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Abstract

This paper discusses alternative ways to deal with the positive ex-
ternalities of having children in a pay-as-you-go pension system. Fam-
ily allowances are compared to introducing a fertility-related compo-
nent into the pension formula. In an endogenous labor supply setting,
both instruments are shown to be equivalent if general pensions are of
the Bismarckian contribution-related type. In contrast, if general pen-
sions are of the Beveridgean flat-rate type, making pensions contingent
on the number of children is generally preferable to family allowances
because the latter creates a larger tax load on labor supply.
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1 Introduction

Having children generally creates a positive fiscal externality if a public pay-
as-you-go (PAYG) pension system is in place. In such a scheme the active
generation pays the current pensions of the old generation. The return on so-
cial security contributions depends on average fertility in the economy, and
is therefore raised through a higher number of children. Pension formulas
usually ignore this link and either, in a Bismarckian system, distribute ben-
efits according to previous contributions, or, in a Beveridgean scheme, set a
uniform pension for everybody. From an individual’s perspective, the pen-
sion claim does not increase with a higher number of children. The pension
of parents will even fall short of the old-age income of couples without chil-
dren if public pensions are earnings-related and, in addition, parents have
to reduce their lifetime labor supply in order to raise children. It can there-
fore be argued that the extension of PAYG pension systems after the Second
World War has contributed to the secular decline in fertility levels. This hy-
pothesis is confirmed by Cigno and Rosati (1996), and Cigno et al. (2003),
who investigate the cases of Germany, Italy, the UK, and the United States.
The prediction of a declining fertility as a response to an expanding public
pension system is generally also obtained if children respond by decreasing
their income support towards their parents (Wigger, 1999).

The literature focuses on two main policy instruments that may be used
to overcome the distortion of fertility incentives, namely family allowances
and fertility-related pensions. While in each case some benefit per child is
paid to parents, the age of the recipients differs. In our framework, fertility-
related pensions are paid at a given tax rate for social security contributions.
Therefore, if pensions are partially made contingent on fertility, general Bis-
marckian or Beveridgean pensions will typically decline. Our main question
is whether the two instruments constitute perfect substitutes and can there-
fore be called “Siamese twins” (van Groezen et al., 2003). Should this be the
case, correcting the distortion can be achieved by a continuum of solutions,
including the exclusive use of any of the two instruments. Otherwise, it is
clearly important to derive which instrument mix maximizes lifetime utility.
Moreover, we discuss whether the optimum share of fertility-related pensions
in the PAYG scheme does ever reach unity. These issues are analyzed in an
endogenous labor supply setting where factor prices are fixed by considering
a small open economy framework and both pensions and family allowances
have to be financed by a payroll tax.



Our comparative static analysis stresses the impact of taxes on house-
hold labor supply. Since we assume homogenous households, taxes used for
financing fertility-related benefits in the same generation are not associated
with any direct income effect. Thus, both measures discussed here simply
reduce the price of a child, where only the substitution effect is at work, in-
ducing an increase in fertility. Levying taxes on labor will drive down labor
supply since income losses for unchanged behavior are fully compensated by
rising benefits contingent on the number of children. However, it cannot be
excluded that an indirect income effect pushes labor supply in the opposite
direction. Should a higher number of children be associated with a reduction
of the individual’s lifetime consumption, there is a tendency to increase la-
bor supply. Further, it is possible to construct examples where an increasing
family allowance yields lower fertility due to a fall in labor supply.

We demonstrate that fertility-related PAYG pensions and family allow-
ances can be considered as Siamese twins under the Bismarckian pension
system. On the one hand, financing family allowances requires the taxing of
current wage income. On the other hand, raising the share of fertility-related
pensions means reducing the share of general pension claims. But the general
pension in a Bismarckian system can be interpreted as wage income to be
paid after retirement. Hence, both instruments tax labor supply in that
case. It turns out that the same impact on fertility is achieved with the same
distortion of labor supply.

This result does not hold if general pensions are unrelated to contribu-
tions, as in the Beveridgean scheme. The contribution towards a flat-rate
PAYG scheme constitutes a tax irrespective of the shares of general and
fertility-related pensions. Introducing family allowances still increases the
tax on labor supply and thus enlarges the distortion in labor supply. Pro-
vided that the share of fertility-related pensions is below its maximum, using
exclusively fertility-related pensions will therefore be associated with higher
welfare than having some element of family allowances.

If the government only relies on fertility-related pensions, its utility-
maximizing share in a steady state may both be smaller or equal to unity. If
the full pension is contingent on the number of children, the relevant exter-
nality arises from the fact that children do not take into account the impact
of their demand for leisure on the wellbeing of pensioners. Should a mar-
ginal decrease of the child factor in the pension scheme then lead to a rise in
labor supply, the optimum share of fertility-related pensions will be smaller
than unity. In the opposite case, lifetime utility can further be increased by



introducing family allowances if this yields a rising labor supply.

Our results partially contradict previous findings in the literature. Van
Groezen, Leers and Meijdam (2000, 2003) analyze the option of introducing
child benefits so as to generate a first-best allocation. The optimum family
allowance is equal to the present value of the child’s contribution towards
the pension scheme. As also shown by Sinn (2001), this amount represents
the net social gain of an additional individual given that her pension will be
financed by her children. In the exogenous labor supply framework of van
Groezen et al. (2003), the first-best allocation can also be achieved by making
pensions contingent on the number of children. The two instruments family
allowances and fertility-related pensions can therefore be viewed as Siamese
twins. Fenge and Meier (2003) consider a situation in which labor supply is
tied to the number of children, where parents reduce household labor supply
with a higher number of children. Unlike the message for an exogenous labor
supply framework discussed by Kolmar (1997, 2001), it is then no longer
true that the optimum share of fertility-related pensions is unity. The share
of general pensions remains positive since children do not take into account
the fall in their parent generation’s pensions when they increase the number
of children and thus reduce labor supply. However, Fenge and Meier (2003)
also show that the Siamese twins property still holds if labor supply is driven
by fertility. The optimum allocation can be achieved by a continuum of
combinations of fertility-related pensions and family allowances, including
the polar cases where only one instrument is used.

