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� W?|hL_�U|�L?
Zkdw lv wkh h�hfw ri hpsor|phqw surwhfwlrq ohjlvodwlrq +HSO, rq oderupdunhw rxwfrphvB Frqyhqwlrqdo zlvgrp vxjjhvwv wkdw gl�huhqfhv lq oderupdunhw shuirupdqfhv fdq eh h{sodlqhg e| gl�huhqfhv lq HSO/ vr wkdw gli0ihuhqw shuirupdqfh ri X1V1 dqg Hxurshdq oderu pdunhw rxwfrphv ghshqgrq gl�huhqw vwhuqqhvv ri HSO1 Lq wklv sdshu zh lqwurgxfh wkh dowhuqdwlyhylhz wkdw wkh vwulfwqhvv ri HSO ghshqgv rq wkh oderu pdunhw frqglwlrqvdqg lqyhvwljdwh wkh frqvhtxhqfhv ri wklv _uhyhuvh% fdxvdolw| qh{xv rq oderupdunhw shuirupdqfh1Lw lv zhoo nqrzq wkdw HSO kdv wzr pdlq frpsrqhqwv= vhyhudqfh sd|0phqwv/ d wudqvihu wkh zrunhu uhfhlyhv dw wkh hqg ri wkh mre uhodwlrqvkls/ dqg�ulqj frvwv/ d ghdgzhljkw orvv dvvrfldwhg zlwk mre ghvwuxfwlrq1 Dv iru wkhiruphu frpsrqhqw/ Od}hdu +4<<3, kdv vkrzq wkdw/ li pdunhw duh frpsohwhdqg frpshwlwlyh/ wkh h�hfwv rq ryhudoo xqhpsor|phqw duh qhxwudo/ vlqfh wkhvhyhudqfh sd|phqw lv qhxwudol}hg e| wkh edujdlqlqj ehwzhhq zrunhuv dqg�upv1� Dv d frqvhtxhqfh ri wklv qhxwudolw| uhvxow/ prvw ri wkh olwhudwxuh kdvirfxvhg rq wkh dqdo|vlv ri wkh h�hfwv ri �ulqj frvwv dv d vhw ri dgplqlvwudwlyhsurfhgxuhv/ ohjdo h{shqvhv dqg dq| uhdo dqg �qdqfldo shqdowlhv sdlg e| wkh�up1Ehqwrolod dqg Ehuwrod +4<<3, vkrz wkdw �ulqj frvwv jhqhudwh wzr h�hfwvzrunlqj lq rssrvlwh gluhfwlrqv= wkh| suhyhqw od|r�v/ exw dovr glvfrxudjh klu0lqj1 Khqfh/ wkh ryhudoo h�hfw rq hpsor|phqw lv dpeljxrxv12 Wkh wkhruhwlfdouhvxow ri Ehqwrolod dqg Ehuwrod +4<<3, kdv ehhq frq�uphg e| Pruwhqvhq dqgSlvvdulghv +4<<<, lq d vhdufk dqg pdwfklqj iudphzrun1 Wkh| vkrz wkdw �u0lqj frvwv uhgxfh wkh lq�rzv lqwr xqhpsor|phqw exw/ dw wkh vdph wlph/ lwlqfuhdvhv wkh dyhudjh gxudwlrq ri xqhpsor|phqw ehfdxvh ri wkh h�hfwv rq wkhsurshqvlw| wr kluh1 Hyhq li wkh h�hfw rq xqhpsor|phqw uhpdlqv dpeljxrxv/wkh suhvhqfh ri kljk ohyho ri �ulqj frvwv prgl�hv wkh vwuxfwxuh ri wkh oderupdunhw lq whupv ri dyhudjh gxudwlrq dqg lq�rzv1�Lq wkh odvw ihz |hduv/ d jurzlqj sduw ri wkh olwhudwxuh kdv ehjlqqlqj wrvwxg| wkh frpsoh{lw| ri wkh hpsor|phqw surwhfwlrq ohjlvodwlrq1 Lq idfw/ zkloh
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vrph hohphqwv ri HSO/ vxfk dv vhyhudqfh sd|phqw dqg dgydqfhg qrwlfh/ duhhdvlo| frpsxwdeoh/ rwkhuv duh pruh gl�fxow wr hydoxdwh/ vxfk dv wkh mxglfldolqwhusuhwdwlrq ri wkh odz/ vshfldoo| derxw wkh qrwlrq ri xqidlu glvplvvdo dqgmxvw fdxvh1 Pruhryhu/ lw lv uhdvrqdeoh wr wklqn wkdw lw lv ohvv olnho| wkdw wkhzrunhu jrhv wr frxuw zkhq lw lv hdv| wr �qg d qhz mre lq d vkruw wlph1 Ylfhyhuvd/ wdnlqj wkh fdvh wr frxuw lv pruh suredeoh zkhq wkh xqhpsor|phqwudwh lv kljk ru wkhuh duh ihz ydfdqw mrev ehfdxvh lw lv gl�fxow wr h{lw iurp wkhvwdwh ri xqhpsor|hg1 Wkh frqvhtxhqfh ri d juhdwhu uhfrxuvh wr frxuw zkhqoderu pdunhw frqglwlrqv duh edg/ lv wr lqfuhdvh �ulqj frvwv1 Lq wklv vhqvh/wkh vwulfwqhvv ri HSO uh�hfwv wkh vlwxdwlrq ri wkh zrunhuv zlwk uhvshfw wrwkh hdvh ri �qglqj d qhz mre1Ehuwrod/ Erhul/ dqg Fd}hv +4<<<, sursrvh wr uhylvlw wkh fulwhuld ri wkhHSO lqgh{ irupxodwhg e| RHFG/ lq rughu wr wdnh lqwr dffrxqw wkh jurzlqjfrpsoh{lw| ri wkh hpsor|phqw surwhfwlrq v|vwhp ri hdfk frxqwu|1 Wkh|hpskdvl}h krz wkh vwulfwqhvv ri HSO frxog eh d�hfwhg e| wkh lqwhusuhwdwlrqdfwlylw| ri mxgjhv/ vkrzlqj wkdw wkh kljkhu lv wkh shufhqwdjh ri vhqwhqfhvidyrudeoh wr zrunhuv/ wkh kljkhu lv wkh qxpehu ri fdvhv wdnhq wr frxuw1eIxuwkhu/ vrph dxwkruv vkrz wkdw mxulvsuxghqfh frxog eh d�hfwhg e| oderupdunhw frqglwlrqv1 Ehujhu +4<<:,/ xvlqj gdwd rq Zhvw Jhupdq|/ �qgv wkdwwulexqdov duh sduwlfxoduo| wrxjk rq �upv zkhq wkh hfrqrp| lv lq grzqwxuq/vr wkdw mxulvsuxghqfh zrunv dv d nlqg ri d vwdelol}hu ri wkh hpsor|phqw ohyho1Iru Lwdo|/ Lfklqr/ Sror/ dqg Uhwwruh +5335, vkrz wkdw mxgjhv whqg wr lqwhusuhwwkh odz lq d zd| idyrudeoh wr zrunhuv zkhq wkh pdunhw lv wljkw iru wkhp/wkdw lv zkhq lw lv gl�fxow wr �qg mre rssruwxqlwlhv1 Hyhq iru X1V1/ zklfkkdv wkh orzhvw ohyho ri HSO/ Grqrkxh dqg Vlhjhopdq +4<<8, �qg wkdw wkhdprxqw ri ohjdo surylvlrqv lqfuhdvhv zkhq wkh hfrqrp| lv lq uhfhvvlrq1 Wklvhpslulfdo hylghqfh vxjjhvwv d uhyhuvh fdxvdolw| qh{xv ehwzhhq wkh vwulfwqhvvHSO dqg oderu pdunhw frqglwlrqv= wkh ghjuhh ri uljlglwlhv lv qrw gxh wr wkhsuhvhqfh ri lqvwlwxwlrqv wkdw fdxvh srru oderu pdunhw shuirupdqfh/ exw wkhrwkhu zd| durxqg= d ghsuhvvhg oderu pdunhw lv wkh pdlq uhvsrqvleoh ri wkhvwulfwqhvv ri HSO1Lq wklv sdshu zh h{soruh wkh pdfurhfrqrplf lpsolfdwlrqv ri wklv uhyhuvhfdxvdolw|1 Zh �uvw surylgh d plfurirxqgdwlrq ri wkh hqgrjhqhlw| ri �ulqjfrvwv hqg wkhq hydoxdwh lwv h�hfwv rq oderu pdunhw shuirupdqfh lq d pdwfklqjprgho �d od Pruwhqvhq dqg Slvvdulghv +4<<7,1Xvlqj d srolwlfdo hfrqrp| iudphzrun/ zh �qg d ghfuhdvlqj uhodwlrqvklsehwzhhq �ulqj frvwv dqg oderu pdunhw wljkwqhvv1 Wkh hqgrjhqhlw| ri �ulqjfrvwv surgxfhv d srvlwlyh h{whuqdolw|/ zklfk fdq r�vhw wkh vwdqgdug frq0jhvwlrq h{whuqdolw|/ jhqhudwlqj pxowlsoh htxloleuld1 Wkhvh htxloleuld uh�hfw dgl�huhqw vwuxfwxuh ri wkh oderu pdunhw lq whupv ri mre surwhfwlrq dqg dyhudjhgxudwlrq ri xqhpsor|phqw1 Zkhq wkh dyhudjh gxudwlrq ri xqhpsor|phqwlv kljk ehfdxvh wkh oderu pdunhw lv wljkw +l1h1 wkhuh duh ihz ydfdqw mrev shu
e5ii @*tL �Lih�c B@h�M@*_�c �@U�tc @?_ �@}}�L?� E2ff2��

