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Abstract

Generally, in the financial literature, the notion of quadratic VaR is implicitly confused with the
Delta-Gamma VaR, because more authors dealt with portfolios that contained derivatives instruments.
In this paper, we postpone to estimate both the expected shortfall and Value-at-Risk of a quadratic
portfolio of securities (i.e equities) without the Delta and Gamma Greeks, when the joint log-returns
changes with multivariate elliptic distribution. To illustrate our method, we give special attention to
mixture of normal distributions, and mixture of Student t-distributions.
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1 Introduction

Value-at-Risk is a market risk management tool that permit to measure the maximum loss of the portfolio
with certain confidence probability 1 — «, over a certain time horizon such as one day. Formally , if the price
of portfolio’s P(t,S(t)) at time t is a random variable where S(t) represents a vector of risk factors at time
t, then VaR be implicitly given by the formula

Prob{—P(t,S(t)) + P(0,5(0)) > VaR,} = .

Generally, to estimate the VaR, for portfolios depending non-linearly on the return , or portfolios of
non-normally distributed assets, one turns to Monte Carlo methods. Monte Carlo methodology has the
obvious advantage of being almost universally applicable, but has the disadvantage of being much slower
than comparable parametric methods, when the latter are available.

In this paper we are concerned with the numerical estimation of the losses that the portfolio of equities
faces due to the market, as a function of the future values of S. Following the quadratic Delta-Gamma Port-
folio, we introduce the notion of quadratic portfolio of equities due to the analytic approximation of Taylor
in 2" order of log-returns for very small variations of time. Quadratic approximations have also been the
subject of a number of papers dedicated to numerical computations for VaR ( but these have been done
for portfolio that contains derivatives instruments). We refer the reader to Cardenas and al.(1997) [2] for a
numerical method to compute quadratic VaR using fast Fourier transform . Note that in [1], Brummelhuis,
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Cordoba, Quintanilla and Seco have dealt with the similar problem, but their work have been done analyt-
ically for Delta-Gamma Portfolio VaR when the joint underlying risk factors follow a normal distribution
which is a particular case of elliptic distribution . All our calculus will be done according to the assumption
that the joint securities (i.e equities) log-returns follow an elliptic distribution. To illustrate our method, we
will take some examples of elliptic distributions as mixture of multivariate t-student and mixture of normal
distributions. Note also that, Following RiskMetrics, Sadefo-Kamdem [11](2003) have generalized the notion
of A-normal VaR by introducing the notion of A-Elliptic VaR , with special attention to A-Student VaR ,
but this concerned the linear portfolio. In this paper, we will do the same for nonlinear quadratic portfolios
without derivatives instruments.

The rest of the paper is organized as follows: In section 2, we introduced the notion of quadratic portfolio
of securities(i.e equities) due to the 2"% order Taylor approximation of log returns . Our calculus is made
with the more generalized assumptions that the joint underlying log-returns follow an elliptic distribution.
That is why in section 3, following [4], we recall the definition of elliptic distribution and we show that under
the hypothesis of elliptic distribution the VaR estimation of such portfolios is reduced to a multiple integral
equation. Next following the paper of Alan Genz [6] , we recall the notions of symmetric interpolar rules
for multiple integrals over hypersphere and we use this method to reduce our problem to one dimensional
integral equation. In the same section, we illustrate our method by giving an explicit equation with solution
VaR ( Value-at-Risk ) when the joint log-returns follow some particular mixture of elliptic distributions
named mixture of multivariate Student t-distributions or the mixture of normal distributions, in these cases
the VaR estimation is reduced to finding the zero’s of a certain specials functions. In section 5 we treats the
expected shortfall for general elliptic quadratic portfolios of securities without derivatives instruments and
we illustrate with the special case of normal distribution. Finally, in section 6 we give a conclusion.

2 Quadratic Portfolio of Securities(i.e Equities)

A portfolio of n securities is a vector # € R™; the component 6; represents the number of holdings of the it"
instruments, which in practise does not need to be an integer. So at time t the price of the portfolio of n
securities is given by:

P(t) = ZGiSi(t) (1)

where S(t) = (S1(¢),...,Sn(t)) such that

PO~ PO) = 3 0:(5(0) - 5i0) = Y- 5010151~ 1
i=1 i=1 v
For small fluctuations of time and market, we assume that log-return is given by :
log(Si(t)/5i(0)) = mi(t) (2)
therefore
Si(t)

Then we have that
S(t) = (S1(0)exp(m), ..., Sn(0)exp(n,)).

