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Zh vkrz wkdw jlyhq d ydoxh ixqfwlrq dssur{lpdwlrq Y ri d vwurqjo|
frqfdyh vwrfkdvwlf g|qdplf surjudpplqj sureohp +VGGS,/ wkh dvvr0
fldwhg srolf| ixqfwlrq dssur{lpdwlrq lv K�roghu frqwlqxrxv lq Y 1

Xvlqj wklv uhvxow/ zh rewdlq h{solflw huuru erxqgv iru wkh dssur{l0
pdwlrqv ri wkh rswlpdo srolf| ixqfwlrq1 Wkh huuru erxqgv rqo| ghshqg
rq wkh sulplwlyh gdwd ri wkh sureohp1 Qhlwkhu gl�huhqwldelolw| ri wkh
uhwxuq ixqfwlrq qru lqwhulrulw| ri vroxwlrqv lv uhtxluhg1 Ixuwkhupruh/
vlplodu huuru erxqgv duh rewdlqhg zkhq wkh pd{lpl}dwlrq lq wkh Ehoo0
pdq htxdwlrq dqg wkh frpsxwdwlrq ri wkh dvvrfldwhg srolf| ixqfwlrq
duh shuiruphg lqh{dfwo|1

D vwrsslqj fulwhulxp iru frpsxwdwlrqdo lpsohphqwdwlrqv lv irxqg
xvlqj wkhvh huuru erxqgv dqg wkh frqwudfwlrq pdsslqj gh�qhg iurp
wkh VGSS1

Nh|zrugv= Vwrfkdvwlf g|qdplf surjudpplqj sureohp/ hvwlpdwlrq ri
wkh srolf| ixqfwlrq1

MHO Fodvvl�fdwlrq Qxpehuv= F94/ G<3
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Lq vwrfkdvwlf g|qdplf surjudpplqj sureohpv +VGSS,/ Ehoopdq*v Sulqflsoh

