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Abstract

1 Introduction

This paper presents formal models of child development that capture the essence of recent findings from the
empirical literature on child development. The goal is to provide a theoretical framework for interpreting the
evidence from a vast empirical literature, for guiding the next generation of empirical studies and for formulating
policy.

Recent empirical research in a variety of fields has substantially improved our understanding of how skills
and abilities are formed over the life cycle. The early human capital literature (Becker, (1964)) showed how
the complementarity between ability and human capital investments could be explored in order to explain many
features of earnings distributions and earnings dynamics that models of innate cognitive ability could not. This
point of view underlies many recent economic models of family influence. (e.g. Becker and Tomes, 1979, 1986;
Aiyagari, Greenwood, Seshadri, 2002; Laitner, 1992, 1997). Later work (Ben-Porath, 1967 and Griliches, 1977)
emphasized that innate ability was an input into the production of human capital, although it was ambiguous
about its effect on human capital accumulation. More innate ability could lead to less schooling if all schooling
did was teach one what an able person could learn without formal schooling. On the other hand, more innate
ability might make learning easier and promote schooling. The signalling literature made the latter interpretation
in developing models of schooling that emphasized that higher levels of schooling signalled higher innate ability.
In one extreme form, this literature suggested that there was no learning content in schooling.

The literature in economics focuses on liquidity constraints and heritability as the principal sources of parental
influence on child development. Becker and Tomes (1979, 1986) initiated a large literature that emphasizes
the importance of credit constraints and family income on the schooling and earnings of children. Important
developments of this work by Laitner (1992, 1997), Benabou (2000, 2002), Aiyagari, Greenwood, Seshadri (2002)
and Seshadri and Yuki (2003), emphasize the role of credit constraints and altruism in forming the skills of children.
In this literature, the lifecycle of the child at home is collapsed into a single period so that there is no distinction
between early and late investments in children. Becker and Tomes (1986) suggest that there is no trade-off between
equity and efficiency in government transfer policy because the return to human capital investment is high due to
the presence of credit constraints.

∗I thank Fernando Alvarez, Gary Becker, Francisco Buera, Pedro Carneiro, Lars Hansen, James Heckman, John Laitner, Lance
Lochner, Salvador Navarro, Robert Pollak, Alejandro Rodriguez, Paul Schrimpf, Raghu Suryanarayanan, and Robert Townsend for
comments. I thank James Heckman for encouragement and guidance. Research support by CAPES grant 1430/99-8 is gratefully
aknowledged. All remaining errors are mine.

†Graduate student at the Department of Economics of The University of Chicago.
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Recent research, summarized in Carneiro and Heckman (2003), presents a much richer picture of schooling, life
cycle skill formation and earnings determination. It recognizes the importance of both cognitive and noncognitive
abilities in explaining schooling and socioeconomic success. These abilities are themselves produced by family and
personal actions. Both genes and environments produce these abilities and environments affect genetic transmission
mechanisms (See Turkheimer et al., 2003). This interaction has important theoretical and empirical implications
developed in this paper.

Complementarity of investments and self productivity, two distinct ideas often folded into one, are essential
features of the skill and ability formation process that was neglected in the early human capital literature.1 Skill
begets skill; ability begets ability. Strong complementarity leads to a trade-off between efficiency and equity in
considering investments made at an early age. Diminishing returns would argue in favor of equalization of in-
vestment across persons. Complementarity and self productivity are forces toward specialization of investments
made after the early years to certain groups. Disadvantaged young adults with low levels of cognitive and noncog-
nitive skills have lower rates of return to schooling and job training than more advantaged young adults. Due
to complementarity, remediation for neglected investment is costly, and may be prohibitively so for the most
disadvantaged.

One contribution of this analysis is to place the child development process in a multiperiod context, disaggre-
gating the one period of family influence assumed in a variety of current models into multiple periods. Comple-
mentarity and self-productivity of human capital imply an equity-efficiency trade-off for late child investments but
no equity-efficiency trade-off for early investments. This has important consequences for the design and evaluation
of public policies toward families. In particular, the returns to late childhood investment and remediation for
persons from disadvantaged backgrounds is low.

