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1 Introduction

Many papers are devoted to the question of stability. Mathematics studies the ques-
tion of stability when studying systems of differential equations. Those mathemat-
ical results have been extensively used to study the behavior of dynamic economic
models. The question of stability of a dynamic economic model is closely related to
the question of the model’s behavior around an equilibrium point and also to the
question of equilibrium selection if we have multiple equilibria.

Until some time ago, stability issues were studied in models assuming rational
expectations of agents. However, the need to study models under bounded ratio-
nality of agents was well argumented in Sargent (1993). Later this approach was
also adopted (among others) in works of Evans and Honkapohja, and a standard
argument in defense of bounded rationality can be found in Evans and Honkapo-
hja (2001), as well as in Sargent (1993). The rational expectations (RE) approach
implies that agents have a lot of knowledge about the economy (e.g., of the model
structure and its parameter values). However, in empirical work economists, who
assume RE equilibria in their theoretical model, do not know the parameter values
and must estimate them econometrically. According to the argument of Sargent,
it appears more natural to assume that agents in a given economy face the same
limitations. It is then suggested to view agents as econometricians when forecasting
the future state of the economy. Each time agents obtain new observations, they
update their forecast rules. This approach introduces a specific form of bounded
rationality captured by the concept of adaptive learning.

Besides, the bounded rationality approach can serve other purposes. For ex-
ample, it can be used to test the validity of the RE hypothesis by checking if a
given dynamic model converges over time to the RE equilibrium implied by the
model (under RE hypothesis). Another role for the bounded rationality approach is
that it can be used for equilibrium selection: some models have multiple equilibria
under rational expectations, while the same models under bounded rationality do
not because learning algorithms used by agents lead the model to select only one
equilibrium.

Two possible algorithms that can be used to reflect bounded rationality of agents

are generalized recursive least squares (RLS) and generalized stochastic gradient



(SG) algorithms!. Description of them can be found, for example, in Evans and
Honkapohja (2001), Giannitsarou (2003), Evans, Honkapohja.and Williams (2005),
Honkapohja and Mitra (2005). In fact, both algorithms are used by agents to up-
date the estimates of the model parameters. RLS algorithm (non-generalized) can
be obtained from OLS estimation of parameters, rewriting it in recursive form. Gen-
eralized RLS is derived from RLS by substituting gain sequence 1/t used in updating
of regression coefficients with any decreasing gain sequence. Thus, generalized RLS
algorithm has an equation for updating parameters that enter the model equations
and also an equation for updating the second moments matrix. In contrast, (gener-
alized) SG algorithm assumes the second moments matrix fixed?.

At first, papers taking the bounded rationality approach of Sargent implied ho-
mogeneity among agents in the sense that all were assumed to follow the same
updating algorithm (be it RLS or SG). One part of recent papers in the area of
adaptive learning introduces heterogeneity in the updating procedure. For example,
Giannitsarou (2003) introduces heterogeneous learning in order to check whether
analysis of the model with heterogeneous learning is equivalent to the analysis of
the same model under the hypothesis of a representative agent (implied by homoge-
nous learning). Agents were assumed to be homogenous in all respects (including
the structure of the equations they used for estimation) but the way they learned
(updated the parameters of these equations). Honkapohja and Mitra (2005), on the
other hand, introduce structural heterogeneity setup which includes types of hetero-
geneous learning considered by Giannitsarou (2003) as a special case. Both these
papers study stability conditions of the economy in a given setup.

In both of these papers, agents differ not only in types of algorithms they used,
but also in the relative weight they put on the updating term in the learning al-
gorithm. First, an updating algorithm means that each period agents update the
parameters of interest in the following way: the updated parameter estimate is equal

to the previous estimate plus the most recent forecasting error (or some function of

'Both algorithms are examples of econometric learning. One more type of econometric learning
is Bayesian learning. See Honkapohja and Mitra (2005) for references of other forms of learning
— like bounded memory rules and non-econometric learning (including computational intelligence
algorithms).

2 A more detailed description of differences between the two algorithms can be found in Honkapo-
hja and Mitra (2005).



it, in general) of the estimate multiplied by the gain parameter. The gain parameter,
then, captures how important is the forecasting error for the agent. So, the gain
sequence is said to reflect the degree of inertia of the agent in updating. See, e.g.
Giannitsarou (2003) or Honkapohja and Mitra (2005) for more. Constant relative
ratios between gain sequences in learning algorithms of any two different agent types
constitute in the simplest case (as in Giannitsarou (2003)) relative degrees of inertia
of updating.

In our paper we are solving the following open question posed by Honkapohja
and Mitra (2005) — to find conditions for stability under structurally heteroge-
neous mixed RLS/SG learning with (possibly) different degrees of inertia. Though
Honkapohja and Mitra (2005) have formulated a general criterion for such a sta-
bility and were able to solve for sufficient conditions for the case of a univariate
model, they did not give an answer for conditions (necessary, and/or sufficient) on
the structure of the model that would guarantee such a stability for the multivariate
case with arbitrary number of agent types case.

As, in essence, the criterion for stability (in its sufficiency part) by Honkapo-
hja and Mitra (2005) implies looking for sufficient conditions for D-stability of a
particular stability Jacobian corresponding to the model, we use different sets of
sufficient conditions for D-stability of this Jacobian and simplify them using par-
ticular structure of the model, trying to provide the derived conditions with some
economic interpretation.

Specifically, in this paper we attempt to conduct a systematic analysis of the
problem of deriving sufficient conditions for stability of the economy under struc-
turally heterogeneous mixed recursive least squares/stochastic gradient (RLS/SG)
learning for any (possibly different) degrees of inertia of agents. First, we ana-
lyzed what has been done so far in mathematics on deriving sufficient conditions
for stability of a matrix in the most general setup of a matrix differential equation:
& = Az +0b, where A has the form D), whith D being a positive diagonal matrix. It
has turned out that the most general results can be grouped according to the point
from which the problem was approached. One group of results is based on Lyapunov
theorem, and its application to D-stability by the theorem of Arrow and McManus;

another group is based on the negative diagonal dominance condition which is suffi-



cient for D-stability (McKenzie theorem); a third set of results can be derived from
the characteristic equation analysis, using Routh-Hurwitz necessary and sufficient
conditions for negativity of all eigenvalues of the polynomial of order n; and the last
set of sufficient results in principle can be derived using an alternative definition of
D-stability that allows to bypass the Routh-Hurwitz conditions.