6



hpsor|hg,/ �ulqj frvwv duh dovr kljk1 Zkhq lqvwhdg �qglqj d qhz mre lvhdv| +vr wkdw xqhpsor|phqw gxudwlrq lv orz,/ �ulqj frvwv duh orz1 Zlwk hq0grjhqrxv �ulqj frvwv/ wkh oderu pdunhw wljkwqhvv lv wkh yduldeoh wkdw gulyhvwrzdug d kljkhu ru orzhu ohyho ri mre surwhfwlrq1D ixuwkhu lqwhuhvwlqj uhvxow zh rewdlq lv wkdw wkh htxloleuld duh qrw Sduhwrudqnhg/ vr wkdw lw lv qrw srvvleoh wr vwdwh wkdw wkh htxloleulxp zlwk orzhu�ulqj frvwv lv ehwwhu1 Dv d frqvhtxhqfh/ wkh lqvwlwxwlrqdo gl�huhqfhv eh0wzhhq Hxurshdq dqg Dqjor0Vd{rq oderu pdunhwv gr qrw lpso| d uhodwhgjds lq whupv ri zhoiduh1 Zh dovr lqyhvwljdwh vrfldo h�flhqf|/ surylglqj djhqhudol}dwlrq ri wkh wudglwlrqdo Krvlrv +4<<3, frqglwlrq1 Zh �qg wkdw wkhdfklhyhphqw ri wkh vrfldo rswlpxp uhtxluhv qrw rqo| wr wdnh wkh frqjhvwlrqh{whuqdolw| lqwr dffrxqw/ exw dovr wkh r�vhwwlqj h{whuqdolw| ghulylqj iurpwkh hqgrjhqhlw| ri �ulqj frvwv1Ilqdoo|/ zh dqdo|}h wkh orfdo vwdelolw| ri wkh htxloleuld1 Zh vkrz wkdwzkhq wkh �ulqj frvwv h�hfw lv vx�flhqwo| vwurqj wr r�vhw wkh vhdufk frvwh{whuqdolw| wkh htxloleulxp lv d vwdeoh qrgh/ zkloh zkhq wkh vhdufk frvwgrplqdwhv zh kdyh dq xqvwdeoh vdggoh srlqw1Wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 ghvfulehv wkh prgho dqgsurylghv d plfurirxqgdwlrq iru wkh �ulqj frvwv ixqfwlrq/ zkloh vhfwlrq 6irfxvhv rq wkh frqglwlrq wr kdyh pxowlsoh htxloleuld1 Vhfwlrq 7 dqdo|vhvorfdo vwdelolw| dqg wkh surshuwlhv ri wkh htxloleuld1 Vhfwlrq 8 lqyhvwljdwhvvrfldo h�flhqf| dqg lwv lpsolfdwlrqv iru oderu pdunhw shuirupdqfh1 Vhfwlrq9 frqfoxghv1
2 A�i �L_i*
Wkh hfrqrp| lv pdgh xs ri d frqwlqxxp ri ulvn0qhxwudo zrunhuv dqg �upv/zklfk frqvxph doo wkhlu lqfrph1 Hyhu| zrunhu pd| eh hpsor|hg ru xqhp0sor|hg1 Zkhq hpsor|hg/ d zrunhu uhfhlyhv d zdjh z> zkhq xqhpsor|hg/ khhqmr|v ohlvxuh e1 Hyhu| �up lq wkh pdunhw kdv d mre wkdw pd| eh hlwkhu �oohgru ydfdqw1 Li lw lv �oohg wkh hfrqrplf dfwlylw| |lhogv d surgxfw |{= khqfh/wkh sur�w rewdlqhg e| wkh �up lv |{� z1 Li lqvwhdg wkh mre lv ydfdqw/ wkh�up lqfxuv d frvw f iru lwv pdlqwhqdqfh1Zh dvvxph wkdw wkh surgxfw ri d �oohg mre lv pdgh xs ri wkh surgxfw rid jhqhudo frpsrqhqw | dqg dq lglrv|qfudwlf rqh { +3 � { � 4,1 Wkh �up*vudwlrqdo ehkdylrxu lpsolhv wkdw hfrqrplf dfwlylw| vwduwv dw wkh pd{lpxpohyho ri surgxfwlylw|/ wkdw lv iru { @ 41 Zkhq dq lglrv|qfudwlf vkrfn duulyhv/lw uhgxfhv surgxfwlylw| wr d qhz ohyho |v1 Dw wklv qhz ohyho/ wkh �up kdv wrghflgh zkhwkhu wr frqwlqxh surgxfwlrq ru wr vkxw wkh mre grzq1 Dvvxplqjwkdw wkh lglrv|qfudwlf vkrfn klwv wkh vlqjoh �up dw d frqvwdqw udwh �/ dqg wkhlglrv|qfudwlf frpsrqhqw { lv glvwulexwhg dffruglqj wr d jhqhulf glvwulexwlrqixqfwlrqJ +{, +dvvxphg wr eh frqwlqxrxv dqg lqghshqghqw iurp wkh suhylrxvuhdol}dwlrqv ri {,/ wkh �up forvhv wkh mre zkhq { jrhv ehorz d wkuhvkrog ohyho

7



[1 Xqhpsor|hg zrunhuv dqg ydfdqflhv duh udqgrpo| pdwfkhg dffruglqj wr dSrlvvrq surfhvv1 Wkh pdwfklqj surfhvv lv vxppdul}hg e| d frqvwdqw uhwxuqvwr vfdoh ixqfwlrq/ lqfuhdvlqj lq wkh qxpehu ri xqhpsor|hg zrunhuv dqg lqwkh qxpehu ri ydfdqflhv1D Oderu irufh lv qrupdol}hg wr rqh vr wkdw wkhpdwfklqj ixqfwlrq lv p @ p +x> y,/ zkhuh p lv wkh qxpehu ri pdwfkhv/x lv wkh xqhpsor|phqw udwh dqg y lv wkh udwlr ydfdqflhv0oderu irufh1 Wkhsuredelolw| wkdw d ydfdqw mre lv pdwfkhg lv gh�qhg e| wkh fryhudjh udwh rid ydfdqf|= p +x> y,y @ t +�, zlwk gt +�,g� � 3 +4,
zkloh wkh suredelolw| ri h{lw iurp xqhpsor|phqw lv jlyhq e|=p +x> y,x @ �t +�, zlwk g�t +�,g� @ t +�, ^4� � +�,` � 3 +5,
zkhuh � lv wkh udwlr ehwzhhq ydfdqflhv dqg xqhpsor|phqw/ y@x/ dqg � +�, lvwkh devroxwh ydoxh ri wkh hodvwlflw| ri t +�, zlwk uhvshfw wr �1 Iurp wklv/ lwiroorzv wkdw 4@t +�, dqg 4@�t +�, duh wkh dyhudjh gxudwlrq ri d ydfdqf| dqgwkh dyhudjh gxudwlrq ri xqhpsor|phqw uhvshfwlyho|1Wkh ghshqghqfh ri wkhvh wudqvlwlrq suredelolwlhv rq wkh uhodwlyh qxpehuri ydfdqflhv dqg xqhpsor|hg zrunhuv surgxfhv d vhdufk h{whuqdolw| vlploduwr wkh wudgh h{whuqdolw| ri Gldprqg +4<;5,1Wkh g|qdplfv ri xqhpsor|phqw lv jlyhq e| wkh gl�huhqfh ehwzhhq wkhlq�rzv lqwr xqhpsor|phqw dqg wkh rxw�rzv iurp lw/ zlwk suredelolw| �J +[,dqg �t +�, uhvshfwlyho|= bx @ �J +[, +4� x,� �t +�,x +6,Lq vwhdg|0vwdwh bx @ 3/ dqg wkh xqhpsor|phqw udwh lv jlyhq e|=

x @ �J +[,�J +[, . �t +�, +7,
Htxdwlrq +7, lv wkh Ehyhulgjh fxuyh/ zklfk ghwhuplqhv wkh htxloleulxp xqhp0sor|phqw udwh iru d jlyhq ydoxh ri wkh pdunhw wljkwqhvv � dqg wkh uhvhuydwlrqsuredelolw| [1
2�� A�i 6�h�?} �Lt|t 6�?U|�L?Zh fkdudfwhul}h wkh HSO dv d frvw rq mre ghvwuxfwlrq zklfk d�hfwv wkh �rzvlq dqg rxw ri xqhpsor|phqw1 Zh gr qrw frqvlghu wkh h{lvwhqfh ri vhyhudqfhsd|phqwv dqg wkhlu uroh ri lqvxudqfh djdlqvw ulvn1