Another consideration put forward by Cigno and Luporini (2003) calls
for using child benefits in a fashion where parents directly collect parts of
their children’s social security contributions. Such a scheme encourages un-
observable investment in human capital. Since the return on investment is
uncertain, it turns out to be optimal to also give some benefit, regardless of
the child’s success, as a family allowance or a fertility-related pension. In
contrast, the problem of inducing the efficient education level can be solved
through a public education system or subsidies for private education. A debt
policy may then be used where each individual pays for her share of the re-
turn to education. However, for a closed economy framework, Peters (1995)
stresses that a quality-quantity trade-off works such that eduation will always
be subsidized, while fertility may even be taxed. A similar argument in favor
of positive growth impacts of reducing fertility by extending an unfunded
pension scheme has been developed by Zhang (1995).

It should be noted that the relevant policy comparison requires that the
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size of the PAYG pension scheme is kept constant. Alternatively, it may
be plausible to have a given social security tax towards the general pen-
sion scheme, and top this up by an additional PAYG scheme that finances
fertility-related pensions. As argued by Fenge and Meier (2003), having fam-
ily allowances as an alternative then amounts to comparing PAYG schemes
of different size. Such a comparison will usually be governed by the Aaron
(1966) condition, stating that extending the PAYG scheme increases steady-
state utility levels if the rate of population growth exceeds the interest rate,
and vice versa.

The remainder of the paper is organized as follows. Section 2 introduces
the model. The comparative static analysis in section 3 deals with the im-
pacts of changing either the child factor in the pension scheme or the level
of family allowances on fertility and labor supply. Section 4 investigates the
main question whether child benefits should be paid within the pension sys-
tem or, alternatively, via family allowances. Section 5 discusses the choice
of the child factor in the pension scheme. Section 6 concludes and indicates
directions for future research.

2 The basic model

We use a three-period overlapping generations model. For simplicity, we
consider a one-sex population consisting of females. All households within a
generation are identical. Thus, a redistribution of income within a generation
will not take place in equilibrium.

A generation lives for three periods. In the first period, an individual lives
with her parent, where the direct cost of a child is q. Education is ignored in
the following. Notice that the problem of correcting the fertility incentives
would remain if the provision of schooling is set at the efficient level.

In the second period, the household chooses her labor supply 1 —1I;, where
total available time is normalized to unity and I; denotes leisure. The house-
hold earns a wage rate wy and decides how much to save, s;, and to consume,
¢¢. Moreover, the household chooses the number of children, n;,, that she
will have in this period. These children enter the labor force in period ¢ + 1.
In order to simplify the analysis, 1,1 can be chosen from the set of non-
negative real numbers. Furthermore, in the second period the household
receives a family allowance a; for each child she brings up. The household
has to pay contributions to the pay-as-you-go pension system and pays taxes



in order to finance family allowances. The contribution rate is 7¢, and the
tax rate is 0.

ce+ e+ qnepr = (1 — 70 — 00) (1 — l)we + agngya. (1)

Labor supply is unrelated to the number of children, which may be the con-
sequence of a universal coverage by public child care facilities. In fact, there
has been some doubt that the traditional negative relationship between fer-
tility and female labor supply is still valid. While observations from several
OECD countries during the last two decades even suggest a positive asso-
ciation (Ahn and Mira, 2002), the perceived change of signs can also be
interpreted as a statistical artefact being caused by exogenous factors that
simultaneously influence both fertility and labor supply (Kégel, 2002).

In the third period the household retires and consumes z;,¢. Old age
consumption equals the sum of private savings multiplied by the interest
factor Ry 1, and the pension p; 1.

Ziy1 = Rip18c 4+ Doy, (2)

The utility function U(cy, 2441, ney1, 1) 1s continuous, strictly concave, and
strictly increasing in consumption and leisure. The partial derivative of U
with respect to its i argument is denoted by U;. Utility has a bliss point
7 > 0 in the number of children, that is, we have U3 > 0 for n < n and
Us < 0 for n > n. In order to keep the notation simple, we assume that the
utility function exhibits additive seperability. Hence, the cross derivatives of
the utility function are zero: U,, = 0 for z,y € {1,2,3,4}, z # y.

The government runs a pension system and a budget for family allowances.
In period ¢ the size of the working population is N;. The growth factor of the
young generation in period ¢+ 1 is defined as N1 /Ny = 7i441. The contribu-
tion revenues of the pay-as-you-go financed pension scheme in period ¢ + 1
are used to finance the pension p;,; of the N; retirees of generation ¢. The
pension of a household depends with a share a of the contributions on the
number of children of the household and with a share 1 — « on the aggregate
growth factor of the population, where 0 < o < 1. In the following we call
the policy variable « the child factor. The pension of an individual is given

by
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where 1 — I; denotes the average labor supply of the individuals working in
period t. Of course, as we assume that all individuals within a generation
are identical, we have I, =1, in equilibrium. Notice that 74w, 1(1 — Zt+1)
is the average contribution of an individual working in period ¢t 4+ 1. The
parent collects the share « of the contributions of her n;y; children. The
remainder is spent in the general scheme in which 7;, 1 contributors finance
one pensioner. In a Bismarckian system, the pension fund is distributed

according to contributions, being expressed by the factor 1 — ét. Under a flat
— U
pension system of the Beveridgean type, the corresponding factor is always
equal to one.
The tax revenues in period ¢ are used to finance the family allowances in

the same period. The benefit for a child of an individual is given by

0 — Oy (1 — Zt)‘ ()