Among the approaches mentioned above the ones that are based on negative
diagonal dominance, characteristic equation analysis, and the alternative definition
(criterion) of D—stability turn out to be fruitful, each to different extent. (The condi-
tion based on Lyapunov theorem looks very theoretical and economically intractable
in our case.) The negative diagonal dominance and the alternative definition of D-
stability give us the "aggregate economy stability" and the "equal sign" sufficient
conditions. As for the characteristic equation analysis, we have been able to de-
rive a block of necessary conditions using the negativity of eigenvalues requirement,
bypassing the Routh-Hurwitz conditions since they are quite complicated and do
not have economic interpretation. Each group of the results has been studied in
application to the particular setup of models we are working with in order to make
the procedure testing for stability more tractable and at the same time to attach

some economic interpretation to this very procedure.

2 The Setup

Deriving conditions for stability of the economy under structurally heterogeneous
mixed RLS/SG for any (possibly different) degrees of inertia of agents, we naturally
employ the general framework and notation from Honkapohja and Mitra (2005), who
were first to formulate general criterion for stability of the economy under mixed
RLS/SG heterogeneous learning. “Structurally heterogeneous” here refers to struc-
tural heterogeneity, which means that expectations and learning rules of different
agents are different, as well as may be different their fundamental characteristic, such
as preferences, endowments, and technology (as opposed to structural homogeneity,
which corresponds the assumption of a representative agent).

Structural heterogeneity in the setup of Honkapohja and Mitra (2005) is ex-
pressed through matrices Ay, which are assumed to incorporate the mass ¢, of each

agent type. So, A, = (,, - Ay, where Ay, is defined as describing how agents of type



h respond to their forecasts. So these are the structural parameters characterizing
a given economy. Those may be basic characteristics of agents, like those describing
their preferences, endowments, and technology. Structural heterogeneity means that
all Ay’s are different for different types of agents. When A, = A, the economy is
structurally homogenous.

“Mixed RLS/SG learning” refers to persistently heterogeneous learning, defined
by Honkapohja and Mitra (2005) as the one arising when different agents use dif-
ferent types of learning algorithms. In the setup of H&M these are RLS and SG
algorithms.

More on this (as well as some useful reference for more detailed study of the
terms) can be found in Honkapohja and Mitra (2005) (In order not to repeat
Honkapohja and Mitra (2005), we just briefly present the general setup and general
criterion of stability result. For full presentation of RLS/SG learning and setup
please see Honkapohja and Mitra(2005))

The class of linear structurally heterogeneous models with S types of agents with
different forecgsts is presented by

Y =+ Z AiElyy 1 + Buy,

h=1
wy = Fwg_1 + vy,

where y; is n x 1 vector of endogenous variables, w; is k& x 1 vector of exogenous
variables, v; is a vector of white noise shocks, EfytH are (in general, non-rational)
expectations of the endogenous variable by agent i, M,, = lim,_,,, w,w; — is positive
definite, F' (k x k matrix) is such that w; follows stationary VAR(1) process

The vector form presented above is a reduced form of the model describing the
whole economy, i.e. it is an equation corresponding to the inter—temporal equilibrium
of the dynamic model. Expectations (in general, not rational) of different agent types
influence the current values of endogenous variables.

We also stress the "diagonal" environment (the reason for which will be given
below) which we analyze, namely F' = diag(py, ..., p), M, = diag <%, e %)

In forming their expectations about next period endogenous variable, agents are
assumed to believe that economic system develops according to the following model,

which is called agents’ perceived law of motion (PLM).

Y = Qip + by gwy.



Mixed learning of agents is introduced as follows. Part of agents, i =1, ...,.5p, is
assumed to use RLS learning algorithm while others, j = Sp+ 1, ...,.9, are assumed
to use SG learning algorithm. Moreover, all of them are assumed to use possibly
different degrees of responsiveness to the updating function that are presented by
different degrees of inertia d,, which, in formulation of Giannitsarou (2003), are
constant coefficients before common for all agents deterministic decreasing gain se-
quence in learning algorithm. (Honkapohja and Mitra use more general formulation
of degrees of inertia as constant limits in time of expected ratios of agents’ random
gain sequences and common for all deterministic decreasing gain sequence satisfying
certain regularity conditions.)

After denoting z; = (1, w;) and ®;; = (a; 4, b;+), the formal presentation of learn-
ing algoritms in this model can be written as follows.

RLS: forv=1,.., 5y

DQipr1 =i+ ai,t—i—lR;tth (yt - <I>§,tzt)'

Rit1 = Rit + 41 (Zt—12£_1 - Ri,t)

SG: for j = S5y +1,..., 8

Qi1 =Py + jpy12 (yt - ¢;7t2t)/

Honkapohja and Mitra show that stability of REE, ®,, in this model is deter-
mined by stability of the ODE:

i = 5, (T(P) —®;),i=1,...,5

I = §;M, (T(®) — ®;), j=So+1,... S,

where M, = limy_, o Ez2;.

The conditions of stability of this ODE give the general criterion of stability
result for this class of models presented in Proposition 5 in Honkapohja and Mitra

(2005)

In the economy above mixed RLS/SG learning converges globally (almost surely)
to the minimal state variable (MSV)? solution if and only if the matrices D;Q and

D, Qr have eigenvalues with negative real parts, where

3As is mentioned in ch. 8 of Evans and Hokapohja (2001), the concept of the MSV solution
was introduced by McCallum (1983) for linear rational expectations models. As is defined in
E&H(2001), this is the solution that depends linearly on a set of variables (in our case it is the
vector of exogenous variables and the intercept); this solution is such that there is no other solution
that depends linearly on a smaller set of variables.



S, -+ 0 A =T, - Ag

D, = : . : = : . :
0 - dsl, A Ag— 1,
Dy -+ 0 FFoA —Ly -  F®Ag

Dy, = Do SUES : : ,
0 - Dyg F'o A o FP®Ag — Ing

Dyi = 6ilpg,i=1,...,80, Dy; =0; (M, ® 1) ,j =5 +1,....S.

In the "diagonal" environment we consider, the problem of finding stability con-
ditions of both D2 and D, is simplified to finding stability conditions of D;{2
and D€, ,where ), is obtained from € by substituting all A; with p;A;, where
|p;| < 1 as w; follows stationary VAR(1) process by setup of the model. We also
use special blocked—diagonal structure of the matrix D; which is the feature of
the dynamic environment in this class of models.(In a sense these positive diagonal
D-matrices now may be called positive blocked—diagonal j-matices.) It allows us
to formulate the concept of d—stability by analogy to the terminology of the concept
of D-stability, studied for example in Johnson (1974).

Definition 1 Given n, the number of endogenous variables, and S, the number
of agent types, 0-stability is defined as stability of the economy under structurally
heterogeneous mized RLS/SG learning for any (possibly different) degrees of inertia
of agents, o > 0.

