generalized Lorenz

curves for the distribution of relative productivities associated to 01, sj1, 71 and Ay dominate the Gen-
eralized Lorenz curves associated to 02, sp2, Tre and A respectively.’ Accordingly, an increase in \ or a
reduction in 6, sy, or 7 reduces the inequality induced by the distribution of relative productivities across
sectors. In other words, an increase in the growth rate due to a larger value of 8 or s, will shift H (a)
upwards and therefore, make the generalized Lorenz curve shift downwards. Figure 1 illustrates the effect
of an increase in any of these two parameters. Observe that the shift in the distribution function implies
that after the change, there exists a larger mass of sectors with smaller relative productivity coefficients
and that the mass of the leading group'® is reduced. Conversely, a higher growth rate due to a larger
value of A or to a reduction in 74 will shift H (a) downwards and make the generalized Lorenz curve
shift upwards. This implies that the relationship between growth and the distribution of productivities
can be positive or negative depending on the cause of faster growth. The effect of an increase in 6 due
for instance to a higher ability of firms to absorb externalities is a larger growth rate. However, it will
also induce an increase in the mass of firms that lag behind and that consequently, have smaller relative
profits while the leading group, the one with higher relative profits, is reduced. Similarly, a higher subsidy
to research in leading sectors, will make the economy grow faster due to the higher research intensity
of these sectors, but the gap between the leading and the lagging group will be wider. However, when
faster growth is due to a larger productivity of research or to a tax reduction that stimulates capital
accumulation, the result is the opposite. That is, the mass of lagging sectors is reduced while the number
of sectors in the high-technology group increases, which reduces the inequality among relative productiv-
ities. Consequently, faster growth due to an increase in 6 or s;, will induce a more unequal distribution
of productivities and profits. On the other hand, if the cause of faster growth is an improvement in the
productivity of research that affects all sectors or a policy change that stimulates capital accumulation,

productive inequality will decrease. Observe that we are considering a set of parameters that includes

9See Shorrocks (1983) for a proof of these results and a definition of the Generalized Lorenz Curve.
107n the figure, the leading group is formed by those sectors with a > 3, where 3 is set to 0.6 just for illustrative purposes.
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proper policy instruments like subsidies to R&D and taxes on capital accumulation on one hand and ex-
ogenous technological parameters like the scope of spillovers 6 and research productivity A on the other.
Strictly speaking, # and A are not policy instruments that can be changed at the discretion of the public
sector. However, one can think of policies oriented at influencing their values. Empirical studies have
found evidence that investment in infrastructure and education or the performance of public research
can improve private research productivity and the absorptive capacity of private firms (see Eaton et al.
1998).

Figure 1: Shift in H (a) caused by an increase in either 4 or sj,.

4.2 Steady state analysis under the aggregate assumption

Under the assumption that the rate of growth of the leading edge technology is determined by the
aggregate probability of innovation in the leading group, the rate of growth of the economy will be given
by

g=0X(1—¢)ny.

Therefore, the equations determining the steady state values of k, ny, n; and ¢ are

Aa (1 —a) LY=ok
p+(1+o(l—9))Any’

1—Sh=

Ang = 1Ay, — (1 =97) (p+0 (1= @) Any), (20)
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p+o(1—¢) M+ 6475 = 2Lk (21)

(1—¢) gra=a — /L (1 - <§>W> —0, (22)

Tp Y

where (19), (20), and (21) are the research arbitrage equation in leading sectors, the relationship between
lagged and leading sectors research intensity and the capital market equilibrium condition, respectively,
all expressed for the steady state. Equation (22) is derived from the steady state distribution function of
a. It establishes that ¢ must be such that the distribution function is continuous at a = 8. The following
proposition establishes the steady state relationships between some of the parameters and the growth

rate:

Proposition 6 The steady state growth rate is increasing in both A and s;, decreasing in o and 7 and

the effect of sp on growth is ambiguous.

