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4 Lqwurgxfwlrq

Wkh odvw 53 |hduv kdyh ehhq fkdudfwhul}hg e| d vwhdg| lqfuhdvh ri furvv0frxqwu|

fdslwdo prelolw|1 � Krzhyhu/ lq wkh vdph shulrg/ d jurzlqj qxpehu ri �qdqfldo

fulvhv klw frxqwulhv zlwk rshq �qdqfldo pdunhwv1
�

Iru wklv uhdvrq lw kdv ehhq

dujxhg wkdw �qdqfldo olehudol}dwlrq dqg rshqlqj wkh fdslwdo dffrxqw lqfuhdvh wkh

yxoqhudelolw| ri d frxqwu| wr d fulvlv1

Krzhyhu/ wklv vhhpv dw rggv zlwk wkh dujxphqw wkdw d pruh joredol}hg �qdq0

fldo pdunhw/ udlvlqj wkh rssruwxqlw| ri ulvn vkdulqj/ vkrxog lqfuhdvh wkh vwdelolw|

ri hdfk frxqwu|1

Lq wklv sdshu zh vkrz wkdw wklv frqwudglfwlrq lv rqo| dssduhqw/ dqg wkh kljkhu

iudjlolw| ri wkh �qdqfldo v|vwhp lv d qdwxudo e|0surgxfw ri wkh ehwwhu sruwirolr

lqvxudqfh doorzhg e| lqwhuqdwlrqdo ulvn vkdulqj1

Zh prgho wkh uroh ri wkh edqn/ exloglqj khdylo| rq wkh fhoheudwhg prgho

ri Gldprqg dqg G|eylj +4<;6, +khqfhiruwk GG,/ zkhuh edqnv lqyhvw lq orqj

uxq dvvhwv dqg lqvxuh lqglylgxdov djdlqvw wkh ulvn ri looltxlglw|/ jlylqj wkhp wkh

srvvlelolw| ri oltxlgdwlqj wkhlu lqyhvwphqwv dw d orzhu frvw1 Zh h{whqg wkh GG

prgho wr frsh zlwk xqfhuwdlqw| ri dvvhw uhwxuq1

Zh vkrz wkdw wkh edqn idfhv wkh wudgh0r� ehwzhhq lqvxulqj lqglylgxdov djdlqvw

wkh ulvn ri looltxlglw| dqg wkh sruwirolr ulvn1 Lq dq rshq hfrqrp|/ d edqn fdq glyhu0

vli| dzd| sduw ri wkh sruwirolr ulvn dqg lw fdq dvvxuh d kljkhu ohyho ri frqvxpswlrq

wr wkh lqglylgxdov klw e| d vkrfn ri looltxlglw| wkdq lw fdq lq d uhjlph ri dxwdufk|1

Lq sudfwlfh d edqn dfklhyhv wklv uhvxow e| udlvlqj wkh vkruw0whup lqwhuhvw udwh1

Wkh zhoiduh ri hdfk lqglylgxdo lqfuhdvhv ehfdxvh wkh ohyho ri lqglylgxdov* lq0

vxudqfh lv kljkhu/ exw wkh �qdqfldo v|vwhp ehfrphv pruh iudjloh lq wkh vhqvh wkdw

wkh ghsrvlw0uhvhuyh udwlr ri hyhu| edqn ehfrphv kljkhu1 Dv d uhvxow/ wkh edqn0

lqj v|vwhp lq dq rshq hfrqrp| fdq eh gulyhq wr d jhqhudol}hg edqn uxq e| dq

h{rjhqrxv vkrfn vpdoohu lq lwv pdjqlwxgh wkdq wkh rqh zklfk fdq ghvwdelol}h dq
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dxwdufklf hfrqrp|1

Wklv �qglqj lv frqvlvwhqw zlwk Vwljolw}*v +4<<;, revhuydwlrq=

�Zh dujxh wkdw wkh hylghqfh lv frqvlvwhqw zlwk wkh eholhi wkdw odujh

vkruw0whup ghew h{srvxuh pdgh wkh Hdvw Dvldq frxqwulhv yxoqhudeoh

wr d vxgghq zlwkgudzdo ri frq�ghqfh�1

Pruhryhu/ Ghplujxê0Nxqw dqg Ghwudjldfkh +4<<;, �qg wkdw kljk lqwhuhvw udwhv

duh dvvrfldwhg zlwk edqnlqj fulvhv1

Wklv lqfuhdvhg iudjlolw| kdv d gluhfw frqvhtxhqfh lq whupv ri hfrqrplf srolf|1

Lw lv zhoo nqrzq wkdw jryhuqphqwv fdq dyrlg wkh edqn uxq htxloleulxp zlwk d

ghsrvlw lqvxudqfh/ surylghg wkdw lw lv iuhh wr lpsrvh d vx!flhqwo| kljk wd{ rq wkh

djhqwv zkr zlwkgudz �hduo|�1 Dowhuqdwlyho|/ d fhqwudo edqn fdq kdyh wkh vdph

h�hfw e| fuhdwlqj prqh|1

Zh vkrz wkdw/ lq dq rshq hfrqrp|/ wkh jryhuqphqw pxvw eh deoh wr ohy| kljkhu

wd{hv ru wr fuhdwh pruh lq dwlrq wkdq lq dq dxwdufklf hfrqrp| lq rughu wr dyrlg

wkh edqn uxq1 Rq wkh rwkhu kdqg/ d kljk ohyho ri wd{hv ru lq dwlrq fdq eh yhu|

gdpdjlqj iru wkh hfrqrp| dqg fdq uhgxfh zhoiduh hyhq pruh wkdq d �qdqfldo

fulvlv1 Li wklv lv wkh fdvh ri dq hfrqrp| diwhu rshqlqj wr wkh iruhljq �qdqfldo

pdunhwv/ wkh jryhuqphqw*v ghsrvlw lqvxudqfh ehfrphv qrw fuhgleoh1 Lq wkdw fdvh

wkh lqwhuyhqwlrq ri d vxsudqdwlrqdo djhqf| wkdw vxssolhv dgglwlrqdo lqvxudqfh pd|

eh qhfhvvdu|1

Lq wkh vhfrqg sduw ri wkh sdshu zh lqwurgxfh wkh h{0dqwh vkrfn h{shfwdwlrqv>

zh vhh wkdw lqglylgxdov lq pdnlqj wkhlu fkrlfh/ ehvlghv wkh ulvn ri looltxlglw| dqg

wkh dvvhw ulvn/ idfh d wklug vrxufh ri xqfhuwdlqw|= wkh ulvn ri edqn uxq1 Doo deryh

uhvxowv duh urexvw wr wklv h{whqvlrq1 Ixuwkhupruh/ zh vkrz wkdw/ ehvlghv wkh ohyho

ri ulvn vkdulqj/ dovr wkh h{0dqwh vkrfn h{shfwdwlrqv sod| dq lpsruwdqw uroh lq

udlvlqj wkh �qdqfldo iudjlolw|> wkh kljkhu wkh eholhi lq wkh suredelolw| ri d vkrfn/

wkh orzhu wkh iudjlolw| ri wkh edqnlqj v|vwhp1 Pruhryhu/ zh vhh wkdw wkh h�hfw ri

rshqlqj wkh �qdqfldo pdunhw lqfuhdvhv wkh iudjlolw| ri wkh v|vwhp pruh zkhq wkh

vkrfn h{shfwdwlrqv duh orz1

Wklv vhhpv frqvlvwhqw zlwk wkh idfw wkdw wkh odvw fulvhv zhuh doo odujho| xqh{0

shfwhg1 Wkh h{0dqwh suredelolwlhv ri wkh fulvhv lq Wkdlodqg/ Pdod|vld dqg Lqgrqh0

vld kdyh ehhq hvwlpdwhg ehwzhhq 6 dqg 9 shufhqw +vhh Vwljolw} 4<<;,/ dqg Vdfkv/
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Wruqhoo dqg Yhodvfr +4<<9, surylgh hylghqfh wkdw wkh Ph{lfdq fulvlv lq 4<<7 zdv

qrw dqwlflsdwhg1

Ilqdoo|/ zh dqdo|}h wkh uhodwlrq ehwzhhq ulvn dyhuvlrq dqg iudjlolw| ri wkh edqn0

lqj v|vwhp1 Zh vkrz wkdw lqglylgxdo ulvn dyhuvlrq kdv d udwkhu frxqwhulqwxlwlyh

lpsdfw rq wkh iudjlolw| ri wkh edqnv1 Li h{0dqwh/ lqglylgxdov wu| wr plqlpl}h wkh

ulvn ri d edqn uxq zkhq wkh| duh pruh ulvn dyhuvh/ udlvlqj wkh vrxqgqhvv ri wkh

�qdqfldo v|vwhpv> diwhu wkh vkrfn wkh| whqg wr uxq wr wkh frxqwhu ehiruh/ zkhq

ulvn dyhuvlrq lv kljk1 Iru wkhvh uhdvrqv/ lq pdq| fdvhv/ ulvn dyhuvlrq dfwxdoo|

lqfuhdvhv wkh iudjlolw| ri wkh v|vwhp1 Wkhuhiruh/ zh dujxh wkdw diwhu wkh vkrfn

kljk ulvn dyhuvlrq ehfrphv �kljk surshqvlw| wr sdqlf�1

Wkh kljk qxpehu ri fulvhv iurp 4<<7 rqzdugv/ dqg lq sduwlfxodu wkh rqhv lq

Vrxwk Hdvw Dvld/ vwlpxodwhg d qhz jhqhudwlrq ri prghov +wkh vr0fdoohg 6ug jhq0

hudwlrq,1 Djklrq/ Edfkhwwd dqg Edqhumhh +4<<<, dqg Nuxjpdq +4<<<, hpskdvl}h

wkh h�hfw ri d vkrfn ohdglqj wr dq xqh{shfwhg ghydoxdwlrq rq d �up*v sur�wdelolw|1