By using Taylor’s expansion of the exponential’s due to small fluctuations of returns with a time, we have
that :

exp(n;(t)) — 1~ n;(t) + (3)



If we assume that n = (n1,...,7n,) is an elliptic distribution note by N, (i, X, ¢) then

P~ P0) = 32 5,0) -0, - (eapln(®) — 1) = 3 $:(0)0,0ni(t) + T4, (@)
i=1

i=1

By following the usual convention of recording portfolio losses by negative numbers, but stating the
Value-at-Risk as a positive quantity of money, The VaR, at confidence level of 1 — « is given by solution of
the following equation:

Prob{|P(t) — P(0)| > VaR,} = «

In the probability space of losses |P(t) — P(0)| = —P(t) + P(0), therefore recalling (4), we have

n 2
Prob{z S5;(0).0;(n; (¢) + 7]1(275) ) < —VaR,} = «, (5)
i=1
then an elementary mathematical tool give that :
ni(t)* 2
ni(t) + 5 :i(m(t)‘Fl) -1 (6)
therefore
= 0; 2 — 0;
P (0). 2 (n; (1) + 1)) < — 7 8(0)}) = o
ro3.0)- (0) +1)%) < ~VaRu + 305500} =a ”)

By posing X = (1 +1,...,m, + 1), it is straightforward that , X is an elliptic distribution due to the fact that
it is a linear combination of elliptic distribution . We note X ~ N(u + 1,%,¢ ) with a continuous density
function hq(x). Remark that

Zai(m(t) +1)° = (z,A.2)

with A = (aii)izl..n is a diagonal matrix with diagonal values «;; = W > 0and u/ = (u+1,...,up+l) =
p~+ T is the mean vector of X , therefore (7) becomes
Prob{(X,AX) <k} =« (8)

with k = —VaR, + Z?:l Qi = @ —VaR,. We will suppose that k£ > 0, this means that the Value-at-
Risk of our portfolio’s is not greater than P(0)/2 .

Remark 2.1 We remark that to estimate the Value-at-Risk of a portfolio of securities (i.e equities), the
computation of our model need as inputs the quantity 0; and the initial security price S;(0) for each i =1..n
as giwen in (1). Recall that in literature, the computation of Quadratic Delta-Gamma (A-T') VaR need as
inputs the sensitivity vector A and the sensitivity matriz T', because of the presence of derivatives products
in the portfolio.

3 Reduction to an Integral Equation

In this section, we will reduce the problem of computation of the Value at Risk for quadratic portfolio of
equities to the study of the asymptotic behavior of the density function distribution over the hyper-sphere.

3.1 Notions of Elliptic Distributions
The following definitions will be given as in [4](2002) .



3.1.1 Spherical Distribution

Definition 3.1 A random vector X = (X1, X2, ..., X»)! has a spherical distribution if for every orthogonal
map U € R™™™ (i.e. maps satisfying UU* = U'U = I,,x)

UX =4 X.1

we note that: X ~ S,(¢).If X has a density f(z) then this is equivalent to f(x) = g(x'z) = g(||x||?) for some
function g : Ry — R4, so that the spherical distributions are best interpreted as those distributions whose
density is constant on spheres.

Elliptical distributions extend the multivariate normal N, (u,Y), for which p is mean and ¥ is the
covariance matrix. Mathematically, they are the affine maps of spherical distributions in R".
3.1.2 Elliptic Distribution

Definition 3.2 Let T : R" — R" ,y+— Ay+pu, A€ R"" , n€ R™ . X has an elliptical distribution
YX=T(Y)andY ~ S,(¢). If Y has a density f(y) = g(y'y) and if A is reqular (det(A) # 0 so that
¥ = A A is strictly positive),then X = AY + p has a density

h(z) = g((x — p)'S7 (@ — p))/V/det(X) (9)

and the contours of equal density are now ellipsoids. An elliptical distribution is fully described by its mean,
its covariance matriz and its characteristic generator.

e Any linear combination of an elliptically distributed random vector is also elliptical with the same
characteristic generator ¢ . f Y ~ N, (u, X, ¢) , b € R™ and B € R™*" then B.Y +b ~ N,,(Bu +
b, BEB!, ¢) .