A second contribution of the analysis is to emphasize the secondary importance of credit constraints in the
college going years, as traditionally conceived in applied economics in explaining child schooling attainment.
Permanent income plays an important role, not income in adolescent years. As shown by Carneiro and Heckman
(2003), the important market failure is the inability of children to buy their parents and not the inability of families
to secure loans for a child’s education. This has major implications for the way we design family policy.

Controlling for cognitive ability, in American society with current meritocratic policies in place, family income
plays only a minor role in determining college enrollment decisions although much public policy is predicated on
the opposite point of view. Yet ability itself seems to be determined by early family environments. Permanent
income matters in determining schooling and ability, but “cash in advance” credit constraints facing parents in the
child’s teenage years do not. Ability has both environmental and genetic components, and environments affect the
expression of the genes. Evidence from interventions on disadvantaged populations demonstrate that interventions
can raise measured ability but their major impact is on noncognitive abilities. These features are missing from the
current literature in economics on child development and the aim is to redress these gaps. They are also ignored in
current empirical studies of family and genetic influence. Measured ability is determined in part by environmental
factors.

Any finished model that is faithful to the evidence summarized in this paper will stress that (a) parental
endowments are key constraints governing family influence in American society; (b) early child investments must
be distinguished from late child investments and that an equity-efficiency trade-off exists for late investments but
not for early investments. These insights change the way we interpret the evidence and design public policy. Point
(a) is emphasized in many papers. Point (b) is ignored by models that consider only one period of childhood
investment.

The paper is organized in the following way: section 2 describes the evidence on the importance of comple-
mentarity and self-productivity of investments in human capital as summarized by Carneiro and Heckman (2004),
and presents the technology of skill formation introduced by Carneiro, Cunha and Heckman (2004) that captures
the empirical findings from the literature on child development. Section 3 reviews and provides new evidence that
supports that while liquidity constraints at college-going years are secondary in explaining college attendance, it

1Heckman, Lochner and Taber (1998) develop a model in which ability determines schooling and both ability and schooling determine
post school investment. While Ben-Porath (1967) emphasized the self-productivity of human capital, he assumed human capital was
homogeneous and did not develop models of heterogeneous skills and abilities. We contrast our model with his in Section ??.
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also shows that lifetime resources matter. In fact, the evidence suggests a model such as Laitner (1992). In section
4, the technology of skill formation of Carneiro, Cunha and Heckman (2004) is embedded in a extended Laitner
(1992) economy. Section 5 develops one example of the model introduced in section 4 and discusses possible
applications of the model. Section 6 contains a discussion of future research.

2 The Technology of Skill Formation

This section emphasizes key features of the human capital accumulation technology. Some of them have not yet
been fully incorporated in economic models. I also report some examples that illustrate the empirical importance
of these features. A more complete review of this evidence is provided by Carneiro and Heckman (2003).

Human capital accumulation and skill formations are dynamic processes. The skills acquired in one stage of
the life cycle affect both the initial conditions and the technology of learning at the next stage. Human capital is
produced over the life cycle by families, schools, and firms, although most discussions of skill formation focus on
schools as the major producer of abilities and skills, despite a substantial body of evidence that families and firms
are also major producers of abilities and skills. Skill formation starts in the womb and takes place throughout the
whole life of the individual.

A major determinant of successful schools is successful families. Schools work with what parents bring them.
They operate more effectively if parents reinforce them by encouraging and motivating children. Job training
programs, whether public or private, work with what families and schools supply them and cannot remedy twenty
years of neglect. Children from disadvantaged families may suffer from a lack of resources invested in them, or
they may have parents that lack the information necessary to make adequate investments in their children, even
if resources are made available (for example, through state programs), because of poor education or the like. It
is easier to substitute against low current funds (if parents borrow against future consumption to finance current
investments in their children) than against low parental human capital.

Abilities are both inherited and created. As summarized in Shonkoff and Phillips (2000), the “long standing
debate about the importance of nature versus nurture, considered as independent influences, is overly simplistic
and scientifically obsolete”. They write: “Scientists have shifted their focus to take account of the fact that
genetic and environmental influences work together in dynamic ways over the course of development. At any time,
both are sources of human potential and growth as well as risk and dysfunction. Both genetically determined
characteristics and those that are highly affected by experience are open to intervention. The most important
questions now concern how environments influence the expression of genes and how genetic make-up, combined
with children’s previous experiences, affects their ongoing interactions with their environments during the early
years and beyond.”