Proof. See Appendix A m

Observe that the effects on growth of research productivity and the tax on capital accumulation are
not altered by the assumption that the growth rate depends upon the size of the leading group. However,
this is not the case for the other three parameters. The next lemma presents the effect of these parameters

on the size of the lagging group, which will help us understand the cause of the new results:

Lemma 7 The mass of the lagging group ¢ is increasing in o, T, and s, and decreasing in both A and

Si.
Proof. See Appendix A m

Lemma 7 implies that a larger A will increase the productivity of research on one hand, and on the
other, it will reduce the mass of lagging sectors. Therefore, a larger productivity of research is both
growth enhancing and promotes less inequality among productivities across sectors. A similar effect is
induced by a reduction of 7, that is, by an increase in the incentives to accumulate capital. With respect
to s;, notice that under the average assumption it had no effect on the rate of growth. However, under
the aggregate assumption we observe that it reduces the mass of lagging sectors. This is a positive effect
on growth that is able to compensate the reduction induced on the research intensity of leading sectors.
The cases of the other two parameters are more complex to understand. Consider the effect of having
a larger o. Recall that this parameter measures the size of innovations or the influence of individual
innovations on the leading edge productivity. When o increases, research intensity falls due to the rise in
the interest rate that makes the inputs to research more expensive. However, o has a positive direct effect
on the growth rate, which made the total growth effect positive under the average assumption. Under

the aggregate assumption, we observe that the size of innovation has an additional effect on ¢ which will
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make the final impact on growth negative. The larger size of innovation makes the relative productivity
parameter of the non-innovating sectors fall faster and therefore, there will exist a larger probability
of entering the lagging group. Something similar happens when we increase the subsidy to research in
high-tech sectors. The subsidy provides incentives to perform a higher research intensity in the leading
sectors which will induce large productivity increases for innovators. However, those sectors that were
not successful, will lag behind more rapidly and enlarge the lagging group. Consequently, the net effect
on growth is ambiguous. Thus, under the aggregate assumption the influence of policy parameters on
the mass of the lagging group affects the growth rate finally achieved and introduces important changes
in the effectiveness of intendedly growth promoting policies. Only those policies that influence positively
both R&D investments and the mass of the leading group will unambiguously promote growth. On the
contrary, those policies that induce a larger lagging group will see their growth effectiveness undercut
due to their distributional effects.

The complexity of the system under the aggregate assumption prevents us from establishing a ranking
of distribution functions similar to the one presented in Proposition 5. Nevertheless, the results for the

value of ¢ provide a partial characterization of the effects on the distribution function.

5 Conclusions

This paper has analyzed the effects of technological progress on the distribution of relative productiv-
ities across sectors. In particular, we have observed how changes in the characteristics of the process
of technological change induce modifications on the distribution of productivities and profits across eco-
nomic activities and how they may influence the growth performance of the economy. We have found
that increases in research productivity, in the incentives to accumulate capital and larger subsidies to
technological laggards will increase the mass of research intensive sectors and improve the growth rate
of the economy. However, higher subsidies to technological leaders and a larger size of innovations or a
higher degree of spillovers will increase the mass of the lagging class, which may in some cases reduce the

growth rate of the economy.
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Proofs

Proof of Proposition 1. In order to derive the distribution of relative productivities define

A™2* (t4) to be the absolute productivity coefficient of a sector that innovated on date ¢y and achieved

the

leading edge productivity. Then, from equation (6) we may write
Amax tO
Amax( = eXp < / 9>\nh ) ’ (23)

17



which establishes that as A™#* (t) grows, the relative productivity parameter of this sector will fall at
a rate OAny, (t). Define F (-, t) as the cumulative distribution of the absolute productivity coefficients A
across sectors at any arbitrarily given date t. Define ® (t) = F (A™** (¢g),t). Then,

d(ty) =1
and
) —(®(t) — D (t2)) Ay, (1) if to<t<t
— = (@) =@ (@)Ann () — @ (t2) i () if B <t<ty (24)
—® () Any (1) if ty<t

where ¢, and to are, respectively, the dates at which ag = %%2 equals v and (. Thus t; and to are

implicitly defined by the following equations which in turn, are derived from (23):

exp <—9 /tt )\nh(s)ds> _ 5 (25)
exp <9 /t:2>\nh(s)ds> ~ B (26)