0—stability, thus formulated, has the same meaning in models with heterogeneous
learning described above as has E—stability condition in models with homogeneous
RLS learning. F—stability condition is the condition for asymptotic stability of an
REE under homogeneous RLS learning. The REE of the model is stable if it is
locally asymptotically stable under the following ODE:

& =T0)-0,

where 0 are the estimated parameters from agents PLMs, T'(0) is a mapping of
PLM parameters into parameters of actual law of motion (ALM), which is obtained
when we plug forecasts functions based on agents PLMs into the reduced form of
the model and 7 is a "notional" ("artificial") time. The fixed point of this ODE is
the REE of the model.

In what follows we consider conditions of thus formulated §—stability, derived us-

ing different approaches discussed above. Section 2 is devoted to sufficient conditions
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of d-stability, among which are aggregated economy and "equal sign" conditions. In
Section 3 we present necessary conditions of d—stability that are based on char-
acteristic equation. And in Section 4 we show how sufficient aggregated economy
conditions can be interpreted on an economic example, the model of simultaneous

markets with structural heterogeneity.

3 Sufficient conditions

3.1 Aggregated economy conditions

The negative diagonal dominance approach allows one to show that in the setting
specified above d—stability depends on E-stability of the aggregated economy which
is the upper boundary of aggregated economies with weights of aggregation across
agents, ¢, and weights of aggregation across endogenous variables, ).

We have been encouraged by the result that follows from Propositions 2 and 3
in Honkapohja and Mitra (2005) that for stability under heterogeneous RLS or SG
learning with the same degrees of inertia, stability in the economy aggregated across
agent types (average economy) tuns out to be crucial. Following Honkapohja and
Mitra (2005), who aggregated across agents by introducing the concept of average
(aggregated across agents) economy, we also are looking for the concept of aggre-
gated economy that has to be crucial for stability under structural mixed RLS/SG
heterogeneous learning with different degrees of inertia. (d—stability)

The basic idea is that there has to be a way of how to aggregate an economy in an
economically reasonable way, so that stability in the aggregated economy is sufficient
for d—stability. Another idea is to circumvent the problem of looking for weights
of aggregation that guarantee stability (which follows from the negative diagonal
dominance requirement) by finding such kind of a unifying economy coefficient - the
coefficient before expectations in the aggregated economy (we will call it aggregated
f—coefficient) - that will work as an indicator of stability: if it is less than one,
then there exists an economically reasonable aggregated economy, which implies
0—stability.

It has also turned out that it is possible to find an upper boundary for economic

models with the same absolute values of coefficients (elements of matrices A), but



with possibly different signs, such that E—stability of such an upper boundary aggre-
gated economy implies E—stability in all aggregated economies and the d—stability
in all set of the models with the same absolute values of coefficients. This find-
ing together with the unifying aggregated f—coefficient allows us to see how robust
the model is to possible change of signs of coefficients, and to see how robust is
d—stability in this economy to a change in economic parameters. As an example,
the policy maker may know some structural coefficients in the economy and have
to choose some parameters itself (like the ones for the policy rule). This formula
allows it to see what is the range of the parameters it may choose in order to make
sure that the economy will be J—stable. Of course, it may include into consideration
the possible range in other agents’ coefficients that it has estimated but knows that
they belong to some interval with some probability (situation typical for statistical
interval estimation).

We proceed with aggregation of the economy starting from the following aggrega-
tion across agents used by Honkapohja and Mitra (2005): y; = a+AM Efvyt+1 + Buwy.
It turns out that it is convenient, in addition to the aggregation across agents (con-
sidered by Honkapohja and Mitra (2005)), to consider aggregation across endoge-
nous variables. The economy aggregated across endogenous variables will no longer
be a vector but a scalar, which means that it can characterize many economies.
This aggregation across endogenous variables can be interpreted as the construction
of a limiting hyperplane on the space of vectors of endogenous variables — such
hyperplane that all vectors in the subspace limited by this hyperplane are stable
economies. It is like ax + by < ¢ (if we consider economies characterized by a two-
dimensional vector of endogenous variables (z,y)): all vectors (z,y) satisfying the
constraint are stable if the limiting aggregated economy characterized by c is stable.

We rewrite the formulas used by Honkapohja and Mitra (2005) for average ex-

pectations as

s
EMNVypq = (AM) (52 %AhEthytH)

h=1
S S
Ay =8> 1A,=5> 1¢,A,
h=1 h=1

So this can be interpret(;d as if we take the weight of each agent type in calculating

aggregate expectations of one representative agent to be equal to % and then multiply
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it by S in order to be consistent with the model in which we have S types of agents
(in the sense that we do not shrink the size of the economy to one representative
agent but preserve its size by replacing each type of agent by a representative agent).
In general, when aggregating expectations one may use different weights for different
types of agents summed up to one in order to reflect the relative importance of a
particular agent type expectations in the aggregated economy. So, we first create
a representative agent type by averaging across all agent types (assigning a weight
to each type and summing over all types), then we aggregate over all types by
multiplying the representative (average) agent type by S in order to preserve the
size of the aggregated economy.

Hokapohja and Mitra (2005) use as weights in the formula for the average (ag-
gregate) economy the mass of each agent type (,. The mass of each agent type
was introduced above in section “The Setup”, and we also said that this mass is
incorporated in matrices A,. We introduce additional dimension to weighting the
agent types.(This dimension can be interpreted as expressed via equal weights %
in Honkapohja and Mitra (2005)). We can interpret it as follows. We can assume
that the share of each agent type expectations in the average expectations of the
population is determined not only by their mass in the population (their physical
share), but also by each type’s influence, other than their share in the population
(e.g. political power or other type of influence in the social life of the whole popu-
lation; it can be, for example, the influence mass media have on the minds of the
rest of the population, just like advertising of some product can influence the de-
mand for this product). Even a group of agents that does not have a large share in
the population can have significant influence on the overall expectations. We can,
of course model this second dimension in expectations of separate agent types by
making the expectations of each agent type a function of expectations of other agent
types. For example, model how the type of agents called “mass media” influence
some other agent types. This would reflect reality more adequately, but will be very
tricky to model (too many interrelations), leave alone to solve such kind of model.
Our interpretation of the additional weights as the influence of each group on the
overall expectations in the economy can be viewed as a shortcut: even if some agent

types influence other agent types, in the end this will lead to influence the overall
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expectations in the economy, so by assigning additional weights to each agent type
we provide a measure of the share of influence of each agent type in the overall ex-
pectations, bypassing the intermediate step of measuring the influence of each agent
type on other agent types separately.

If we write the aggregated economy using different weights for agents, we will
get

EtW eightedyw (AWW ted <S Z ¢hAhEt Z/t+1>

s
AWeigted _ g Z ¢hAh = SZ %¢hChAh7
where ¢, > Ozare weights gf single agent types used in calculating aggregate
s

expectations, such that Z ¢, = 1. Later we discuss which weights should be used

h=1
to reflect the relative weight of each agent type in aggregation of expectations.