3.2 Integral Equation with solution VaR
Since X is an elliptic distribution, its density take the following form:

hi(z) = h((z — 1))

1T is the vector of unities and h is the density function of n which take the form :

hz) = g((& — S (@ — p)')/\/det(S),

therefore we have the following equation
Prob{(X,AX) > ~VaRs + Y ai} =1—a=I(k)
1

with VaR,, as solution such that k = —VaR, + >} ;.
In terms of our elliptic distribution parameters we have to solve the following equation:

(k) = / hi(2)dz =1 —a (10)
{(w.A.2) >k}
with X ~ E,(n+1,%,¢), AA" =¥ and I(k) given as follow:
_ dy
Ik:/ J(y—p—-M'S Ny —p—1)—=
() {(z,A.z)>k} (« ) ( ) det(X)

1=, denote equality in distribution



since A is a diagonal matrix with all positive diagonal values, we decompose A = A'/2. A/2 therefore the
equation (10) becomes

10 = | a(lz1*)az = [ o211z
{<AV/2(Az+p+1),A1/2(Az+p+1)>>k} [AY/2(Az4p+T)||5<k}

Cholesky decomposition states that ¥ = AA* when X is suppose to be positive, therefore if we changing the
variable z = A=!(y — p — 1), the precedent integral becomes :

I@):/‘ o(l2]2)d.
(Az+p+T)*A(Az+p+T) >k}

If we do the following decomposition (Az + p+ M)*A(Az+p+ 1) = (z+v)'D(z+v) + 6, with D = A*-A- A
,v=A"1(u+ 1) and § = 0, after some elementary calculus

10 = [ o1z
{(z4+0)! D(z+v) >k—3}

If we suggesting k; = k — 6 = R2, 2z + v = u, dz = du, we find that
10 = | g(llu—v])dz =1~ 0
{ut.D.u>R2}

By introducing the variable z = D'/2u/R, we have that:

dz

HR):R”/ J(|RDT 2 — o] )2
{lI=l>1} det(D)

next, by using spherical variables z = 7.¢ with ¢ € S,_; and dz = " ldrdo(¢), where do(z) is a
elementary surface of z on S,,_1 = {£|€ € R™, &2 + €3 + ... + €2 = 1} and by introducing the function J(r, R)
such that

ﬂnR%:/ g(IrRDF € — v]?)do(€) (11)
Sn-1
we obtain
. = Oor"_l r e v||?)do 7(17" = Oor"_l r 7dr
rram = [ gD S —iPin©)] St = [t R )

Next By introducing the function
o0
H(s) = s”/ "L J(r, s)dr, (13)
1

our goal will be to solve the following equation

H(s) = (1 — a)/det(D). (14)

In the following section, we propose to approximate J(r,R) by applied the numerical methods giving in
the paper of Alan Genz (2003), ( see [6] for more details).

3.3 Numerical approximation of J(r,R)

In this section, we estimate the integral J(r,R) by a numerical methods given by Alan Genz in [6] .



3.4 Some interpolation rules on S, _;

The paper [6] of Alan Genz, give the following method. Suppose that we need to estimate the following
integral

J(f) = /S f(2)do(2)

where do(z) is an element of surface on S,,_1 = {z|z € R", 2 + 25 + ... + 22 = 1}.

In effect, let be the n-1 simplex by T,,_1 = {z|r € R"" 1,0 < 2y + 75 + ... + 2,1 < 1} and for any
x € Tp,_1, define z, = 1 — Z?:_ll x; . Also t, = (tp,,...,tp,_,) if points tg, t1,..., t,, are given, satisfying
the condition : [t,| = Y1 t,, = 1 whenever Y " | p; = m, for non-negative integers pi...., p, , then the
Lagrange interpolation formula (sylvester [12] for a function g(x) on T,_1 is given by

n pl—l

TR N | § I =0

Ip|=m i=1 j=0 p’

Lmn=1) (g 1) is the unique polynomial of degree m which interpolates g(x) at all of the C},, _; points in
the set {z|z = (tp,,.... tp,_,), |p| = m}. Silvester provided families of points, satisfying the condition |t,| =1
when [p| = m, in the form t; = mign for i=0,1,...,m, and p real. If 0 < 0 < 1, all interpolation points

for Lm"=V (g, z) are in T),_;. Sylvester derived families of interpolators rules for integration over T}, _;
by integrating L™~V (g, z) . Fully symmetric interpolar integration rules can be obtained by substitute
x; =22, and t; = u? in L™ Y (g, z), and define

n pi—1

mMm(rz =y TT 1 ;_ zf{up}

|p|=m i=1 j=0

where f{u} is a symmetric sum defined by

Huy =27 f(s1u1, s2us, ..., Sptin)

with ¢(u) the number of nonzero entries in (uy,...,u,), and the ) taken over all of the signs combinations
that occur when s; = £1 for those i with u; different to zero.