T 11

Inserting (1)-(4) into the utility function yields the maximization problem

Max U{(l — T¢ — Qt)[l - lt]wt +
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We assume that an interior solution to this problem exists. The economy
is large in the sense that the individual ignores the impact of her fertility and
labor supply decisions on average fertility and labor supply per capita. The
first-order conditions determine the household’s optimal decisions:

Us =—-U; + Re1Uy =0, (6>

0w, (1 —1 -
U, =0, <M - Q> + UsTep1we1 (1 = lgyr)a + Us = 0, (7)
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+ Uy =0, (8)



with 8‘2—7{1 = —Tewe (1 — a)ﬁt+1% < 0 in a Bismarckian system
whereas 8%[:1 = 0 if a Beveridgean scheme is in place. The derivatives
with respect to the optimization variables are represented by U, = g—sUt’
U, = 82—?;1’ and U, = g—[l{ As it is demonstrated in Appendix A, the

objective function is strictly concave in the decision variables both under the
Bismarckian and under the Beveridgean scheme, ensuring uniqueness of the
maximuinm.

According to equation (7), the number of children is chosen such that
the marginal utility of an additional child offsets the marginal disutility from
consumption during the active period due to the net cost of a child, g — ay,
and the marginal benefit arising through higher fertility-related pensions. If
monetary incentives set by family allowances and fertility-related pensions
are strong, the number of children can exceed the individual’s bliss point.
The optimality condition (8) can be interpreted as follows. The marginal
disutility of leisure, resulting from a lower net wage income and - under a
Bismarckian regime - a reduced contribution-related pension, is equal to the
direct marginal benefit of leisure.

3 Comparative statics

Proposition 1 describes how fertility and labor supply of a household react
to a rising child factor in the pension system. While the impact on fertility
is unsurprising, the possible fall in labor supply can be traced back to a
substitution effect that may even be reinforced by an indirect income effect.

Proposition 1 Fertility increases with a higher child factor in the pension

system. Labor supply decreases if the price of a child, ¢ — a; — Tt}gbl—wiﬂ(l —
t+

Ztﬂ)a, s negative. Under a Beveridgean regime, labor supply increases if the
price of a child is positive.

Proof. See Appendix B. O
The intuition for the results is straightforward. A higher child factor
changes the structure of the pension income in favor of the child-related
component. This increases the marginal benefit of having children, yielding



a higher fertility level. If the price of a child is negative, having more chil-
dren leads to a higher lifetime income. This occurs if the additional family
allowances and fertility-related pensions exceed the cost of a child. Conse-
quently, demand for the normal good leisure goes up and labor supply is
reduced. Conversely, should the price of a child be positive, there is a ten-
dency to increase labor supply. In addition, the price of leisure falls with a
smaller share of earnings-related pensions if a Bismarckian pension scheme
prevails. This increases the demand for leisure. The associated loss in income
will partially be compensated for by having more children if the price of a
child is negative, and vice versa. It turns out that the impact on fertility is
unambiguous even if a Bismarckian pension scheme is in place.

Proposition 2 considers the impacts of an increase in the tax rate 6;. This
corresponds to a higher level of family allowances per child where the family
allowance budget of the government is kept balanced for unchanged behavior.
Again, a combination of substitution and indirect income effects may cause
a falling labor supply.

Proposition 2 Fertility increases with a higher tax for family allowances
under a Bismarckian pension scheme. If a Beveridgean scheme is in place,
fertility increases if lifetime consumption does not fall short of the general
pension, that is, if Ryj1¢ 4 241 — Ter1Wepi M1 (1 — Zt+1)<1 —«a) > 0. Labor
supply decreases under both systems if the price of a child is not positive.
Under a Beveridgean regime, labor supply also falls if the price of a child is
positive and lifetime consumption does notl exceed the general pension.

Proof. See Appendix C. 0J

A higher tax for financing family allowances amounts to a pure redistri-
bution in a homogenous population. Thus, there is no immediate income
effect on fertility and labor supply. However, both the price of a child and
the price of leisure go down. The substitution effects of a higher tax along
with a higher family allowance imply a rising demand for children and leisure.
The latter decreases wage income while the former raises income if the price
of a child is negative, and reduces income if the price of a child is positive.
Wage income losses arising from a reduction of labor supply are partially
compensated by having more children should the price of a child be nega-
tive, while the demand for children decreases in the opposite case. If the
price of a child is negative, a higher fertility due to the substitution effect
will be accompanied by an increased demand for leisure. In contrast, income



losses that arise if the price of a child is positive tend to raise labor supply.
The condition that lifetime consumption does not fall short of the general
pension will generally be satisfied. Hence, the message of Proposition 2 is
that fertility will almost always increase, even if the indirect income effect
works against the substitution effect. While labor supply tends to fall, it
cannot be excluded that the indirect income effect offsets the substitution
effect should the price of a child be positive. As shown in Appendix D, it is
indeed possible that fertility declines. Such a counterintuitive reaction will
always be accompanied by a fall in labor supply.

4 Child factor versus family allowances

An interesting issue to explore is whether or not introducing a child factor into
the pension formula is preferable to using family allowances when considering
lifetime utility. One main advantage of having a child factor rather than
family allowances is that the economy can get rid of the distortion of the
labor supply decision that arises through the payroll tax to finance family
allowances. However, in a Bismarckian pension scheme, introducing a child
factor at a given contribution rate also amounts to taxing labor supply since
individuals lose earnings-related pensions. Proposition 3 shows that both
instruments are equivalent under these circumstances.

Proposition 3 Under a Bismarckian pension scheme, family allowances
and fertility-related pensions constitule perfect substitutes.