DA�i @tt�4T|�L? Lu UL?t|@?| hi|�h?t |L tU@*i 4@|U��?} u�?U|�L? �t UL?t�t|i?| ��|� |�ii4T�h�U@* i��_i?Ui� 6Lh @ t�h�i)c tii �i|hL?}L*L @?_ ��tt@h�_it E2ff���
8



Wkh �rz ri h{shfwhg lqfrph fdq eh h{suhvvhg e| wkh iroorzlqj Ehoopdqhtxdwlrqv iru hpsor|hg dqg xqhpsor|hg zrunhuv uhvshfwlyho|=
uY. @ z . � +I , +YL � Y., +8,

uYL @ e. ! +I , � +�, +Y. � YL , +9,
Zh kdyh uhzulwwhq wkh wudqvlwlrq suredelolwlhv lq rughu wr wdnh lqwr df0frxqw wkh h�hfwv ri �ulqj frvwv rq klulqj dqg �ulqj ghflvlrqv1 Iurp wkhwkhruhwlfdo dqg hpslulfdo dqdo|vlv +vhh Vdlqw0Sdxo +4<<9/ 5333, , zh dvvxphwkdw wkh vhsdudwlrq udwh lv ghfuhdvlqj dqg frqyh{ lq I / wkdw lv �� +I , ? 3dqg ��� +I , A 3> dqg wkdw wkh h{lw udwh iurp xqhpsor|phqw lv ghfuhdvlqj dqgolqhdu lq I +wkdw lv !� +I , ? 3 dqg !�� +I , @ 3, dqg lqfuhdvlqj dqg frqfdyhlq � +wkdw lv �� +�, A 3 dqg ��� +�, ? 3,1S Qrwh wkdw rqo| lq wklv vhfwlrq irueuhylw| zh vhw �t +�, @ � +�, =Wkh remhfwlyh ri zrunhuv lv wr pd{lpl}h wkh sur�oh ri wkhlu lqwhuwhpsrudofrqvxpswlrq lq wkh wzr vwdwhv/ wkdw lv wr pd{lpl}h Y. dqg YL 1Vxewudfwlqj htxdwlrq +9, iurp htxdwlrq +8, lq rughu wr rewdlq Y. � YLdqg vxevwlwxwlqj lqwr htxdwlrqv +8, dqg +9,/ zh jhw iru wkh hpsor|hg zrunhu=

Y. @ 4u ^+4� �.,z . �.e` +:,
zkloh iru wkh xqhpsor|hg zrunhu/ zh jhw=

YL @ 4u ^+4� �L,z . �Le` +;,
zkhuh �. @ bE8 �on�E8 ��Ew�nbE8 � dqg �L @ onbE8 �on�E8 ��Ew�nbE8 � duh wkh sursruwlrqri wlph wkdw d zrunhu zloo vshqg xqhpsor|hg gxulqj wkhlu olihwlph zkhq lvfxuuhqwo| hpsor|hg ru xqhpsor|hg uhvshfwlyho|/ vlqfh z A e1Orrnlqj dw htxdwlrq +:, dqg +;,/ lw lv hdv| wr qrwh wkdw wkh pd{lpl}dwlrqri wkh olihwlph sur�ohv ri frqvxpswlrq Y. dqg YL lv htxlydohqw wr plqlpl}hwkh xqhpsor|phqw vshoo �. dqg �L 1Ghulylqj wkh h{suhvvlrqv iru �. dqg �L zlwk uhvshfw wr I / zh jhw wkhiroorzlqj �uvw rughu frqglwlrqv +iru d jlyhq ydoxh ri �,=

�� +I ,!� +I , � � +I , � +�,u . ! +I , � +�, @ 3 +<,
S5ii �Lih�c +��3c @?_ B@*@ttL E2ff���
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�� +I ,!� +I , � u . � +I ,! +I , @ 3 +43,
Htxdwlrqv +<, dqg +43, doorz wr ghwhuplqh wkh rswlpdo ydoxhv ri wkh�ulqj frvwv I W. dqg I WL fkrvhq e| wkh hpsor|hg dqg wkh xqhpsor|hg zrunhuvuhvshfwlyho|1Qrwh wkdw wkh ohyho ri �ulqj frvwv fkrvhq e| wkh hpsor|hg zrunhu lvdozd|v kljkhu wkdq wkh rqh fkrvhq e| wkh xqhpsor|hg1 Lq idfw/ iru dq|jlyhq ydoxh ri I wkh vhfrqg whup ri htxdwlrq +<, lv orzhu wkdq wkh rqh lqhtxdwlrq +43,1 Lw iroorzv wkdw wkh rswlpdo ydoxh ri I wkdw vdwlv�hv wkh wzr�uvw rughu frqglwlrqv zloo eh kljkhu iru wkh hpsor|hg zrunhuv1Lq rughu wr hydoxdwh wkh h�hfwv ri oderu pdunhw wljkwqhvv rq wkh rswlpdoydoxh ri I fkrvhq e| zrunhuv/ zh wrwdoo| gl�huhqwldwh htxdwlrqv +<, dqg +43,zlwk uhvshfw wr I dqg �1Dv iru wkh hpsor|hg zrunhuv/ zh jhw=

gI.g� @ ��� +I ,!� +I ,� +�,� � +I ,!� +I ,�� +�,u��� +I , . ��� +I ,! +I , � +�, +44,
Vlqfh ��� +I , A 3> wkh vljq ri htxdwlrq +44, rqo| ghshqgv rq wkh vljq ri wkhqxphudwru1Xvlqj htxdwlrq +<,/ zh yhuli| wkdw wkh qxphudwru ri htxdwlrq +44,=

� u� +I ,� +�, ^u . � +�,`lv qhjdwlyh1 Dv d uhvxow/ wkh rswlpdo ydoxh ri �ulqj frvwv fkrvhq e| wkhhpsor|hg zrunhu lv ghfuhdvlqj lq oderu pdunhw wljkwqhvv1Dv iru xqhpsor|hg zrunhuv/ wrwdoo| gl�huhqwldwlqj htxdwlrq +43,/ zh jhw=
gILg� @ 3 +45,

wkdw lv/ xqhpsor|hg zrunhu fkrrvhv d frqvwdqw ohyho ri �ulqj frvwv wkdw grhvqrw ghshqg rq oderu pdunhw wljkwqhvv1Vxppdul}lqj/ wkh vwulfwqhvv ri HSO/ wkdw lv wkh h�hfwlyh ohyho ri �ulqjfrvwv I +�,/ fdq eh h{suhvvhg dv=
I @ I +�, +46,

zlwk I � +�, ? 31 Zkhq wkh qxpehu ri ydfdqflhv lv orz zlwk uhvshfw wr wkhqxpehu ri xqhpsor|hg zrunhuv/ �ulqj frvwv ghfuhdvh1 Lq rwkhu zrugv/ wkh
:
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wljkwhu wkh oderu pdunhw iru zrunhuv +wkh ihzhu wkh ydfdqflhv shu xqhp0sor|hg,/ wkh kljkhu wkh �ulqj frvwv1 Zh dgg mxvw wzr whfkqlfdo dvvxpswlrqvwr eh xvhg lq wkh dqdo|vlv ri wkh vkxwgrzq htxloleulxp= zh dvvxph wkhuh lvdq xsshu erxqg wr wkh �ulqj frvw ixqfwlrq vr wkdw lw fdqqrw h{fhhg d jlyhqsrvlwlyh ohyho/ dqg wkdw wkh pdujlqdo �ulqj frvw kdv d �qlwh ydoxh iru � @ 31Wr vxssruw wklv uhvxow/ zh surylgh vrph suholplqdu| hylghqfh xvlqj wkhRHFG gdwd rq HSO lqgh{ +odwh <3v, dqg orqj whup xqhpsor|phqw +dv wkhshufhqwdjh ri xqhpsor|hg zrunhuv iru dw ohdvw 45 prqwkv lq 4<<;,1 Wkhuhodwlrqvkls ehwzhhq orqj whup xqhpsor|phqw { dqg wkh h{lw udwh iurpxqhpsor|phqw �t +�, lv { @ h3w^Ew��21 Khqfh/ nqrzlqj wkh orqj whup xqhp0sor|phqw/ zh fdq ghgxfh wkh h{lw udwh iurp xqhpsor|phqw=
�t +�, @ � oq{45Zh wdnh wkh h{lw udwh dv d sur{| ri oderu pdunhw wljkwqhvv1 Iljxuh 4 vkrzvwkdw wkhuh lv d vwdwlvwlfdoo| vljql�fdqw qhjdwlyh fruuhodwlrq ehwzhhq wklv phd0vxuh ri oderu pdunhw wljkwqhvv dqg wkh HSO lqgh{1 Wklv suholplqdu| hyl0ghqfh dsshduv wr eh frqvlvwhqw zlwk rxu uhvxow1