Next, given the weights of aggregation across endogenous variables i, > 0,
s

Z% = 1, and across agents ¢, > 0, Zqﬁh = 1, we aggregate the economy in

i=1 h=1
the following way

Viyie+ o+ Ve = Y100+ o+ P ant
+5¢, Z biah By + ...+ Sog Z Va3 Sy + .t

+S¢1 Z wz an Ynt+1 + ...+ S¢S Z % an Ynit+1 =

> 50,3 PO WL
+ S¢h 1/} z] . 3 N -
J szz J

Bn
= 77D1041 + ...+ 77/} Qp, + 6aggreg (¢ Qb) aggreg (7/)1?Jlt+1 +ot djnynt-i—l)? where
ﬁaggreg ’QZ) Qb Sz¢hz¢ 1]7

Eagg'reg <w1y1t+1 + ...+ 1/Jny735_1‘_1)

Z¢iza%j(Ehyjt+1)
ZS%Zw Z i Xzs¢hz¢ ] aj;— ZJ%Z%— A
%/—/ i J

_,_/
Bh Bn

4We assumed that these weights are such that we may divide over the corresponding coefficient
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It is also useful to consider the economy that bounds above all the possible

h

;; aggregated using weights . This is obviously

economies with different signs of a

h
15

the model which is written in absolute values. (When all elements in the model, a
endogenous variables and their expectations are positive, this limiting model exactly
coincides with the model considered (So, this is attainable supremum)). Thus we
have the following limiting aggregated model:

Vryie + oo+ VpYne < Uy Yl + o+ Py Y| <

< ¢l |a1|++1/}n |Oén| +B;ngog(ieg (77Z}7 ¢) Ezrzr;;%eg (77Z)1 |y1t+1| +..+ wn |ynt+1|) ) where
Bagareq (02 0) = S Y by w; ) |al]
h i j
If this limiting economy is E-stable (i.e. B;ng‘;‘ieg (,0) =9 Z o, Z 0, Z ‘am <
h i ]

1), then all the corresponding aggregated economies with various combinations of

signs of af); are E-stable (8,,g,c, (1, ¢) = SZ oy, Z W, Z al; < 1).
h i j
The structure of this limiting aggregate coefficient is as follows.

Z (o ‘am is the coefficient before expectation of endogenous variable j in the

aggregated economy composed of one single agent type h. Notice that this coefficient

is calculated for expectation of endogenous variable j, that enters the aggregated

> v

product with coefficient ;. So, we may name the ratio zw— the endogenous
J

h
aij

variable’s j "own" expectations relative coefficient. By looking at the values of these
coefficients we will be able to judge about the weight a particular agent type has
in the economy in terms of the aggregated [—coefficient. The next proposition is
formulated in terms of these relative coefficients and stresses the fact that weights of
agents in calculating aggregated expectations have to be put into accordance with

this economic intuition in order to have stability under heterogeneous learning.

Proposition 2 If there exists at least one pair of vectors of weights for aggregation
of endogenous variables 1 and weights ¢ for aggregation of agents such that for each
agent every endogenous variable’s "own" expectations relative coefficient is less than

the weight of the agent used in calculating aggregated expectations (i.e. weights of

consisted weighted sums of agjs. In case, when all a;;, participating in coeflicient over which we
have to divide are zero, this means that we simply do not divide over it, since these expectations
simply do not enter the aggregation,as summing up to zero.
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agents are put into accordance with their endogenous variable’s "own" expectations

relative coefficients), then the economy is 6—stable for any n and S.

Proof: see Appendix

But this proposition above does not give a real rule of thumb (as it implies
looking for systems of weights) to say that a particular system is stable under het-
erogeneous learning. For this purpose we have constructed four maximal aggregated
[f—coefficients described below. If they are less then one the economic system is
d—stable.

Now, we go even further looking for an upper boundary by considering not only
any signs of a;;, but also arbitrary values of weights 1) and ¢. It is clear that
any aggregated economy with any weights will be bounded above by the following
maximal aggregating economy.

V1Y + ValYar + oo+ Y <

< Jystw | = Wy lon] + o+ O fanl + Brax Bagereg (1 Y1001] + oo+ € [yl
where 8L, = SZ max ‘am

It is possible t(i derive other upper boundaries for subsets of aggregated economies
with either equal weights of agents % or equal weights of endogenous variables %, or
both.

In case of equal weights of agents % and arbitrary weights of endogenous variables

1, we have

g 9| = oy o]+ o+, o]+ BranElreq (V1 [Y1e41] + oo+ 9y [Ynesa]), where
Bfnax = miaxzz ‘am

In case of :quafl weights of endogenous variables % and arbitrary weights of agents
¢, we have

Vo] = Wy lon| + o 4 ¥ o + B Eireg (5 [yseal + 4 £ [Ynesa]), where
B = SZH}I%X ‘am

In case of equal weights of agents % and equal weights of endogenous variables
1

n’

we have

|y&ga%:€g = wl |O[1| +..+ ¢n |O[n| + ﬂilang;]a;;eg (% |y1t+1| Rt % |ynt+1|)7 where

e RS

h
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Notice that each new boundary is constructed in such a way that it does not
replicate the boundary for a broader set of aggregated models to which this partic-
ular model belongs. It is possible to do by applying the max operator to different
grouping of elements of sum that becomes possible, for particular subset of aggre-
gated models and which was not possible to apply for broader set. Under equal

| = |a all these maximal S—coefficients coincide with Bamgc;ieg (¢, ¢) = nSlal. So,

h
ij

la
these are attainable maxima.

So, we have managed to aggregate the economy into one dimension and to find
the limiting aggregated economies that bound all of such aggregated economies
within a particular subset. If one of these limiting aggregated economies is E—stable
(i.e. if at least one of the maximal aggregated 5— coefficients is less than one), then
all aggregated subeconomies from a particular subset are E—stable.

Now we are ready to formulate the result which stresses the key role of E—stability
in the aggregated economy on the stability under structural heterogeneous learning

(recall Proposition 2 and Proposition 3 in Honkapohja and Mitra (2005)).

The key result is as follows.

Proposition 3 If one of the limiting aggregated economies is E-stable (i.e. one of
maximal aggregated 5—coefficients is less than one), then the economy is §—stable for
anyn and S. (Notice that the aggregated whole economy,aggregated single economies

and all aggregated subeconomies are also stable under this condition)’.