Lemma 3.3 If

-1
n P z—u2
HH ]
2
U u
i=1 j=0 Pi

then
J(f) = R(mm)(f) = Z wy flup}

[p|l=m
fu} = 9—c(w) Zf(slul, S2U, ..y Splby,)

, with ¢(u) the number of nonzero entries in (uy, ..., u,), and the Y taken over all of the signs combinations
that occur when s; = +1 for those i with u; different to zero.

The proof is given in [6] by (Alan Genz (2003)) as follow:
Let 2% = 2M 252 . 2F» J and R are both linear functionals, so it is sufficient to show that R (2%) = J(z*)
whenever |k| < 2m + 1. If k has any component k; that is odd, then J(2*) = 0, and R(™™ (2¥) = 0 because

ever term uf; in each of the symmetry sums f{u,} has a cancelling term - u’; . Therefore, the only monomi-

als that need to be considered are of the form z?*, with |k| < m. The uniqueness of L(™"~1 (g, ) implies



Limn=1) gk 2} = ¥ whenever |k| < m, so M (™™ (2%F 2) = 2* whenever |k| < m. Combining these results:

J(f) =M (f2) = Y wpf{up}t = R (2F)

[p|=m

whenever f(z) = 2*, with |k| < 2m + 1, so RU™™)(f) has polynomial degree 2m+1. For more details ( cf.
Genz [6]).

3.5 Application to Numerical approximation of J(r, R)

Since our goal is to estimate the integral (10), it is straightforward that the theorem (4.2.1) is applicable to
the function f such that

-1
f(z) =g(IrRD= 2 — v|?).
Next, since we have that
fup} = g(lrRD= (s.up)" —v]?),

by introducing the approximate function .J,,, that depend to the choice of u,, (10) becomes

Jr Ry~ > > w, g(|lrRDZ (s.up) — v|%) = Ju, (r, R) (15)
lpl=m s
we note s.up, = (s1u1, ...,snun)t.
Remark 3.4 J,,(r, R) is the numerical approzimation of J(r, R) as given in (15), is depend to the choice
of interpolation points u, on hypersphere. Recall that J(r, R) was a fized function that depend to R and the
density function of our elliptic distribution .

By introducing H,,, the approximate function of H as define in (13) that depend of .J,, , such that

H,,(s) = 5"/ r" N, (1, s)dr ~ H(s). (16)
1
By replace H(s) in (14) by H,,(s) we then prove the following result:

Theorem 3.5 If we have a quadratic portfolio of securities (i.e equities) such that the Profit €& Loss function
over the time window of interest is, to good approzimation, given by AIl =~ >"7 | S;(0) - 6;(n:(t) + 7'1(2—“2),
with portfolio weights 0;. Suppose moreover that the joint log-returns is a random vector (ni,...,n,) that
follows a continuous elliptic distribution, with probability density as in (9),where u is the vector mean and
¥ is the variance-covariance matriz, and where we suppose that g(s?) is integrable over R, continuous and
nowhere 0. Then the approzimate portfolio’s quadratic elliptic VaRgé’up at confidence (1 — «) is given by

VaR? ,, = PO _ R? (17)

QU 2 g,up

where Ry, is the unique solution of the equation

H,,(s) = (1—a)-/det(D) = (12;/3) det() [ 6: - Si(0). (18)

i=1
In this case, we assume that our losses will not be greater than half-price of the portfolio at time 0.

Remark 3.6 The precedent theorem give to us an approzimate Quadratic Portfolio Value-at-Risk (VaRY, ,, )

LU
that depend to our choice of interpolation points on hypersphere ,o and the function g. Therefore it is clear

that the best choice of interpolation point will depend to the g function in (9).



With some simple calculus we have the following remark

Remark 3.7

Ju, (1, R) Z wp Z ( 8, Up, R) - 1% — 2 b(s,up, R, D,v) -7 + c(v)) (19)

|p|=m

for which a(s,up, R, D) = ||RD_Tl(s.up)||2, b(s,up,R,D,v) =R < D_Tl(s.up),v >,c = ||v||?. Sometimes, for
more simplification we will note a,b,c.

Since inequality of Schwartz give that b2 —ac < 0, we use the change of variable by posing b1 = @ <0,
u=r-— 3, by using using the binom of Newton, and by introducing the function G%9 for j = 0,..,n — 1,
such that we have the following remark

Remark 3.8

Jrnm =Y prZ( D oraram (20)

lp|= s j=0
with -
Gig (R) = / 2 ~g(az2 —by)dz (21)
psS 1_b

for which a,b and ¢ are defined in (3.7).