The time derivative of ® (t) gives us the rate at which the sector that innovated at date ¢ is left behind
by other innovating sectors. Notice that while t > t1, ag > v and the sector will only be overtaken
by those sectors belonging to the leading group and having an absolute productivity parameter below
A™2% () . Those sectors have a flow probability of innovation Any, (t) and a mass of ® (t)—® (t3) . However,
when t; <t < tg, the relative productivity coefficient ay has fallen below v and consequently, it may be
overtaken by all innovating sectors having an absolute productivity coefficient below A™* (ty) . Therefore,
we have a number of sectors which belong to the leading group, ® (t) — ® (¢t2) with a flow probability
of innovation equal to Any, (t) and all the sectors in the lagging group @ (¢2), with a flow probability of
Any (t). When t > to, all the sectors with an absolute productivity coefficient below A™#* (t(), that is
® (t), belong to the lagging group and therefore, have a flow probability of innovation of An; (¢) . Equation

(24) defines a differential equation whose solution is given by the following expression:

P (t2) + (1 — @ (t2)) exp (*ffo Any, (s) ds) if to<t<ty
B (1) + (1 — B () exp (f S (s) ds) v

To= U ., (27
! TP (_ fttl Any, (s) ds) D (t2) fttl Any (v) exp (ftli Any, (s) ds) dv frhist<h (27)
D (t2) exp (_ fti Ang (s) ds) if by <t
where
O (ty) = 5

5% + (%)% fttlz Any (t) exp (fttl Any, (s) ds) dt'
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Equation (23) implicitly defines ¢ as a function of ag. Let £ (ag) be this function and use it to perform a

change of variable in (27). The function that we obtain is
@ (12) + (1= @ (£)) (an)’? if v<a<1
1
D)+ (1—@ (tz)) (ag)? +
(=) @ (t2) [ A (F(ao)) (2) 7 (a0) dag
® (t) exp (f )\nl ( 0)) ' (ao dao) if ap<p

From the definition of ® (t) we know that this function gives the mass of sectors with an absolute

@ (#(a0)) = if B<ag<n

productivity parameter below A™® (to) at date ¢. In terms of relative productivity coefficients, ® (£ (ao))
gives us the mass of sectors with a relative productivity coefficient below ag and therefore, it is giving
us the value of the distribution function of relative productivity parameters for a sector that innovated
on date to. In the long run, almost all sectors will have innovated at least once and therefore ¢ (f (ao)) ,
which can now be renamed H (ag), represents the cumulative distribution function of any sector with
a relative productivity parameter between 0 and 1. The expression for H (a) in (7) can be obtained

replacing the size of the lagging group @ (¢3) by a parameter ¢, whose definition in terms of a is given by
_ B
= - .
1 7 . N
87 — (g) f; Any(t(a)) exp (= [ Ang (£ (a)) ¥ (a) da) T (a) da

Observe that H (a) does not depend on ¢ and therefore it is time invariant. m

=

Proof of Proposition 2. The distribution function in (8) is obtained following the same steps as
in the previous proof except that in this case, the relationship between ag and ¢ is given by

ap = exp < /t o(1—¢)Ang(s) ds) , (28)

to

and ¢ is implicitly defined by the following equation:

Y <§> Sl /5 " (7 (@) exp <— / " (F(@) T (a) da) 7(a)da=0.  (29)

(1-9)p

Proof of Proposition 3. In order to find the derivatives of the growth rate with respect to 6, A
and s, let us express equations (16) and (18) as follows:
(1—=sp)(p+ (1 +0)Inp) —da(l—a) L' 2k* =0
p+0Xn, + 6+ 71 —aPLT ke =0,
and denote then by fi (k,np; 0, A, sp) and fa (k,np; 0, A, sp) respectively. These functions may be consid-

ered as the components of a function F : (0, 00) x (0,00) — R? and use the implicit function theorem to

find the derivatives needed. The Jacobian of F' with respect to k and n; will be given by

X2 (1—a)Lke (1—sp) (1+6)A

Trlbm) =1 (1—a) L1—ofo—2 oA
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and its inverse is equal to the following expression:

1 1 ) —(1—sn)(140)A
e (k)™ = a8 [JF (k,na)] ( —a?(1—a)L'7k*"2  —Xa?(1—a) Lokt ) ’

where det [Jp (k,nn)] = —A(1—a) (0N + (U=1)U+8)) ' The Jacobian of F with respect to the param-
%

eters is given by

JF(G,)\) — ( (1—;h)Anh (1—Sh)<1+9)n;;—a<1_a)L1—aka ) |
np nn
Jr (Sh,Tk) = ( P (10+ 0) Anp, (1) ) .