A study of human capital policy grounded in economic and scientific fundamentals improves on a purely
empirical approach to policy evaluation that relies on evaluations of the programs and policies in place or previously
experienced. Although economic policy analysis should be grounded in data, it is important to recognize that the
policies that can be evaluated empirically are only a small subset of the policies that might be tried. If we base
speculation about economic policies on economic fundamentals, rather than solely on estimated “treatment effects”
that are only weakly related to economic fundamentals, we are in a better position to think beyond what has been
tried to propose more innovative solutions to human capital problems. Carneiro and Heckman (2003) investigate
the study of human capital policy by placing it in the context of economic models of life cycle learning and skill
accumulation rather than focusing exclusively on which policies have “worked” in the past. This paper extends
their analysis by presenting formal models of the investment process.

Figure 1 (source: Carneiro and Heckman (2004)) summarizes the major finding of Carneiro and Heckman
(2004) and the motivation for this paper. It plots the rate of return to human capital at different stages of the
life cycle for a person of given abilities. The horizontal axis represents age, which is a surrogate for the agent’s
position in the life cycle. The vertical axis represents the rate of return to investment assuming the same amount
of investment is made at each age. Ceteris paribus the rate of return to a dollar of investment made while a person
is young is higher than the rate of return to the same dollar made at a later age. Early investments are harvested
over a longer horizon than those made later in the life cycle. In addition, because early investments raise the
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productivity (lower the costs) of later investments, human capital is synergistic. Learning begets learning; skills
(both cognitive and noncognitive) acquired early on facilitate later learning. Early deficits make later remediation
difficult. Finally, young children’s cognition and behavior are more easily malleable than cognition and behavior
in adults: even in the absence of dynamic complementarity, early investments are more productive than late
investments. For an externally specified opportunity cost of funds r (represented by the horizontal line with
intercept r in figure 1), an optimal investment strategy is to invest less in the old and more in the young. At any
age, investment is more profitable for persons with higher innate ability. Figure 2 (source: Carneiro and Heckman
(2004)) presents the optimal investment quantity counterpart of figure 1.

Carneiro and Heckman (2003) develop an alternative interpretation of figure 1 as an empirical description
of the economic returns to investment at current levels of spending in the American economy. The return to
investment in the young is high; the return to investments in the old and less able is quite low. A socially optimal
investment strategy would equate returns across all investment levels. A central empirical conclusion of their
analysis is that at current investment levels, efficiency in public spending would be enhanced if human capital
investment were directed more toward the young and away from older, less-skilled, and illiterate persons for whom
human capital is a poor investment. The idea of self-productivity of human capital investments is rather old in
economics and is present in the work of Ben-Porath (1967) who specifies a production function where the stock
human capital increases the productivity of additional investments in human capital: human capital is a crucial
input in the production of more human capital. The stock of human capital and investments in human capital are
complementary inputs in the production of skill. This complementarity also means that the costs of remediating
neglect of early investments in human capital can be very high, if remediation investments have no solid (human
capital) base to build on. It also means that if early investments are not followed up by later investments then
their effect on the amount of skill accumulated by early adulthood may be small.

Carneiro and Heckman (2003) summarize a body of evidence that suggests that this complementarity is em-
pirically important. Two conclusions are drawn from their paper. First, individuals with higher levels of cognitive
ability have higher returns to college than individuals with lower levels of cognitive ability. Further, individuals
with higher ability and education are more likely to participate in company training than those with lower ability
and education levels. Second, Currie and Thomas (1995) study the Head-Start program and conclude that the
overall effects of the program on test scores are lower for black than for white children. In fact, they show that the
effect of the program on test scores at the age the program ends is about the same for blacks and whites, but the
fade out effects after exit from Head Start are much larger for black children. In a companion paper, Currie and
Thomas (1999) suggest that this may be due to the fact that black Head Start children go on to attend much lower
quality schools than white Head Start children. Head Start investments are followed up by very poor schooling
for black children and therefore it is not surprising that the final effects of Head Start on test scores of blacks is
small.2

The central theme of this paper is that skills generate more skills. Investments made in the past raise the
productivity (or reduce the costs) of current investments. With this in mind, let x denote investment in human
capital that occurs during the childhood years, and z denote late investment in human capital that occurs at
adolescent years (such as a college education). Heckman (2003) proposes the following nested CES production
function of the adult human capital h:

h =

(
γ0x

φ1 + (1− γ0)
h
γ1x

φ2 + (1− γ1) z
φ2
iφ1
φ2

) ρ
φ1

(1)

with 0 < γ0, γ1, ρ < 1, φ1, φ2 ≤ 1,
In the next section, I add parental human capital, public investment in the early childhood and the kids ability to
the production function.