By replace d =b/a = M by its value in (3.8),we obtain
RIDZ (s.up)]?

o , - < DT (s.up),v >2
Gt = [ P a(RIDT g P2 - SEE T g, o)
A AT JEYE [DF (s

RIDZ (s.up)|2

we then have the following theorem

Theorem 3.9 If we have a quadratic portfolio of securities (i.e equities) for which the joint securities log-
returns changes with continuous elliptic distribution with pdf distribution as in (9), then the approzimate
portfolio’s quadratic elliptic Vangp at confidence (1 — «) is given by

P(0)

VaR{,, =~ - R, (23)
where Ry, is the unique solution of the equation
S w ZZ( > Rt (S D%l(s.up),v>)"—1—j'Gj’g - He o o
st ol D= (s.u)]? inatm = L

In this case, we assume that our losses will not be greater than half-price of the portfolio at time 0.

Remark 3.10 We have reduced our problem to one dimensional integral equation. Therefore, to get an
explicit equation to solve, we need to estimate G{L’f’s(R) that depend to R with parameters g,up,v and D.

Therefore, in the case of normal distribution or ¢-distribution, it will suffices to replace g in the expression
of (21), an to estimate the one dimensional integral (21).



3.5.1 The case of normal distribution

In the case of normal distribution, the pdf is given by:

1 1 ) .
f(z) = W%P(*§($ — Sz — ) (25)

and specific is given as follow
glx)=(2m)"%2e "2 =C(n)e 2

therefore it suffices to replace g in (21) then

G (R) = (27) %% / We % du, (26)
1

Up,S

If 1 —2 >0 (it is the case when R is sufficiently big such that |v| < R||D%1(s.up)|| )

Glo(B) < DT () w>? a1 (RIDE (Sw)))? < D ()0 >
L) (2m) % TR Gt H T 2 ( RIID?(sfuwlle;))

exp(—
therefore, since a = (RHD_T1 (s.up)|))? we have the following theorem

Theorem 3.11 If we have a portfolio of securities (i.e equities), such that the Profit & Loss function over

. 2 .
the time window of interest is, to good approzimation, given by AIl ~ Y7 | S;(0) - 0;(n;:(t) + %), with
portfolio weights 0;. Suppose moreover that the joint log-returns is a random vector (n1,...,n,) that follows
a continuous multivariate normal distribution with density function in (25), vector mean p , and variance-
covariance matriz ¥, the Quadratic Value-at-Risk (VaRe. ., at confidence 1 — « is given by the following
formula

P(0
= —VaRqgu, + %

for which Ry, « is the unique solution of the following transcendental equation.

R2

Up,

\/ n—j=1) 4 T Iy a
201 - ) Yo E =Y w Z<D”uﬁ)v>)( e (" A=) e

B3 gt
et T & DF Gule S\ )2
=t _
for which by = M [v]|?, £ = D2 (sup)v> o — R\ DT (s.up)||2. In this case, we implicitly
1D72 (s.up)ll? RIID™2 (s.up)]?

assume VaRq.y, < P(0)/2. T is the incomplete gamma function.

3.5.2 Case of t-student distribution

If our elliptic distribution is in particular chosen as the multivariate t-student distribution, we will have
density function given by

(5)
" T

—5)

(1+ )( ? =C(n,u)(1+§>( ? (29)

—5)

therefore by replacing g in (24), we obtain the equation

3 wpzz( )b/ ) J/loobuj(u

Ipl= s j=0 @

au? — b2)( *) (1 — a)+/det(D)

du = C(n,v)R" (30)

a



suggesting ¢; = v — b? , our equation is reduce to

S XS (1o [ ) - UL

[p|l=m s j=0

changing variable in this integral according to v = u? and 3 = o, we find that

R Z prZ( ) (b/a)"~ e Cy /(OO v%_l(ﬁv_kl) w;n)du_ (1_0‘)7Tn/2F(V/2) det(D)-

- vin v+n
|p|= s j=0 1_%)2 vz F( jQL )
(32)
For the latter integral equation, we will use the following formula from [7]:
Lemma 3.12 (c¢f. [7], formula 5.194(2)). If |arg(5)| <7, and Re(v1) > Re(u) >0 , then

+oo et ) J uM*V15*V1 P )
- 2 e .
/1; T ( +B£C) €z Vi — p 2 1(1/171/1 2291 M"_ 3 ﬂu) (33)

Here o Fy (av; B, 7v; w) is the hypergeometric function.

In our case,ry = Y3 w = (1-b/a)?, vy —p = Muf_j_l, v —p+1l= w therefore If we replace in
(32), we will obtain the following result.