2�2 L̀h!iht @?_ 6�h4tWkh suhvhqfh ri �ulqj frvwv d�hfwv wkh lqwhuwhpsrudo rswlpl}dwlrq ri zrunhuvdqg �upv ehfdxvh wkh wzr sduwlhv wdnh lw lqwr dffrxqw zkhq wkh| ghflgh wrvwduw wkh pdwfk1 Zh dvvxph wkdw wkh ohyho ri zdjh remhfw ri wkh edujdlqlqj
;



ehwzhhq wkh wzr sduwlhv fdq eh uhqhjrwldwhg frqwlqxrxvo|1 Lq wkh lqlwldoskdvh ri wkh pdwfk d fhuwdlq zdjh zf lv edujdlqhg fruuhvsrqglqj wr wkhpd{lpxp ohyho ri surgxfwlylw|1 Wkhuhdiwhu/ surgxfwlrq jrhv rq xqwlo wkhmre lv klw e| dq lglrv|qfudwlf vkrfn/ lq zklfk fdvh wkh zdjh lv uhqhjrwldwhgdqg zloo eh z +{,/ vlqfh lwv ydoxh ghshqgv rq wkh ydoxh ri wkh lglrv|qfudwlffrpsrqhqw ri surgxfwlylw|1 Zkhq { jrhv ehorz wkh wkuhvkrog [> wkh �oohgmre lv ghvwur|hg dqg wkh �up pxvw sd| wkh �ulqj frvw1Ohw Y. dqg YL eh wkh ydoxh ixqfwlrqv ri wkh zrunhu uhvshfwlyho| zkhqhpsor|hg dqg xqhpsor|hg1 Lq wkh lqlwldo skdvh ri wkh pdwfk rswlpl}dwlrquhtxluhv wkdw wkh iroorzlqj Ehoopdq htxdwlrqv pxvw eh vdwlv�hg=
uY.f @ zf . �] �

f ^Y. +v,� Y.f` gJ +v, . �J +[, +YL � Y.f, +47,uYL @ e. �t +�, +Y.f � YL , +48,
Zkhuh Y.f lv wkh ydoxh ri wkh hpsor|hg zrunhu lq wkh lqlwldo skdvh ri wkhpdwfk/ iru { @ 4 dqg iru wkh lqlwldo zdjh zf1Wkhuhdiwhu wkh zdjh lv uhqhjrwldwhg dqg htxdwlrq +47, ehfrphv=
uY. +{, @ z +{, . �] �

f ^Y. +v,� Y. +{,` gJ +v, . �J +[, ^YL � Y. +{,`+49,Dv iru wkh �up/ wkh �rz ri h{shfwhg sur�wv iurp d �oohg mre uY8 dqgiurp d ydfdqw mre uYT lq wkh lqlwldo skdvh ri wkh pdwfk pxvw vdwlvi| wkhiroorzlqj htxdwlrqv=
uY8f @ | �zf . �] �

f ^Y8 +v,� Y8f` gJ +v, . �J +[, ^YT � I +�,� Y8f`+4:,uYT @ �f. t +�, +Y8f � YT ,� �YT +4;,
zkhuh Y8f lv wkh ydoxh ri d �oohg mre iru { @ 4 dqg iru wkh lqlwldo zdjh zf1Lq wkh frqwlqxrxv skdvh ri wkh pdwfk htxdwlrq +4:, ehfrphv=
uY8 +{, @ |{�z +{, . �] �

f ^Y8 +v,� Y8 +{,` gJ +v, . �J +[, ^YT � I +�,� Y8 +{,`+4<,Htxdwlrqv +47,0+49, iru wkh zrunhu dqg +4:,0+4<, iru wkh �up duh vwdqgdugydoxdwlrq htxdwlrq zklfk pxvw krog e| wkh qr duelwudjh sulqflsoh1

<



2�� @̀}i �@h}@�?�?} @?_ aLM #it|h�U|�L?Wkh vxusoxv surgxfhg e| zrunhuv dqg �upv lv vkduhg e| Qdvk edujdlqlqj1Wkh dvvxpswlrq wkdw wkh zdjh fdq eh frqwlqxrxvo| uhqhjrwldwhg lpsolhv wkdwwkh lqlwldo zdjh gl�huv iurp wkh frqwlqxdwlrq rqh ehfdxvh ri wkh suhvhqfh ri�ulqj frvwv1Dw wkh ehjlqqlqj ri wkh edujdlqlqj surfhvv/ wkh pd{lpl}dwlrq ri d jhr0phwulf dyhudjh ri wkh vxusoxv zhljkhg zlwk wkh uhodwlyh edujdlqlqj srzhuvghwhuplqhv wkh iroorzlqj vkdulqj uxoh=
Y.f � YL @ �4� � +Y8f � YT , +53,

zkloh diwhuzdugv zh kdyh=
Y. +{,� YL @ �4� � +Y8 +{, . I +�,� YT , +54,

zkhuh � uhsuhvhqwv wkh edujdlqlqj srzhu ri wkh zrunhu1Wkhvh wzr vkdulqj uxohv ghwhuplqh wzr gl�huhqw zdjh htxdwlrqv= iroorz0lqj Olqgehfn dqg Vqrzhu +4<;;,/ zh gh�qh wkh rxwvlghu zdjh htxdwlrq dvwkdw fruuhvsrqglqj wr wkh lqlwldo skdvh dqg wkh lqvlghu zdjh htxdwlrq dv wkdwfruuhvsrqglqj wr wkh qh{w rqh1Uhsodflqj htxdwlrqv +47,/ +48,/ +4:, dqg +4;, lqwr htxdwlrq +53,/ zh jhwwkh rxwvlghu zdjh htxdwlrq=
zf @ +4� �, e. � ^| . f� � �I +�,` +55,

Dv iru wkh lqvlghu zdjh htxdwlrq/ uhsodflqj htxdwlrqv +49,/ +48,/ +4<, dqg+4;, lqwr htxdwlrq +54,/ zh jhw=
z +{, @ +4� �, e. � ^|{. f� . uI +�,` +56,

Htxdwlrq +55, dqg +56, vwdwh dq lqfuhdvlqj uhodwlrqvkls ehwzhhq wkh ohyhori zdjh z dqg oderu pdunhw frqglwlrqv �1 Qrwh wkdw �ulqj frvwv lq htxd0wlrq +55, uhgxfh wkh rxwvlghu zdjh vlqfh �upv wdnh wkhp lqwr dffrxqw lqzdjh edujdlqlqj/ zkloh lq htxdwlrq +56, wkh| lqfuhdvh wkh lqvlghu zdjh vlqfhwkh| ehfrph frqfuhwho| rshudwlyh dqg jlyh juhdwhu edujdlqlqj srzhu wr wkhzrunhuv1Lq htxloleulxp/ wkh h{sorlwlqj ri doo sur�w rssruwxqlwlhv e| wkh hfrqrplfdjhqwv lpsolhv wkdw YT @ 3 vr wkdw zh fdq uhzulwh htxdwlrq +4;, dv=
Y8f @ ft +�, +57,
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zklfk vwdwhv wkdw wkh ydoxh ri d �oohg mre dw wkh pd{lpxp ohyho ri surgxfwly0lw| dqg dw wkh lqlwldo ohyho ri zdjh pxvw eh htxdo wr lwv h{shfwhg pdlqwhqdqfhfrvw iru wkh shulrg lw uhpdlqv ydfdqw1Zkhq surgxfwlylw| { jrhv ehorz wkh wkuhvkrog [/ wkh mre lv ghvwur|hg=khqfh/ wkh �up orvhv Y8 +{, dqg sd|v d �ulqj frvw I +�,1 Dv d uhvxow/ d mrelv pdlqwdlqhg dfwlyh li surgxfwlylw| { lv vxfk wkdw Y8 +{, A �I +�, > zklohlw lv ghvwur|hg li Y8 +{, ? �I +�,1 Wkh wkuhvkrog [ lv wkhq gh�qhg e| wkhiroorzlqj uhodwlrqvkls=
Y8 +[, . I +�, @ 3 +58,

Zh qrz kdyh doo wkh hohphqwv wr ghwhuplqh wkh mre ghvwuxfwlrq frqglwlrq1Lw lv rewdlqhg e| pdnlqj xvh ri wkh lqvlghu zdjh htxdwlrq +56,/ dqg wkh wzrhtxdwlrqv +4<, dqg +58,=
|[ . uI +�,� �f�4� � � e. �|u . � ] �

f +v�[, gJ +v, @ 3 +59,
Htxdwlrq +59, |lhogv dq lqfuhdvlqj uhodwlrqvkls ehwzhhq � dqg [/ eh0fdxvh ehwwhu oderxu pdunhw frqglwlrqv iru wkh zrunhuv lpsuryh wkhlu h{whu0qdo rssruwxqlwlhv zlwk d kljkhu ohyho ri zdjh dqg d odujhu qxpehu ri mrevghvwur|hg1