Implicit differentiation implies the following expressions for the derivatives of n;, and k with respect to

the parameters:

1—s
dnn _ ,(/\Jr—kh)nh (30)
dny_ (2 (3) ~ 0w o
1—sp) (140
dA )\(9)\_;'_( hlz(+))
%: p+ (1460) Iy, (32)
1—sp)(146
dsp, e (9)\_;'_( h’i(Jr))
dnh -1

dre or + (1fshlz(1+0)

dk (1 —sp) Nnp

9~ det (Jp)

dk  O\r
dx — det (Jp)

dk OX(p+ (1+0)Iny)
dsp, det (Jr)

dk —(1—s3)(140)

di; - (1 70[)4(9/\4» lfshk11+0 )
Recall that the rate of growth is given by g = 0An;, but also, from fs (k,np) = 0, we know that

g=a’L'7 k" — 65— p— T4
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Therefore

1—s
A _ () ayqepiepe-ed  _dmlgd
“ o )4 U=sw)(10)
d'g 211— ,Qdk 07
—:_(l_a)aL Déka o

1—s,)(1+6
" I
dg dnn __ p+ (140) Any
Sh Sh k:()\+ Y )
49 _ o 20N
di;i diie)\_"_Wa

where 7 = A%x(t). The first three derivatives are positive and the last one is negative. Thus, steady state

growth is increasing in 6, A and s and decreasing in 7. ®

Proof of Lemma 4. In a steady state, the distribution of relative productivity coefficients will be

given by
o+ (1 —¢)av for v<a<l1
H(a) = ¢+(1—¢)a%—¢;ﬂh(1—(%)9) for f<a<ny (33)
T
o(g)"" for 0<a<p
where ¢ in a steady state is given by
%
b= 0 . (34)

1
< (B 7\ n
st (1-(4)") 2
The derivative of ¢ with respect to A will be determined by % (%) . Accordingly, let us perform this
derivative first. From equation (17) 2 = y7—(1 —77) (X% + 9) . Therefore, & (’—‘L) = %22 (AL + ).

MNh

Lom) (o (1+0)mn)
1—sp ) (146)
,\(9,\+3—h,€L)

Equation (31) allows us to write /\%\’l +np = which is positive. If - increases with

A, then ¢ necessarily decreases.

In order to look for the derivative of ¢ with respect to 6, let us write ¢ as follows:

¢: 1 1
1+ (B_ﬁ ffy_F) L
Then,
9 __ 2L (g4 _~4) Py (g3 _-4) 4 (m
T () 5 ()
where
d (. _1 1 1 1 1 2
(077 =) = 8 () — 5y () (35)
A gy (1 P
a0 \m, )= 17 (1 A(m)) )



Since 8 < v and dd%oh < 0, both (35) and (36) are negative, which implies that @ is positive.

dS} nhp

The sign of C;—lj;? will be determined by the sign of =% (" ) Hence, if the level of research intensity in
lagged sectors relative to research intensity in leading sectors falls, then % will be positive. From (32)

ny, increases with sj,. Therefore, in order to prove that d o ("4) is negative, it is enough to show that

nhp
jT’,L:L is negative. Consider thus this derivative

dng = (p+ (1+0)Ang) (1 = sp) +77OAK)

dsy, A (1 - Sh) (9)\]%‘ + (1 — Sh) (1 + 9)) ’

which is negative. Hence, since %L and dfj} (%) are negative, d%% is positive.