Theorem 3.13 If we have a portfolio of securities (i.e equities), such that the Profit & Loss function over
. 2 .
the time window of interest is, to good approzimation, given by AIl ~ Y7 | S;(0) - 0;(n;:(t) + %), with
portfolio weights 0;. Suppose moreover that the joint log-returns is a random vector (n1,...,n,) that follows
a continuous multivariate t-distribution with density function given by (29), vector mean p , and variance-
covariance matriz ¥, the Quadratic Value-at-Risk (VaRa ., at confidence 1 — « is given by the following

formula
P
R: . =-VaRg., + PO
P »Up 2

for which Ry, « is the unique solution of the following transcendental equation.

ntv ntv—j—1, ngv—j+1, bi—v }

Tl e S AT 1 O T R )
T 2 ZZ() = 0t o7 - DYAIL 0 5:0) | vy

2
) oo 5 =0 (v =13~

=1 =1 L
for which by = (<D2_1(s—'u”)’v>)2—||v||2, v = D2 (up)w> 1y R%|D7= (s.up)||? . In this case, we implicitly
D72 (s.up)]I? R D72 (s.up)]?
assume that VaRe ., < P(0)/2

Remark 3.14 Note that, Hypergeometric 5 F}’s have been extensively studies, and numerical software for
their evaluation is available in Maple and in Mathematica.

4 Quadratic VaR with mixture of elliptic Distributions

Mixture distributions can be used to model situations where the data can be viewed as arising from two
or more distinct classes of populations; see also [9]. For example, in the context of Risk Management, if
we divide trading days into two sets, quiet days and hectic days, a mixture model will be based on the
fact that returns are moderate on quiet days, but can be unusually large or small on hectic days. Practical
applications of mixture models to compute VaR can be found in Zangari (1996), who uses a mixture normal
to incorporate fat tails in VaR estimation. In this section, we sketch how to generalize the preceding section
to the situation where the joint log-returns follow a mixture of elliptic distributions, that is, a convex linear
combination of elliptic distributions.

10



Definition 4.1 We say that (Xi,...,X,,) has a joint distribution that is the mixture of ¢ elliptic distri-
butions N(u;, %, ¢;)%, with weights {3;} (j=1,..q; 8; > 0; >21_, f; = 1), if its cumulative distribution
function can be written as

q
FXl,...,X,,L (.’1,‘1, e ,Qﬁn) = Zﬁij(mh e ,$n>
Jj=1

with Fj(z1,...,zy) the cdf of N(u;,%;, ¢;).

Remark 4.2 In practice, one would usually limit oneself to ¢ = 2, due to estimation and identification
problems; see [9].

We will suppose that all our elliptic distributions N(u;,%;, ¢;) admit a pdf :

fila) = %5172, ((x — 1))~ (@ — py)") (35)
for which each g; is continuous integrable function over R, and that the g; never vanish jointly in a point of
R?. The pdf of the mixture will then simply be ;1‘:1 B fi(x).

Let
Y= A; A;
So, following (12),we introduce Ji(r, R) such that

q o) 1 dr q oo
aR™" = et / rRD.Z & — v ||})do(§) ]| ——— = / e (r, R)dr 36
S [ [ erRp e ultyin©)] Es =3 [T e (@0
k=1 k=1
Next following (21), we introduce the function
GLY k(R) = Rn/l . 2 on(axz® = big)dz (37)

A

— =1 2
with aj, = [|[RD= (s.upn)||2, bx = R < D,2 (s.upi), v >,cx = [[og]|2,bix = bka%, then we have the following
corollary

Theorem 4.3 If we have a portfolio of securities (i.e equities) such that the Profit & Loss function over

. . . . . . . : 2 .
the time window of interest is, to good approzimation, given by AIL ~ Y"1 S;(0) - 6;(n;(t) + %), with
portfolio weights 0;. Suppose moreover that the joint log-returns is a random vector (01, ...,n,) s a mizture

of q elliptic distributions, with density
q
—1/2 _
h(x) = > 315517205 (= — )5 @ — 1))
j=1

where [ is the vector mean, and ¥; the variance-covariance matriz of the j-th component of the mixzture.
We suppose that each g; is integrable function over R, and that the g; never vanish jointly in a point of R™.
Then the value-at-Risk, or Quadratic mixture-elliptic VaR, at confidence 1 — « is given as the solution of
the transcendental equation

G0 (B2 = VaRy  )V2) (g

DD DR ) I (g [V e - (39)

k=1 |p|=m s =0 \/det(Ek) H:L:l 0; - S:(0)

for which G{/jg,s,k is defined in (37). In this case, we assume that our losses will not be greater than half-price
of the portfofio at time 0.