� aLM �hi@|�L? @?_ ��*|�T*i ,^��*�Mh�@
Zh qrz ghulyh wkh mre fuhdwlrq fxuyh1 Wklv uhtxluhv d elw ri dojheud1Iluvw/ vxewudfw htxdwlrq +4<, hydoxdwhg lq [ iurp htxdwlrq +4:,1 Wkhq/uhsodfh lq wkh uhvxow wkh rxwvlghu zdjh htxdwlrq +55, dqg wkh lqvlghu zdjhhtxdwlrq +56, dovr hydoxdwhg lq [1 Ilqdoo| pdnlqj xvh ri +57, dqg +58,/ zhh{suhvv wkh mre fuhdwlrq frqglwlrq dv=ft +�, @ +4� �,�| +4�[,u . � � I +�,� +5:,

Zlwk hqgrjhqrxv �ulqj frvwv duh/ zh qrwh wkdw wkh ohiw kdqg vlgh rihtxdwlrq +5:, lv lqfuhdvlqj lq �/ vlqfh juhdwhu pdunhw wljkwqhvv lpsolhv orzhu�ulqj frvwv1 Wkh uljkw kdqg vlgh lv dovr lqfuhdvlqj lq �/ vlqfh juhdwhu �uhgxfhv t +�, dqg lqfuhdvhv wkh dyhudjh vhdufk frvwv1Wrwdoo| gl�huhqwldwlqj wkh mre fuhdwlrq frqglwlrq +5:, |lhogv=
g[g� ����a� @ S^�Ew�d^Ew�o2 � +4� �,I � +�,E�3q�+onb +5;,
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Vlqfh wkh vljq ri htxdwlrq +5;, ghshqgv rq wkh vljq ri wkh qxphudwru/ wkhvorsh ri wkh mre fuhdwlrq ghshqgv rq wkh pdujlqdo vhdufk frvw dqg wkhpdujlqdo �ulqj frvw1 Wklv odwwhu h�hfw uh�hfwv rqh ri wkh pdmru ihdwxuhri wkh prgho= zkhq d �up ghflghv wr rshq xs rqh pruh ydfdqf|/ lw uhgxfhv�ulqj frvwv dw wkh djjuhjdwh ohyho/ jlylqj ulvh wr d srvlwlyh h{whuqdolw| dqglpsurylqj wkh vlwxdwlrq ri wkh rwkhu �upv1 Wkxv/ wkh ghflvlrq wr rshq dydfdqf| fdxvhv wzr w|shv ri h{whuqdolwlhv= d srvlwlyh rqh ghulylqj iurp wkhuhgxfwlrq ri �ulqj frvwv dqg d qhjdwlyh rqh ghulylqj iurp wkh lqfuhdvh rivhdufk frvwv1 Lq devhqfh ri dq| srvlwlyh �ulqj frvwv h{whuqdolw|/ wkh vljq rifrqglwlrq +5;, lv xqdpeljxrxvo| qhjdwlyh= vlqfh wkh mre ghvwuxfwlrq fxuyh lvxszdug vorslqj/ wkhuh lv d xqltxh htxloleulxp1 Krzhyhu/ li wkhuh lv d srvlwlyhh{whuqdolw|/ wkhuh frxog eh pxowlsoh htxloleuld1Qrwh wkdw wkh mre fuhdwlrq fxuyh lv xsshu erxqghg/ ehfdxvh wkhuh lv dpd{lpxp ohyho ri wkh surgxfwlylw| wkuhvkrog +[ @ 4, zkhuh doo mrev duhghvwur|hg1 Wkxv/ iru orz ydoxhv ri � wkh �ulqj frvw h�hfw lv vwurqjhu wkdqwkh vhdufk frvw h�hfw dqg wkh mre fuhdwlrq fxuyh lv lqfuhdvlqj1 Zkhq � nhhsvrq lqfuhdvlqj/ krzhyhu/ wkh vhdufk frvw ehfrphv grplqdqw zkloh wkh srvlwlyhh�hfw h{huwhg e| wkh uhgxfwlrq ri �ulqj frvw ydqlvkhv> wkh mre fuhdwlrq fxuyhehfrphv ghfuhdvlqj1 Orrnlqj dw wkh vhfrqg ghulydwlyh ri htxdwlrq +5:,/ zhjhw=
g2[g�2 @ +u . �, f+4� �, | ��t�� +�, . 5t� +�, � +�,�t +�,2

�� u . �| I �� +�, +5<,
Dvvxplqj wkdw lqlwldoo| wkh �ulqj frvw h�hfw grplqdwhv wkh vhdufk frvwh�hfw lv htxlydohqw wr dvvxph wkdw frqglwlrq +5<, lv qhjdwlyh/ wkdw lv wkdwwkh mre fuhdwlrq fxuyh eh frqfdyh1Lq wklv fdvh/ wkhuh lv d ydoxh ri �/ vd| �W/ vxfk wkdw iru � ? �W wkhmre fuhdwlrq fxuyh lv lqfuhdvlqj/ zkloh iru � A �W wkh mre fuhdwlrq fxuyh lvghfuhdvlqj1 Wkhuhiruh/ wkh mre ghvwuxfwlrq fxuyh fdq srwhqwldoo| phhw wkhmre fuhdwlrq fxuyh wzlfh/ dv vkrzq lq Iljxuh 51 Pruhryhu/ wkh ruljlq lv dozd|vdq htxloleulxp +wkh vkxwgrzq htxloleulxp,1Irupdoo|/ lq rughu wr kdyh pxowlsoh htxloleuld/ wkh vorsh ri wkh mre fuh0dwlrq frqglwlrq pxvw eh juhdwhu wkdq wkh vorsh ri wkh mre ghvwuxfwlrq iruorz ohyho ri � dqg pxvw eh orzhu iru kljk ohyho ri �1 Gl�huhqwldwlqj wkh mreghvwuxfwlrq frqglwlrq +59, |lhogv=g[g� ����a( @ � uI � +�,� qS�3q| � b+onb ^4�J +[,` +63,

Vxewudfwlqj htxdwlrq +5;, iurp htxdwlrq +63,/ zh rewdlq=
g[g� ����a( � g[g� ����a� @ �f� donbCEf�oS^�Ew�^Ew�2 . �J +[, +4� �,I � +�,+4� �, | onbCEf�onb +64,
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Pxowlsoh htxloleuld dulvh rqo| li frqglwlrq +64, lv qhjdwlyh iru orz ohyho ri �dqg srvlwlyh iru kljk ohyho ri �1 Wkdw lv/ li wkh ohyho ri pdujlqdo �ulqj frvwvgrplqdwhv +lv grplqdwhg e|, wkh ohyho ri pdujlqdo vhdufk frvwv zkhq � lv orz+kljk,1Orrnlqj dw Iljxuh 5/ htxloleulxp D lv fkdudfwhul}hg e| d orz ohyho ri �rzvlqwr xqhpsor|phqw dqg pdunhw wljkwqhvv/ zkloh htxloleulxp E ihdwxuhv kljkohyho ri �rzv dqg wljkwqhvv1 Zh fdq lqwhusuhw wkh wzr htxloleuld dv uh�hfwlqjwzr gl�huhqw fkdudfwhulvwlfv ri wkh oderu pdunhw1 Wkh hqgrjhqhlw| ri �ulqjfrvwv lpsolhv wkdw wkh zrunhu idfhv d vruw ri wudgh r� ehwzhhq mre surwhfwlrqdqg xqhpsor|phqw gxudwlrq= zkhq oderu pdunhw lv wklq +wkh oderu pdunhwwljkwqhvv lv orz,/ wkh dyhudjh gxudwlrq ri d �oohg mre lv kljk +ehfdxvh �ulqjfrvwv duh kljk,/ exw lv dovr kljk wkh dyhudjh gxudwlrq ri xqhpsor|phqw1Zkhq lqvwhdg oderu pdunhw lv wklfn +wkh oderu pdunhw wljkwqhvv lv kljk,/ wkhzrunhu kdv orzhu gxudwlrq ri d �oohg mre +ehfdxvh �ulqj frvwv duh orz, exwdovr d kljk suredelolw| wr �qg d qhz mre zkhq xqhpsor|hg1Jlyhq wkh wzr htxloleulxp ydoxhv ri [ dqg �/ iurp wkh Ehyhulgjh fxuyhzh fdq rewdlq wkh fruuhvsrqglqj ohyho ri htxloleulxp xqhpsor|phqw1 Vlqfhwkh surgxfwlylw| wkuhvkrog dqg wkh oderu pdunhw wljkwqhvv h�hfw wkh xq0hpsor|phqw udwh lq rssrvlwh gluhfwlrqv/ wkh wzr htxloleuld frxog surgxfhvlplodu xqhpsor|phqw udwh lq wkh prgho1Wkh pdlq lpsolfdwlrq ri pxowlsoh htxloleuld frqfhuqv wkh gluhfwlrq rifdxvdolw| ehwzhhq mre surwhfwlrq dqg oderu pdunhw rxwfrphv1 Wkh Hxurvohur0vlv ylhz frqvlghuv wkh kljk ohyho ri hpsor|phqw surwhfwlrq dv uhvsrqvleoh iru
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wkh srru oderu pdunhw shuirupdqfh1 Lq rxu prgho/ pxowlsoh htxloleuld uh�hfwoderu pdunhw frqglwlrqv/ zklfk lq wxuq ghwhuplqh wkh ohyho ri �ulqj frvwv/l1h1 oderu pdunhw wljkwqhvv ghwhuplqhv wkh ghjuhh ri uljlglw|1 Oderu pdunhwwljkwqhvv lv wkhq wkh uxolqj yduldeoh dv lw d�hfwv wkh ohyho ri �ulqj frvwv1Li wkh h�hfw ri oderu pdunhw frqglwlrqv rq �ulqj frvwv lv vx�flhqwo| vwurqj+wkdw lv/ lw grplqdwhv wkh rqh rq vhdufk frvwv vr wkdw zh duh rq wkh lqfuhdvlqjsruwlrq ri wkh mre fuhdwlrq fxuyh, htxloleulxp uhtxluhv d kljkhu ohyho ri �dqg wkxv d pruh �h{leoh oderu pdunhw1 Ylfh yhuvd/ zkhq wkh vhdufk frvwvgrplqdwh/ htxloleulxp qhhgv d pruh uljlg oderu pdunhw1Lq frqfoxvlrq/ lw lv qrw oderu pdunhw uljlglwlhv +lq whupv ri mre surwhf0wlrq, wkdw fdxvh oderu pdunhw shuirupdqfh/ exw udwkhu lw lv oderu pdunhwfrqglwlrqv wkdw fdxvh wkh ghjuhh ri uljlglwlhv ri wkh oderu pdunhw1
e 5|@M�*�|)
Wr h{dplqh wkh vwdelolw| surshuwlhv ri wkh wzr htxloleuld irxqg deryh/ zhfrqvlghu zkdw kdsshqv rxw ri vwhdg| vwdwh1 Wr wklv hqg/ uhzulwh wkh Ehoopdqhtxdwlrq +4:, dqg +4<,/ wkh odwwhu hydoxdwhg lq [/ dv=
uY8f @ | �zf . �] �

f ^Y8 +v,` gJ +v,� � ^Y8f .J +[,I +�,` . bY8f +65,
uY8 +[, @ |[ �z +[, . �] �

f ^Y8 +v,� Y8 +[,` gJ +v, . bY8 +[, +66,
zkhuh bY8 lv wkh wlph ghulydwlyh ri wkh ydoxh ri wkh �oohg mre1 Zh vkrxogfrqvlghu dq dqdorjrxv htxdwlrq iru wkh ydfdqw mre/ exw vlqfh wkh iuhh hqwu|frqglwlrq YT @ 3 dovr krogv rxw ri vwhdg| vwdwh/ wkh frqglwlrq bYT @ 3 lvvdwlv�hg dv zhoo/ dqg zh fdq rplw lw1Zh uhzulwh htxdwlrqv +65, dqg +66, dv iroorzv=

bY8f @ �| .zf � �] �
f Y8 +v,gJ +v, . +u . �,Y8f . �J +[,I +�, +67,

bY8 +[, @ �|[ .z +[,� �] �
f ^Y8 +v,� Y8 +[,` gJ +v, . uY8 +[, +68,

Wkhvh htxdwlrqv dqg htxdwlrq +6, doorz xv wr rewdlq wkuhh +qrqolqhdu, gli0ihuhqwldo htxdwlrqv iru �/ [ dqg x1D Wd|oru*v h{sdqvlrq lq wkh qhljkerukrrg ri d jhqhulf vwhdg| vwdwh riwkh wkuhh htxdwlrqv deryh |lhogv=
bx @ � ^�J +[, . �t +�,` �x� x �t +�, . �t� +�,� �� . �J� +[, +4� x, �[ +69,
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b[ @ �� ^f. uI � +�,`Y f8
� �� � �+4� �, |Y f8

� �[ +6:,
b� @ %��ft� +�,t +�,2 �3� ��f. ^J +[,� �`�I � +�,�. u . �& �� +6;,

zkhuh x/ �[ dqg � uhsuhvhqw ghyldwlrqv iurp vwhdg| vwdwh ydoxhv1 Y f8 lv wkh�uvw ghulydwlyh ri Y8 +{, zlwk uhvshfw wr {1 Wkh vljq sdwwhuq ri wkh olqhdul}hgv|vwhp lv=
3C bxb[b�

4D@3C � � .3 � B3 3 B
4D3C �x�[��

4D +6<,
Wkh wuldqjxodu qdwxuh ri wkh vwdelolw| pdwul{ lpsolhv wkdw wkh fkdudf0whulvwlf urrwv duh htxdo wr wkh hohphqwv rq wkh pdlq gldjrqdo1 Wkxv/ lw dooghshqgv rq wkh gl�huhqwldo htxdwlrq iru �= li wklv htxdwlrq lv vwdeoh/ wkhqwkh vwhdg| vwdwh lv d vwdeoh qrgh/ zkloh li lw lv xqvwdeoh zh kdyh d srvlwlyhvljq/ dqg wkh vwhdg| vwdwh lv d vdggoh srlqw1 Orrnlqj dw wkh skdvh gldjudplq 6/ rqh fdq yhuli| wkdw wkh iruphu lv wkh vlwxdwlrq ri srlqw D> zkloh wkhodwwhu lv wkh vlwxdwlrq ri srlqwv E dqg F1

u�}�ij 6Wkh Orfdo Vwdelolw| ri wkh Htxloleuld;

θθ1 θ2

; �
θ=0 θ=0

$
%
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Wr vhh wklv/ uhzulwh htxdwlrq +64, dv iroorzv=
g[g� ����a( � g[g� ����a� @ �f� u S^�Ew�^Ew�2 � �J +[, k S^�Ew�^Ew�2 . �I � +�,l. �J +[,I � +�,+4� �, | onbCEf�onb +73,

Li wkh gl�huhqwldo htxdwlrq iru b� lv vwdeoh/ lw pxvw eh=
�f� uft� +�,t +�,2 � ��ft� +�,t +�,2 . �I � +�,�. �J +[,I � +�, ? 3

Li wklv frqglwlrq lv yhul�hg/ wkh qxphudwru ri htxdwlrq +73, lv qhjdwlyh1 Wklvlpsolhv wkdw zh duh dw srlqw D zkhuh wkh mre fuhdwlrq fxuyh lv vwhhshu wkdqwkh mre ghvwuxfwlrq/ wkdw lv wkh �ulqj frvwv h�hfw grplqdwhv wkh vhdufk frvwh�hfw1 Dv d frqvhtxhqfh/ li b� lv vwdeoh dqg wkh vwhdg| vwdwh lv d qrgh/ wkhhtxloleulxp lv lq wkh xszdug0vorslqj sruwlrq ri wkh mre fuhdwlrq fxuyh1 Ylfhyhuvd/ li b� lv xqvwdeoh dqg wkh vwhdg| vwdwh lv d vdggoh/ wkh htxloleulxp lvdw srlqwv E ru F zkhuh wkh mre fuhdwlrq lv �dwwhu wkdq wkh mre ghvwuxfwlrq/wkdw lv wkh �ulqj frvwv h�hfw lv grplqdwhg e| wkh vhdufk frvw h�hfw1.Wkh hqgrjhqhlw| ri �ulqj frvwv wkxv kdv lqwhuhvwlqj lpsolfdwlrqv qrw rqo|iru wkh pxowlsolflw| ri htxloleuld exw dovr iru wkhlu vwdelolw|/ vlqfh li �ulqj frvwvzhuh �{hg zh zrxog kdyh mxvw rqh xqvwdeoh htxloleulxp1
D ,�U�i?U)
Wkh wzr htxloleuld ghvfulehg lq Iljxuh 5 duh qrw Sduhwr rughuhg1 Wklv lvehfdxvh wkh| olh rq wkh mre ghvwuxfwlrq zklfk lv srvlwlyho| vorshg> khqfh wkhhtxloleulxp zlwk wkh orz ohyho ri [ lv dovr wkh rqh zlwk wkh orz ohyho ripdunhw wljkwqhvv1 Lq htxloleulxp D zrunhuv hqmr| orqjhu dyhudjh gxudwlrqri d �oohg mre +li hpsor|hg, exw dovr orqjhu gxudwlrq ri xqhpsor|phqw +lixqhpsor|hg,1 Lq htxloleulxp E lv wkh rwkhu zd| urxqg= li hpsor|hg/ zrunhuvkdyh vkruwhu gxudwlrq ri d surgxfwlyh mre dqg li xqhpsor|hg vkruwhu gxudwlrqlq wkh xqhpsor|hg vwdwxv1Dv ghvfulehg deryh/ wkh htxloleulxp lq pdwfklqj prghov lv fkdudfwhul}hge| wkh suhvhqfh ri vhdufk h{whuqdolwlhv/ e| wkh ghshqghqfh ri wkh wudqvlwlrqsuredelolwlhv rq wkh uhodwlyh qxpehu ri xqhpsor|hg zrunhuv dqg ydfdqw mrev1Wkh h{whuqdolwlhv d�hfw �upv dqg zrunhuv zkhq wkh| duh lq wkh skdvh rivhdufk/ zkloh wkh zdjh lv ghwhuplqhg e| wkh �up dqg wkh zrunhu diwhu wkh|phhw1 Khqfh/ zkhq d �up dqg d zrunhu mrlq d pdwfk/ wkh| gr qrw wdnh wkhh�hfw ri wkhlu fkrlfhv rq �upv dqg zrunhuv vwloo vhdufklqj lqwr dffrxqw1