Proof. Notice that the two budget equations of the household under a
Bismarckian pension scheme can be combined to arrive at

Tt+1wt+1<1 - Zt+1)

(1 — Tt — Qt)wt + = (1 - Oé)ﬁt 1 (9>
Rea(1—1y) !
1 Owy(1 — 1 1-1
= ¢+ Zey1+ | — twt_( ) - OéTtHthrl ( Hl) Nyl
Ry N1 Ry

Tt+1wt+1<1 — Zt+1)

R (1= 1)
The left-hand side of (9) is the household’s income while the right-hand

side shows the expenditure side. TLet (og,05) denote an optimal vector of

(1= ) 1
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instruments with of > 0 or 05 > 0, yielding an allocation (cz‘, AR (IR l;‘)
that maximizes lifetime utility. If o and 6 are varied such that

*
Tt+1 W1 1- lt 1

df = —da Ny )
tht+1 1-— lt

all prices and the household’s income remain constant. Thus, the same deci-
sions will be taken, implying an identical allocation. 0]

Thus, under a Bismarckian system an optimum allocation can generally
be achieved both with a combination of the child factor and the family al-
lowance and an exclusive use of only one instrument. Increasing any of the
two policy parameters reduces both income and the price of leisure. The
price of a child falls. It turns out that the two instruments affect income
and the two variable prices in a perfectly symmetrical fashion. As it will be
demonstrated in the next section, utilizing only one instrument may not be
sufficient in order to maximize lifetime utility. Such a situation may occur
if welfare gains can be achieved by introducing the second instrument when
the other policy parameter is already set at its maximum level.

The equivalence result does not carry over to a Beveridgean scheme. The
combined budget equation then reads

Tt+1wt+1<1 — Zt+1)

(1—7¢— 0w + Ia (1 — )y (10)
t+1
0wy (1 —1 T W 1-1
= &+t Zty1+ g — twt_( ) — o ( Hl) N1
RH‘I AN Rt+1

—I—(l — T¢ — Qt)wtlt.

In contrast to the Bismarckian system, the income expression is larger,
and only the family allowance tax affects the price of leisure. Proposition 4
shows that family allowances bear a substantial disadvantage compared to
making pensions contingent on fertility if the general PAYG pension is flat.

Proposition 4 With a Beveridgean pension scheme, the optimum allocation
(cz‘, 21 Mg l;‘) requires that the family allowance tax is not positive if the
child factor remains below its maximum level, that is, o < 1.

Proof. See Appendix E. O
The proposition can be explained as follows. All impacts of changing the
policy parameters work through influencing per capita demand for children
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and leisure. As demonstrated above, the use of both instruments is virtually
always associated with higher fertility. This increases lifetime income by rais-
ing the general pension. Noting that the family allowance has to be reduced
at a given tax rate, it also yields a higher price of children. A falling labor
supply decreases income because social security contributions per capita be-
ing spent on pensions go down. The price of a child is increased due to the
necessary reduction of the family allowance and the smaller fertility-related
transfer to pensioners at a given social security tax rate. Hence, a fall in
labor supply per capita has an unambiguously negative effect on utility.

Since the family allowance tax reduces the price of leisure, it entails a
negative impact on labor supply being absent with fertility-related pensions.
The main part of the proof considers a situation in which the child factor is
increased at the expense of a lower family allowance tax so as to keep fertility
constant. This variation increases average labor supply in the economy, being
associated with a higher welfare level. This experiment can be repeated as
long as the family allowance tax is positive. It cannot be excluded that
lifetime utility can be further increased by introducing a family allowance
tax if the share of fertility-related pensions is already at its maximum level.
We will show in the next section that such a situation requires a positive
marginal impact of the family allowance tax on labor supply.

Our results suggests that using fertility-related pensions rather than rely-
ing on family allowances yields a higher welfare level if there is some flat rate
element in the pension formula. The only justification for family allowances
would then lie in overcoming credit constraints for young families. However,
the analysis indicates that this argument is flawed since the government can
simply offer to borrow against future fertility-related pension claims.

5 Optimum child factor

The preceding section has shown that correcting the distortion of the fertility
decision can generally be achieved by an exclusive use of fertility-related pen-
sions. An interesting question is now which level of the child factor would
maximize utility in the steady state in the absence of family allowances.
In our representative agents framework one is tempted to assume that in-
creasing the child factor to unity eliminates all externalities associated with
having children. It turns out, however, that the labor supply reaction to an
increasing child factor plays a crucial role in this respect.
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In the absence of a family allowance system, the indirect utility function
under a Bismarckian scheme is given by

Vie) = U{(1—=71)[1 = l(a)|w, — qnia(a) — si(e),
Ripasi(@) + Tepwegn (1=l (@) [(1 - a)ﬁtﬂ(a)i :ZEZ;

+Ongy (Oé)] y 41 (a) ) lt<a> }7

where the factor %%Would be replaced by 1 under a Beveridgean rule.

Employing the envelope theorem, the derivation with respect to « yields,
after rearranging:

dzlfzis = Usrepwia{(1 — Ti1) [”Hl - ﬁt“i :;j (11)
_83;:1 l(l — Oé)ﬁtJrli : Z + Omt+1]
(L = Ln)(1 - a>ﬁt+1%%
+(1—a)(1— LH)aZgl %}7
and
d‘g% = UpTer1wer1 {(1 — let1) [rug1 — Ty (12)
_3;21 [(1 — )71 + angyi]
Hi- ) - T G2,

In the simple case of homogenous households the aggregate population
growth factor is identical to the individual fertility factor: n; = n; in the
equilibrium. Hence,

dv Ol 1

@(Oé =1) = —UsTr1Wep1 M1 B

(13)
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Thus, if 8—3 > 0 at a = 1, the optimum child factor is smaller than unity.
Recalling Proposition 1, such a reaction can be expected if the price of a
child becomes negative when the full pension is contingent on fertility. This
condition tends to be satisfied if the size of the pension scheme, measured
by the contribution rate 7, is large and average fertility is small even at

a = 1. Conversely, should % < 0 at @ =1 hold, a higher utility level might
be achieved by introducing a family allowance tax. Of course, this requires

8—% <0 at (« =1,0 =0). The additional gain in lifetime utility then arises

rom a higher labor supply of other individuals. In contrast, the marginal
impact via the fertility reaction is zero.