Proof: see Appendix

This result gives the direct rule how to construct j—stable economies

We think that this is quite a strong result that says that there is one economic
unifying condition (such as aggregated S—coefficient less than one) such that when
it holds true all the economies with the same absolute values, but all possible vari-
ous combinations of signs of a?j are stable under heterogenous learning with mixed
RLS/SG learning with any different positive degrees of inertia. It can be very useful

in the case when one does not know the exact sign of some coefficient in matrix h,

5Note that the economies mentioned in this comment in brackets are economies aggregated
without taking absolute values, so not the limiting economy. Then, the aggregated whole economy
means that the aggregation is done across all agent types, while an aggregated subeconomy means
that the aggregation is partial, i.e. that we sum over a part of agent types, and an aggregated
single economy is a particular case of a subeconomy with only one type of agent.
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but may estimate that its absolute value belongs to some interval.( It is common
situation in policy making). Moreover, these coefficients may change sign in the
economy during the time. So, this condition is to show how robust stability of the
model to a change of sign of some coefficients. Fixing some known coefficients in
these aggregated [—coefficients, we may see how the value of other coefficients is
flexible for the economy to remain stable under structural heterogeneous learning
with mixed RLS/SG learning when it is possible that economic agents have different
degrees of inertia and from time to time change them.

Implications for more simple cases

From the condition in the proposition above, we get that for the case n = 1 and

for structurally homogenous case the following propositions hold true.

Proposition 4 The univariate economy is stable under all forms of heterogeneous
learning we considered for any combination of signs of coefficients if and only if

Ay| + |Ag| + ... + Ay < 1.

Proof: Obvious: necessary condition for €} to be stable under any delta is
A1 +...+As < 1 (From the condition on the determinant of the —2 which has to be
positive This determinant equals — (4; + ... + As)+1)). For the above condition to
hold true for any signs of Ay, it is necessary and sufficient that |A;|+|As|+...+]As| <
1.

The same condition implies that all subeconomies are stable under any form of

structural heterogeneous learning.

s
Proposition 5 For structurally homogeneous economy: A, = (, A, ¢, > 0, Z =

h=1
1,to be d—stable it is sufficient that at least one of the following limiting aggregated

B—coefficients: mZaXZ !aij} and rnjaxz }‘%’j‘ is less than one.
j i
Proof: direct application of Proposition 2

3.2 “Equal sign” conditions

Following the steps of the proof of observation (iv) in Johnson (the formulation of

this observation is presented in Appendix A), which is in fact alternative definition
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of D—stability, we get an alternative definition of blocked—diagonal (Dj)—stability,
that is stability of D,{) for any positive blocked—diagonal matrix D,. This alterna-

tive definition of D,—stability is then used to derive conditions for §—stability.

Definition 6 (Dy,—stability) Matriz A of size n.S X nS is Dy—stable if Dy A is stable
for any positive blocked—diagonal matriz Dy, = diag(dy, ...,01, ..., 05, ...,05).

Proposition 7 (Alternative definition of Dy— stability). Consider M,s(C), the set
of all complex nS x nS matrices, Dy,s, the set of all nS x nS blocked—diagonal
matrices with positive diagonal entries. Take A € M,s(C) and suppose that there
is an F' € D,g such that F'A is stable. Then A is Dy—stable if and only if A +iDy
is non—singular for all Dy € Dy,s. If A € M,s(R), — the set of all nS x nS real
matrices, then “t” in the above condition may be replaced with “+” since, for a real

matrix, any complex eigenvalues come in conjugate pairs.

Proof. (The proof is just a modification of the proof of observation (iv) in Johnson
for our blocked—diagonal case)

Necessity. Let A be D,—stable, that is FA is stable for all positive blocked—
diagonal F € D,s. This means that +i cannot be an eigenvalue of matrix F A for
any F € Dy,s. That is FA + il is non—singular for all £ € D,,s, or A £ iD, is
non-singular for all D, = E=! € Dy,s.

Sufficiency. By contradiction, let A be not Dy—stable. Thus, we have that there
exists some E € Dy, s such that F'A is stable, while E F'A is not stable. By continuity,
it follows that either value, +i, is an eigenvalue of X (tE + (1 —¢)I) FA for some
0<t<1land a>0. So, A+ iD, is singular for D, = a (tE + (1 —t) I)fl € Dy,s.

Contradiction. =

1 1
e Ba0

proposition, we get the following necessary and sufficient condition for §—stability
of {:

)—stable and

det [‘—A1+...+‘—A§+I =

Taking F' as an identity matrix, and D as dz’ag(%, ey %) in the above

L5 L5

8

= det Kﬁ (—Ap) + ... + @ (—As) +I> +1 (ljll (—A) + ...+ ljlié (—AS))] #

1 S

0,V >0
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For case n = 1 it simplifies to

()—stable and
1 1
(H;% (—A1) + ...+ r=s (—As) + 1) # 0,

S
1 1
or (1?;2 (A + ...+ 1?% (—AS)) #0,
or both.1 °

The alternative definition of D—stability approach allows us to derive the
"equal sign" conditions for the cases n = 1,2 and necessary and sufficient conditions

for d—stability for n = 1.

Proposition 8 (Criterion of 0—stability in the univariate case) In case n = 1 the
Q is d—stable if and only if ) is stable and at least one of the following holds true:
equal sign condition (all A; are greater or equal than zero and at least one is strictly
greater than zero or all A; are less or equal than zero and at least one is strictly less
than zero), or all of subeconomies are not unstable and at least one of them in each

size s stable.

Proposition 9 In case n = 2, Q) is d—stable if ) is stable and an "equal sign”

condition holds true, where the "equal sign" condition looks in general case as follows

0,
or

det (—A4;) <0, [det miz (—A;, —A;) + det mix (—A;, —A4;)] <0,i # j, Mi(—4;) <

(Here we introduce the concept of a pairwise mixed economy which is an economy
characterized by a matrix of structural parameters composed by mixing columns of
a pair of matrices A;, A;, for any i, j =1,...,5.)

The condition above may follow from the following (more understandable) suffi-

cient condition:

Proposition 10 In case n = 2, € is §—stable if ) is stable and all eigenvalues of
A; (matrices of coefficients of single economies) and of pairwise mizes (matrices of
coefficients of pairwise mized economies) are negative or all eigenvalues of A; and

of pairwise mizes are positive.
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Unfortunately, though similar "equal sign" conditions naturally follow from the
alternative definition of D—stability for cases n > 2, stability of 2 and a similar
"equal sign" condition are not sufficient for d—stability in this case.

For example, a similar "equal sign" condition for case n = 3 looks like

M; (mix (—Ai, —Aj, Ag)) > 0, May(miz (—A;,—A;)) >0, My(—A;) >0 or

M; (miz (—A;, —Aj, Ag)) < 0, Ma(miz (—A;,—A;)) <0, My(—A;) <0

Here, the M, (miz()) operator means the sum of all possible principal minors of

size n of a particular mix between matrices.