.W? |�i t��|_L�? i^��*�Mh��4 |��t hit�*| _ih��it uhL4 |�i @tt�4T|�L? L? |�i �?�|i �@*�iLu |�i 4@h}�?@* ULt| u�?U|�L? uLh w ' f�
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Xqghu wkh dvvxpswlrq ri h{rjhqrxv �ulqj frvwv/ wkh txhvwlrq ri vrfldo hi0�flhqf| kdv ehhq lqyhvwljdwhg e| Krvlrv +4<<3, dqg Slvvdulghv +5333,1 Frp0sdulqj wkh pdunhw vroxwlrq ri wkh prgho zlwk wkdw ri wkh vrfldo sodqqhupd{lpl}lqj d vrfldo zhoiduh ixqfwlrq iru dq lq�qlwho| olyhg hfrqrp|/ wkh|�qg wkdw vhdufk h{whuqdolwlhv duh lqwhuqdol}hg zkhq wkh hodvwlflw| ri wkh fry0hudjh udwh ri d ydfdqf| zlwk uhvshfw wr wkh pdunhw wljkwqhvv/ � +�,/ lv htxdowr wkh uhodwlyh edujdlqlqj srzhu ri wkh zrunhuv/ �1Vlqfh wkh frqwuro yduldeohv ri wkh vrfldo sodqqhu pd{lpl}dwlrq sureohpduh � dqg [/ h{rjhqrxv �ulqj frvwv gr qrw prgli| wkh h�flhqf| frqglwlrq1Exw/ li �ulqj frvwv duh ghfuhdvlqj lq �/ wkh rswlpdo fkrlfh ri wkh vrfldo sodqqhulv prgl�hv1Zlwk hqgrjhqrxv �ulqj frvwv wkh sureohp ri wkh vrfldo sodqqhu lv=
pd{wcf �+|> x, @ "]

f h3o| ^|� . ex� f�x� �J +[, +4� x,I +�,` gw +74,
v=w= bx @ �J +[, +4� x,� �t +�,x +75,

b|� @ |�t +�,x. � +4� x,] �
- |vgJ +v,� �|� +76,

zkhuh |� lv wkh dyhudjh rxwsxw shu shuvrq lq wkh oderu irufh1 Wkh vrfldosodqqhu pd{lpl}hv dq djjuhjdwh zhoiduh ixqfwlrq lq zklfk � dqg [ duh wkhfrqwuro yduldeohv ~ pd{lpl}dwlrq vxemhfw wr wkh hyroxwlrq ryhu wlph ri wkhvwdwh yduldeohv/ wkh xqhpsor|phqw udwh x dqg wkh dyhudjh surgxfw shu dfwlyhshuvrq |� 1 Wkh fxuuhqw ydoxh ri wkh Kdplowrqldq lv=
K @ |� . ex� f�x� �J +[, +4� x,I +�, . �� ^�J +[, +4� x,� �t +�,x`

.�2 �|�t +�,x. � +4� x,] �
- |vgJ +v,� �|�� +77,

zkhuh �� dqg �2 duh wkh frvwdwh yduldeohv dvvrfldwhg zlwk wkh wzr frqvwudlqwv1Wkh �uvw rughu frqglwlrqv iru wklv sureohp duh=
�f� �t +�,I � +�,� ��t +�, ^4� � +�,` . �2t +�, | ^4� � +�,` @ 3 +78,

�� � I +�,� �2|[ @ 3 +79,
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b�� @ ^u . �J +[, . �t +�,`�� � e. f� � �J +[,I +�, . +7:,
��2 �|�t +�,� �| ] �

- vgJ +v,�
b�2 @ +u . �,�2 � 4= +7;,Hydoxdwlqj wkh �uvw rughu frqglwlrqv lq vwhdg| vwdwh dqg jhwwlqj ulg riwkh wzr frvwdwh yduldeohv/ zh rewdlq wkh mre fuhdwlrq dqg wkh mre ghvwuxfwlrqhtxdwlrqv iru wkh vrfldo sodqqhu lq wkh wzr hqgrjhqrxv yduldeohv � dqg [=

^4� � +�,` �|4�[u . � � I +�,� @ ft +�, . �I � +�, +7<,
|[ � e� f� � +�,4� � +�, . �|u . � ] �

- +v�[, gJ +v,� �2t +�,I � +�,4� � +�, @ 3 +83,
Frpsdulqj htxdwlrqv +7<, dqg +83, zlwk wkh pdunhw vroxwlrqv +htxdwlrqv+5:, dqg +59,, wkh h�flhqf| frqglwlrq lv=

� +�, @ � � +4� �, �t +�,f I � +�, +84,Li �ulqj frvwv duh �{hg/ I � +�, @ 3/ zh uhwxuq wr wkh Krvlrv frqglwlrq1 Li/lqvwhdg/ �ulqj frvwv duh ghfuhdvlqj lq �/ wkh vhfrqg whup ri wkh uljkw vlgh riwkh htxdwlrq +84, lv srvlwlyh1 Vwduwlqj iurp d vlwxdwlrq zkhuh �ulqj frvwvduh �{hg dqg � +�, @ �/ wkh lqwurgxfwlrq ri hqgrjhqrxv �ulqj frvwv vzlwfkhvdq h�flhqw vlwxdwlrq wr dq lqh�flhqw rqh1Lq wklv fdvh/ iru hyhu| ydoxh ri wkh surgxfwlylw| wkuhvkrog [/ wkh rswl0pdo ydoxh ri � fkrvhq e| wkh vrfldo sodqqhu qhhgv qrw rqo| lqwhuqdol}h wkhfrqjhvwlrq fdxvhg e| zrunhuv dqg �upv lq wkh pdunhw/ exw dovr frpshqvdwhwkh glvwruwlrq surgxfhg e| wkh suhvhqfh ri �ulqj frvwv1 Iru h{dpsoh/ iru djlyhq ydoxh ri �/ li �upv duh fdxvlqj wrr pxfk frqjhvwlrq lq wkh pdunhw +l1h1/wkh hodvwlflw| ri wkh fryhudjh udwh ri d ydfdqf| zlwk uhvshfw wr wkh pdunhwwljkwqhvv lv kljk, dqg wkh ohyho ri �ulqj frvwv lv kljk/ wkh pdunhw ydoxh ri �lv wrr orz1 Khqfh/ wr dfklhyh vrfldo h�flhqf|/ wkh rswlpdo ydoxh ri � pxvweh kljkhu lq rughu wr uhgxfh wkh ohyho ri � +�, dqg wkh h�hfwlyh ohyho ri �ulqjfrvwv1
S �L?U*�_�?} +i4@h!t
Lq wklv sdshu/ xvlqj d srolwlfdo hfrqrp| iudphzrun/ zh kdyh surylghg dplfurirxqgdwlrq ri wkh lqyhuvh uhodwlrqvkls ehwzhhq wkh vwulfwqhvv ri hp0sor|phqw surwhfwlrq dqg oderu pdunhw wljkwqhvv1 Zh kdyh wkhq lqyhvwljdwhgwkh pdfurhfrqrplf lpsolfdwlrqv ri wklv uhvxow rq htxloleulxp xqhpsor|phqw1
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Rqh pdlq uhvxow lv wkdw wkh prgho surgxfhv pxowlsoh htxloleuld vxjjhvwlqjd fdxvdolw| qh{xv ehwzhhq oderu pdunhw uljlglwlhv dqg hfrqrplf rxwfrphvgl�huhqw iurp wkh frqyhqwlrqdo rqh1 Lw lv qrw hpsor|phqw surwhfwlrq wkdwfdxvhv srru oderu pdunhw shuirupdqfh/ exw udwkhu wkh rwkhu zd| durxqg=rqh fdq wklqn wkdw d ghsuhvvhg oderu pdunhw ~ zlwk ihz mrev fuhdwhg dqgkljk dyhudjh gxudwlrq ri xqhpsor|phqw ~ eh wkh pdlq uhvsrqvleoh iru wkhohyho ri uljlglwlhv1Zh kdyh dovr lqyhvwljdwhg wkh txhvwlrq ri h�flhqf|1 Iluvw/ zh kdyh vkrzqwkdw wkh htxloleuld duh qrw Sduhwr udqnhg1 Lw iroorzv wkdw d orzhu ohyho riuljlglwlhv duh qrw dvvrfldwhg zlwk d kljkhu ohyho ri zhoiduh1 Dv iru vrfldoh�flhqf|/ zh kdyh rewdlqhg d jhqhudol}dwlrq ri wkh Krvlrv frqglwlrq1 Li�ulqj frvwv duh hqgrjhqrxv/ wkh dfklhyhphqw ri vrfldo rswlpxp uhtxluhv qrwrqo| wdnlqj wkh frqjhvwlrq wkdw zrunhuv dqg �upv fdxvh lq wkh pdunhw lqwrdffrxqw/ exw dovr wkh r�vhwwlqj h{whuqdolw| surgxfhg e| �ulqj frvwv1Ilqdoo|/ zh dqdo|}hg wkh orfdo vwdelolw| ri wkh htxloleuld1 Zh �qg wkdw/zkhq wkh �ulqj frvwv h{whuqdolw| lv vx�flhqwo| vwurqj wr r�vhw wkh vhdufk frvwh{whuqdolw|/ wkh htxloleulxp lv d vwdeoh qrgh1 Ylfh yhuvd/ zkhq wkh vhdufkfrvw h�hfw grplqdwhv/ wkh htxloleulxp lv dq xqvwdeoh vdggoh srlqw1Wkh uhvxowv rewdlqhg lq wkh sdshu ulvh dq lqwhuhvwlqj lvvxh iru ixwxuhuhvhdufk1 Zh frqvlghu d sduwldo htxloleulxp dqdo|vlv ri wkh oderu pdunhwzlwkrxw wdnlqj lqwr dffrxqw wkh srwhqwldo lqwhudfwlrqv zlwk rwkhu pdunhwv1Khqfh/ d qdwxudo txhvwlrq dulvhv= zkdw d�hfwv oderu pdunhw frqglwlrqvB Zhwklqn dq dqvzhu frxog frph iurp wkh dqdo|vlv ri wkh fdxvhv ri wkh orz ohyhori jurzwk dqg djjuhjdwh ghpdqg h{shulhqfhg e| wkh prvw ri wkh Hxurshdqfrxqwulhv lq wkh odvw whq |hduv1
+iuihi?Uit