The result can be explained as follows. First, the increasing child factor
changes the weights of the contribution-related pension and the fertility-
related pension. Since individuals have the same number of children, the net
effect of changing the composition is zero, as expressed by UsTy qwey1(1 —
lt+1) [ntJrl - ﬁt+11—:% = 0.

Second, raising the tchild factor affects utility because the next contributor
generation changes its labor supply per capita. Consequently, the contribu-
tions to finance the pensions of the present generation move in the same
direction. The impact of the associated change in pensions on welfare is
shown by B
A

Oa

Third, an effect arising only in the Bismarckian scheme, but not in the
Beveridgean system, the general pension changes at a given pension fund
level with varying claims by other people due to their labor supply reaction.

This impact is captured by UsTyy 1wy yq(1 — Zt+1)(1 — )T [11 —th] ala‘
—

Fourth, a higher child factor increases the number of future contributors

_ 1-1
(1-— Oé)nt+11 7 + angq
—

_U2Tt+1wt+1

to the general pay-as-you-go pension system and, therefore, the rate of return
of this part of the system. This raises the utility of the present generation, as

shown by UsTyqwe1(1—a)(1 _Zt+1)%j—11—_§t > (. Since only the second
— g
effect survives if the share of general public pensions tends to zero, the labor
supply reaction is crucial for evaluating the total marginal effect at o = 1.
As in Fenge and Meier (2003), setting the child factor to unity will not nec-

essarily maximize lifetime utility of a representative household in the steady
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state. An increase of the child factor is associated with more heads of the
future generation, raising the return to general social security contributions,
but probably less wage income per head, reducing the return in both branches
of the public pension system.

The child factor can be used to reduce the intra-generational externality,
where the gains accrue to the general pensions. If the share of this general
part becomes small, the impact on welfare will also go down. At the same
time, the inter-generational externality, caused by children changing their
working hours without taking into account the impact on their parents’ pen-
sions, cannot be overcome. This externality arises due to the realistic setting
of wage-related contributions at a fixed rate. In contrast, should pensions be
financed by lump-sum contributions, the optimum child factor in the absence
of family allowances would be unity.

6 Conclusions

The main message of this paper is that fertility-related pensions and family
allowances cannot be viewed as perfect substitutes. If there is some lump-sum
benefit in the pension formula, the corresponding social security contributions
will be perceived as taxes. While financing family allowances at a defined
contribution rate towards the pension system will increase the tax load on
labor, this does not happen if fertility-related pensions are introduced at the
expense of general Beveridgean flat pensions. Due to the smaller distortion
in the labor supply, the resulting welfare level will be higher with fertility-
related pensions.

Further, the positive externality of having children for pay-as-you-go pen-
sion schemes should generally not be internalized by making the pension
completely dependent on fertility. This result has to be traced back to the
fact that an intergenerational externality exists in the pension scheme. Indi-
viduals do not take into account the impact of changing their labor supply
on the parent generation. If labor supply falls with a higher child factor in
the pension formula, the optimum share of fertility-related pensions remains
below unity. In the opposite case, lifetime utility can still be increased by
introducing a family allowance if households do not respond by increasing
their demand for leisure.

An interesting extension of the current analysis would be to drop the
assumption of a small open economy. Given a Beveridgean pension scheme,
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utilizing fertility-related pensions rather than child benefits will typically be
assoclated with a higher labor supply and more saving per capita. It is not
clear in advance how these changes affect the capital-labor ratio and factor
prices in a closed economy. In addition, it is conceivable that differences in
income and welfare will be even more accentuated if an endogenous growth
framework is adopted.

Further, distributional aspects within generations have not been dis-
cussed. Introducing heterogeneity in fertility would imply that individuals
are affected by policy measures encouraging fertility in an asymmetric fash-
ion. It may then be asked under which circumstances a Pareto improvement
is created without additional redistributive measures, and how such mea-
sures should be designed if there is a conflict of interest between childless
individuals and parents. Incorporating both endogenous factor prices and
heterogeneity in fertility would make it possible for childless people who are
subsidizing others through fertility-related pensions or in family allowances
to be compensated by an increase in the interest rate in the economy, as in
Felderer and Ritzberger (1995). Nevertheless, we expect that the main argu-
ments developed in this paper remain intact in such an extended framework.

Appendix

A: Strict concavity of the objective function

For strict concavity we have to show that

U U Uss Usn Usl
Ugs < 0, det ‘ USS Usn >0, det | Ups Unn Uy | <O
" " Uls Uln Ull
Notice that
Uss =Up + R?+1U22 < 0, (14>
Upn = U1 (ay — Q)2 + UsgTy w1 (1 — Iei1)2a® + Us < 0, (15)
Ug, = —Uni (ay — q) + Ry UsoTe1we1(1 — Tpy)e, (16)
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8 2
Up=Up(1—7¢— Qt)thQ + Uy l pt“] +Uss <0,

ol,
0
Ug =Un(1 =7, — 0)w + Ry Uss gt;l, (18)
t
. 7 Opit1
Unl == _Ull (at — q> (1 — Ty — Qt)wt + UQQTH,le,l(l — lt+1)Oé 8[ . (19>
t

It follows that

UssUnn - Uanns = U33<U11 + R?+1U22) (20>

+U11U22[Rt+1 (at - Q) + Tt+1wt+1<1 - lt+1)04]2

> 0

and

U55<UnnUll - UnlUln) - Usn<UnsUll - UnlUls) + Usl<UnsUln - UnnUls)
= Uss [UssUn + Usa [Uni(ae — @) + Uo7t wi 1 (1 — 111) 20

OD 11
ol,

—Ugp, |:U44Uns + UnUy [Rt+17t+1wt+1(1 - Zt+1)04<1 — Tt — Qt)thQ

2
+U11Uss l(at —q) + (1 =74 = O )wyTiqweq (1 — Zt+1)041 ]