Ilupv kdyh pdq| oldelolwlhv lq iruhljq fxuuhqf|/ wkhuhiruh d vxgghq ghydoxdwlrq

qhjdwlyho| d�hfwv wkhlu edodqfh vkhhwv1 Wklv h�hfw sursdjdwhv wkh lqlwldo vkrfn

wkurxjkrxw wkh hfrqrp|1

Wkhuh lv qr grxew wkdw wkh deryh hohphqwv duh doo suhvhqw lq pdq| ri wkh

uhfhqw fulvhv/ dqg hvshfldoo| lq Vrxwk Hdvw Dvld/ krzhyhu/ d frpsdulvrq ehwzhhq

Eud}lo dqg Dujhqwlqd vkrzv wkdw wklv pljkw qrw eh wkh zkroh vwru|1 Eud}lo zdv

hyhq pruh h{srvhg wkdq Dujhqwlqd wr iruhljq qrplqdwhg ghew � > wkhuhiruh/ Eud}lo*v
ghflvlrq wr dedqgrq wkh sdulw| zlwk wkh groodu vkrxog kdyh eurxjkw wkh frxqwu|

wr d �qdqfldo fulvlv pruh vr wkdq lq Dujhqwlqd/ zkhuh wkh fhqwudo edqn wulhg wr

ghihqg wkh �{hg shj zlwk wkh groodu xqwlo pxfk orqjhu1 Lqvwhdg/ d pruh vhulrxv

fulvlv kdsshqhg lq Dujhqwlqd/ dqg pdq| eodph wkh ghflvlrq wr nhhs wkh �{hg shj

dv wkh pdlq fdxvh ri lwv �qdqfldo glvwuhvv1

Wkh prgho zklfk lv forvhvw wr wkh suhvhqw lv wkdw ri Fkdqj dqg Yhodvfr +4<<;,/

zkr h{whqg wkh GG iudphzrun wr frqvlghu dq h{rjhqrxv iruhljq lq rz ri fdsl0

wdov1 Wkh| vkrz wkdw wklv lqfuhdvhv wkh iudjlolw| ri wkh edqnlqj v|vwhp ehfdxvh

lw ehfrphv yxoqhudeoh wr wkh uhixvdo ri iruhljq fuhglwruv wr uroo ryhu wkh vkruw0

whupv ordqv1 Lq wkh suhvhqw prgho/ zh lqwurgxfh wkh dvvhw ulvn dqg zh ghulyh

hqgrjhqrxvo| wkh ghpdqg ri iruhljq ixqgv +wr glyhuvli| wkh edqn sruwirolr,1 Zh
� � � � � � � � � 	 
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vkrz wkdw wkh �qdqfldo v|vwhp lv pruh iudjloh zkhq wkh pdunhwv duh rshq/ lq0

ghshqghqwo| iurp wkh iruhljq lqyhvwruv* ghflvlrq1 Ixuwkhupruh/ qhlwkhu Fkdqj

dqg Yhodvfr qru wkh ruljlqdo prgho ri Gldprqg dqg G|eylj h{solflwo| wdnh lqwr

dffrxqw wkh h{0dqwh vkrfn h{shfwdwlrqv1

Wklv sdshu lv rujdql}hg dv iroorzv= Lq wkh qh{w vhfwlrq/ zh suhvhqw wkh hfr0

qrplf hqylurqphqw1 Lq wkh wklug vhfwlrq/ zh dqdo|}h wkh gl�huhqw htxloleuld xqghu

wkh vlpsoli|lqj dvvxpswlrq wkdw wkh vkrfn lv frpsohwho| xqh{shfwhg/ dqg zh frp0

sduh wkh uhjlph ri dxwdufk| dqg wkh uhjlph ri rshq hfrqrp|1 Wkh irxuwk vhfwlrq

lv ghglfdwhg wr wkh lpsolfdwlrq iru wkh hfrqrplf srolf| ri rshqlqj wkh hfrqrp| wr

wkh lqwhuqdwlrqdo �qdqfldo pdunhwv1 Lq wkh �iwk vhfwlrq zh h{whqg wkh prgho wr

frqvlghu wkh vkrfn h{shfwdwlrqv1 Wkh odvw vhfwlrq r�huv vrph frqfoxglqj uhpdunv1

5 Wkh wkhruhwlfdo iudphzrun

Lq wklv vhfwlrq zh suhvhqw d prgho zkhuh djhqwv xvh edqnv wr wudqvirup wkh

oltxlglw| vwuxfwxuh ri lqyhvwphqwv dorqj wkh olqh ri wkh zhoo nqrzq prgho ri GG1

Lq wklv iudphzrun/ zh lqwurgxfh xqfhuwdlqw| lq wkh dvvhw uhwxuqv zklfk zh vxssrvh

sduwldoo| qhjdwlyho| fruuhodwhg ehwzhhq frxqwulhv1 Wkhuhiruh/ lq dq rshq hfrqrp|/

d edqn lq rqh frxqwu| kdv wkh rswlrq ri ex|lqj dvvhwv lq dqrwkhu frxqwu|/ lq rughu

lqvxuh lwv sruwirolr djdlqvw wkh frxqwu| lglrv|qfudwlf ulvn1

514 Wkh edvlf prgho

Wkhuh duh 5 frxqwulhv= Krph dqg Iruhljq frxqwu|1 Lq erwk ri wkhp d rqh xqlw

lqyhvwphqw |lhogv=

�- '

+

- zlwk suredelolw| R

� zlwk suredelolw| � � R
c +4,

zlwk - : �1

Wkh �qdo rxwfrph lq wkh 5 frxqwulhv ghshqgv rq d frpprq vkrfn dqg rq d

vkrfn dw frxqwu|0ohyho/ zklfk lv lqyhuvho| fruuhodwhg lq wkh wzr frxqwulhv1 Ohw

wkh suredelolw| ri wkh frpprq vkrfn eh R � � � / lq wkdw zd| zh kdyh/ iru wkh irxu

uhvxowlqj vwdwhv ri wkh zruog/ wkh iroorzlqj suredelolw| glvwulexwlrq=
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Wdeoh 4= Suredelolw| glvwulexwlrq ri wkh vwdwhv ri wkh zruog

Frxqwulhv M

8

Uhyhqxhv - �

- R � � � R � R � � �
� R � R � � � � � 2R n R � � �

zlwk 2R � � � R � � � � R� Zh kdyh 7 vwdwhv ri wkh zruog ghshqglqj rq wkh

frxqwu|*v dvvhw rxwfrph1 Zh zloo lqglfdwh wkhvh vwdwhv ri wkh zruog zlwk wkh

frxsoh E�c �� 5 i�c -j / zkhuh � uhsuhvhqwv wkh rxwfrph lq wkh krph frxqwu| dqg

� lq wkh iruhljq frxqwu|1

Zh fdq glvwlqjxlvk 5 h{wuhph fdvhv=

� R 	 
 � ' �@%dfc �� 2Ro> wkh ohyho ri qhjdwlyh fruuhodwlrq lv pd{lpdo dqg wkh

srvvlelolw| ri ulvn vkdulqj lv pd{lpdo1

� R �  � ' R> wkh| duh shuihfwo| srvlwlyho| fruuhodwhg/ wkhuh lv qr srvvlelolw| ri

ulvn vkdulqj1 Lq wklv fdvh djhqwv idfh h{dfwo| wkh vdph hfrqrplf hqylurqphqw

lq dq dxwdufk| dv lq dq rshq hfrqrp|1

Hyhu| dvvhw qhhgv wzr shulrgv wr |lhog wkh h{shfwhg uhyhqxh �-/ li wkh| duh

oltxlgdwhg diwhu wkh �uvw shulrg wkh| |lhog qr uhyhqxh/ dqg rqo| wkh lqlwldo fdslwdo

fdq eh uhfryhuhg1
�

Wkhuhiruh/ hyhu| dvvhw kdv wkh iroorzlqj whpsrudo uhyhqxh

vwuxfwxuh=

| ' f | ' � | ' 2

��
( f

) �

�$ �-

�$ f

� +5,

Wklv vwuxfwxuh fdswxuhv wkh lghd wkdw orqj uxq lqyhvwphqwv duh qrw oltxlg1

Oltxlgdwlqj dvvhwv ehiruh wkh pdwxulw| lpsolhv wkh frvw ri orrvlqj rqh shulrg

uhyhqxh1 Ilqdoo|/ zh vxssrvh wkdw wkh wrwdo lqyhvwphqw fdq eh duelwudulo| glylghg

dqg d sruwlrq ri lw fdq eh oltxlgdwhg dw qr frvw1
� � � � � � � � � � � � � � � � � � � � � � � � � � �  � � � � ! � � � � � � � � � � � � � � � � � � � � � � � � � � ! � � � � � � " � # � � � � $ � � � %

� & � � � � '
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Wkh uhvw ri wkh prgho lv vlplodu wr Gldprqg dqg G|eylj1 Zh frqvlghu hdfk

frxqwu| srsxodwhg zlwk d frqwlqxxp ri djhqwv zlwk pdvv 41 Wkhuh lv d vlqjoh

jrrg wkdw fdq eh frqvxphg dqg lqyhvwhg1 Hyhu| djhqw rzqv d xqlw ri hqgrzphqw

dw | ' f dqg olyhv iru wkuhh shulrgv1 Wkh| fdq frqvxph rqo| lq wkh vhfrqg dqg

wklug shulrg1

Li dq lqglylgxdo lv klw e| dq looltxlglw| vkrfn lq | ' �/ vkh ehfrphv �lpsdwlhqw�/

dqg zdqwv wr frqvxph doo khu zhdowk e| | ' �1 Rwkhuzlvh vkh lv �sdwlhqw� dqg

suhihuv wr frqvxph lq | ' 2> vlqfh wkh prqh| grhv qrw ghydoxdwh/ d sdwlhqw

lqglylgxdo fdq zlwkgudz dw | ' � dqg frqvxph dw | ' 2� Dw wlph fc hyhu|

lqglylgxdo ljqruhv khu rzq w|sh exw vkh nqrzv wkdw vkh zloo eh lpsdwlhqw zlwk

suredelolw| 7b 1

Wkhuhiruh/ wkh h{shfwhg xwlolw| ixqfwlrq iru doo lqglylgxdov dw wlph f lv=

.ELES � c S � �� ' 7b�ES � � n E� � 7b�.E�ES � � m Rc R � � � �c +6,

zlwk wkh xvxdo dvvxpswlrqv �
�
ES� : f dqg �

� �
ES� 	 f1

Lq wkh devhqfh ri d edqn/ lqglylgxdov lqyhvw dw wlph 3 doo wkhlu lqlwldo hqgrz0

phqwv lqghshqghqwo| iurp wkhlu suhihuhqfhv1 Lqghhg/ lqglylgxdov dozd|v uhfryhu/

dw ohdvw/ wkhlu lqlwldo fdslwdo= wklv kdsshqv hlwkhu zkhq wkh| oltxlgdwh wkhlu lq0

yhvwphqw dw | ' �c jlyhq wkh sd|r�v vwuxfwxuh +5,/ ru zkhq wkh| gr qrw oltxlgdwh

wkh dvvhwv exw wkh| |lhog 4 dw | ' 2c jlyhq wkh dvvhw uhyhqxh vwuxfwxuh +4,1

Dffruglqjo|/ wkh fkrlfh ehwzhhq frqvxplqj lq wkh vkruw ru lq wkh orqj uxq +l1h1

wkh fkrlfh ehwzhhq frqwlqxlqj ru oltxlgdwlqj wkh lqyhvwphqw, lv pdgh dw wlph �1

Pruhryhu/ zh fdq qrwlfh wkdw wkhuh lv qrw dvvhw wudgh dw wlph 4/ jlyhq wkdw sdwlhqw

lqglylgxdov zkr zrxog olnh wr kdyh pruh dvvhwv fdqqrw ex| wkhp ehfdxvh wkh|

kdyh douhdg| lqyhvwhg doo wkhlu zhdowk dw wlph 31

Wkhuhiruh/ zlwkrxw d edqnlqj v|vwhp/ doo lqglylgxdov kdyh wkh iroorzlqj sdw0

whuq ri frqvxpswlrq dfurvv vwdwhv ri qdwxuh=

S � ' � dqg S 	 ' f li lpsdwlhqw

S � ' f dqg S

 �
' �-

�  �
li sdwlhqw

zkhuh �-
� � �

uhsuhvhqwv wkh uhyhqxh ri wkh sruwirolr ghwhuplqhg e| pl{lqj Krph

dqg Iruhljq dvvhwv li wkh hfrqrp| lv rshq/ zkloh lq dxwdufk| lw lv vlpso| �-1

:



515 Wkh edqn

Iroorzlqj GG/ d edqn fdq lqfuhdvh wkh xwlolw| ri lqglylgxdov dqg dfklhyh wkh

�uvw ehvw htxloleulxp/ ehfdxvh lw fdq shuihfwo| lqvxuh wkhp djdlqvw wkh looltxlglw|

vkrfn1 Lq wklv vhfwlrq/ zh lqwurgxfh wkh edqn/ zklfk kdv wkh grxeoh wdvn ri

pdqdjlqj wkh dvvhw sruwirolr/ ehvlghv lqvxulqj lqglylgxdov djdlqvw wkh looltxlglw|

ulvn olnh lq wkh GG prgho1

Hdfk lqglylgxdo kdv d suredelolw| 7b ri ehlqj klw e| wkh looltxlglw| vkrfn1 Frq0

vhtxhqwo|/ wkhuh lv d phdvxuh 7b ri lpsdwlhqw lqglylgxdov dw wlph 41 Zh uhfdoo wkdw

oltxlgdwlqj wkh dvvhw ehiruh lwv pdwxulw| lv frvwo|/ wkhuhiruh lqglylgxdov/ zkr duh

ulvn dyhuvh/ zrxog ehqh�w iurp dq lqvxudqfh djdlqvw wkh looltxlglw| ulvn1 Qhyhu0

wkhohvv/ wkh w|sh ri lqglylgxdov lv qrw revhuydeoh dqg d vshfl�f lqvxudqfh frqwudfw

frqwlqjhqw rq wklv hyhqw fdqqrw eh zulwwhq1

D edqn zlwk d ghsrvlw frqwudfw fdq vwloo surylgh wkh �uvw ehvw ohyho ri lqvxu0

dqfh wr lqglylgxdov/ e| xvlqj wkh iroorzlqj frqwudfw= lqglylgxdov dffhsw wr vljq d

frqwudfw zlwk wkh edqn/ vxuuhqghulqj wr lw doo wkhlu hqgrzphqwv> wkh edqn lqyhvwv

doo wkh zhdowk lq d ulvn| sruwirolr/ dqg lw frpplwv wr jlyh edfn wr wkh lqglylgxdov

dq dprxqw S � li wkh| zlwkgudz wkhlu ghsrvlw dw wlph 4/ dqg dq h{shfwhg dprxqw

S
� �
dw wlph 51

Wkh edqn fdq dozd|v revhuyh zkhwkhu wkh lqglylgxdov zlwkguhz dw wlph � dqg

lq wklv fdvh fdq uhixvh d vhfrqg zlwkgudzdo1 Pruhryhu/ li �qdqfldo pdunhwv duh

rshq/ wkh edqn fdq vhohfw dq rswlpdo dvvhw sruwirolr e| sduw ri lwv ghsrvlw/ vd| dq

dprxqw Kc lq iruhljq dvvhwv1

Wkh remhfwlyh ri wkh edqn lv wr pd{lpl}h wkh zhoiduh ri hyhu| lqglylgxdo1 Dowhu0

qdwlyho|/ zh fdq lpdjlqh wkdw d odujh qxpehu ri edqnv duh lq shuihfw frpshwlwlrq

zlwk 3 sur�w1
�

D edqn lv vxemhfw wr wkh iroorzlqj frqvwudlqwv=
� � � � � 	 
 � �  � � � � � �  � � � � � � � � � � � �  � � � � � � � � � � � � � � � � � � � � � �  � � � ! � "  # �   � � � � � # � � 

 � � � � � � � $ � � % # � � � �  � $ � � � � �   � � � % � � � � � #  � �  � � � # �  � � � �  � � � � � #  � �  � � � � # � � � � �

;



4S � � � +7,

E� � 4�S
� � �
� � E� � 4S � �- +8,

E� � 4�S
� � �� � E� � 4S � � K�- n K +9,

E� � 4�S
� � �

� � E� � 4S � � K� n K- +:,

E� � 4�S
� � �� � � � 4S � +;,

.E�ES � �� � �ES � � +<,

Zkhuh 4 lv wkh qxpehu ri lqglylgxdov zlwkgudzlqj wkhlu ghsrvlw dw wlph 4/ dqg

wkh vxshuvfulswv ryhu S � lqglfdwh wkh gl�huhqw vwdwhv ri wkh zruog lq wdeoh 41

Frqvwudlqw +7, lv wkh exgjhw frqvwudlqw dw shulrg 4/ zkhuhdv +8,0+;, uhsuhvhqw

wkh exgjhw frqvwudlqwv lq hdfk shulrg05 vwdwhv ri wkh zruog1
�
Ilqdoo| +<, lv wkh

xvxdo LF frqvwudlqw iru sdwlhqw lqglylgxdov/ zklfk hqvxuhv wkdw dq lqglylgxdo lv

zloolqj wr uhyhdo klv w|sh1 Zkhq wklv frqvwudlqw lv ylrodwhg/ doo sdwlhqw lqglylgxdov

fodlp wr eh lpsdwlhqw dw wlph 4/ zlwkgudz S � c dqg frqvxph lw dw wlph 51 Fohduo|/

lpsdwlhqw w|shv dozd|v kdyh dq lqfhqwlyh wr ghfoduh wkhlu wuxh w|sh/ jlyhq wkdw

wkh| ghulyh qr xwlolw| iurp frqvxplqj dw wlph 51

Frqvwudlqw +7, dozd|v krogv vwulfwo|/ rwkhuzlvh doo lqyhvwphqwv duh oltxlgdwhg

dw wlph 4/ dqg S 	 ' f/ wklv fdqqrw eh rswlpdo jlyhq wkh frqfdylw| ri wkh xwlolw|

ixqfwlrq +6,1 Vlploduo|/ frqvwudlqwv +8, 0 +;, pxvw elqg li wkh edqnv duh lq shuihfw

frpshwlwlrq dqg pdnh 3 sur�w dqg hdfk ri wkhppd{lpl}hv wkh lqglylgxdov* xwlolw|1

Dffruglqjo|/ wkh frqvxpswlrq ri d sdwlhqw lqglylgxdo lq hdfk vwdwh ri wkh zruog

lv jlyhq e|=

S

 � 

	 E4� '

E� � 4S � �-
� � 4

+43,

S

 � �
	 E4� '

E� � 4S � �- n K

� � 4
+44,

S
� � 


	 E4� '
E� � 4S � � K� n K-

� � 4
+45,

S
� � �

	 E4� '
E� � 4S � �
� � 4

+46,

�  � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� �  � � � ! " # � � � � � � � � � � � � � � � � �  � � � � � � � � � � � � $ � � � � � � � � � � � � � � � � � � � � � � ! � � � � � %  � � � �  � � � "
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6 Htxloleuld

Zh zloo qrz surfhhg dv lw iroorzv1 Zh frpsxwh wkh �uvw ehvw h!flhqw htxloleulxp/

zkhuh wkh edqn pd{lpl}hv wkh lqglylgxdo xwlolw| ixqfwlrq +6,1 Diwhu/ zh vkrz wkdw

wkh h!flhqw htxloleulxp lv qrw wkh rqo| rqh/ exw d jhqhudol}hg edqn uxq/ zkhuh

hyhu|erg| ghflghv wr zlwkgudz dw wlph 4 khu ghsrvlw/ lv dq htxloleulxp dv zhoo1

Dw wklv srlqw/ lw lv srvvleoh wr remhfw wkdw lq wkh edqn rswlpl}dwlrq sureohp zh

pdgh wkh lpsolflw dvvxpswlrq wkdw wkh edqn uxq htxloleulxp lv ixoo| xqh{shfwhg

e| djhqwv dw wlph 41 Dffruglqjo|/ lq wkh odvw vhfwlrq zh h{whqg wkh prgho wr

frqvlghu dq h{shfwhg vkrfn zlwk d jlyhq suredelolw| glvwulexwlrq rq lwv lqwhqvlw|1

Lq jhqhudo/ zh zloo revhuyh wkdw wkh uhvxowv ri wklv vhfwlrq vwloo krog zkhq zh

frqvlghu wkh vkrfn h{shfwdwlrqv1

614 H!flhqw Htxloleulxp

Dq htxloleulxp lv gh�qhg e| wkh pdvv ri lqglylgxdov zkr zlwkgudz dw wlph 4

4 � dqg e| wkh edqn*v rswlpdo fkrlfhv S � � dqg K � 1 Lq rughu wr ghwhuplqh wkh h!0

flhqw htxloleulxp/ zh ehjlq zlwk wkh frqmhfwxuh wkdw rqo| lpsdwlhqw lqglylgxdov

zlwkgudz dw wlph 4/ vr wkdw 4 � ' 7bc dqg zh ghwhuplqh wkh rswlpdo ohyho ri S �

dqg K� Ilqdoo| zh vkrz wkdw wklv lv dq htxloleulxp/ zkhuh wkh LF frqvwudlqw +<,

krogv1 Qrwh/ krzhyhu/ wkdw vxfk dq htxloleulxp uholhv rq wkh h{shfwdwlrq e| hdfk

ghsrvlwru wkdw wklv vwudwhj| lv dgrswhg e| doo sdwlhqw lqglylgxdov/ zh zloo uhod{

wklv dvvxpswlrq lq wkh odvw vhfwlrq1

Lq rughu wr vlpsoli| wkh dqdo|vlv dqg ghulyh d forvh vroxwlrq/ zh dvvxph wkdw

�E�� lv d FUUD xwlolw| ixqfwlrq=

S
� � �

� � j
� +47,

Vxevwlwxwlqj 4 zlwk 7b dqg +43,0+46, lqwr wkh xwlolw| +6, dqg xvlqj wkh ixqfwlrqdo

irup +47,/ zh �qg wkdw wkh uhvxowlqj h{suhvvlrq lv pd{lpl}hg iru=

K
�
'