2or N(pj,34,g;) if we parameterize elliptical distributions using g; instead of ¢;
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Remark 4.4 One might, in certain situations, try to model with a mixture of elliptic distributions which
all have the same variance-covariance and the same mean, and obtain for example a mixture of different tail
behaviors by playing with the g;’s

The preceding can immediately be specialized to a mixture of normal distributions: the details will be
left to the reader.

4.1 Application with mixture of Student ¢-Distributions

We will consider a mixture of q Student t-distributions such that, the k" density function i = 1, .., q will be
given by
7Vk71l

- C(n,z/k)<1 + 3)( s (39)

Vi

Fuk+n T (*"k*")
gr(z) = %57) (1+—) ’

(v /2).7m/2

Vi

and X = Al Ay, therefore by replacing g by g in (40) and since integration is a linear operation, we obtain
the following theorem

Theorem 4.5 If we have a portfolio of securities (i.e equities) such that the Profit & Loss function over

. 2 .
the time window of interest is, to good approzimation, given by AIl ~ Y7 | S;(0) - 0;(n:(t) + %), with
portfolio weights 0;. Suppose moreover that the joint log-returns is a random vector (11, ...,nMy) is a mizture
of q t-distributions, with density

*1/2 I‘(M) (z U])E 1(33_.“]) ——
Zmz P (1 3 )

where p; is the vector mean, and ¥; the variance-covariance matriz of the j-th component of the mixture.
We suppose that each g; is integrable function over R, and that the g; never vanish jointly in a point of R™.
Then the value-at-Risk, or Quadratic mixture-student VaR, at confidence 1 — « is given by :

P
R, = —VaR, + g

for which Ry, is the unique positive solution of the following equation:

ndvy ntve—j—1. ntvg—j+1l. bl —v

n—1 (b fag)" "I 2P 2 2 ’ 2 ’ak(l—%ﬁ)Q  (1-a)
>3 ey S () — . - - 0=

k=1 |p|= s j=0 v —b3)/ve) 2 (n+ vy, —j = 1)V/[Se[ T2, 0 - Si(0) (m/2)=
(40)
-1 —1
2 (s X3 . 2 S.Upk ),Vk %1
for which by = 27 umu>)® o b = =Dy () ok o — R2||DZ (s.upk)||? and det(Sg) =

10,2 (5.5 7 RID, (su0)l?
|Xk| . In this case, we implicitly assume that our losses will not be greater than P(0)/2.

5 Elliptic Quadratic Expected Shortfall for portfolio of securities

Expected shortfall is a sub-additive risk statistic that describes how large losses are on average when they
exceed the VaR level. Expected shortfall will therefore give an indication of the size of extreme losses when
the VaR threshold is breached. We will evaluate the expected shortfall for a quadratic portfolio of securities
under the hypothesis of elliptically distributed risk factors. Mathematically, the expected shortfall associated
with a given VaR is defined as:

Expected Shortfall = E(—AII| — AIl > VaR),

12



see for example [9]. Assuming again a multivariate elliptic pdf f(z) = |S| 'g((z — p)S 1 (z — p)t), the
Expected Shortfall at confidence level 1 — « is given by

—ES, = E(AIl|AII < —VaR,)

1
- a]E (Al A< —vaR,})
1

/ (2, A.z) — P(0)/2) ha(z) da
@ J{(z,A.x)—P(0)/2<—VaRn}

Dl :
= B (@, A2) = P(0)/2) g((x — p— DE (& — p— 1)")de
«a {(z,A.z)<—VaRs+P(0)/2}

Using the definition of VaR, and by replace AIl = (X, A.X) — —~, with random vector X define in section
2,

P0) |z

ES, = 2O _ L/ (z,Az) g((x — p— DS Nz — p— 1) dw (41)
2 a {(2,A.7)<—VaRa+P(0)/2}

Let ¥ = A! A, as before.Doing the same linear changes of variables as in section 2 and section 3, we
arrive at:

ps, - PO Rn+2|D‘”2/ | / SFRDTE = v[2)do (©)]dr
_ PO RED / LI (r, R)dr
2 a o ’
~ Pé()) _Rn+2|f_1/2 /01 r" 1, (r, R)dr
PO _ mip pap o [ e rD® )t —ol) ar

By introducing the function Q@ , such that

Up,S

1
o) = B2 [ty RD (s, ) = o) dr (42)

we have the following theorem

Theorem 5.1 Suppose that the portfolio is quadratic in the risk-factors X = (X, ,Xn): All = (X, A -
X) — @ and that X ~ N(u+1,%,¢), with pdf f(z) =% g((x — p— 1) Yo — p — 1), If the VaRq
is given, then the expected Shortfall at level o is given by :