5 2 ) 5

—(ar—q) Pry1 | (1 =74 — O )weTe w1 (1 — Iy Dt i1
ol a,
5
+Rt+1—pt+1 (ar — q)(1 — 14 — 0wy
ol
+Usg [UssUss + UnnUss [— Rega(ae — @) (1 — ¢ — O)wer 1wy 1 (1 — L)
- o 5
(@ — QT (1 = T)a L2t — Ry (a, — q)? 22
8lt 8lt

—(1 =7 = O)weriwiyy (1= Tega)?0?]]
= Uss [UssUp + Usa [Uni(ar — q)* + UsaTp w71 (1 = ley1) 0] ]
—UsnUpaUps + UgUssUs
= Uss [UssUy + UyUss] 4+ UpaU11Usy [(at — @) Rey1 — Topawea (1 — Zt+1)04}2
< 0.
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B: Proof of Proposition 1

Proof. Applying the implicit function theorem to the set of first-order
conditions (6) - (8) leads to

I Uss Usa Usl ]
det Uns Una Unl
15} U, U, U
g _ = : : " = (21)
80[ Uss Usn Usl
det Uns Unn Unl
L Uls Uln Ull a
with
- _1-—1
U = U22Rt+17t+1wt+1(1 - lt+1) Mgyl — nt+1ﬁ ) (22>
—
2 2 7 2 — 1—1
Una = UnTiqwi (1= lga) a [nga — Ty (23)
—
+UsTe1wey1 (1 — Zt+1)7
1—144q)? 1—1
Ue = —Uspriwi(1- Oé)ﬁtﬂ—( tfl) [ntJrl — M1 A {] (24)
— b — U
1—1
+U2Tt+1wt+1ﬁt+1—t—+l
1-1
under a Bismarckian scheme and
Uso, = U22Rt+17t+1wt+1(1 - Zt+1) [nt+1 - ﬁtﬂ] ) (25>
Una = U22Tf+1wt2+1(1 — Zt+1)204 [M41 — Tog] (26)
+UsT 1w (1 = liga),
U, =0, (27)



if the general pension is of the Beveridgean type.

The denominator on the RHS of equation (21) has a negative sign due
to the strict concavity of the utility function with respect to the decision
variables. In a population with identical households in each generation, n, =
7y and I, = I, hold in any symmetrical equilibrium. Hence, U, = 0 and
Upo > 0 are valid under each regime. U, > 0 holds in a Bismarckian
scheme, while Uy, = 0 is true under the Beveridgean scheme. It turns out
that

on
s5gn la_a‘| = sgn {Una [UssUll - UZSUSZ] - Ula [UssUnl - UnsUsl]} (28>

1in the Bismarckian case and

sgn lg_nl = sgn{Upa [UssUn — UisUg]} > 0 (29)
(8%

in the Beveridgean case, noting that U,,U;; — U; Uy > 0 is valid due to the
strict concavity of the objective function. Further,

UssUnl - UnsUsl (30>

7 0
= UnlUsz l[TletH(l — L)+ Reya(ag — q)} ‘gtlﬂ
t

—(1 =71 — 0w Ry [Tt+1wt+1<1 - Zt+1)04 + Ry (a; — Q)H
= UpUy [Tt+1wt+1(1 - Zt+1)04 + Rt+1<at - q)}

) 8pt+1 _
ol,

(1 — Tt — Qt)thtH

Recalling that % < 0 1n a Bismarckian scheme, this expression is negative
¢

if, and only if, 7, ywi1(1 —Ii1)a+ Ripq(a, —q) > 0 holds, that is, the total
monetary benefit of having a child exceeds the cost of raising this child. The
former is given by the sum of the additional fertility-related pension and the
child benefit, where payments in different periods are made comparable by

18



using the interest factor Ry, 1. Fvaluating the derivatives yields

Una [USSUZZ - UZSUSZ] - Ula [UssUnl - UnsUsl]

= U2Tt+1wt+1<1 - Zt+1)

8 2
(U + R?+1U22} Uss + Un1Us l AR (1—7¢— Qt)thtH}

ol,
_ 1= Zt+1
_U2Tt+1wt+1nt+1ﬁUllU22
— iy
- 0
. [Tt+1wt+1(1 —lir)a+ Rt+1<at - q)] [ gt;l - (1 —Ti— 8t>tht+11
t

= UsTyiwey1 (1 — L) [[U11 + R?+1U22} Usg

—Un Uy la_gtl:l (1= = 8t>tht+11 1 izt
. [Tt+1wt+1ﬁt+1(1 — Zt+1) +(1—1,—06,)(1— Zt)thtJrl
+ R (ay — q)To44]]

= Uprwer1 (1 —Tir) [[Un1 + B2 Un| Una

0 1
—Up1Uy l gtlﬂ - (1 — Ty — Qt)thtH} ﬁ [Rt+1ct + Zt+1]
t — Uy

> 0.
on

Hence, 5= > 0 also holds with a Bismarckian pension scheme.
The derivative of leisure with respect to « is given by

Uss Usn Usa

det Uns Unn Una

8l Uls Uln Ula
- - _ ) 31
toJe! Uss Usn Usl ( >

det Uns Unn Unl

Uls Uln Ull

This implies

ol
s5gn la_a‘| = sgn {Ula [UssUnn - Uanns] - Una [UssUln - UlsUsn]} (32>

if a Bismarckian scheme is in place and

s5gn [g_olé} = sgn {_Una [UssUln - UZSUSTL]} (33>
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under a Beveridgean regime. Notice that UgUyy, — UgUpns > 0 holds due
to the strict concavity of the objective function and sgn [UsUp, — UpUsy| =
—sgn [Ttﬂwtﬂ(l — L)+ Reyi(ag — q)} , as shown above. Evaluating the
derivatives yields