4 Necessary conditions

The characteristic equation approach (that in our formulation leaves aside the
intractable Routh-Hurwitz conditions) allows one to derive strong necessary con-
ditions for d—stability, that provide an easy test for non—)—stability of the model.
(Note that necessary conditions do not require diagonal structure of F' and M,,.)
Condition (*) All sums of the same-size principal minors of diag(d,) (—;)
are nonnegative (where (—2,) corresponds to a subeconomy of the economy under

consideration) for all subeconomies r for all positive block-diagonal diag(d,.).

Proposition 11 Necessary condition for 0—stability: For economy to be d-stable it

is necessary that condition (*) holds true.

The condition above can not be used as a test for non-d—stability, as it requires
checking all subeconomies sums of minors for all §, > 0.
That is why below we have constructed the condition that has the direct testing

application.

Proposition 12 Necessary condition for 0—stability: For an economy to be 0—
stable, it is necessary that all sums of the same-size principal minors of minus ma-

trices corresponding to subeconomies are non-negative for each subeconomy, i1, ..., %,.

We think that this is quite a strong necessary condition, which implies that a
lot of models will not satisfy it, and will not be d—stable. Note that stability of
each single economy and subeconomies is a sufficient condition for the condition
above to hold true. A weaker requirement that all subeconomies are not unstable

(non-positive real parts of eigenvalues) is also sufficient.
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5 Economic Example

We demonstrate the aggregate economy suffcient conditions on the model of simul-
taneous markets with structural heterogeneity®

The economic environment is given by the following equations

pt = l+vd;+¢€; is demand function in matrix form for different goods j =1,...,J

pe is a J x 1 vector of prices(which are endogenous variables in this model),
[ is a vector of intercepts, v is a J x J matrix, which corresponds to the inverse
of the matrix of price effects. d(t) is a vector of quantities of the J goods, ¢;; =
fi€j1—1 + vj, €+ are demand shocks, |f;| < 1, v, are independent white noises.

There are S types of suppliers with supply functions:

st =g +nPEM p, h=1,...5,

which depend on expected price due to a production lag. Fach supplier produces
all J goods. s(h,t) is a J x 1 vector of goods supplied by type h supplier.

It is further assumed that different outputs are produced in independent processes

" is a positive diagonal matrix. Expectations (non-rational,

by each producer h, so n
in general) of prices are formed by each supplier at the end of period ¢ — 1 before

realization of demand shock &;

s
Market clearing condition,d; = Z sl leads to the following reduced form
h=1
s s
pp=1l+v (Z gi> + Z on" Bl p; + &
i=1 h=1

For the case with equal weights of single agent types used in calculating aggregate
expectations, the aggregated stability sufficient condition for this model has the
form:

D tilvgl < 5 Vi b

Tihis condition can be derived by the direct application of Proposition 2 to the

given model.

Y
Y <
Sm}?x{n?j} -

,¥7 holds, then the con-

It is clear that the above condition follows from Z¢i lvi;] <

(2

P . . . . P
Sn]?j’v]’h’ which is to say that if Zwi lvi;| < W

dition implied by Proposition 2 holds as well.

6The authors express sincere thanks to Seppo Honkapohja who suggested to use this example.
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And the last condition is condition for stability of the aggregated cobweb model
in terms of the inequality relation between slopes of the demand and supply curves:

The demand curve for the price index’
= pi = (Z %Uﬂ) dig + ... + (Z %%}) dp+ > bl + Y e <
< (Z (0 |Ui1|> dy + ... + (Z s |U¢J|> dyi+ Y Wi+ Y thiea =
(Z ¥;lvit |) dyg+...+ (Z %wﬂ) dyt
— | U; i 1Vi . i ’ili
(;wzlvll + +;w |w|> Zwi|vi1\+-..+2wi|viJ\ +;¢ -
Z Y€ =
= rpDaggr + Z szlz + Z %&'t

7 (2
Note that here aggregating over the elements of the price vector we obtain the

demand function in terms of the price index.This is an example of economic inter-
pretation of the aggregation procedure that we propose in our paper, in particular,
to assigning weights to the endogenous variables.

Derivation of the supply curve for the price index.

First, we write the aggregate (over all supplier types) supply equation:

SRS WS W VRO L2
h
Then we write the expression for each component of the vector: aggregate supply

of each product equations. So, for each product j,

> =g+ (Z "thlpf) = D0+ (nhy ) B
h h h ; h
Next, we aggregate over all supply equations using weights ¢,;. Aggregating across

endogenous variables (prices) to get price index, we finally get the supply curve for

the aggregated model

EA;lgél?regPt. - ("11+ ”11) Z S1e 7+ (nJJ+ ”JJ) Z St
-5 (S (nh+--.+n§J)> -
J h

"To get this function, we aggregate the individual demand functions, not the reduced form
equations (in which case we would obtain the equation for the intertemporal equilibrium price
index).
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P1 E h by E h
("%1*“'"?1) Slt+m+( nkytens, St

h

— (Bt 'y ) h

(”11Jr n7 nlyteng, (n%11’1n§1)++(ﬁ)
—Zw (Zg?/ nip + .. +nJJ)> =
= rmSaggT - Z¢] <Z gjh/ (nil + ..+ n§])) :
J

It is clear that ) fj o > Sma:f T .So, condition of aggregated economy stability
in this class of models, Z WY vl < Smafﬁ’ Vj, is condition for E-stability of the
: 2% 1

aggregated cobweb model (r,,, > r,).

6 Conclusion

Based on the analysis of negative diagonal dominance, the alternative definition of
D-—stability, and the characteristic equation, we have been able to derive two groups
of sufficient conditions and one group of necessary conditions for d—stability.

Our paper partly resolves the open question posed by Honkapohja and Mitra
(2005). As has been mentioned, Honkapohja and Mitra (2005) provide a general
stability condition (criterion) for the case of persistently heterogeneous learning
— a joint restriction on matrices of structural parameters and degrees of inertia,
which implies that stability in such an economy is determined by the interaction of
structural heterogeneity and learning heterogeneity. For the general (multivariate)
case, however, it was not possible to derive stability conditions expressed in terms
of an economy aggregated only across agent types.

They have derived sufficient conditions in terms of the structure of the economy,
but this condition is very general: D-stability and H-stability of the structural
matrices. We go a bit further in this direction by providing sufficient conditions for
D—stability in terms of the aggregate economy structure.

In particular, using negative diagonal dominance (sufficient for D—stability) and
our concept of aggregating an economy (both across agent types and endogenous
variables), we have obtained sufficient conditions for d—stability expressed in terms
of E—stability of the aggregated economy and its structure. These were summarized

7

as the “aggregated economy” sufficient conditions. One of them, in principle, can
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serve as a rule of thumb for checking a model for delta-stability.