—1/2

[pl=m s

we introduce I{ and I3 such that
1 ] o)
R (R = [ gtart o aar = [ - [ =1y, (m) - 13, L (R)
0 0 1
Following the Integral (21)

13



n+1
1 . X
. (R)=% (”j )(b/aw*” GI9 (R)

Jj=0

for which a,b and c are defined in remark (3.7) and
If’upﬁ (R) = / r"g(ar? — 2br + ¢)dr
0

5.1 Expected Shortfall with normal distribution

In the case of normal distribution, the pdf is given by (25) and the specific g is given as follow

[VIE]

glx) = (2m)"%2e 2 =C(n).e”

therefore it suffices to replace g in (21) then

Gl «(R)

Up,S

I
™o
3
S~—
I
w3
¢]
"
o)
VS
>
(V]
\
N
o
~—
‘ 8
-
<
<
¢]
4
T
T
‘ )
£
[\v]
S~—
U
<

By using the following lemma
Lemma 5.2 (cf. [7], formula 3.462(1)). If Re(v) > 0, and Re(3) > 0 , then
+o0 A2 A
v“Lexp (—fa? — Ax)dz = (26)""/°T D=
/0 v exp (~fis® ~ de)dr = (26) T exp ()P (S55)
Here D_,, is the parabolic cylinder function with
v =2 T v 1z 2z _(1+v 3 22
D_y(z) =2 Q(5:555) — Froy 5
(2) =27 e [F(h;—“) (2 27 (%) ( 2 2 2)}

2
where @ is the confluent hypergeometric function (for more details see [7] page 1018).

2

we next obtain

n+1 2 . .
L= ot S () ey e (P9 o (AL 0 b
B,,.(R)= @) ;( )0 e (S @ (I S0 - 22)
and
2 1 2 _
@) = @0 Fep-100) [Fmttep (- 20
2 J, 2

2

= en b exp(- L0 rn 4+ 2) e (2 ) (=)

for which D_,,_5 is the parabolic cylinder function. We have therefore prove the following result:
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Theorem 5.3 Suppose that the portfolio is quadratic in the risk-factors X = (X1, -+, X,):
All = (X,A- X) — @ and that X is a multivariate normal distribution, If the VaR, is given, then the

expected Shortfall at level a is given by :

n —1/2
ES, = P(O) - d +2|D| Z pr |:Iiums(R) -1

2 a 2,up,s

(R)]. (45)

lpl=m s
. P(0
for which R = # —VaR,,

The preceding can immediately be specialized to a mixture of normal distributions. The details will be
left to the reader.

5.2 Student t-distribution Quadratic Expected Shortfall

Following the precedent section 3,4,5, and particularly the lemma (33) , the application can be specialized
to a Student t-distribution. The details will be left to the reader.

5.3 How to choose an interpolation points u, on hypersphere

In order to obtain a good approximation of our integral, one will choose the points of interpolation wu, of our
g function such that our approximation is the best as possible. In the case where the g function decreases
quickly with all its derivatives of all order, in inspiring of the classical analysis, one will choose the points
which render the maximum function ||rRD~Y/2(s.u,) — v|.

6 Conclusion

By following the notion of Delta-Gamma Portfolio that contains derivatives instruments, we have introduced
a Quadratic Portfolios of securities (i.e equities) without the use of Delta and Gamma. By using the
assumption that the joint securities log-returns follow a mixture of elliptic distributions, we have reduced
the estimation of VaR of such quadratic portfolio, to the resolution of a multiple integral equation, that
contain a multiple integral over hypersphere. To approximate a multiple integral over hypersphere, we
propose to use a numerical approximation method given by Alan Genz in[6]. Therefore, the estimation of
VaR is reduced to the resolution of one dimensional integral equation. To illustrate our method, we give
special attention to mixture of normal distribution and mixture of multivariate t-student distribution. In
the case of t-distribution, we need the hypergeometric special function. For given VaR, we also show how
to estimate the expected shortfall of the Quadratic portfolio without derivatives instruments, when the risk
factors follow an elliptic distributions and we illustrate our proposition with normal distribution by using
the parabolic cylinder function. Note that this method will be applicable to capital allocation, if we could
consider an institution as a portfolio of multi-lines businesses. In the sequel paper, we will dealt with this
numerical Quadratic method, when the Portfolio contains derivatives instruments (i.e options). A concrete
application need the estimation of w,, such that |p| = m, therefore we send the reader to Alan Genz [6].
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