ri Rswlpdolw| doorzv wr gh�qh dq hvwlpdwhg rswlpdo srolf| ixqfwlrq xvlqj d

ydoxh ixqfwlrq dssur{lpdwlrq1 Lw dovr gh�qhv d frqwudfwlrq pdsslqj zklfk

surylghv dq h�flhqw dojrulwkp wr dssur{lpdwh wkh ydoxh ixqfwlrq zlwk kljk

suhflvlrq1 Krzhyhu/ xqwlo qrz/ rqo| dv|pswrwlf frqyhujhqfh uhvxowv +zlwkrxw

qxphulfdo huuru erxqgv, zhuh rewdlqhg iru wkh vhtxhqfh ri srolf| ixqfwlrq

hvwlpdwhv irxqg zlwk wklv dojrulwkp/ +Fkulvwldqr ^7`/ Wdxfkhq ^47`,1 Iru

h{dpsoh/ Vwrnh| dqg Oxfdv zlwk Suhvfrww ^46`+ Wkhruhp <1<, hvwdeolvkhg

srlqwzlvh frqyhujhqfh +dqg xqlirup frqyhujhqfh li wkh grpdlq lv frpsdfw,

wr wkh rswlpdo srolf| ixqfwlrq xqghu wkh dvvxpswlrq ri vwulfw frqfdylw| ri

wkh uhwxuq ixqfwlrq1

Lq wklv sdshu zh suryh wkdw wkh srolf| ixqfwlrq hvwlpdwh rewdlqhg iurp

wkh Ehoopdq Sulqflsoh ri Rswlpdolw| lv d K�roghu frqwlqxrxv ixqfwlrq rq wkh

dssur{lpdwhg ydoxh ixqfwlrq1 Wklv K�roghu frqwlqxlw| surshuw| doorzv xv wr

rewdlq dq h{solflw huuru erxqg iru wkh hvwlpdwhg srolf| ixqfwlrq1

Wkhuh h{lvw rwkhu dssurdfkhv iru rewdlqlqj jrrg hvwlpdwhv iru wkh rswlpdo

srolf| ixqfwlrq1 Iru h{dpsoh/ wkh Hxohu htxdwlrq julg phwkrg +Ed{whu hw do1

^4`/ Frohpdq ^5/ 6`,/ wkh sdudphwhul}hg h{shfwdwlrqv phwkrg +Pdufhw dqg

Pduvkdoo ^:`, dqg surmhfwlrq phwkrgv +Mxgg ^8`,1 Djdlq/ rqo| dv|pswrwlf

frqyhujhqfh wr wkh rswlpdo srolf| ixqfwlrq zdv suryhg iru wkhvh phwkrgv1

Erxqgv iru wkh glvwdqfh ehwzhhq wkh rswlpdo srolf| ixqfwlrq +ri wkh

ruljlqdo sureohp, dqg wkh h{dfw rswlpdo srolf| ixqfwlrq ri d glvfuhwl}hg

+slhfhzlvh olqhdu, yhuvlrq ri wkh sureohp zhuh rewdlqhg e| Vdqwrv dqg Yljr0

Djxldu ^45`1 Lq Vdqwrv ^44`/ Hxohu htxdwlrq uhvlgxdov zhuh xvhg wr rewdlq

huuru erxqgv iru dq dssur{lpdwhg srolf| ixqfwlrq1 Hlwkhu dq dvvxpswlrq

rq wkh uhshdwhg lwhudwlrqv ri wkh dssur{lpdwhg srolf| ixqfwlrq +frqglwlrq

QGLY, ru d erxqg rq wkh vhfrqg ghulydwlyh ri wkh uhwxuq ixqfwlrq hydoxdwhg

dw wkh rswlpdo srolf| ixqfwlrq zdv qhfhvvdu|1 Lq erwk sdshuv/ ^44` dqg ^45`/

h{lvwhqfh ri lqwhulru vroxwlrqv/ wzlfh gl�huhqwldeolw| ri wkh uhwxuq ixqfwlrq

dqg vwurqj frqfdylw| ri wklv ixqfwlrq zlwk uhvshfw wr wkh vhfrqg yduldeoh

zhuh dovr uhtxluhg1

Wkh huuru erxqgv suhvhqwhg lq wklv sdshu rqo| uhtxluh erxqghgqhvv ri

wkh uhwxuq ixqfwlrq dqg lwv vwurqj frqfdylw| lq hlwkhu wkh �uvw ru wkh vhfrqg

yduldeoh1 Qhlwkhu gl�huhqwldelolw| ri wkh uhwxuq ixqfwlrq qru h{lvwhqfh ri

lqwhulru vroxwlrqv lv uhtxluhg wr rewdlq rxu uhvxowv1

Zh dovr suryh wkh urexvwqhvv ri huuru erxqgv irupxodh e| frqvlghulqj

wkh xvh ri dq lqh{dfw rshudwru gh�qlqj wkh frqwudfwlyh phwkrg ru lqh{dfw

vroxwlrqv lq hdfk pd{lpl}dwlrq surfhvv1

Rxu uhvxow kdv d sudfwlfdo frqvhtxhqfh= li wkh frqwudfwlrq phwkrg +gh0

�qhg e| wkh ydoxh ixqfwlrq lwhudwlrqv, lv xvhg wr dssur{lpdwh wkh srolf|

ixqfwlrq wkhq wkh qxpehu ri lwhudwlrqv uhtxluhg wr dwwdlq d jlyhq suhflvlrq
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pd| eh frpsxwhg lq dgydqfh/ xvlqj rqo| vrph sulplwlyh gdwd ri wkh sureohp1