+ � � � 	
 � �  �
� iru 2R � � � R � � � 	 R

5 Efc �� R � � � ' R
c +48,

43



zkhq R � � � ' R wkhuh lv qrw glvwlqfwlrq ehwzhhq krph dqg iruhljq lqyhvwphqw/ dqg

S
� �
'

�

b n E� � b��ER � � � c -c j�
�	 � +49,

zlwk= �ER 
 � � c -c j� � � n R  � �
�

E� n -
� � �

� � 2
� � � �

�
� � � � �

� 2
�

� �
� � � �

�
�

� � � �

R�

Lw lv srvvleoh wr vkrz +vhh wkh Dsshqgl{, wkdw h{suhvvlrqv +48, dqg +49, duh wkh

rswlpdo edqn fkrlfh ehfdxvh wkh LF frqvwudlqw .E�ES
 � �� : �ES

 � � lv dozd|v vdwlv�hg
iru wkhvh ydoxhv1 Wklv vkrzv wkdw wkh ghsrvlw frqwudfw lv dozd|v frpsdwleoh zlwk

wkh wuxwk0whoolqj frqvwudlqw li 4 ' b= d edqn fdq vwlsxodwh d ghpdqg ghsrvlw

frqwudfw e| zklfk lqglylgxdov fdq zlwkgudz dw wkhlu glvfuhwlrq hlwkhu S
 � dw wlph

� ru S
!  � dw wlph 51 Rq wkh rwkhu kdqg/ wkh edqn fdq frpplw wr ixo�oo wkh uhtxhvwv

ri doo ghsrvlwruv xqwlo doo lqyhvwphqwv kdyh ehhq oltxlgdwhg1

Dffruglqjo|/ iurp +49, zh revhuyh wkdw zkhq wkh frh!flhqw ri ulvn dyhuvlrq

j : � +4:,

wkhq S
 � � �1

"

Wklv lpsolhv wkdw lqglylgxdov zdqw wr lqvxuh wkhpvhoyhv djdlqvw wkh qhhg ri

oltxlglw| dw wlph 4 rqo| li wkh| duh vx!flhqwo| ulvn dyhuvh +uhfdoo wkdw zlwkrxw

edqnv zh kdyh S # ' �,1 Vlqfh zh duh lqwhuhvwhg lq hfrqrplhv zkhuh edqnv sod|

wklv uroh zh irfxv/ iurp qrz rq/ rq wkh fdvh zkhuh +4:, lv dozd|v wuxh1

Iurp h{suhvvlrq +49,/ zh kdyh=

Sursrvlwlrq 4 l, Li R $ % & : 4@ d2R � �c fo wkhq olp ' ( ) S
* +
' �> ll, li R , - . '

4@ d2R � �c fo wkhq olp / 0 1 S
2 3

: ��

Surri1 Vhh wkh dsshqgl{1

Zkhq R 4 5 6 : 2R � � wkh vwdwh ri zruog E�c ��/ zkhuh wkhuh lv qr uhwxuq rq

lqyhvwphqw/ lv dozd|v srvvleoh1 Wkhuhiruh wklv sursrvlwlrq vwdwhv wkdw zkhq wkhuh

lv d srvvlelolw| wkdw dw wlph 5 wkhuh duh qr uhyhqxh/ yhu| ulvn dyhuvh lqglylgxdov
7 8 9 : 9 ; < 9 : = : > ? : @ A : B = : C : D E : F A A ; G : H I 9 F J A K L L ? ? L J ; A : : M N O P Q R S P T N U N V N U R W X Y Z R S R S N

Q [ \ N ] [ S \ [ V [ \ ^ _ U Q ` _ S P P R Q _ V N a R b N _ P P [ a N c Q R P T _ P P T N [ b b N V N S ^ N _ P P [ a N d ` [ U U e N T [ f T N b g R S
P T N R P T N b Q [ \ N P T N h \ R S R P ` _ S P P R e N _ b P T N b [ Q i R W U R ` O R S Q ^ a j P [ R S _ P P [ a N c k l T N j b N V _ [ U [ S f
N M N O P \ N j N S \ Q R S P T N U N V N U R W b [ Q i _ V N b Q [ R S k m S P T N O _ Q N R W _ n o o p ^ P [ U [ P h W ^ S O P [ R S P T N Q N O R S \
N M N O P j b N V _ [ U W R b ` T N S q r s t u v w x y z {
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suhihu qrw wr lqvxuh djdlqvw wkh oltxlglw| ulvn1 Li wkh| duh lpsdwlhqw wkh| rewdlq

d orz ohyho ri zhdowk exw li wkh vwdwh E�c �� kdsshqv/ wkh| zrxog rewdlq dq hyhq

orzhu dprxqw li wkh| fkrvh dq kljkhu ohyho ri looltxlglw| lqvxudqfh1 D kljko| ulvn

dyhuvh lqglylgxdo grhv qrw zdqw wr ehdu wklv ulvn/ hyhq li wkh suredelolw| ri d edg

vwdwh ri qdwxuh lv orz1

Wklv lv judsklfdoo| looxvwudwhg lq �jxuh 4= wkh ehkdylru ri S � � zkhq R � � � :

4@ d2R � �c fo +vrolg olqhv, xqghuolqhv d wudgh0r� ehwzhhq wkh wzr ulvnv hyhu|

lqglylgxdo idfhv= wkh ulvn ri oltxlglw| dqg wkh dvvhw ulvn1 Zlwk d vx!flhqwo| kljk

ohyho ri ulvn dyhuvlrq lqglylgxdov gr qrw zdqw wr ehdu wkh ulvn ri d orz ohyho ri

frqvxpswlrq lq wkh vwdwh E�c ��1 Iru wkhvh uhdvrqv dv j jurzv/ S � $ � G lqglylgxdov

whqg qrw wr jhw lqvxuhg djdlqvw wkh ulvn ri oltxlglw|1

Zkhq R � � � ' 4@ d2R � �c fo wkh lqwhuqdwlrqdo �qdqfldo pdunhw doorzv d frp0

sohwh lqvxudqfh djdlqvw wkh dvvhw ulvn1 Wkh ohyho ri S
� 	
c lq wklv fdvh uhsuhvhqwhg e|

wkh gdvkhg olqh lq �jxuh 4/ lv dozd|v lqfuhdvlqj lq j G lq dq rshq pdunhw zlwk ixoo

lqvxudqfh djdlqvw wkh dvvhw ulvn/ lqglylgxdov rqo| idfh wkh ulvn ri looltxlglw| +l1h1

ehlqj dq lpsdwlhqw w|sh,1 Wkhuhiruh/ wkh pruh ulvn dyhuvh lqglylgxdov duh/ wkh

pruh wkh| zdqw wr jhw lqvxuhg djdlqvw wkh hyhqw ri ehlqj lpsdwlhqw/ fkrrvlqj d

kljkhu frqvxpswlrq lq wkh �uvw shulrg1

Lq pruh jhqhudo whupv/ wkh lqwurgxfwlrq ri d ulvn| dvvhw lq d GG vhwwlqj uhgxfhv

wkh srvvlelolw| iru wkh edqn wr lqvxuh lqglylgxdov djdlqvw looltxlglw| ulvn1 Krzhyhu/

wkh sruwirolr*v ulvnlqhvv fdq eh orzhuhg +ru frpsohwho| uhpryhg, e| pl{lqj iruhljq

dqg lqwhuqdo dvvhwv +dv idu dv R � � � 	 R,1 Dv d uhvxow/ edqnv kdyh wkh vhfrqg wdvn

ri pdqdjlqj dq dvvhw sruwirolr1 Zh vdz wkdw wkh edqn lpsohphqwv wklv dfwlylw|

e| fkrrvlqj K/ dqg iurp lw ghulyhv=

Sursrvlwlrq 5 Wkh ohyho ri lqvxudqfh djdlqvw wkh ulvn ri looltxlglw| lv d srvl0

wlyh ixqfwlrq ri wkh ohyho ri glyhuvl�fdwlrq doorzhg e| wkh lqwhuqdwlrqdo �qdqfldo

pdunhwv=

 � �  � � � � � �

� � � � � 	 f1

Surri1 Lq wkh dsshqgl{ zh suryh wkdw
� � � � � � � � � �  !

" � � � � : f1 Jlyhq wkh vljq ri wklv

ghulydwlyh/ dqg jlyhq wkh h{suhvvlrq +49,/ lw iroorzv wkdw
" # $ % � � � � � !