)
Similarly, the sign of = — W111 the determined by which is given by

a negative expression. Therefore, Cz—lf’; is positive. B

Proof of Proposition 5. Consider the steady state distribution of relative productivities given by

equation (33). The effect of  on H (a) may be computed as

(1—a%)+(17¢( lba) gy if y<a<l1

e %<l"i(la(%y)%)Hi¢)a%(_£m N
507 o (o) (28)- (0o (2

o [ (5)4 ()] s osass

Th

1
The three pieces of this function are positive since <1 —av — (1 — (%) 0) ’—‘L> is positive and both

- (#L}LL) and 4 (%) are negative.'’ This implies that if we increase o, the resulting distribution will

attach a higher value to any a € (0,1). Therefore, if 61 < 05 then, Hy, (a) < Hyp, (a) for a € (0,1).
Similarly, the effect of A on H (a) will be given by

d¢>(1,a9) if y<a<l1
dfiia): d¢ 1;5(1(%)5>%>¢<1(%)5>%(%) if B<a<y
o(8) % [0 () 1 02059

The three pieces are negative since @ is negative, d% (;L—‘}L) is positive and In ( ﬁ) for a < [ is negative.

H(a) .

Consequently, - is negative for all values of a between 0 and 1. Therefore, if A\; < Az, the distribution

1
. 1
IIThe expression g\l —a® — (1 - (%) 9) nﬂh—> is positive if nﬂh— < 1. A sufficient condition for nﬂh— < 1is yr <1, which

is an assumption we have already made.
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function associated to Ay will give smaller values to any a € (0, 1) than the distribution function associated
to A1. Therefore, Hy, (a) > H), (a) for a € (0,1).

The proof for s, is similar. Consider the derivative of H (a) with respect to sy,

d%%(l_a%) if y<a<l
o {200 (1)) () ) 1 1o
dsp, g i

o(3)™ [ﬂ+_Ldsh (ﬂ)} if 0<a<p

Again, the three pieces are positive, since C;—ld’— is positive, d‘slh (:—LL}L) is negative and In (%) is negative for

a < 3. Consequently, if sp1 < spa then, Hy,, (a) < Hs,, (a) for a € (0,1).

Sh2
Similarly,
%(ka%) for y<a<1
dH (a) do. 3 2\ (om  4o5E)
d—’Tk: dry (170’6)7 1- 7) diF: d‘rZ fOT /BSGS’Y
iL
( L 0<a<p
d‘l’k [ d‘l’]C ﬁ - -

#(5)7 o ()™ 5 (5) for
) ¢

4o ny
is also positive because 7= 7- + ¢ e

Proof of Proposition 6 and Lemma 7. The distribution function of relative productivity

parameters in a steady state under the aggregate assumption is given by

0+ (1-6)a7T for y<a<l

H (a) = ¢+(1‘¢>“ﬁ—¢%<1—(%)m> for B<a<n
LY

d)(%)a(liwnh for 0<a<p

where ¢ in this case is implicitly defined by the following expression:

(1-9) g7 — oL (1— (g)ﬁ> 0.

Under the aggregate assumption, the system determining the steady state values of k, nj, and ¢ may be

expressed as follows:

fl (kvnh7¢) 0
F(k7nh’¢) = f2 (kvniza¢) = 0 s
f3 (kanlza¢) 0

where

filk,np, o) =0 —=sp)(p+1+0(1—9¢)) M) —Aa(l 706)[11704]{:04
folk,np, @) =p+o(l—¢)Any, + 6+ 7% — Q2apa-t

v
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The Jacobian of this function is given by

“Al—a)¢ QI=sp)Q+0(l—@)A —(1—sn)arny,

Jr(k,np, 6) = (-a)¢ o(1—¢)A —oAny, :
0 _ p(A=T1)pw U
s—ym)pw

Ang

where w = (1 — (g)ﬁ> and

ey B\ w8
v )(1 o<1¢>)> nhw+¢nh<v> Saogr MU

Notice that ¥ is negative. Consequently, the determinant of the Jacobian, given by

det(JF)(la)g<)\\p <0(1¢)<1;Sh“> +1_ksh) B <1;8h“> a¢<1—w)pw)7

np

is positive. In order to compute the derivatives for comparative statics we need the inverse of the Jacobian,

that is
a11 aiz2 ais
[J ]*1 — ’_1
F = et (JF) a1 Q22 a23 )
asr as2 a33
where
1 —
aj = 70(1,¢)A@+M
np
1—
a12 = (1—8h) |:(1+O'(1_¢)))\\IJ+U¢<TL—WW
h
a1z = (1 — s) Nony,
B (1—a)C¥
a1 = A