Wklv sdshu lv rujdql}hg lqwr �yh vhfwlrqv1 Vhfwlrq 5 ghvfulehv wkh iudph0

zrun dqg wkh k|srwkhvhv wkdw zh zloo frqvlghu1 Vhfwlrq 6 vwdwhv wkh K�roghu

frqwlqxlw| ri wkh srolf| ixqfwlrq dssur{lpdwlrq dqg dv d frqvhtxhqfh/ dq hu0

uru erxqg iru wkh dssur{lpdwhg srolf| ixqfwlrq lv surylghg1 Vhfwlrq 7 vkrzv

wkh urexvwqhvv ri wkh huuru erxqgv xqghu vpdoo qxphulfdo huuruv1 Frqfox0

vlrqv duh jlyhq lq Vhfwlrq 8 dqg wkh surriv duh lq wkh dsshqgl{1

2 A�i uh@4i�Lh!

Wkh vwrfkdvwlf g|qdplf surjudpplqj sureohp +VGSS, lv gh�qhg xvlqj wkh

iroorzlqj hohphqwv= wkh vhw ri ydoxhv iru wkh hqgrjhqrxv vwdwh yduldeohv [ �

U
, +zklfk lv d frqyh{ Eruho vhw,/ wkh vhw ri ydoxhv iru wkh h{rjhqrxv vkrfnv

] � U& +zklfk lv d frpsdfw vhw,> erwk duh phdvxudeoh vsdfhv zlwk wkhlu

�0dojheudv ghqrwhg e|  dqg " uhvshfwlyho|1 Wkh hyroxwlrq ri wkh vwrfkdvwlf

vkrfnv lv jlyhq e| wkh wudqvlwlrq ixqfwlrq T gh�qhg rq +]>", zlwk wkh Ihoohu

surshuw|1 D +phdvxudeoh, vhw 
 � [ �[ � ] ghvfulelqj wkh ihdvlelolw| ri

ghflvlrqv/ l1h1 li +{> }, 5 [ � ] duh wkh fxuuhqw ydoxhv ri wkh vwdwh yduldeoh

dqg wkh vkrfn wkhq | 5 [ lv ihdvleoh iru wkh qh{w shulrg li dqg rqo| li

+{> |> }, 5 
1 Iurp wklv zh fdq gh�qh wkh fruuhvsrqghqfh � = [�] $ U, e|

�+{> }, @ i| 5 [> +{> |> }, 5 
j1 Wkh rqh0shulrg uhwxuq ixqfwlrq I = 
$ U

lv vxfk wkdw I+{> |> }, lv wkh fxuuhqw uhwxuq li | lv fkrvhq iru wkh qh{w shulrg

iurp +{> },1 Wkh glvfrxqw idfwru lv � 5 +3> 4,1 Zlwk doo wkhvh hohphqwv/ wkh

VGSS lv wr �qg d vhtxhqfh ri frqwlqjhqw sodqv +a{|,|D� +zkhuh iru doo w � 4/

a{| = ]| $ [ lv d phdvxudeoh ixqfwlrq, vxfk wkdw lw vroyhv wkh iroorzlqj

pd{lpl}dwlrq=

y+{f> }f, @ Pd{

"[
|'f

]
~|

�|I+{|> {|n�> }|,T
|+}f> g}

|,

vxemhfw wr +{|> {|n�> }|, 5 
 iru doo w � 3

+{f> }f, 5 [ �] jlyhq

Ohw xv uhfdoo wkh gh�qlwlrqv ri vwurqj frqfdylw| +vhh ^;`,=

Gh�qlwlrq 514 Ohw i+{, eh gh�qhg rq d frqyh{ vhw [ � U?/ dqg � A 31

Wkh ixqfwlrq i+{, lv �0frqfdyh li i+{, . +4@5,�n{n2 lv frqfdyh rq [/

ru/ htxlydohqwo|/ li iru doo {�> {2 5 [ dqg w 5 ^3> 4`/

i+w{� . +4� w,{2, � wi+{�, . +4� w,i+{2, . +�@5,w+4� w,n{� � {2n
2=

Gh�qlwlrq 515 Ohw X+{> |, eh gh�qhg rq d frqyh{ vhw G � U? � U?/ dqg

� A 31
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Wkh ixqfwlrq X+{> |, lv �%0frqfdyh rq G li X+{> |,.�@5 n{n2 lv frqfdyh

lq G/ ru/ htxlydohqwo|/ li iru doo +{�> |�,> +{2> |2, 5 G dqg w 5 ^3> 4`

X+w{� . +4� w,{2> w|� . +4� w,|2, � wX+{�> |�, . +4� w,X+{2> |2,

. +�@5,w+4� w,n{� � {2n
2

Wkh ixqfwlrq X+{> |, lv �+0frqfdyh rq G li X+{> |,.�@5 n|n2 lv frqfdyh

lq G/ ru/ htxlydohqwo|/ li iru doo +{�> |�,> +{2> |2, 5 G dqg w 5 ^3> 4`

X+w{� . +4� w,{2> w|� . +4� w,|2, � wX+{�> |�, . +4� w,X+{2> |2,

. +�@5,w+4� w,n|� � |2n
2

Dq �0frqfdyh ixqfwlrq lv dovr fdoohg d vwurqjo| frqfdyh ixqfwlrq/ zlwk

prgxoxv �1 Dqdorjrxv h{suhvvlrqv duh xvhg iru �% dqg �+ frqfdyh ixqfwlrqv1

Wkh iroorzlqj k|srwkhvhv zloo eh xvhg lq wklv zrun1

K|srwkhvlv 41 Wkh fruuhvsrqghqfh � lv qrqhpsw|/ frpsdfw0ydoxhg/ frq0

wlqxrxv dqg iru doo {> {�5 [/ } 5 ] dqg w 5 ^3> 4` lw vdwlv�hv=

w�+{> }, . +4� w,�+{�> }, � �+w{. +4� w,{�> },=

K|srwkhvlv 51 Wkh ixqfwlrq I lv erxqghg/ frqwlqxrxv dqg wkhuh h{lvwv

�� A 3 vxfk wkdw/ iru hdfk } 5 ]/ +{> |, :$ I +{> |> }, lv +��,%0frqfdyh1

Dv dq dowhuqdwlyh wr K|srwkhvhv 5/ zh zloo xvh

K|srwkhvlv 61 Wkh ixqfwlrq I lv erxqghg/ frqwlqxrxv dqg wkhuh h{lvwv

�2 A 3 vxfk wkdw/ iru hdfk } 5 ]/ +{> |, :$ I +{> |> }, lv +�2,+0frqfdyh1

K|srwkhvlv 4 dv zhoo dv erxqghgqhvv dqg frqwlqxlw| ri I duh txlwh jhq0

hudo lq prghov zlwk erxqghg uhwxuqv dqg whfkqrorjlhv zlwk qrq0lqfuhdvlqj

uhwxuqv1 D glvfxvvlrq rq wkh k|srwkhvhv ri vwurqj frqfdylw| ri wkh uhwxuq

ixqfwlrq lv suhvhqwhg dw wkh hqg ri Vhfwlrq 61

Xqghu wkhvh dvvxpswlrqv/ wkh ydoxh ixqfwlrq y lv zhoo0gh�qhg dqg vdwlv�hv

nyn" � nIn"@+4� �,1 Iurp qrz rq/ n � n vwdqgv iru n � n"1

� O�L*_ih UL?|�?��|) Lu |�i TL*�U) u�?U|�L? @TThL �

�4@|�L?

Lq wklv vhfwlrq zh suryh wkdw wkh srolf| ixqfwlrq dssur{lpdwlrq ri wkh VGSS

lv K�roghu frqwlqxrxv rq wkh dssur{lpdwhg ydoxh ixqfwlrq1 Ohw W eh wkh

rshudwru rq F+[�], +wkh vhw ri frqwlqxrxv dqg erxqghg ixqfwlrqv gh�qhg

lq [ �] zlwk wkh wrsrorj| lqgxfhg e| wkh vxsuhpxp qrup, gh�qhg e|=

WY +{> }, @ Pd{
t+Mf ( E%c+c5�Ml�

I+{> |> }, . �

]
~

Y +|> }�,T+}> g}�,=
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Lw lv zhoo nqrzq +vhh Vwrnh| dqg Oxfdv zlwk Suhvfrww ^46`, wkdw xqghu k|0