" � � � � 	 f1

Zh uhfdoo wkdw R & � ' lv dq lqgh{ ri srvlwlyh fruuhodwlrq ehwzhhq krph dqg

iruhljq dvvhwv= wkh orzhu wklv suredelolw|/ wkh pruh wkh iruhljq dqg krph dvvhwv

duh qhjdwlyho| fruuhodwhg ehwzhhq hdfk rwkhu1 Wklv lqfuhdvhv ulvn vkdulqj dqg wkh

dgydqwdjh ri wkh lqwhuqdwlrqdo dvvhw pdunhw1
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Wkhuhiruh/ lqwhuqdwlrqdo �qdqfldo pdunhwv vxsso| d ixuwkhu lqvwuxphqw wr

edqnv iru lqvxulqj djhqwv1 Lq wkdw zd|/ �qdqfldo pdunhwv doorz wr vhsdudwh wkh

ulvn ri sruwirolr iurp wkh ulvn ri looltxlglw|1 Wklv srvvlelolw| lv wrwdo li R � � � '

�@%dfc 2R � �o/ jlyhq wkdw lq wklv fdvh doo wkh ulvn fdq eh glyhuvl�hg dzd|/ lw lv

sduwldo li R � � � : �@%dfc 2R � �o�

Pruhryhu/ dv zh dujxhg ehiruh/ zkhq R � � � ' R rshqlqj wkh �qdqfldo pdunhwv

wr iruhljq dvvhwv lv wrwdoo| luuhohydqw zlwk uhvshfw wr wkh edqn sruwirolr*v fkrlfh/

dqg wkh edqn lqyhvwphqw lq iruhljq dvvhw K fdq lqgl�huhqwo| eh d ydoxh ehwzhhq

f dqg �1 Dv d uhvxow/ Sursrvlwlrq 5 vwdwhv wkdw lq dq dxwdufk| wkh ohyho ri S
� �
lv

dozd|v orzhu wkdq lq dq rshq hfrqrp|1

c1

V

pH,F= 0 (full insurance)

pH,F= 0.3

pH,F= 0.4

pH,F= p (autarky)

1

Iljxuh 4= Frqvxpswlrq lq uhodwlrq wr ulvn dyhuvlrq iru gl�huhqw ghjuhhv ri

lqwhuqdwlrqdo ulvn vkdulqj +lq wklv h{dpsoh R '
�

� ,1

615 Edqn uxqv

Zh vdz wkdw wkh rswlpdo sdwkv ri frqvxpswlrq ES
� �
c S

	 �
 � fdq eh lpsohphqwhg yld

d ghpdqg ghsrvlw frqwudfw1 Lqglylgxdov dw wlph 3 vxuuhqghu doo wkhlu uhvshfwlyh

hqgrzphqwv wr d edqn dqg wkh| zlwkgudz dw wkhlu glvfuhwlrq hlwkhu S
�
dw | ' �

ru S 
 dw | ' 21
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\hw iru j : �/ zh kdyh vhhq wkdw S � : �1 Wkxv/ edqnv fdqqrw ixo�oo doo

ghpdqgv li doo lqglylgxdov +sdwlhqw dqg lpsdwlhqw, zdqw wr zlwkgudz dw wlph 41

Lq vxfk d fdvh/ wkh edqn zrxog jr edqnuxsw dw wlph 4/ dqg lw lv udwlrqdo iru hyhu|

lqglylgxdo wr uxq wr wkh frxqwhu dqg wu| wr jhw dw ohdvw S � 1 Wkhuhiruh/ wkhuh lv

dqrwkhu htxloleulxp/ lq zklfk doo lqglylgxdov uxq wr wkh edqn dw wlph 41

Dffruglqjo|/ olnh lq wkh prgho ri GG/ dovr lq rxu prgho dq h!flhqw htxloleulxp

frh{lvwv zlwk d edqn uxq htxloleulxp1 Krzhyhu/ lq wklv sdshu zh duh lqwhuhvwhg lq

wkh h�hfw ri ulvn| dvvhwv dqg ri sruwirolr glyhuvl�fdwlrq rq wkh �qdo htxloleulxp1

Wkxv/ zh zdqw wr lqyhvwljdwh krz wkh srvvlelolw| ri lqyhvwlqj lq iruhljq dvvhwv

d�hfwv wkh iudjlolw| ri wkh v|vwhp1

Lq rughu wr dfklhyh wklv uhvxow zh zloo surylgh d gh�qlwlrq ri iudjlolw|> lq

sduwlfxodu/ zh zloo vkrz wkdw wkhuh lv d fulwlfdo phdvxuh ri lqglylgxdov/ zkr duh

deoh wr wuljjhu d jhqhudol}hg edqn uxq/ zkhq klw e| d vkrfn lq wkhlu suhihuhqfhv ru

zkhq wkh| kdyh sxuh vkliw lq wkhlu h{shfwdwlrq rq wkh edqn vroydelolw|1 Wkhuhiruh/

zh fdq dujxh wkdw wkh orzhu wklv qxpehu/ wkh pruh iudjloh wkh edqnlqj v|vwhp lv1

Ohw xv vxssrvh wkdw d uxq kdv wkh iroorzlqj wlplqj= l, ehwzhhq | ' f dqg

| ' �c d qxpehu b : 7b ri lqglylgxdov duh klw e| wkh oltxlglw| vkrfn dqg jr wr wkh

edqn/ hyhu|erg| fdq revhuyh wkh qxpehu ri lqglylgxdov dw wkh frxqwhu/ ll, wkh

rwkhu � � b lqglylgxdov ghflgh zkhwkhu wr uxq wr wkh edqn ru qrw/ lll, dw | ' �c

li wkh pdvv ri zlwkgudzdov lv vxfk wkdw qrw doo ghsrvlw ghpdqgv fdq eh ixo�oohg/

wkh edqn ghflghv wr oltxlgdwh doo wkh dvvhwv dqg wr glvwulexwh wkh vdph dprxqw wr

doo lqglylgxdov dw wkh frxqwhu1
�

Vlqfh wkh qxpehu ri lqglylgxdov dw wkh frxqwhu fdq eh revhuyhg e| hyhu|erg|/

li wkh edqn fdqqrw ixoo�o wkh ghpdqg ri doo fxvwrphuv dw wkh frxqwhu/ doo 4 lqgl0

ylgxdov uxq wr wkh frxqwhu +l1h1 wkhuh lv d jhqhudol}hg edqn uxq,/ dqg hyhu|erg|

rewdlqv wkhlu lqlwldo fdslwdo 41

616 Wkh vkrfn ohdglqj wr d edqn uxq

Wkh qhfhvvdu| dqg vx!flhqw frqglwlrq iru d jhqhudol}hg edqn uxq lv wkdw wkh

qxpehu ri lpsdwlhqw lqglylgxdov zkhq wkhuh lv d vkrfn b : 7b lv vxfk wkdw
� � � � � � � 	 
 � � � �  � � � � � � � � � � � � � � � 
 � � � � � � � � � 	 � � � � � � 
 � �  � � � � � � � � � � � � � � � � � � � � �  � ! " # $ % &

' ( ) * + , , % - ) + . ( + ) + , + ( / + 0 % " % ( ) ) . 1 , , # 2 % . ( % . " ) * % . ) * % " " # $ % & ' ( ) * % ( % 3 ) ) * % 4 " % , % ( ) " # $ %
, + 2 4 $ + 5 % , ) * % 2 . / % $ &
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.E�ES � Eb��� 	 �ES � �1 Lq vxfk d fdvh/ frqvwudlqw < grhv qrw krog/ dqg doo lqgl0

ylgxdov kdyh dq lqfhqwlyh wr zlwkgudz dw wlph 4 +4 ' �,1

Iurp h{suhvvlrqv +43,0+46, dqg wkh xwlolw| ixqfwlrq +6, zh vhh wkdw .E�ES � E4���
lv vwulfwo| ghfuhdvlqj lq 4� Dffruglqjo|/ wkhuh zloo eh d 	4 G .E�ES � E	4��� ' �ES � �/
ru=

	4 '
b�ER � � � c -c j�

�� � 	
n E� � b��ER 
 � � c -c j�

	 � � � � �
� �

�ER � � � c -c j�
�� � �

� �
c +4;,

vr wkdw iru doo b 5 d	4c ��/ .E�ES � Eb��� 	 �ES � �= iru doo b : 	4 hyhu|erg| zloo kdyh

dq lqfhqwlyh wr zlwkgudz khu ghsrvlw dqg 4 ' � 1

Wkh phdvxuh 	4 � b lv d dq lqgh{ ri iudjlolw| ri wkh edqnlqj v|vwhp zlwk

uhvshfw wr xqh{shfwhg qhjdwlyh vkrfnv1 Wkh forvhu 	4 lv wr b wkh orzhu wkh qxpehu

ri lqglylgxdov zkr/ e| zlwkgudzlqj lq | ' �/ duh deoh wr wuljjhu d jhqhudol}hg

edqn uxq1

Zh vdlg wkdw R ' R � � � fruuhvsrqgv wr wkh dxwdufklf fdvh/ vr ohw xv gh�qh

	4
�

�
� � � �  !  " # $$ % & ' � ( ) � # � � �  !  " # $& * $ % & +

� � �  !  " # $$ % & ) ( � Dffruglqjo|/ zh vwdwh wkdw=

Sursrvlwlrq 6 Wkh edqnlqj v|vwhp lq dq rshq hfrqrp| lv pruh iudjloh wkdq

lq dq dxwdufk|= 	4
�

: 	4> pruhryhu 	4 lv prqrwrqlfdoo| lqfuhdvlqj lq R ,  - = wkh

iudjlolw| lv orzhu wkh orzhu wkh ohyho ri lqwhuqdwlrqdo ulvn vkdulqj + R . / 0 forvhu wr

R,1

Surri1 Erwk vwdwhphqwv iroorz gluhfwo| iurp
1 234 5 6 7 8 : f +wklv surri lv lq wkh

dsshqgl{,1

Wklv sursrvlwlrq vd|v wkdw wkh edqnlqj v|vwhp lq dq rshq hfrqrp| lv pruh

vhqvlwlyh wr d qhjdwlyh oltxlglw| vkrfn/ lq wkh vhqvh wkdw d vpdoohu vkrfn fdq

jhqhudwh d jhqhudol}hg edqn uxq1 Lq rwkhu zrugv/ dq dxwdufklf hfrqrp| kdv d

ehwwhu fdsdflw| ri vxvwdlqlqj djjuhjdwh oltxlglw| vkrfnv1

Lq dq rshq hfrqrp|/ wkh edqn ehwwhu lqvxuhv lqglylgxdov djdlqvw wkh dvvhwv*

ulvnlqhvv/ dqg/ dv zh vdz lq wkh suhylrxv vhfwlrq/ S 9 lqfuhdvhv1 Wklv ghfuhdvhv wkh
vkruw0whup ghsrvlw wr oltxlglw| udwlr/ zklfk lv htxdo wr

9: ; < 1 Dv d uhvxow/ lw zloo

eh pruh gl!fxow wr jxdudqwhh wr sdwlhqw lqglylgxdov d ohyho ri h{shfwhg xwlolw|

.E�ES = E4��� � �ES 9 �/ ehfdxvh/ zkhq S 9 lv odujhu/ wkh edqn kdv wr oltxlgdwh d kljkhu
qxpehu ri dvvhwv iru hdfk fxvwrphu zlwkgudzlqj dw | ' �1
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Lq dq hfrqrp| zkhuh lw lv qrw srvvleoh wr glyhuvli| wkh dvvhw ulvnv/ S � lv forvhu
wr rqh +dv zh glvfxvvhg lq wkh suhfhglqj vhfwlrq,1 Wkhuhiruh/ li d pdvv b : 7b ri

lqglylgxdov ghflgh wr zlwkgudz hduolhu/ wklv zloo frpsurplvh ohvv wkh fdsdflw| ri

wkh edqn ri ixo�oolqj wkh ghpdqg ri prqh| dw wlph 51

7 Hfrqrplf Srolf|

714 Ghsrvlw lqvxudqfh

Lq rughu wr dyrlg d edqn uxq/ jryhuqphqwv ru fhqwudo edqnv fdq sxw lq sodfh d

ghpdqg ghsrvlw lqvxudqfh1 Wkh jryhuqphqw kdv wkh srvvlelolw|/ diwhu revhuylqj

4/ wr lpsrvh dq h{0srvw wd{ rq wkh hduo| zlwkgudzdov li 4 : 	41 Wkh uhyhqxh iurp

wklv wd{ lv �qdoo| jlyhq edfn wr wkh edqnv1 Dffruglqjo|/ wklv nlqg ri wd{ kdv

wzr h�hfwv/ wr orzhu wkh xwlolw| ri zlwkgudzlqj hduo| dqg wr uhixqg wkh edqnlqj

v|vwhp1

Ohw � eh d wd{ udwh rq frqvxpswlrqv1 Wkh wd{ vwuxfwxuh deoh wr dyrlg wkh

edqn uxq lv=

i� G �ES � E� � ��� � .ES � E4�� / 4 5 Ebc ��j

ru/ rplwwlqj iru qrwdwlrqdo vlpsolflw| wkh dujxphqwv ri ixqfwlrq �ER � � � c -c j�c =

�E4c R � � � � '

;

?