(122:)\(1*0()C\I/

23 = \ony, (1 —a)g <>\+ 1 k5h>

- ((1 k@)é) <¢>(1 )\g)pw>

B Ay
32 — TL%L

azs = (1 — a) (A (0(1 —¢) ()\+ u _ksh)) e _ksh)) .

Consider now the derivatives of the component functions with respect to the relevant parameters.

=ese (1 g,)(1—¢)Any O

JFO\,O,’T]C): O'(l—(ﬁ)nh (1—¢))\nh 1 s
H(1—~7) pw
- )\’Zth X 0
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where

— ,7117¢ —lnﬁ ik ﬁ ﬁ _ln(g)
X = g ><7>+¢<1—¢)(1—77)W+¢n—h(;> o2 (1—¢) )’

is positive. Applying the rules of implicit differentiation, we obtain the derivatives needed to establish

the results of the proposition. With respect to the productivity of research the relevant derivatives are

g Q=s)oo(l—y7)pw (0 (1-9) = 5= — 1) +70 (1 - ¢) ¥
a det (Jr)

dp _  (1-a)¢((1=5)d(1—77)pw(p+Inn(1+0(—9)))
d\  det(Jp) Nn2k ’

where T = ﬁ%. The derivative of capital intensity with respect to A gives us the effect on growth

because from fy (k,ny, ¢) = 0, we know that g = o?L'=*k*~1 — § — 74, — p and therefore,

dg _ 27l—« a—de
N (1—a)a*L %k %

The sign of % is immediate. With respect to the sign of %, it will be negative if o (1 — ¢) — X% —-1<0.

Recall that we are assuming that the subsidy structure must be such that the research intensity of lagging
sectors will never be larger than the research intensity of high-tech sectors. This implied an upper bound
for y7 of 1. Thus, if y7 < 1 then ;- < 1 which implies o (1 — ¢) < 1 and consequently % is negative
and % is positive.

The derivatives with respect to o are as follows:

dny (1= 9) (152 + ) (8709 + 2)
do g ()\0 1-¢)+52 (1+0(1- ¢))) - (LPT}Z n A) zo(i=aripe
dp (1-a)¢ (teliznmies (o) 4 3) 4 X (0 (1 - ¢) (A + U522l ) 4 Gged))
do det (Jp)
d dny, d
L= Xan (1= ) + oA (1 - 9) T - U)\nhd—f.

The derivative of research intensity with respect to o is negative and % is positive. Thus, the sign of %(%

is not immediate. Nevertheless, notice that

+ i a ) ()\ 17; ) (\IJ ﬁa(1£¢) + % ) \P(llzs;t) (17;,1 +)\> U(b(l)\_rgj)pw
’I’Lh o— = w _
do v (>\O (1 - ¢) + {1—;;1] (1 +o (1 — ¢))) _ ((1_lcSh) /\) 0d(1—~7)pw

)\nh

b

is negative because

1 8
o L M g In 8 n (B)°EP ln(w)
v ¢>+nhw—ﬁ< ¢)U(1*¢)+ np <;> 0(1—¢)2_¢w(1_77-)0
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is negative. Hence, %g is also negative.
The derivative of n; with respect to 7 is negative while d%% is positive. Therefore, d{-’fk— is negative.
Let us consider now the effect of the two subsidies. The derivatives of the component functions with

respect to s, and s; are given by

—(p+ (1 +0o(1—9))Ann) 0
JF (Sh, Sl) = 0 0
(p+ (140 (1—¢)) Anp) pwy F- (p+(140(1—¢)) Anp) pwy S
- Anp, - Anp
Notice that 5)—; = —ﬁ, therefore, fll—;bﬁﬁ > 0. The derivative of ¢ with respect to s is not so immediate

but it can be shown that it is equal to
0 _ (04 0rlgnimy) (0 [ (fro0-9)+ ot

dsy, - det (JF)

np

The derivative of the growth rate with respect to this subsidy is given by

dg oA (p+ (1+ 0 (1= ¢)) ) (1— )¢
dsn ‘( det (Jr) )X’

where

(1= 0577 (WA —§) 51— 0) (1= 0)yre (A + 152
X = A — +

WO EE™)))