srwkhvhv 4/ erxqghgqhvv dqg frqwlqxlw| ri I / wklv rshudwru lv d frqwudfwlrq

pdsslqj zlwk prgxoxv � dqg �{hg srlqw y +wkh ydoxh ixqfwlrq,1 Ohw xv

frqvlghu wkh iroorzlqj vhwv=

eF+[�], @ i i 5 F+[�], @ i+� > }, lv d frqfdyh ixqfwlrq iru hdfk } 5 ] j>

eF#�+[�], @ i i 5 F+[�], @ i+� > }, lv d ���frqfdyh ixqfwlrq iru hdfk } 5 ] j>

Wkh iroorzlqj ohppd fodlpv wkdw frqfdyh ixqfwlrqv duh pdsshg e| W

lqwr vwurqjo| frqfdyh ixqfwlrqv1 Lw lv dq h{whqvlrq wr wkh vwrfkdvwlf fdvh ri

Prqwuxffklr ^;/ Surs1 714`1

Ohppd 614 Xqghu k|srwkhvhv 4 dqg 5/ W = eF+[ � ], $ eF#�+[ � ],1 Lq

sduwlfxodu y 5 eF#�+[ �],

Wr vwdwh wkh pdlq wkhruhpv ri wklv vhfwlrq ohw xv lqwurgxfh wkh iroorzlqj

qrwdwlrq1 Iru Y 5 eF#�+[ �], gh�qh k+Y , = [ � ] $ [ e|=

k+Y ,+{> }, @ Dujpd{
t+Mf ( E%c+c5�Ml�

I +{> |> }, . �

]
~

Y +|> }�,T+}> g}�,= +4,

Qrwh wkdw xqghu k|srwkhvhv 4 dqg 5/ k+Y , 5 F+[ � ],1 Lw lv fohdu wkdw

wkh rswlpdo srolf| ixqfwlrq ri wkh VGSS lv j+{> }, @ k+y,+{> },1

Wkhruhp 615 Vxssrvh wkdw klsrwkhvhv 4 dqg 5 krog1 Li Y>Z 5 eF#�+[�],

wkhq=

nk+Y ,� k+Z ,n � +5@��,
�*2

nY �Zn
�*2=

Qrz zh duh deoh wr jlyh dq huuru erxqg iru wkh srolf| ixqfwlrq dssur{0

lpdwlrq rewdlqhg iurp d ��0frqfdyh dssur{lpdwlrq ri wkh ydoxh ixqfwlrq1

Qrwh wkdw lq wklv vhwwlqj/ wkh h{dfw ydoxh ixqfwlrq lv ��0frqfdyh1

Sursrvlwlrq 616 Vxssrvh wkdw klsrwkhvhv 4 dqg 5 krog1 Li Y 5 eF#�+[�],

wkhq=

nj � k+Y ,n �

�
5

+4� �,��

�
�*2

nWY � Y n�*2= +5,

Wkh surri ri sursrvlwlrq deryh lv vwudljkwiruzdug iurp Wkhruhp 615/ sxwwlqj

Z @ y dqg xvlqj wkh idfw wkdw ny � Y n � nWY � Y n@+4� �, +uhfdoo wkdw W

lv d �0frqwudfwlrq pdsslqj zlwk �{hg srlqw y,1

Uhpdun Li lwhudwlrqv ri W duh xvhg wr dssur{lpdwh wkh ydoxh ixqfwlrq +l1h1/

yf @ 3 dqg y?n� @ Wy? iru q � 3, wkhq wkh lqhtxdolw| +5, uhvxowv=

nj � k+y?,n �

�
5

+4� �,��
nIn

�
�*2

�?*2> +6,
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zklfk lv vlplodu wr wkh huuru erxqg uhsruwhg lq Pdogrqdgr dqg Vydlwhu ^9`1