=

f 4 � 	4
� � � 	 

 � � �  � � � � 	 
� � 
 � � � � �  	 

 � � � � �

� � �  	 

 � � � � � 4 : 	4
+4<,

Pruhryhu dv douhdg| GG qrwlfhg/ dovr wkh fhqwudo edqn fdq sxw lq sodfh vxfk

d phfkdqlvp ri lpsrvlwlrq e| fuhdwlqj prqh|1 Lq wklv fdvh/ � ehfrphv wkh wd{ ri

lq dwlrq1

Wkh wd{dwlrq +4<, jxdudqwhhv wkh iroorzlqj ohyho ri xwlolw| wr lqglylgxdov zlwk0

gudzlqj dw wlph �=

�ES � E4�� '

+

�ES � � � 4 � 	4

.E�ES � E4��� 4 : 	4

Lq wklv zd|/ wkh| zloo qhyhu rewdlq d xwlolw| odujhu wkdq wkh| zrxog rewdlq dw wlph

51 Wklv uxohv rxw dq| jhqhudol}hg edqn uxq htxloleulxp1 Dv d uhvxow/ wkh rqo|
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srvvleoh htxloleulxp lv 4 ' b � li wkhuh lv d uhdo vkrfn lq wkh suhihuhqfhv dqg 4 ' b

lq fdvh ri d phuh vkrfn lq wkh h{shfwdwlrqv1

Krzhyhu/ wkh ihdvlelolw| ri +4<, lv olqnhg wr lwv ohyho1 Li wklv lv yhu| kljk/ lw pd|

fdxvh d orvv ri zhoiduh iru wkh zkroh hfrqrp|/ odujhu wkdq wkh rqh fdxvhg e| d

edqn uxq1 Iru h{dpsoh/ wkh fhqwudo edqn pd| kdyh wr sulqw vr pxfk prqh| wkdw

lw fuhdwhv k|shulq dwlrq1 Jlyhq wkh ghydvwdwlqj h�hfw rq wkh hqwluh hfrqrp| ri

vxfk d srolf|/ qr jryhuqphqw fdq fuhgleo| frpplw wr lpsrvh +4<,1 Lq wklv fdvh/

wkh ghsrvlw lqvxudqfh fdqqrw eh lpsohphqwhg1

Vlploduo| dv ehiruh/ ohw xv gh�qh �E4c R� � �
�
E4� dv wkh wd{dwlrq vfkhgxoh lq

dq dxwdufk|1 Lq rughu wr ghwhuplqh wkh ihdvlelolw| ri +4<, lq wkh wzr gl�huhqw

uhjlphv zh fdq suryh wkh iroorzlqj=

Sursrvlwlrq 7 Lq rughu wr lpsohphqw d phfkdqlvp ri ghsrvlw lqvxudqfh wkh jry0

huqphqw kdv wr eh deoh wr lpsrvh d kljkhu ohyho ri � lq dq rshq hfrqrp| wkdq lq

dq dxwdufk|=
�

�E4� 	 �E4c R � � � � iru doo 4 5 Ebc ��� Pruhryhu
� � � � 	 
 � �  �

� 
 � �  	 f iru doo

R � 	 � 5 Efc R�

Surri1 wklv surri lv lq dsshqgl{�

Wklv uhvxow lv gluhfwo| olqnhg wr wkh suhfhglqj sursrvlwlrq1 Lq rughu wr lqfuhdvh

wkh fdsdflw| ri wkh edqn ri ixo�oolqj wkh wlph 5 zlwkgudzdov/ d kljkhu wd{ lv

qhfhvvdu| zkhq S � lv kljkhu1

8 Dq h{shfwhg vkrfn

Lq wkh sdvw vhfwlrqv zh dqdo|}h wkh prgho zlwk wkh vlpsoli|lqj dvvxpswlrq wkdw

wkh vkrfnv lq wkh suhihuhqfhv ehiruh wlph 5 lv hqwluho| xqh{shfwhg1 Lq wklv vhfwlrq

zh zloo uhpryh vxfk dvvxpswlrq dqg dqdo|}h wkh vdph prgho zkhq lqglylgxdov

h{shfw wkh vkrfn zlwk d jlyhq suredelolw| glvwulexwlrq1 Lqglylgxdov duh qrz dzduh

ri wkh ulvn ri edqn uxq1 Wkhuhiruh/ ehvlghv wkh looltxlglw| dqg wkh dvvhw ulvn/ wkh|

zloo dovr frqvlghu d wklug vrxufh ri xqfhuwdlqw|/ qdpho| wkh edqn uxq ulvn1

Ohw xv vxssrvh wkdw lqglylgxdov dw | ' f nqrz wkdw wkhuh lv d vkrfn vxfk wkdw

Sured^b : 7bo ' ^1 Pruhryhu/ zkhq wkh hfrqrp| lv klw e| wklv vkrfn/ wkh phdvxuh

ri lpsdwlhqw lqglylgxdov lv vwrfkdvwlf dqg xqlirupo| glvwulexwhg ryhu wkh lqwhuydo

4:



E7bc ��1 Wkh glvwulexwlrq ixqfwlrq ri wkh lpsdwlhqw lqglylgxdov lv �� � �� / vr wkdw
U ��� �

� 	 �� _4 ' ^1

Edqnv duh lq frpshwlwlrq dqg wkh| idfh wkh vdph exgjhw frqvwudlqwv dv eh0

iruh1 Dffruglqjo|/ wkh frqvxpswlrqv dw wlph 5 dfurvv vwdwhv ri zruog duh dozd|v

ghwhuplqhg e| h{suhvvlrqv +8,0+;,1

Wkh| fkrrvh S

 �
dqg K



dw | ' f dqg vljq wkh frqwudfw zlwk wkh lqglylgxdov/

zkr/ dw | ' � diwhu revhuylqj bc ghflgh wr uxq wr wkh edqn li=

.E�ES � � n K

c R � � � c Rc b� 	 �ES

 �
�c +53,

zkhq wklv odvw lqhtxdolw| lv wuxh/ 4 ' � dqg S � ' ��

Jlyhq h{suhvvlrqv +8,0+;,/ lw lv srvvleoh wr vkrz wkdw wkh OKV ri +53, lv

prqrwrqlfdoo| ghfuhdvlqj lq b> ohw xv gh�qh wkh fulwlfdo ohyho ru 4/ 	4 lq dq lpsolflw

zd| dv= .E�ES � � n Kc R � � � c Rc 	4EKc S
�
�� ' �ES

�
�� Lq wkdw zd|/ iru dq| Kc S

�
/ zkhq

b : 	4EKc S
�
� wkhuh lv d edqn uxq1

Dffruglqjo|/ dw | ' f edqnv pxvw vroyh wkh iroorzlqj sureohp=

4@ � � � � E� � ^�E7b�ES � � n E� � 7b�.E�ES � � n Kc R � � � c Rc 7b�� n

�� � � � � �  
]

!"
4�ES # � n E� � 4�.E�ES $ � m Kc Rc R % & ' c 4�

^

� � 7b
_4 n

#
]

() * + & , - .
�E��

^

� � 7b
_4 +54,

iru ^ ' f/ l1h1 zkhq wkh suredelolw| ri d vkrfn lv 3 ru wkh vkrfn lv frpsohwho|

xqh{shfwhg/ sureohp +54, fruuhvsrqgv wr wkh sureohp lq wkh suhfhglqj vhfwlrqv1

Zkloh/ zkhq lqglylgxdov h{shfw d vkrfn zlwk d srvlwlyh suredelolw| ^ : f/ wzr

srvvlelolwlhv kdyh wr eh wdnhq lqwr dffrxqw=

� 	4EKc S # �� 4 : 7b = wkhuh lv d kljkhu qxpehu ri lqglylgxdov zlwkgudzlqj dqg

S $ E4� 	 S $ E7b�/ exw wkhuh lv qrw d jhqhudol}hg edqn uxq1 Wkh h{shfwhg ydoxh

ri wkh xwlolw| lq wklv fdvh lv uhsuhvhqwhg e| wkh �uvw lqwhjudo1

� 4 : 	4EKc S # �= Wkhuh lv d edqn uxq/ dqg wkh xwlolw| iru hyhu| lqglylgxdo lv=

�E�� +odvw whup ri +54,,1

4;



Sureohp +54, fdq eh vroyhg qxphulfdoo| iru S � / diwhu vxevwlwxwlqj wkh rswlpdo

ydoxh ri Kc zklfk lq dsshqgl{ zh vkrz wr eh wkh vdph dv ehiruh iru d jlyhq S
�
� c

l1h1 K
�
'

� � � � �
� 1

814 Htxloleulxp

Iljxuh 5 uhsuhvhqwv wkh ohyho ri S
�
� c uhvxowlqj iurp wkh qxphulfdo rswlpl}dwlrq ri