Ehqwrolod/ V1 dqg J1 Ehuwrod +4<<3,1 Ilulqj frvwv dqg oderu ghpdqg= Krzedg lv hxurvfohurvlv1 Uhylhz ri Hfrqrplf Vwxglhv 8:/ 6;4~7351Ehujhu/ K1 +4<<:,1 Uhjxodwlrq lq Jhupdq|= Vrph vw|olvhg idfwv derxwlwv wlph sdwk/ fdxvhv dqg frqvhtxhqfhv1 LPSH Frqihuhqfh rq Lqvwl0wxwlrqv dqg +Hfrqrplf, Shuirupdqfh= Ghuhjxodwlrq dqg lwv Frqvh0txhqfhv/ Xwuhfkw/ Ghfhpehu 44045/ 4<<:1Ehuwrod/ J1/ W1 Erhul/ dqg V1 Fd}hv +4<<<,1 Hpsor|phqw surwhfwlrq dqgoderxu pdunhw dgmxvwphqw lq RHFG frxqwulhv= Hyroylqj lqvwlwxwlrqvdqg yduldeoh hqirufhphqw1 Hpsor|phqw dqg Wudlqlqj Sdshuv1 Lqwhuqd0wlrqdo Oderxu R�fh 0 Jhqhyd1Eodqfkdug/ R1 +5333,1 Hpsor|phqw surwhfwlrq/ vfohurvlv dqg wkh h�hfw rivkrfnv rq xqhpsor|phqw1 Olrqho Ureelqv Ohfwxuhv/ Orqgrq Vfkrro riHfrqrplfv1Eodqfkdug/ R1 M1 dqg S1 Sruwxjdo +5334,1 Zkdw klghv ehklqg dq xqhpsor|0
4<



phqw udwh1 frpsdulqj sruwxjxhvh dqg X1V1 xqhpsor|phqw1 DphulfdqHfrqrplf Uhylhz <4/ 4;:~53:1Eodqfkdug/ R1 M1 dqg M1 Zroihuv +5333,1 Wkh uroh ri vkrfnv dqg lqvwlwx0wlrqv lq wkh ulvh ri hxurshdq xqhpsor|phqw= Wkh djjuhjdwh hylghqfh1Hfrqrplf Mrxuqdo 4431Erhul/ W1/ S1 Jduledogl/ P1 Pdflv/ dqg P1 Pdjjlrql +5335,1 Dgdsdwdelo0lw| ri oderxu pdunhwv= Whqwdwlyh gh�qlwlrq dqg d v|qwkhwlf lqglfdwru1Irqgd}lrqh Urgroir Ghehqhghwwl 1Erhul/ W1/ M1 F1 Uxl}/ dqg Y1 Jdodvvr +5336,1 Surwhfwlrqj djdlqvw oderxupdunhw ulvn= Hpsor|phqw surwhfwlrq ru xqhpsor|phqw ehqh�wvB L]DGlvfxvvlrq Sdshu +;67,1Gldprqg/ S1 D1 +4<;5,1 Djjuhjdwh ghpdqg pdqdjhphqw lq vhdufk htxl0oleulxp1 Mrxuqdo ri Srolwlfdo Hfrqrp| <3/ ;;4~;<71Grqrkxh/ M1 M1 dqg S1 Vlhjhopdq +4<<8,1 Wkh vhohfwlrq ri hpsor|phqwglvfulplqdwlrq glvsxwhv iru olwljdwlrq= Xvlqj exvlqqhvv f|foh h�hfwv wrwhvw wkh Sulhvw0Nohlq k|srwhvlv1 Mrxuqdo ri Ohjdo Vwxglhv 57/ 75:~7951Jduledogl/ S1 dqg J1 O1 Ylrodqwh +5335,1 Ilulqj wd{ dqg vhyhudqfh sd|phqwlq vhdufk hfrqrplhv= D frpsdulvrq1 FHSU Glvfxvvlrq Sdshu/ q1 69691Krvlrv/ D1 M1 +4<<3,1 Rq wkh h�flhqf| ri pdwfklqj dqg uhodwhg prghov rivhdufk dqg xqhpsor|phqw1 Uhylhz ri Hfrqrplf Vwxglhv 8:/ 5:<~5<;1Lfklqr/ D1/ P1 Sror/ dqg H1 Uhwwruh +5335,1 Duh mxgjhv eldvhg e| oderupdunhw frqglwlrqvB Hxurshdq Hfrqrplf Uhylhz 1 Iruwkfrplqj1Od}hdu/ H1 S1 +4<<3,1 Mre vhfxulw| surylvlrqv dqg hpsor|phqw1 Txduwhuo|Mrxuqdo ri Hfrqrplfv 438/ 9<<~:591Olqgehfn/ D1 dqg G1 Vqrzhu +4<;;,1 Wkh Lqvlghu0Rxwvlghu Wkhru| ri Hp0sor|phqw dqg Xqhpsor|phqw1 Fdpeulgjh= PLW Suhvv1Pruwhqvhq/ G1 W1 dqg F1 D1 Slvvdulghv +4<<7,1 Mre fuhdwlrq dqg mre gh0vwuxfwlrq lq wkh wkhru| ri xqhpsor|phqw1 Uhylhz ri Hfrqrplf Vwxg0lhv 94/ 6<:~7481Pruwhqvhq/ G1 W1 dqg F1 D1 Slvvdulghv +4<<<,1 Qhz ghyhorsphqwv lq prg0hov ri vhdufk lq wkh oderu pdunhw1 Lq R1 Dvkhqihowhu dqg G1 Fdug +Hgv1,/Kdqgerrn ri Oderu Hfrqrplfv/ Dpvwhugdp1 Qruwk Kroodqg1RHFG +4<<8,1 Wkh RHFG Mre Vwxg|1 Sdulv1RHFG +4<<<,1 Hpsor|phqw Rxworrn1 Sdulv1Shwurqjror/ E1 dqg F1 D1 Slvvdulghv +5334,1 Orrnlqj lqwr wkh eodfn er{= Dvxuyh| ri wkh pdwfklqj ixqfwlrq1 Mrxuqdo ri Hfrqrplf Olwhudwxuh 6</6<3~7641Slvvdulghv/ F1 D1 +5333,1 Htxloleulxp Xqhpsor|phqw Wkhru|1 Fdpeulgjh=PLW Suhvv1
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Vdlqw0Sdxo/ J1 +4<<9,1 H{sorulqj wkh srolwlfdo hfrqrp| ri oderxu pdunhwlqvwlwxwlrqv1 Hfrqrplf Srolf| 56/ 598~6481Vdlqw0Sdxo/ J1 +5333,1 Wkh Srolwlfdo Hfrqrp| ri Oderxu Pdunhw Lqvwlwx0wlrqv1 R{irug= R{irug Xqlyhuvlw| Suhvv1
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