Vlplodu uhvxowv fdq eh suryhg xvlqj k|srwkhvlv 6/ lqvwhdg ri k|srwkhvlv 51

Xqghu wkhvh k|srwkhvhv/ k+Y , 5 F+[ �], iru dq| Y 5 eF+[ �],1

Wkhruhp 617 Vxssrvh wkdw klsrwkhvhv 4 dqg 6 krog1 Li Y>Z 5 eF+[ � ],

wkhq=

nk+Y ,� k+Z ,n � +5�@�2,
�*2

nY �Zn
�*2=

Uhpdunv= Qrwh wkdw xqghu k|srwkhvlv 6/ wkh ixqfwlrqv Y dqg Z gr qrw

qhhg wr eh vwurqjo| frqfdyh dv lq Wkhruhp 6151 Dqdorjrxv irupxodh wr +5,

dqg +6, fdq eh dovr rewdlqhg lq wklv fdvh1

Lw lv lpsruwdqw wr qrwh wkdw rxu huuru erxqgv fdq eh hvwlpdwhg li wkh

uhwxuq ixqfwlrq +{> |, :$ I +{> |> }, lv vwurqjo| frqfdyh lq hlwkhu wkh �uvw ru

wkh vhfrqg jurxs ri yduldeohv1 Wklv lv dq lpsuryhphqw rq Vdqwrv dqg Yljr0

Djxldu ^45` uhvxow/ zklfk ghshqgv rq vwurqj frqfdylw| lq wkh vhfrqg jurxs

ri yduldeohv1 Yhqglwwl ^48` surylghg vx�flhqw frqglwlrqv wr rewdlq vwurqj

frqfdylw| ri I +�> �> }, lq pxowlvhfwru rswlpdo jurzwk prghov1 Kh dovr vkrzhg

wkdw wkh frqglwlrqv wr jhw vwurqj frqfdylw| lq wkh vhfrqg yduldeoh duh pxfk

pruh uhvwulfwlyh wkdq wkh rqhv wr rewdlq vwurqj frqfdylw| lq wkh �uvw yduldeoh1

Vwurqj frqfdylw| ri wkh uhwxuq ixqfwlrq zdv dovr xvhg wr suryh gl�hu0

hqwldelolw| ri wkh srolf| ixqfwlrq1 Vdqwrv ^43` xvhg vwurqj frqfdylw| lq wkh

vhfrqg yduldeoh zkhuhdv Prqwuxffklr ^<` xvhg vwurqj frqfdylw| lq wkh �uvw

yduldeoh wr rewdlq vxfk d gl�huhqwldelolw|1

e +LM�t|?itt Lu |�i ihhLh ML�?_t

Lq wklv vhfwlrq zh zloo vkrz wkdw wkh huuru erxqg irupxodh jlyhq lq vhfwlrq 6

duh urexvw e| mrlqwo| frqvlghulqj huuruv lq frpsxwlqj wkh W rshudwru dqg

huuruv lq frpsxwlqj wkh pd{lpl}hu lq +4,1

Vxssrvh wkdw W lv shuiruphg xvlqj d qxphulfdo phwkrg dqg wkdw hW / dq
_dssur{lpdwhg% rshudwru/ lv frpsxwhg1

K|srwkhvlv 7 Ohw hW = F+[ � ], $ F+[ � ],1 Dvvxph wkdw wkhuh h{lvwv

% � 3 vxfk wkdw iru doo i 5 F+[ �],/ lw krogv wkdw= nhW +i,� W +i,n � %1

Qrz ohw +�y?,?Df eh d vhtxhqfh jhqhudwhg e| wkh uxoh

�y?n� @ hW +�y?,=
Sursrvlwlrq 714 Li wkh fruuhvsrqghqfh � lv qrqhpsw|/ frpsdfw0ydoxhg/dqg

frqwlqxrxv/ wkh ixqfwlrq I lv erxqghg dqg frqwlqxrxv/ dqg hW vdwlv�hv K|0

srwkhvlv 7/ wkhq wkh vhtxhqfh +�y?,?Df vdwlv�hv

n�y? � yn �
%

4� �
. �?

�
nIn

4� �
. n�yfn

�
=

9



Uhpdun Wkh dssolfdwlrq hW grhv qrw kdyh wr vdwlvi| wkh xvxdo dvvxps0

wlrqv ri prqrwrqlflw| +i � j , hWi � hWj, dqg glvfrxqwlqj +hW+i . d, @hWi . �d> d 5 U, +vhh Vdqwrv dqg Yljr0Djxldu ^45`,1 Vlqfh hW uhsuhvhqwv wkh

_lqh{dfw% rshudwru W wkhvh dvvxpswlrqv duh kdug wr fkhfn +dqg pd| qrw

krog, zkhq urxqglqj dqg fkrsslqj huuruv duh hpehgghg lqwr wkh dqdo|vlv1

Sursrvlwlrq 714 dovr vd|v wkdw li

�?
�
nIn

4� �
. n�yfn

�
�

%

4� �

wkhq pruh wkdq q lwhudwlrqv pd| qrw dssuhfldeo| lpsuryh wkh dffxudf| ri

wkh ydoxh ixqfwlrq dssur{lpdwlrq1

Qrz vxssrvh wkdw hY 5 F+[ �], lv d ydoxh ixqfwlrq dssur{lpdwlrq dqg

dq lqh{dfw pd{lpl}dwlrq lv xvhg wr frpsxwh wkh srolf| dvvrfldwhg wr hY 1
Wkdw lv/ wdnh d wrohudqfh � � 3 dqg gh�qh hJ+{> }, dv wkrvh �| 5 �+{> }, vxfk

wkdw ;| 5 �+{> },

I+{> �|> },.�

]
~

hY +�|> }�,T+}> g}�, � I+{> |> },.�

]
~

hY +|> }�,T+}> g}�,��= +7,

Revhuyh wkdw hJ fdq eh d fruuhvsrqghqfh1 Lq jhqhudo/ sudfwlfdo frpsxwdwlrq

grhv qrw surylgh wkh zkroh vhw hJ+{> },1 Lqvwhdg/ wkh lqh{dfw pd{lpl}dwlrq

zloo surylgh vrph �| 5 hJ+{> },1 Hyhq vr/ zh kdyh wkh iroorzlqj hvwlpdwlrq1

Wkhruhp 715 Vxssrvh wkdw k|srwkhvhv 4/ 5 dqg 7 duh vdwlv�hg1 Ohw �j =

[ � ] $ [ eh d vhohfwlrq ri hJ/ wkdw lv/ �j+{> }, 5 hJ+{> }, iru doo +{> },1

Wkhq/

nj � �jn �

�
7

��
ny � hY n. 5

���
�

�
�*2

=

Uhpdunv=

4, Xvlqj wkdw W lv d ��frqwudfwlrq pdsslqj dqg k|srwkhvlv 7 lw lv hdv|

wr vhh wkdw ny � hY n � �
nhY � hW hY n. �

�
@+4 � �,1 Wkhuhiruh zh kdyh wkh

iroorzlqj huuru erxqg iru wkh dssur{lpdwlrq ri wkh rswlpdo srolf| ixqfwlrq=

nj � �jn �

�
7

��

�
4

4� �

�
nhY � hW hY n. �

��
.

5

���
�

�
�*2

=

5, Li hY lv irxqg iurp wkh q�lwhudwlyh ri hW +l1h1 hY @ �y?, wkhq xvlqj

n�y?n� � �y?n � ny?n� � yn. ny � y?n/ Sursrvlwlrq 714 dqg lqhtxdolw| deryh

lw uhvxowv=

nj � �jn �

�
;

��

�
%

4� �
. �?