The first two terms are negative but the last term is positive, which implies that the sign of this derivative

will generally be ambiguous. However, the last term goes to zero as 3 approaches v while the first term
is increasing (in absolute value) in 8. Therefore, if § is “sufficiently” close to v, the whole derivative will
be negative.

Regarding the steady state effects of an increase in s;, we observe that

dny, do dg
0,— <0and —= > 0.
ds; < " ds; < Uan ds; -

The sign of the first two derivatives is immediate and the sign of the derivative of the growth rate with

respect to this subsidy is obtained from

dny, @) oApwyT (p+ (L+ 0 (1 —¢)) Anp) (1 =) ¢

dg
= 1— @) —2 _
dsi A <( 2 ds; s, kdet (J) ’

therefore, a subsidy to lagged sectors will make the economy grow faster and reduce the mass of the

lagging group. m
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B Dynamics

Proposition 8 The dynamic system under the average assumption, defined by equations (13) and (14),
presents local saddle path stability.

Proof. In order to analyze the dynamics of the system let us express equations (13) and (14) as

follows:

With this notation, we can compute the Jacobian of the system and evaluate it at the steady state. The

derivatives needed are the following:

oy (ky0) = aLl=oke " — (dnh<k>+dnl<k>)+[nh<k>+m<md§£‘”

B\ de ok BlaP
—(6+9) - k(dil—:))
pe(kc) =—1
i (k) = o(=a*(1 — )12 — 2208,
e (kye) = 0.

ny (k) and dnp (k)

The determinant of the Jacobian is equal to ¢}, (k, ¢) which is negative since d“fl(kk) = r% o and —

is positive. Recall that np(k (t)) was defined by equations (9) and (11) as

_ 11—« «@ 27 1—« a—1
k(1)) = & aﬁf{gﬁ k()" o’L E\k(t)] |

Therefore,

dnp(k(t)  (1—a)a®L k)"  o21-a) L' k)"
A —sn * By ’

is positive for every positive value of k.

Given that the determinant of the Jacobian is negative, the system presents local saddle path stability.

Proposition 9 The dynamic system formed by equations (13) and (14) under the aggregate assumption
presents local saddle path stability.

Proof. Since the equations of the system are the same as in Proposition 8, we know that the system
will be local saddle path stable if the determinant of the Jacobian is negative. The determinant is given
by

— 2 l-aga—2 dg(k)
Ui (ky€) = c(=a(1 = a) L7k = =),
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where

Y )

dnn(k (t)) de(k (1))
e R o ny, (k)

dk (2) dk (t)

Thus, if %ﬁ)ﬁ is negative, %k%%n will be positive, and 9, (k, c) will be negative as we want to prove.

The implicit function that defines ¢ as a function of k is given by (29), so let

1

Fk,¢)=(01-9) ﬁﬁ —¢ <§> o /t : Any (t) exp (/ Any, (8) ds) dt = 0.

1 t1

Then

1
dF ﬁ) o(1—0) ( 1 _1 Invy /t2 </t
— == —y =8 4 yod-¢) ————— — Ang (t) exp Anp (s)ds | dt
g (7 Faa J, rier () At
and

dF o <E> G
Y

dk
/: <dndl—k(t) exp </: Any, (s) ds) +ny () exp (/tlt A (5) ds) /tj Ad”CflL_k(s)d5> i

Since d%gfg D and dng,g?t()t)) are both positive, fli—i is negative, and so is % which implies that d‘ggf((tg)) as

given by
do(k (1) 4
dk (t) %’

is negative. Consequently, ¥, (k, c) is negative. m
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