Ula [UssUnn - Uanns] - Una [UssUln - UlsUsn]

1-1
= UpTt1We1Meia I t;l - [Uss(Uny + R}, Uss)
- U

+U11Us2[Rey1 (ar — @) + Teprwiga (1 — Zt+1)04m

+UsTrp1wey1(1 — Zt+1)

1=l
1—1,

[ Reg1 (at —q) + Tt+1wt+1<1 — Zt+1)04]

Up1Usy (1 - O‘)Tt+1wt+1ﬁt+1 + (1 — Tt Qt)thtH

_1-1
= Uth+1wt+1nt+11—tZ+lU33(Un + R?,\Uy)
4t

, 1

+UsT 1wy (1 — lt+1)U11U221 7
— U

[Reya (at —q)+ Tt+1wt+1(1 - Zt+1)04]

. [ﬁtﬂRtH (ar — q) + Terrwea g (1 — L)

+(1 = 7¢ — O)wel 1 (1 — Ztﬂ

1—-1
= UspTi W1 My %H Uss(Un1 + R?+1U22)
A
- 1
+UsT 1wy (1 — lt+1)U11U221 7
Ut

[Rega (ae — @) + Terwe (1 — Zt+1)04] [Rey1ce + 2e41)-

Hence, it follows that Ry (ar — q) + Teawe 1 (1 — Zt+1)0[ > 0 is sufficient to

0l

arrive at a0 > 0 under a Bismarckian regime. 0]

C: Proof of Proposition 2

Applying the implicit function theorem to the set of first-order conditions

(6) - (8) leads to
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Uss Us@ Usl
det Uns Un@ Unl
on Us Upg Uy
- _ L 34
00 Uss Usn Usl ( >
det Uns Unn Unl
Uls Uln Ull
and
Uss Usn Us@
det Uns Unn Un@
ol Us Umn Uy
- _ _ 35
88 Uss Usn Usl ( >
det Uns Unn Unl
Uls Uln Ull
Under both pension regimes we have
n -
Usg == U11 <<1 — lt)wt — _let(l — lt)> s (36>
(AN

1—1 Owy(1 —1 7
Ung = UlM‘I’UHM <_<1 — lw + ﬁlet(l - lt)> , (37)

AN UZAS ] Thty1

n —
Ulg = Ulwt + U11<1 — Tt — Qt)wt <<1 - lt)wt - _t+1 wt(l - lt)> . (38>

1

Again, in a homogenous population with identical households in each
generation, n; = n; and [, = I; holds in equilibrium. Hence, Uy = 0,U,,y > 0,
and Uy > 0. Due to the strict concavity of the objective function, it follows
that

on
s5gn [%1 = sgn {UnG [UssUll - USZUZS] - UZG [UssUnl - UnsUsl]} (39>

and

ol
s5gn [%1 = sgn {UZG [UssUnn - Uanns] - Un@ [UssUln - UlsUsn]} . (40>
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Evaluating the derivatives shows that
Un@ [UssUll - USZUZS] - UZG [UssUnl - UnsUsl] (41>

we(l —1
= U1M [Usa(Uny + Ry Uss)

Tt

9 2
+U11 Uy P _ (1 =7 — 0 )w Ry
ol,
OD11
—U1w U1 Uy a1 - (1 — Tt — Qt)thtH
t
[Repa (at —q) + Tt+1wt+1(1 - Zt+1)04]
we(l—1
= UlMUM[Un + R?+1U22]
Tty
w, [0
—U1Un U= ! [ Dot (1 — Tt — 6t>tht+11
[ZAN] ol
- 0
) (1 - lt) (1 — Tt Qt)thtH Sl
ol,

+Re1er1 (a0 — @) + Top1Wep 11 (1 — Zt+1>04}

Notice that

ol,
+ R 11 (a0 — @) + Twep g (1 — Zt+1)04}

= Ripic+ 24

l<1 ~1) l(1 — 7y — 0w Ryt — 8]“”11 (42)

under a Bismarckian pension scheme, implying that % > 0, while

[(1 — 1) [(1 — T — 0w Ry — 8?—211 (43)

+Re1er1 (a0 — @) + Toprwep g1 (1 — Zt+1>04}

= Ryp16e + 2ep1 — Tep1WepiTg1 (1 — Zt+1)<1 —a)

in a Beveridgean system. In the latter case, Ry 1¢+ 2¢01 — Tep1Wep1 M1 (1 —

Zt+1)<1 — «a) > 0 is sufficient to guarantee % > 0.
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Further,

UZG [UssUnn Uanns] Un@ [UssUln - UlsUsn] (44>
= Uww, [Uss[Un + Ry, Uss)
+U11Uspa [Ryy1 (ar — @) + Teqwiga (1 — ZtH)O‘m
1-1 0
wld =Wy g7, [2Pn
Tt Ol

(R (at —q) + Tt+1wt+1(1 - Zt+1)a]
= UwUss[Unn + Ry 1 Uss)

U,

- (1 —T¢— Qt)thtH

w

+U =——UnUss[Rey1 (ar — @) + Top1we (1 — li1)al]
Mgyl

PR (a0 — @) 4 Tewe T (1 — L))o

O 1

+(1 =7 —0)(1 = l)weReyr — (1 — 1) l
t

Recalling (42), it follows that % > 0 holds if Ryyq (ap — q) + Teprwe1 (1 —
I¢11)a > 0. Under a Beveridgean scheme, % > O isalso valid if Ryyq (ar — q)+

Ter1Wep1 (1= lepn)a < 0 and Ryyice+ 2001 — Tepiwen Ty (1= 1) (1— ) <0
hold, where (43) is taken into account.