�
nIn

4� �
. n�yfn

��
.

5

���
�

�
�*2

=
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Wkhuhiruh li q lv vxfk wkdw

�?
�
nIn

4� �
. n�yfn

�
�

%

4� �
.

�

5�

wkhq pruh wkdq q lwhudwlrqv pd| qrw dssuhfldeo| lpsuryh wkh dffxudf| ri

wkh srolf| ixqfwlrq dssur{lpdwlrq1

Dowhuqdwlyho|/ zh fdq xvh k|srwkhvlv 6 lqvwhdg ri k|srwkhvlv 5/ wr rewdlq

d vlplodu huuru erxqg lq wkh srolf| ixqfwlrq dssur{lpdwlrq1

Wkhruhp 716 Vxssrvh wkdw k|srwkhvhv 4/ 6 dqg 7 duh vdwlv�hg1 Ohw �j =

[ � ] $ [ eh d vhohfwlrq ri hJ/ wkdw lv/ �j+{> }, 5 hJ+{> }, iru doo +{> },1

Wkhq/

nj � �jn �

�
7�

�2
ny � hY n. 5

�2
�

�
�*2

=

D �L?U*�t�L?t

Lq wklv sdshu zh suryhg wkdw srolf| ixqfwlrq dssur{lpdwlrqv rewdlqhg xv0

lqj Ehoopdq*v htxdwlrq ghshqgv K�roghu frqwlqxrxvo| rq wkh ydoxh ixqfwlrq

dssur{lpdwlrq1 Wklv surshuw| doorzv xv wr surylgh dq huuru erxqg iru wkh

rswlpdo srolf| ixqfwlrq ri wkh vwrfkdvwlf g|qdplf surjudpplqj sureohp1

Vxfk dq huuru erxqg rqo| ghshqgv rq wkh ydoxh ixqfwlrq dssur{lpdwlrq/

wkh qrup dqg wkh prgxoxv ri vwurqj frqfdylw| ri wkh uhwxuq ixqfwlrq dqg

wkh glvfrxqw idfwru1 Qhlwkhu gl�huhqwldelolw| ri wkh uhwxuq ixqfwlrq qru lq0

whulrulw| ri wkh vroxwlrq duh uhtxluhg1 Wklv fdq eh xvhixo zkhq wkh prgho

lqyroyhv slhfh0zlvh olqhdu wd{dwlrq2vxevlglhv ru vkruw0uxq Ohrqwlhi whfkqror0

jlhv ehfdxvh lq wkhvh fdvhv wkh uhwxuq ixqfwlrq pd| qrw eh gl�huhqwldeoh1

Dovr lqwhulrulw| ri vroxwlrqv fdq qrw eh jxdudqwhhg li +iru h{dpsoh, Lqdgd*v

frqglwlrq lv qrw frqvlghuhg1

Zkhq lqh{dfw frpsxwdwlrqv duh shuiruphg lq wkh fdofxodwlrq ri W +pdn0

lqj d glvfuhwl}dwlrq ri wkh vwdwh vsdfh/ iru h{dpsoh, ru lq wkh pd{lpl}hu

gh�qhg iurp W zh dovr surylgh dq huuru erxqg iru wkh dssur{lpdwlrq ri wkh

ydoxh dqg srolf| ixqfwlrqv1 Wkh lqwxlwlrq lv txlwh vlpsoh= Shuwxuedwlrqv ri d

frqwudfwlrq pdsslqj duh vwdeoh hyhq wkrxjk d �{hg srlqw iru wkh shuwxuehg

pdsslqj pd| qrw h{lvw1

Li wkh lwhudwlrqv ri wkh W rshudwru duh xvhg wr vroyh wkh VGSS wkhq wkh

huuru erxqgv suhvhqwhg lq wklv sdshu fdq eh xvhg iru hydoxdwlqj d sulrul

wkh qxpehu ri lwhudwlrqv qhhghg lq sudfwlfdo frpsxwdwlrqv1 Iru h{dpsoh/

iroorzlqj wkh qrwdwlrq ri Vhfwlrq 7/ ohw % eh wkh huuru rq wkh W rshudwru

dqg � eh wkh huuru rq wkh pd{lpl}dwlrq surfhgxuh xvhg wr frpsxwh wkh

dvvrfldwhg srolf|1 Li q lv vxfk wkdw

�?
�
nIn

4� �
. n�yfn

�
�

%

4� �
.

�

7�

;



wkhq pruh wkdq q lwhudwlrqv pd| qrw dssuhfldeo| lpsuryh wkh dffxudf| ri

wkh srolf| ixqfwlrq dssur{lpdwlrq1

� �TTi?_� 

Surri ri Ohppd 614 Ohw Y 5 eF+[ � ],/ {�> {2 5 [ / � 5 ^3> 4`/ {k @

�{� . +4� �,{2 dqg iru l @ 4> 5 ohw |� 5 �+{�> }, eh vxfk wkdw=

WY +{�> }, @ I +{�> |�> }, . �

]
~

Y +|�> }�,T+}> g}�,=

Wkhq/ xvlqj k|srwkhvhv 4/ 5 dqg Gh�qlwlrq 515 zh kdyh wkdw=

WY +{k, � I+{k> �|� . +4� �,|2> }, . �

]
~

Y +�|� . +4� �,|2> }
�,T+}> g}�,

� �I +{�> |�> }, . +4� �,I+{2> |2> }, .
�

5
�+4� �,m{� � {2m

2.