We have found a unifying condition for the most general case of heterogeneous
learning in linear forward—looking models. It is quite restrictive, of course. But our
main achivement was to have shown that such a simple condition with E—stability
meaning of some aggregated economy (notion, that already proved to be useful as a
condition of stability under heterogeneous learning in previous learning literature)
does exist for a large class of models with any finite natural numbers of agents,
exogenous and endogenous variables.

The economic example provided in the end of the paper demonstrates the appli-
cation of the aggregate economy conditions.

Next, based on the analysis of the alternative definition of D-stability, we have
obtained sufficient conditions on the structure of the economy summarized as the
“equal sign conditions”.

Further, based on the analysis of the characteristic equation and requirement for
negativity of all eigenvalues (necessary and sufficient for stability), we have derived
a group of necessary conditions. Their failure can be used as an indicator of non—

d—stability.
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A Appendix

Here we provide the reader with definitions and theorems adapted from mathematics
literature that are used for deriving conditions of d—stability. These results are
structured according to the approach which is used for deriving stability conditions.

General definition of stability and D-stability of a matrix

Definition 13 Matriz A is stable if all the solutions of the system of ordinary dif-

ferential equations (t) = Ax(t) converge toward zero as t converges to infinity.

Theorem 14 Matriz A is stable if and only if all its eigenvalues have negative real

parts

Definition 15 (D—stability) Matriz A is D—stable if DA is stable for any positive
diagonal matric D. A COMMENT FROM JOHNSON(197}), p.54: “Thus the D-
stables are just those matrices which remain stable under any relative reweighting of

the rows or columns.”
Lyapunov theorem approach

Theorem 16 (Lyapunov): A real n X n matriz A is a stable matriz if and only if

there exists a positive definite matriz H such that A'H + H A is negative definite.

Theorem 17 (Arrow-McManus, 1958): Matriz A is D-stable if there exists a pos-
itive diagonal matrixz C' such that A'C + C'A is negative definite.

Negative diagonal dominance approach

Definition 18 (introduced by McKenzie): A real n x n matriz A is dominant diag-
onal if there exist n real numbers d; > 0,5 = 1,...,n, such that d;|a;;| > > di|a;;| :
i #7),7=1,...,n This is called “column” diagonal dominance. “Row” diagonal
dominance is defined as the existence of d; > 0 such that d;|a;| > > d;la;| = j #

i),i=1,...,n.

Theorem 19 (sufficient condition for stability, McKenzie, 1960): If an nxn matrix
A is dominant diagonal and the diagonal is composed of negative elements (a; < 0,
all i = 1,...,n), then the real parts of all its eigenvalues are negative, i.e. A is

stable.
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Corollary 20 If A has negative diagonal dominance, then it is D-stable.
Characteristic equation approach

Theorem 21 (Routh-Hurwitz necessary and sufficient conditions for negativity of

eigenvalues of a matriz)

Consider the characteristic equation

M — A = X"+ b\ by A+ b, =0

determining the n eigenvalues \ of a real n x n matrix A, where [ is the identity
matrix. Then the eigenvalues A all have negative real parts if and only if

A >0,A5>0,....,A, >0,

where
b 1 0 0 0 0 - 0
b3 by by 1 0 0 o 0
Ay = bs by b3 b b1 0 R
bog—1 bok—2 bar—3 bag—a bop—5 bop—g -+ bg

Alternative definition of D—stability approach

Theorem 22 (From Observation (iv) in Johnson (1974)). Consider M,(C), the
set of all complex n x n matrices, D, the set of all n x n diagonal matrices with
positive diagonal entries. Take A € M,(C) and suppose that there is an F' € D,
such that F'A is stable. Then A is D—stable if and only if A+ iD is non-singular
for all D € D,. If A € M,(R), — the set of all n x n real matrices, then “t” in
the above condition may be replaced with “+7 since, for a real matrix, any complex

ergenvalues come in conjugate pairs.

B Appendix

Proof of Proposition 2
Use "columns" negative diagonal dominance of €2 which is sufficient for negative
real parts of eigenvalues of DS, look for condition which is sufficient for negative di-

agonal dominance in our structure®. Use as weight diag (¢1(¥1, .., ¥,))5 ey @5 (1, s 0,)),

8Note here again that if we assume that matrices F' and D,, are diagonal, then we do not have
to find a separate condition for stability of D,,Qp. So this condition is sufficient for stability of
the whole system.
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@, >0, 1, >0, Zw =1 ngh_l

Take any block h and any column j.

]j — 1 < 0 -negative diagonal;

Sﬁh% |ajj - | > (@ + .+, Zl/% ‘a?j} - <Ph¢j ‘a?j‘ Vi, h
)
a’?- —1<0

(,Oh?,b] ]J+Q0h1/} > (901+ +§05 Z¢ ‘azj| @h¢ |CL]J‘ VJ,
()
(Casel) and (Case2)
Casel1 > ah >0

Zw jaly| < 2% such that 1> a¥; > 0

Case 2.&% <0
Zd}i }a%! < (pl(phwj _ 2wy I Vj, h such that a”; <0

Totes | prtotes i

Using that in second case we have a?j < 0, one may formulate the following
sufficient Conditionz Y, |a?j‘ < % = @utp; Vi, h (The condition 1 > af; is

implied by this relation, and the condition of case 2 is also satisfied). This is the
condition of proposition 1. Q.E.D.
Proof of Proposition 3.

For proof of maximal beta—coefficient /3.

max*

take 1, = %.The previous general

sufficient condition is rewritten as Z |aij‘ < ¢y, Vj, h. Now one is left to notice that

condition % = Zmax {Z !am}} < 1 implies that there exists such weights

&= (¢1,...,0g) >0 that above condition holds true which is sufficient for negative
diagonal dominance of Q.Q.E.D.

For proof of maximal beta—coefficient 52 take ), = %.The previous general

max"*
sufficient condition is rewritten as Zwi ‘aij‘ < w—sj Vj, h. Notice that condition
i

Bt =S Z max ‘am < 1 implies that there exist such weights ¢ = (¢, ..,%,,) > 0

J
that above condition holds true which is sufficient for negative diagonal dominance
of Q. Q.E.D.