+54,/ uhvshfw wr gl�huhqw ohyho ri vkrfn h{shfwdwlrq ^ dqg wkh ohyho ri lqglylgxdo*v

ulvn dyhuvlrq1 Lq rughu wr hpskdvl}h wkh uroh ri wkh edqn uxq ulvn/ zh sorwwhg

wklv �jxuh iru R ' 2R � �/ l1h1 zkhq wkhuh lv shuihfw lqvxudqfh djdlqvw wkh dvvhw

ulvn1 Dffruglqjo| lq wklv fdvh/ lqglylgxdov idfh wkh ulvn ri looltxlglw| dqg wkh ulvn

ri edqn uxq1

Zkhq ^ ' f wkhuh lv qrw d edqn uxq ulvn dqg wklv fdvh lv wkh vdph dv wkh

rqh zh frqvlghuhg lq �jxuh 4/ dffruglqjo| vlqfh R � � 	 ' 2R � � wkh gdvkhg olqh

lq �jxuh 5 fruuhvsrqgv wr wkh gdvkhg olqh lq ixjxuh41 Lq wklv fdvh wkhuh lv rqo|

wkh looltxlglw| vkrfn wr eh lqvxuhg1 Dv d uhvxow/ wkh pruh wkh| duh ulvn dyhuvh wkh

pruh wkh| fkrrvh d kljk ohyho ri S � 1

Zkhq ^ : f/ lqglylgxdov nqrz wkdw zkhq wkh| fkrrvh d kljkhu ohyho ri S � wkh|

lqfuhdvh wkh iudjlolw| ri wkh edqn wr d vkrfn/ wkhuhiruh wkh kljkhu wkh suredelolw|

ri wklv vkrfn ^c wkh orzhu wkhlu lqvxudqfh djdlqvw wkh looltxlglw| vkrfn S � 1 Wklv hp0

skdvl}hv wkh wudgh0r� ehwzhhq looltxlglw| lqvxudqfh dqg edqn0uxq ulvn1 Pruhryhu

lw lv lpsruwdqw wr qrwlfh wkdw/ olnh lq �jxuh 4/ wkh ohyho ri lqvxudqfh djdlqvw wkh

looltxlglw| ulvn whqg wr glvdsshdu iru kljk ohyho ri j� Kljko| ulvn dyhuvh lqglylgxdo

duh sulqflsdoo| diudlg ri �qdqfldo fulvhv dqg suhihu wr dyrlg wklv wr dq kljkhu S �

4<



q = 0

q = 0.1

q = 0.5

c1

V

0 2 4 6 8 10 12 14 16 18 20
1

1.05

1.1

1.15

1.2

1.25

1.3

1.35

Iljxuh 5= Looltxlglw| lqvxudqfh +S � , lq uhodwlrq wr ulvn dyhuvlrq iru gl�huhqw

suredelolwlhv ri vkrfn +^,/ zkhq wkhuh lv shuihfw lqvxudqfh djdqvw wkh dvvhw ulvn

+R ' f�D/ - ' 2/ 7b ' f�2Dc R � � � ' 2R � � ' f,

Lq �jxuh 6 zh fdq revhuyh wkdw wkh ehkdylru ri S
� �
iru gl�huhqw ydoxhv ri

wkh lqwhufrxqwu| fruuhodwlrq R � � � / lv txdolwdwlyho| wkh vdph dv lq wkh fdvh zlwk

xqh{shfwhg vkrfn= wkh pruh wkh sruwirolr fdq eh glyhuvl�hg +R � � � orz, wkh pruh

wkh edqn lqvxuhv lqglylgxdov djdlqvw looltxlglw| ulvn dv zhoo +lq wkh dsshqgl{ zh

uhsruw d wdeoh zlwk d pruh frpsohwh julg ri ydoxhv,1

Pruhryhu/ wkh h{0dqwh suredelolw| ri vkrfn ^ jhqhudwhv d grzqzdug vkliw ri

wkh fxuyh1 Olnh zh revhuyhg lq �jxuh 5/ wkh kljkhu wkh vkrfn h{shfwdwlrq wkh

orzhu wkh ohyho ri looltxlglw| lqvxudqfh1
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pH,F

c*1 q = 0.1

q = 0.5

q = 0.8

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
1

1.02

1.04

1.06

1.08

1.1

1.12

1.14

1.16

1.18

1.2

Iljxuh 6= Rswlpdo ohyhov ri S � iru gl�huhqw ohyho ri h{0dqwh vkrfn h{shfwdwlrq ^/

zlwk uhvshfw wr R � � � +iru ydoxhv= R ' f�D/ - ' 2/ j ' S/ b ' f�2D,1

815 Iudjlolw|

Wkh ohyho ri S
� �
dqg K

�
ghwhuplqhv wkh suredelolw| ri d edqn uxq wkdw/ jlyhq wkh

suredelolw| glvwulexwlrq
��

� �	 / lv=

�hdb : 	4o ' ^

�

� � 	4

� � 7b

�

c

djdlq/ wkh kljkhu 	4c wkh orzhu wkh iudjlolw| ri wkh v|vwhp1

Wkh iudjlolw| zlwk uhvshfw wr R 
 � � lv gxh wr wkh idfw wkdw zkhq wkhuh lv wkh

srvvlelolw| ri d kljkhu ohyho ri lqwhuqdwlrqdo ulvn vkdulqj wkh h{shfwhg xwlolw| dw

wlph 2 lv kljk1 Wkhuhiruh lqglylgxdov duh zloolqj wr ehdu pruh ulvn ri edqn uxq

jlyhq wkh kljkhu h{shfwhg xwlolw| zkhq wkhuh lv qrw edqn uxq1

Lq �jxuh 7 zh fdq revhuyh wklv lqgh{ iru wkh gl�huhqw ydoxhv ri R 
 � � dqg ^1
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�

pH,F

q = 0.1

q = 0.5

q = 0.8

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
0.5

0.55

0.6

0.65

0.7

0.75

0.8

0.85

0.9

Iljxuh 7= Lqgh{ 	4 lq uhodwlrq wr wkh ohyho ri fulvlv h{shfwdwlrq ^ dqg ulvn vkdulqj

+iru ydoxhv= R ' f�D/ - ' 2/ j ' S/ b ' f�2e,1

Olnh lq wkh fdvhv zlwk d ixoo| xqh{shfwhg fulvlv/ wkh iudjlolw| ri wkh edqnlqj

v|vwhp lqfuhdvhv zlwk wkh ohyho ri ulvn vkdulqj +lw lv kljkhu wkh orzhu R � � � lv,1

Pruhryhu/ zh fdq qrwlfh wkdw/ dv lw lv lqwxlwlyh/ wkh iudjlolw| ri wkh v|vwhp lqfuhdvhv

zkhq wkh h{0dqwh h{shfwdwlrq ^ ri d vkrfn lqfuhdvhv1

Lw lv lqwhuhvwlqj wr qrwlfh wkdw 4 lv vwhhshu zkhq ^ ' f�� wkdq zkhq ^ ' f�D

ru ^ ' f�H� Wklv phdqv wkdw rshqlqj wkh �qdqfldo pdunhw lqfuhdvhv wkh iudjlolw|

ri wkh v|vwhp zkhq wkh vkrfn h{shfwdwlrqv duh orz1 Wklv vhhpv wr eh frqvlvwhqw

zlwk wkh idfw wkdw sdvw �qdqfldo fulvhv zhuh udwkhu xqh{shfwhg +Vwljolw} 4<<;/

Vdfkv Wruqhoo dqg Yhodvfr +4<<9,,1

816 Ulvn dyhuvlrq dqg Surshqvlw| wr Sdqlf

Ilqdoo| lq �jxuh 8 zh fdq revhuyh wkh uhodwlrq ehwzhhq ulvn dyhuvlrq dqg iudjlolw|1

Lq rxu vhwwlqj kljkhu ulvn dyhuvlrq lv dvvrfldwhg zlwk kljkhu iudjlolw| +orzhu 	4,1

Wklv uhodwlrq hpskdvl}hv d udwkhu frxqwhulqwxlwlyh h�hfw> lqghhg d ulvn dyhuvh

lqglylgxdo wulhv wr plqlpl}h wkh suredelolw| ri d edqn uxq/ dqg fohduo| wklv orzhuv

wkh iudjlolw| ri wkh v|vwhp1
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0 2 4 6 8 10 12 14 16 18 20

0.5

0.55

0.6

0.65

0.7

0.75

pH,F =0.1

pH,F =0.3

pH,F =0.5

V

U

Iljxuh 4= Iljxuh 8= Uhodwlrq ehwzhhq ulvn dyhuvlrq dqg iudjlolw| +R ' f�D/ - ' 2/

7b ' f�2D,

Krzhyhu/ kljk ulvn dyhuvlrq kdv dqrwkhu h�hfw rq lqglylgxdov* ehkdylru= diwhu

wkh vkrfn/ kljko| ulvn dyhuvh lqglylgxdov duh pruh vhqvlwlyh wr wkh ulvn ri d orz

ohyho ri S � lq wkh vhfrqg shulrg1 Dv d uhvxow/ rqfh li wkhuh lv d vkrfn/ wkh| zloo

suhihu qrw wr ehdu wklv ulvn dqg wr uxq wr wkh frxqwhu1 Lq rwkhu zrugv/ kljk ulvn

dyhuvlrq ehfrphv kljk surshqvlw| wr sdqlf1

Lq wklv vhwwlqj/ dqg iru wkh udqjh ri sdudphwhuv lq �jxuh 8 wkh kljk surshqvlw|

wr sdqlf lv vwurqjhu wkdq wkh �uvw h�hfw1

9 Ilqdo uhpdunv

Zh vkrzhg krz lq dq rshq hfrqrp| wkh edqnlqj v|vwhp fdq eh pruh iudjloh

wkdq lq dq dxwdufklf rqh1 Lw kdv ehhq dujxhg wkdw wklv kdsshqv ehfdxvh dq rshq
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hfrqrp| lv pruh h{srvhg wr wkh frqwdjlrq iurp rwkhu frxqwulhv* vkrfnv/ wkurxjk

wkh edqnv ru wkh �upv* edodqfh vkhhwv zklfk riwhq hqg xs kdylqj h{fhvvlyho| kljk

ohyhov ri vkruw0uxq iruhljq oldelolwlhv +Djklrq/ Edfkhwwd dqg Edqhumhh 4<<</ Fkdqj

dqg Yhodvfr 4<<;/ Nuxjpdq 4<<<,1

Lq wklv prgho zh vdz wkdw wkh kljkhu ohyho ri iudjlolw| fdq eh vhhq dv d froodwhudo

h�hfw ri wkh lqwhuqdwlrqdo sruwirolr glyhuvl�fdwlrq1 Wkhuhiruh lw lv olqnhg wr rqh

ri wkh pdlq dgydqwdjhv ri joredol}dwlrq1

Dq lpsruwdqw lpsolfdwlrq lv wkdw wkh phfkdqlvpv ri wkh uhjxodwlrq ri d �0

qdqfldo v|vwhp kdv wr wdnh lqwr dffrxqw wklv lqfuhdvhg iudjlolw| lqwulqvlf lq wkh