�

]
~

^�Y +|�> }�, . +4� �,Y +|2> }�,`T+}> g}�,

@ �WY +{�> }, . +4� �,WY +{2> }, .
�

5
�+4� �,m{� � {2m

2=

Vlqfh wkh vhw ri vwurqjo| frqfdyh ixqfwlrqv lv d forvhg vhw zlwk wkh wrsrorj|

lqgxfhg e| wkh vxs qrup lw iroorzv wkdw wkh �{hg srlqw ri W lv vwurqjo|

frqfdyh1 Wklv suryhv wkh vhfrqg sduw ri wkh ohppd1

Wr suryh Wkhruhp 615/ zh zloo qhhg wkh iroorzlqj ohppd1 Dowkrxjk lwv

surri lv wulyldo/ zh zloo jlyh lw iru wkh vdnh ri frpsohwhqhvv1

Ohppd D14 Ohw i = F � U
? $ U +F lv d frqyh{ vhw, eh d �0frqfdyh

ixqfwlrq1 Li {W @ Dujpd{%M� i+{, wkhq

i+{, � i+{W,�
�

5
m{� {Wm2> ;{ 5 F=

Surri= Ohw { 5 F dqg � 5 +3> 4,1 E| gh�qlwlrq ri {W dqg Gh�qlwlrq 514/ zh

kdyh=

i+{W, � i+�{W . +4� �,{, � �i+{W, . +4� �,i+{, . #
2
�+4� �,m{� {Wm2

, i+{W, � i+{, . #
2
�m{� {Wm2>

pdnlqj �$ 4 zh rewdlq wkh uhvxow1

Surri ri Wkhruhp 6151 Iru Y>Z 5 hF#�+[ � ], gh�qh=

!T +{> |> }, @ I +{> |> }, . �

]
~

Y +|> }�> ,T+}> g}�,>

<



dqg dq dqdorjrxv h{suhvvlrq iru !` 1 Wkh ixqfwlrqv !T +{> => }, dqg !` +{> => },

duh ���0frqfdyh1 Wkhq e| ohppd D14 zh kdyh wkdw=

!` +{> k+Z ,+{> },> }, � !` +{> k+Y ,+{> },> },.
���

5
mk+Z ,+{> },�k+Y ,+{> },m2>

!T +{> k+Y ,+{> },> }, � !T +{> k+Z ,+{> },> },.
���

5
mk+Z ,+{> },�k+Y ,+{> },m2=

Vxpplqj xs wkh deryh lqhtxdolwlhv zh rewdlq wkdw=

�i

]
~

^+Y �Z ,+k+Y ,+{> },> }�, . +Z � Y ,+k+Z ,+{> },> }�,`T+}> g}�,j �

���mk+Z ,+{> },� k+Y ,+{> },m2

, 5nZ � Y n � ��mk+Z ,+{> },� k+Y ,+{> },m2

wklv lqhtxdolw| krogv iru doo +{> }, 5 [ �] / vr zh frqfoxgh=

nk+Y ,� k+Z ,n � ^
5

��
nY �Z n`�*2=

Surri ri Wkhruhp 617 Xqghu k|srwkhvlv 6/ wkh ixqfwlrqv !T +{> => }, dqg

!` +{> => }, jlyhq deryh duh �20frqfdyh1 Wkhq e| ohppd D14 zh kdyh wkdw=

!` +{> k+Z ,+{> },> }, � !` +{> k+Y ,+{> },> },.
�2

5
mk+Z ,+{> },�k+Y ,+{> },m2>

!T +{> k+Y ,+{> },> }, � !T +{> k+Z ,+{> },> }, .
�2

5
mk+Z ,+{> },� k+Y ,+{> },m2=

Xvlqj wkh vdph uhdvrqlqj dv lq wkh surri ri Wkhruhp 615 zh frqfoxgh wkdw=

nk+Y ,� k+Z ,n � ^+5�@�2,nY �Zn`�*2=

Surri ri Sursrvlwlrq 714 E| rxu dvvxpswlrqv/ W lv d �0frqwudfwlrq rq F+[�

], zlwk �{hg srlqw y1 Xvlqj dovr wkh gh�qlwlrq ri wkh vhtxhqfh +�y?,?Df/ wkh

wuldqjxodu lqhtxdolw| dqg K|srwkhvlv 7 zh jhw

n�y?n��yn @ nhW +�y?,�yn � n hW +�y?,�W +�y?,n.nW+�y?,�yn � %.�n�y?�yn=

Khqfh

n�y? � yn �

?3�[
�'f

%�� . �?n�yf � yn � %@+4� �, . �?n�yf � yn=

Surri ri Wkhruhp 715 Ohw

�!+{> |> }, @ I +{> |> }, . �

]
~

hY +|> }�,T+}> g}�,=

43



Wkhq
�!+{> �j+{> },> }, � �!+{> j+{> },> },� �=

Dv glvfxvvhg lq wkh surri ri Wkhruhp 615/ xqghu k|srwkhvhv 4 dqg 5/ !�+{> �> },

lv ���0frqfdyh1 Vr/ xvlqj djdlq ohppd D14 zh kdyh=

!�+{> j+{> },> }, � !�+{> �j+{> },> }, .
���

5
mj+{> },� �j+{> },m2=

Dgglqj xs wkhvh lqhtxdolwlhv dqg iroorzlqj wkh vdph surfhgxuh dv lq wkh