For proof of maximal betacoefficients 2. and />

use first "rows" negative

max max’
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diagonal dominance of {2 which is sufficient for negative real parts of eigenvalues of
DS, look for condition which is sufficient for negative diagonal dominance in our

structure. Use as weight diag (dy, ..., dp, ..., d1, ..., dy), d; > 0, Zdi =1

Take any block h and any row 1.

al — 1 < 0 -negative diagonal,
dilafy =1 > > > d;j|aly| - di|aly] Vi, h
hj

)

al. —1<0

—d;al + d; > ZZdj |aly| — d; |alt| Vi,
h J

)

(Casel) and (Case2)

Case 11>al >0

szj |CLZ" < d; V1, h such that 1 > CLZ- >0
h j

Case 2.al. < 0
ZZdj |a?j‘ < d; — 2d;alt Vi, h such that af. < 0

h j

Using that in second case we have a}

i

sufficient conditionz Z d; |a?j‘ < d; Vi (The condition 1 > al is implied by this
h

relation, and the condition of case 2 is also satisfied). Notice that condition [

< 0, one may formulate the following

3 _
max

S Z max |a?j‘ < 1implies that there exist such weights d = (dy, .., d,, ..., d1, ..., d,,) >
7]

i
0 that above condition holds true which is sufficient for negative diagonal dominance

2

of €. For proof of maximal beta—coefficient j; ..,

take d; = % in above.The previ-

ous general sufficient condition is rewritten as Z Z ‘a?j| < 1 Vi. Now one is left
h
to notice that condition 82 = maxz Z |a?j‘ < 1 implies that above condition
1 .

h j
holds true which is sufficient for negative diagonal dominance of Q.Q.F.D.

C Appendix

Proof of Proposition 6:
For case n = 1, the condition for alternative definition of D-stability simplifies

to
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()—stable and

at least one of the following holds true

(14?12 (_Al) lfé% <_AS)> 7é 07

o1 s

(ﬁ (—A1) + o+ T (—As) + 1) 40,

&
The first "equal sign" condition in Proposition 6 follows directly from the first

inequality. The second condition that follows from the second inequality is proved
below.

Necessity: Fix some subeconomy (iy, ...,7,) and force deltas corresponding to
other agents to zero, while deltas for agents in the subeconomy to infinity. The
resulting inequality will look like —A; — A;, — ... — A;, +1 > 0 or —4; — A;, —
.. —A;, +1 < 0 for any subeconomy (i1, ...,i,). Note that each single economy
has to satisfy —A; + 1 > 0, and at least one of them has to have strict inequality,
—A;, +1 > 0, - the result that follows from the requirement on the trace of the
matrix D(—Q) to be greater than zero (see proof of proposition 9 and 10). Thus we

proved the necessity part of the second condition in proposition 6.

Sufficiency: We have —A; —A;, —...—A; +1 > 0 for any subeconomy (1, ey dp)
— (—As) + 1) #

and Jjo:—A;,+1 > 0, and have to prove that ( (—A7)
0. K *

We group separately the terms corresponding to non-positive A;’s and terms
corresponding to non-negative A;’s (arbitraly put zero A;’s to any of the groups).

Schematically, we will have

1

_ 1 _ 1, 1
@(A1)+---+1+%(Ak)]+[1+ (A7) + .+

. — 1. 1If
5 L+ 5

(An)

Jo is such that A; S<0 0, then the first term is strictly negglative. If jp is such that
1 > Aj;, > 0, then the second term is strictly less than 1. In any case the whole
expression is negative. (We used that 0 <7 % < 1). So, the sufficiency part of the
second condition in proposition 6 is proved. .

Proof of Propositions 7 and 8:

For case n = 2, the inequality in alternative definition of D-stability looks the

following way:
—A s _ Al) s) 4 Mi(=Ai)
detﬁ+61+ +1+5 + 1 1+det + .. —i—detHl + = + ...+
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9 7
Wos  1tss

+20CAs) | det i (_—Al =4z ) + ... + det mix (ﬁ _—AS> =
1

_i\2 1—i\?2
=1+ (L‘SJ) det (—A1) + ... + (1+5§) det (—Ag) +
-+ 1— &
+ (1+511> Mi(—Ay) + ...+ <ﬁ) M,(—Ag) + ..+

( ) [det miz (—A1, —Ay) + det miz (— Az, —Ap)] + ..+

H%

165_1> (1 ) [det miz (—Ag_1, —Ag) + det miz (—Ag, —Ag_1)] #0

1+p17 1‘*‘7
5-1 g

Taking real and imagianary part, one gets

1_
A1 A —
Redet { + o+ 1+5S —|—]] 1+ (1+L)
57
Sy det (—Ag) + =My (—Ay) + ... + LMy (—Ag) + ..+
oy et (A + M A) F o M (- As)
g
1
+r— 7 ldet miz (— A, —As) + det miz (— Ay, —Ay)] + ..+
e
- -
25105 ) [det mix (—Ag—1, —As) + det miz (—Ag, —As—1)]

T 1 1
1) (14
( %1 %

Ay —A
Imdet [1+5 +t.oot g 7 —l—f}

sdet (—A;) + ...+

-4
+

21

(4]
My(=A1) + .+ 1 ‘55 S My (—Ag) + ...+

1+% %
5

s det (—Ap) + ...+

) [det miz (—A;, —Ay) + det mix (— Ay, —Ay)| + ..+

From Im part of the determinant we see "equal sign" sufficient condition for this

case:

det (—A;) > 0, [det miz (—A;, —A;) + det miz (—A;, —A;)] >0, # j, Mi(—A;) >

0 and 2—stable

or
det (—A4;) <0, [det miz (—A;, —A;) + det miz (—A;, —A;)] <0,i # j, Mi(—4;) <

0 and 2—stable

Proof of Proposition 9 and 10:
We consider I' = D(—€). Necessary and sufficient condition for stability of this
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matrix is that real parts of eigenvalues of D(—2) be greater than zero. And for
the condition on eigenvalues to hold true it is necessary that all sums of principal
minors of D (—£2) grouped by the same size be greater than zero.

Really, characterisitic equation for eigenvalues of I' has the form

det (T + Ipn) = det T+uM,, 1 + p2 Mo + ... + p" My + p™ = 0, where A = —p
is the eigenvalue of I'. and M, is the sum of all principal minors of I' of size k.

On the other hand, the same characteristic equation can be written in terms of
the product decomposition of the polynomial:

L+ ) (p+X,) = Mj&..ww(/\l)\g oo At A) T N A+

N Vv o M
>0 >0 >0

pt =0.

Thus, all M > 0.

By writing down this condition in terms of D(—), one gets that in each size
group the sum of minors is subdivided into groups of sums of minors that contain
the same number of columns of each block of (=€), i.e. A;—1I. The coefficient before
such particular sum has the form (8;,)" (6;,)” ... (5ip)j”. This coefficient uniquely
specifies the sum of minors by the size, the number of columns from each block,
and from which subeconomy it is formed, 41, ..., 7,. The size of the minors in such a
group is equal to the total power of the coefficients, j; + ... + j,, and the subscripts
of deltas mean from which block of (—€2) columns are taken, while the power of each
delta indicates how many columns are taken from this particular block.

Let us fix one subeconomy (let us say, formed by blocks 1, 2, 3) and consider
the limit of the inequalities for sum of minors, with deltas for other blocks going to
zero. Doing the same operation for all subeconomies, we will get condition (*). The
statement in proposition 10 is derived by setting all deltas for all subeconomies in

condition (*) equal to 1.
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