�qdqfldo pdunhw lqwhuqdwlrqdol}dwlrq1 Wkh ghsrvlw lqvxudqfh wkdw jryhuqphqwv

ru fhqwudo edqnv fdq surylgh pd| qrw eh vx!flhqw dq|pruh wr dyrlg �qdqfldo

fulvhv/ wklv lpsolhv wkh qhfhvvlw| ri vrph vxsudqdwlrqdo djhqf| wkdw fdq vxsso| d

vxssohphqwdu| irup ri lqvxudqfh1

D Dsshqgl{

D14 Wuxwk whoolqj frqvwudlqw

Zh vkrz wkdw iru doo R dqg R � � � =

.E�ES � �� � �ES � �� +55,

Zlwk=

.E�ES � �� ' R � � � �ES
� � �
� E4�� n ER � R � � � ��ES

� � �
� E4�� n ER � R � � � ��ES

� � �
� E4�� n

E� � 2R � R � � � �S
� � �

� E4� +56,

Xvlqj wkh ixqfwlrqdo irup jlyhq e| +47, dqg soxjjlqj h{suhvvlrqv ri S � ghulyhg

iurp +8,/ +9,/ +:, dqg +;, lq +<,/ zh fdq revhuyh wkdw +55, lv yhul�hg zkhq=

S � �
�ER � 	 
 c -c j�

�
� � 

� � bE� � �ER � 	 
 c -c j�
�

� �  �
+57,
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zkhuh

�ER � � � c -c j� � � n R � � � � +58,
#

E� n -
� � �

� � 2

�

� n -

2

�

� � � $

� 2

#

� �

�

� n -

2

� � � � $

R�

Iurp wklv odvw h{suhvvlrq/ zh fdq revhuyh wkdw li j : � wkhq
	 
 � �  � � � � � � �	 �  � � : f

dqg
	 
 � �  � � � � � � �	 � 	 f1 Pruhryhu vlqfh �@%� � � � �ER � � � c -c j� ' �ERc R� ' �n REE�n

- � � � � � 2� dqg qrwlflqj wkdw �ERc R� 	 �/ zh fdq dujxh wkdw

�ER � � � c -c j� 	 � +59,

Ilqdoo|/ xvlqj +59, zh fdq vhh wkdw +57, lv dozd|v vdwlv�hg jlyhq wkdw j : � �

D15 Surri ri sursrvlwlrq 4

Sduw l,

Jlyhq wkh h{suhvvlrq +49,/ sduw l, iroorzv gluhfwo| iurp wkh revhuydwlrq wkdw=

*�4� � � �ER �  ! c -c j� ' � n R �  ! � 2R�

Sduw ll,

Li �nR �  ! �2R ' f/ zh fdq uhzulwh � ' R- " # �
n2

� " $ %& � " # �
ER � R �  ! �1 Jlyhq

wkdw= Iru j vx!flhqwo| elj R- " # �
n2

� " $ %& � " # �
ER � R �  ! � y 2

� ' ( )* �

' + ,
ER � R - . / �

zh kdyh wkdw *�4 , 0 1 �
23 ' *�4 , 0 1 �

2
� ' ( )* �

' + ,
ER � R - . / �

�

23
' *�4 , � ' ( )* �

2 4 33
'*' ( ) 	 �� Jlyhq wkh h{suhvvlrq +49, S ' : ��

D16 Ixqfwlrq 	4ER 5 6 7 �

Wkh Ghulydwlyh=

Y	4ER 8 9 : �
YR 8 9 : '

E� � b�
�

�j�
;; < = n �

;= < = > n Ej � �� �
? @ AA B A C �

� D E F G H
Ej � �� j �

�

�� n �
II J K � L
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lv dozd|v srvlwlyh/ jlyhq wkdw=

�
�� n Ej � ���

�
� � � � � j : f

iru doo j : �1

D17 Ixqfwlrq �ER � � � �

Wkh ghulydwlyh=

�
�
ER � 	 
 � '

�

E� � 4� j R � 	 
 �
�� � � n E� � 4� E� � R � 	 
 � �

�
� � � � � 4 Ej � �� E� � R � 	 
 � �

� � �� � � �
�

�
�

Ej � �� j �
�

� � 4 n 4 �
�� � �

� �

lw lv qhjdwlyh zkhqhyhu=

4 :
�

�� E� � R � 	 
 � n j R � 	 


�
�� E� � R � 	 
 � n Ej � �� �

�
� � � � E� � R � 	 
 � n j R � 	 


exw wklv odvw frqglwlrq lv dozd|v wuxh jlyhq wkdw=

�
�� E� � R � 	 
 � n j R � 	 


�
�� E� � R � 	 
 � n Ej � �� �

�
� � � � E� � R � 	 
 � n j R � 	 


: 	4ER � 	 
 �

D18 Pd{lpl}dwlrq zlwk vkrfn h{shfwdwlrqv

Edqnv vroyh wkh iroorzlqj sureohp=

4@  � � � E� � ^�E7b�ES � � n E� � 7b�.E�ES � � n Kc R � � � c Rc 7b�� n

�� � � �  � �
]

��
4�ES � � n E� � 4�.E�ES � � m Kc Rc R � � � c 4�

^

� � 7b
_4 n

�
]

�� � � �  � �
�E��

^

� � 7b
_4 +5:,

59



zlwk

	4ES � c K� G .E�ES � � n Kc R � � � c Rc 	4ES � c K�� ' �ES � � +5;,

�

Lq rughu wr vlpsoli|/ zh fdq qrwlfh iurp +56, wkdw .E�ES � � n Kc R � � � c Rc 4�

lv prqrwrqlfdoo| ghfuhdvlqj lq 4 iru dq| K dqg S � � Wkhuhiruh iru dq| S � c zkhq

K ' @h}4@ .E�ES � � n Kc R � � � c Rc 4�/ 	4 pxvw eh pd{lpdo wr ixo�oo +5;,1 Ilqdoo| zh

fdq qrwlfh wkdw +56, lv pd{lpl}hg zkhq K '
	 
 � �� 1

Pruhryhu/ zh fdq revhuyh wkdw +5:, lv lqfuhdvlqj lq 	4ES 	 c K� dqg lq .E�ES � � n

Kc R � � � c Rc 4�/ dqg zh vdz wkdw KES 	 � ' 	 
 � �� ' @h}4@ 	4ES 	 c K� ' @h}4@ .E�ES � � n

Kc R � � � c Rc 4�1 Wkhuhiruh/ KES 	 � pd{lpl}hv +5:, iru dq| S 	 1 Dv d uhvxow/ zh fdq

gluhfwo| vxevwlwxwh KES 	 � lq +5:, dqg pd{lpl}h wkh uhvxowlqj ixqfwlrq rqo| zlwk

uhvshfw wr S
 	 =

4@ � � E� � ^�

� � j

�

b S
	 
 �	 n � E� � b�

�

� � b S 	
� � b

� 	 
 � �

n
^

E� � b� E� � j�
# � �� � � � 
 	 � � � �� � � � � �� � � �  ! n

3

C�b " n # $ %% & ' ( ) %
* +

# ( , - . %% & '
* +

) +%
4

D / 0 1 20 3 n

�
U 4

55 6 7 6 8 9: ; < = > << ; ? @ A BC E� � 4�
� D E F G BD E F �

D E H
_4

4

F

F

F

D

Wdeoh5= Ydoxhv ri 	4

^c R I J K f f�� f�2 f�� f�e f�D

f�� 3183 3186 3188 318: 319 3195

f�� 319< 31:4 31:6 31:8 31:: 31:<

f�D 31:: 31:< 31;3 31;4 31;6 31;7

f�H 31;5 31;6 31;7 31;9 31;: 31;;

� 31;7 31;8 31;9 31;: 31;; 31;<

- ' 2/ j ' S/ R ' f�D/ b ' f�2D
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Uhihuhqfhv

^4` Djklrq/ Sk1/ Sk Edffkhwwd dqg D1 Edqhumhh +4<<<, �Fdslwdo Pdunhwv dqg

wkh Lqvwdelolw| ri Rshq Hfrqrplhv�/ FHSU GS qr1 53;61

^5` Fkdqj/ U1 dqg D1 Yhodvfr/ 4<<;/ �Ilqdqfldo Fulvhv lq Hphujlqj Pdunhwv= D

Fdqrqlfdo Prgho�/ QEHU ZS qr199391

^6` Ghplujxê0Nxqw/ D1 dqg H1 Ghwudjldfkh/ 4<<;/ �Ilqdqfldo Olehudol}dwlrq dqg

Ilqdqfldo Iudjlolw|�/ Zrunlqj Sdshu ZS2<;2;61 Zdvklqjwrq= LPI +Mxqh,

^7` Gldprqg/ G1 dqg S1 G|eylj/ 4<;6/ �Edqn Uxqv/ Ghsrvlw Lqvxudqfh/ dqg

Oltxlglw|�/ Mrxuqdo ri Srolwlfdo Hfrqrp|/ <4 = 734074<1

^8` Gld}0Dohmdqgur/ F1/ 4<;8/ �Jrrg E|h Ilqdqfldo Uhsuhvvlrq/ Khoor Ilqdqfldo

Fudvk�/ Mrxuqdo ri Ghyhorsphqw Hfrqrplfv 4< +405,=40571

^9` Jrogvwhlq/ L1 dqg D1 Sdxw}qhu/ 5334/ �Frqwdjlrq ri Vhoi0Ixo�oolqj Ilqdq0

fldo Fulvhv Gxh wr Glyhuvl�fdwlrq ri Lqyhvwphqw Sruwirolr�/ Plphr Who Dyly

Xqlyhuvlw|1

^:` Nuxjpdq/ S1 +4<<<, �Edodqfh Vkhhwv/ Wkh Wudqvihu Sureohp/ dqg Ilqdqfldo

Fulvhv�/ Plphr PLW1

^;` Revwihog/ P1 dqg N1 Urjr�/ 4<<8/ �H{fkdqjh Udwh G|qdplfv Uhgx{�/ Mrxu0

qdo ri Srolwlfdo Hfrqrp| 436/ 9570931

^<` Revwihog/ P1 dqg D1P1 Wd|oru/ 5334/ �Joredol}dwlrq dqg Fdslwdo Pdunhwv�/

Plphr1

^43` Vwljolw}/ M1H1/ 4<<;/ �Hfrqrplf Fulvhv�= Hylghqfh dqg Lqvljkw iurp Hdvw

Dvld�/ Eurrnlqjv Sdshuv lq Hfrqrplf Dfwlylw|/ 51
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