O

D: Example with gg <0

Consider a Cobb-Douglas utility function v = 8, Inc; + By In 2¢ 11 + Bneq +

Byl with 3; € (0,1) and 3y + By + O3+ 8, = 1. Let [ := (1 — 7 — O)w; +

Tt+1wt+1<1 _ lt+1) _
Rur U7

. 2 AT W 1—1
satisfy ¢ = 341, Rt;“rll = Oyf, N1 <q — qp — —HH tﬁil t+1)> = s,

and lt<1 — Tt — Qt)wt = ﬂ4]

Assuming a stationary state, time subscripts can be omitted. It follows

7411 denote lifetime income. The demand functions
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from (41) and (43) that under a Beveridgean scheme with o = 1,

[UnG [UssUll - USZUZS] - UZG [UssUnl - UnsUsl]] w/<7’LU1) (45>
R? R?
- oo [ 5] S
[Re+ z — twn(1 —1)]
B (1—7—0w]’ [ 1 1
- a0 g ]
(1—7—-0)wR
B11%03,17

(1—17—-0)wR

Bal

q—a

[R(ﬂl + B — T (1 — 1)] .

This implies

sgn [@] = sgnl(L— 1)L~ 7— 0)w(B, + fy) (46)

00
Bl
Ly

+0, R (B, + Bo)] — ByTwR

Setting 3 and (3, close to zero while having (35 and 3, sufficiently large so
that [ is not close to unity, and considering the situation with § = a = 0,

then generates ?TZ < 0.

E: Proof of Proposition 4

Let I := (1 — 71— 0w + TletEt(jl_ 1) (1 — a)ngy1 denote lifetime

income, where the prices of youth consumption, old age consumption, chil-

dren, and leisure are given by F, :=1, P, := RLI, P, =q— Ml;ltz —
t+

_ Nt
aTt+1wt+1 (1 - lt+1>

t+1
denoted by P := (P., P,, P,, ;). The indirect utility function is given by

, Pi=(1— 71, — 0y)w, respectively. The price vector is

(I, P) =wu(c*"(I,P),z"(1,P),n" (I, P),l"(1, P)).
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Its derivatives with respect to the two policy instruments have to take into
account the impacts on demand per capita for leisure and children:

o ov ol 9 ol Ol Ong
- - === _ 4
oo ol [804 o, 90 o, oa ] (47)
81} 8Pn 8Pn 8Zt 8Pn 8Zt+1 8Pn aﬁm,l
TaE, [804 o 90 A, da | O oa
ov ov |01 ol 8Zt+1 ol aﬁm,l
- - = |== _ 4
26 ~ ol lae Yo, 0 " omn. 00 ] (48)
i 81} 8Pn i 8Pn a_zt 8Pn 8Zt+1 i 8Pn aﬁm,l
oF, | 00 ol, 00~ Ol 00 Ong 00
v o
opP, 90
According to Roy’s theorem we have ngy 1 = — @/ @ and Iy = — g—lgl/

v

IR Notice that at the symmetrical equilibrium in Wthh N1 = M1 = N

and lt:lt:l,

% n%]; no_ g, (49)
hold. Thus we arrive at
g‘:}; _ o1 aZer oI Omy 4 (51)
% ol Oa Oy O
B [GP alt N G_Pn Olyq N G_Pn 8@%
ol da Ol Oa Ongy1 Oa

A R -
% Ol 00 Omyyy 00

B [aP al, L OB Ol | 0P, aﬁm}
o, 00 " By, 00 | Oy, 00 |

. an Ol oP, opr an .
Notice that Do > 0, 3lt+1 < 0, Ef‘ 0, and 3Tt+n1_ > 0 hold. If a0 >0 1s
ol ol .
90 ~ "da

valid at the margin, it remains to be shown that is met, where

25



k > 0 is defined by Oni /iantﬂ. Increasing o and decreasing 6 at the
same time so as to keep fertility constant will then yield a higher indirect
utility level via the falling demand for leisure. Accordingly, should g—g <0

and % > /{% with k < 0 hold, an interior optimum with o > 0 and 8 > 0

cannot exist. Reducing both a and 6 so as to keep fertility constant again
increases welfare due to a rising labor supply. Last, it should be noticed that

an optimum policy mix with # > 0 can never be characterized by % =0
at the margin. According to Proposition 2, such a situation implies % >0
and, therefore, oLl < 0.

Following the proofs of the Propositions 1 and 2, it turns out that
Un@ . UZG [UssUnl - UnsUsl]

= . 53
Una Una [UssUll - UZSUSZ] ( >

Thus, it has to be verified that
UZG [UssUnn - UnsUns] - Un@ [UssUnl - UnsUsl] (54>

[UssUnl - UnsUsl]2
UssUll - UZSUSZ

> _UnG [UssUnl - UnsUsl] + UZG

holds. Since UsUy — UisUg > 0 is a consequence of the strict concavity of
the objective function, the inequality is equivalent to

[UssUnn - UnsUns] [UssUll - UZSUSZ] - [UssUnl - UnsUsl]2

Uss Usn Usl
= Uss det Uns Unn Unl
Uls Uln Ull
> 0.
Uss Usn Usl
The last inequality is true because both Uy, < 0 and det | Uyps Unn Upy | <
Uls Uln Ull

0 are again implied by the strict concavity of the objective function.
It remains to be shown that the optimum is never characterized by (v,

o) with ap = 0, 6y > 0 and % < 0. Should % < 0 hold throughout
the range (0,6p), we have n(ow = 0,60 = 0) > n(a = 0,0 = 6y) and l(a =
0,0 =0) < l(a =0,0 = 0). But then the average consumption vector at
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(a0, 0o), that is, (¢,%Z,7,1) (a0, 0o), is also feasible for a deviating household
at (« = 0,0 = 0), thus creating a budget surplus. Conversely, if we have
% > 0 for some 6, it is again possible to trade off a and 6 against each

other to arrive at a situation with ci; > 0,607 = 0 where 73(041, 01) > n(ap, bo)
and I(aq,01) < l(ap, Op). Again, the choice of (¢,Z,7,1)(co, 0o) would be
associated with a budget surplus. 0]
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