surri ri Wkhruhp 615 zh zloo rewdlq

nj � �jn �

�
7

��
ny � hY n. 5

���
�

�
�*2

=

Surri ri Wkhruhp 716 Dqdorjrxv wr Wkhruhp 715/ xvlqj wkh idfw wkdw

!�+{> �> }, lv �20frqfdyh1

+iuihi?Uit

^4` Ed{whu/ P1/ P1 M1 Fuxflql dqg N1 J1 Urxzhqkruvw Vroylqj wkh Vwrfkdv0

wlf Jurzwk Prgho e| d Glvfuhwh0Vwdwh0Vsdfh/ Hxohu0Htxdwlrq Dssurdfk/

Mrxuqdo ri Exvlqhvv ) Hfrqrplf Vwdwlvwlfv Yro1 ;04/ ss 4<~54/ 4<<31

^5` Frohpdq/ Z1 M1 Vroylqj wkh Vwrfkdvwlf Jurzwk Prgho e| Srolf|0Ixqfwlrq

Lwhudwlrq/ Mrxuqdo ri Exvlqhvv ) Hfrqrplf Vwdwlvwlfv Yro1 ;04/ ss 5:~5</

4<<31

^6` Frohpdq/ Z1 M1 Htxloleulxp lq d Surgxfwlrq Hfrqrp| zlwk dq Lqfrph

Wd{/ Hfrqrphwulfd Yro 8</ ss 43<4~4437/ 4<<41

^7` Fkulvwldqr O1 Vroylqj wkh Vwrfkdvwlf Jurzwk Prgho e| Olqhdu0Txdgudwlf

Dssur{lpdwlrq dqg e| Ydoxh Ixqfwlrq Lwhudwlrq/ Mrxuqdo ri Exvlqhvv )

Hfrqrplf Vwdwlvwlfv Yro1 ;04/ ss1 56~59/ 4<<31

^8` Mxgg/ N1 O1 Surmhfwlrq Phwkrgv iru Vroylqj Djjuhjdwh Jurzwk Prghov/

Mrxuqdo ri Hfrqrplf Wkhru| Yro1 8;/ ss1 7430785/ 4<<51

^9` Pdogrqdgr Z1 dqg E1 I1 Vydlwhu Rq wkh dffxudf| ri wkh hvwlpdwhg sro0

lf| ixqfwlrq xvlqj wkh Ehoopdq frqwudfwlrq phwkrg/ Hfrqrplfv Exoohwlq

Yro1 6048/ ss 40;/ 53341

^:` Pdufhw D1 dqg G1 Pduvkdoo Vroylqj Qrqolqhdu Udwlrqdo H{shfwdwlrqv

Prghov e| Sdudphwhul}hg H{shfwdwlrqv= Frqyhujhqfh wr Vwdwlrqdu| Vr0

oxwlrqv/ Zrunlqj Sdshu Qr1 :9/ Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlwdw

Srpshx Ideud/ 4<<71

44



^;` Prqwuxffklr O1 Olsvfklw} frqwlqxrxv srolf| ixqfwlrqv iru vwurqjo| frq0

fdyh rswlpl}dwlrq sureohpv/ Mrxuqdo ri Pdwkhpdwlfdo Hfrqrplfv Yro1

49/ ss 58<05:6/ 4<;:1

^<` Prqwuxffklr O1 Wkrpsvrq phwulf/ frqwudfwlrq surshuw| dqg gl�huhq0

wldelolw| ri srolf| ixqfwlrqv/ Mrxuqdo ri Hfrqrplf Ehkdylrxu ) Rujdql0

}dwlrq Yro1 66/ ss 77<0799/ 4<<;1

^43` Vdqwrv P1 Vprrwkqhvv ri wkh srolf| ixqfwlrq lq glvfuhwh wlph hfrqrplf

prghov/ Hfrqrphwulfd Yro1 8<08/ ss 4698046;5/ 4<<41

^44` Vdqwrv P1 Dffxudf| ri Qxphulfdo Vroxwlrqv xvlqj wkh Hxohu Htxdwlrq

Uhvlgxdov/ Hfrqrphwulfd Yro1 9;09/ ss 46::04735/ 53331

^45` Vdqwrv P1 dqg M1 Yljr0Djxldu Dqdo|vlv ri d Qxphulfdo G|qdplf Sur0

judpplqj Dojrulwkp Dssolhg wr Hfrqrplf Prghov/ Hfrqrphwulfd Yro1

9905/ ss 73<0759/ 4<<;1

^46` Vwrnh| Q1 dqg U1 Oxfdv zlwk H1 Suhvfrww Uhfxuvlyh Phwkrgv lq

Hfrqrplf G|qdplfv/ P1D1= Kduydug Xqlyhuvlw| Suhvv/ 4<;<1

^47` Wdxfkhq J1 Vroylqj wkh Vwrfkdvwlf Jurzwk Sureohp e| Xvlqj Txdgud0

wxuh Phwkrgv dqg Ydoxh0Ixqfwlrq Lwhudwlrqv/ Mrxuqdo ri Exvlqhvv dqg

Hfrqrplf Vwdwlvwlfv yro1 ;/ ss 7<~84/ 4<<31

^48` Yhqglwwl D1 Vwurqjo| frqfdylw| surshuwlhv ri lqgluhfw xwlolw| ixqfwlrqv lq

pxowlvhfwru rswlpdo jurzwk prghov/ Mrxuqdo ri Hfrqrplf Wkhru| yro1 :7/

ss 67<069:/ 4<<:1

45