This production function generalizes the Ben Porath model by allowing for qualitatively different investments
to be made at different stages of the life cycle while retaining the key notion of the self productivity of human

2In other analysis of the Head Start data, Currie, Garces and Thomas (2003) show that Head Start has important effects on high
school graduation, wages and criminal behavior of adults.
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capital investment. Previous investments make future investments more productive and less costly. The elasticity
of substitution across investment stages may change over time. It could be the case that investments become more
complementary (or substitutable) later in life.

If there is symmetry of all inputs at all stages so γ0 = γ1 =
1
2 ,and φ1 = φ2 = φ, the technology becomes:

h =

∙
3

4
xφ +

1

4
zφ
¸ θ
φ

(2)

Under these assumptions, early investment is especially important for the formation of human capital, and this
fact is reflected by assigning x a higher weight in the production function. Technology (2) is a stand-in for the more
general recursive technology and the higher weight on x captures the crucial notion that early investment is more
productive than later investment through self productivity. Recall that the Hicks-Allen elasticity of substitution
is E = 1

1−φ . As φ −→ 1, we obtain perfect substitutes. As φ −→ −∞, we obtain perfect complements. φ = 0 is
the Cobb-Douglas case.

3 The Importance of Parental Resources

In this section I review the empirical findings on the role of family income in promoting schooling achievement. I
also present new evidence that challenges the view that parents face a complete set of Arrow-Debreu securities.
Indeed, I show that an economy such as Laitner (1992) seems to be the one that is consistent with the evidence.

There is a strong relationship between family income and college attendance. Figure 3, reproduced here from
Carneiro and Heckman (2004), displays aggregate time series college participation rates for eighteen to twenty-four
year old American males classified by their parental income, as measured in the child’s late adolescent years. There
are substantial differences in college participation rates across family income classes in each year. This pattern
is found in many other countries (see the essays in Blossfeld and Shavit 1993). In the late 1970s or early 1980s,
college participation rates start to increase in response to increasing returns to schooling, but only for youth from
the top family income groups. This differential educational response by income class promises to perpetuate or
widen income inequality across generations and among racial and ethnic groups.

There are two not necessarily mutually exclusive interpretations of this evidence. The common interpretation
of the evidence, and the one that guides current policy, is the obvious one. Credit constraints facing families in
a child’s adolescent years affect the resources required to finance a college education. A second interpretation
emphasizes more long-run factors associated with higher family income. It notes that family income is strongly
correlated over the child’s life cycle. Families with high income in a child’s adolescent years are more likely to have
high income throughout the child’s life at home. Better family resources in a child’s formative years are associated
with higher quality of education and better environments that foster cognitive and noncognitive skills.

Carneiro and Heckman (2003) argue on quantitative grounds that the second interpretation of figure 3 is by
far the more important one. Controlling for ability formed by the early teenage years, parental income plays only
a minor role. The evidence from the U.S. presented in their research suggests that at most 8 percent of American
youth are subject to short-term liquidity constraints that affect their postsecondary schooling. Most of the family
income gap in enrollment is due to long-term factors that produce the abilities needed to benefit from participation
in college.

In this paper, I follow the path of Carneiro and Heckman (2003) and build on their analysis by providing new
evidence that long-run family resources are indeed important. In order to carry out this task, I start by merging
two data sets, the NSLY/1979 and the Children of the NLSY/1979. From the former, I use the information
on education, AFQT, earnings and demographics for females. From the latter I get information on children’s
education, ability (PIAT math test scores), and number of members in the household. Note that mother’s income
is reported yearly in the NLSY. I convert this information in terms of child’s age and per capita terms. For
example, consider a child that is born in 1979 from a mother with income of U$10,000.00 in 1979 and U$20,000.00
in 1980 in a household with 3 other people (so there are 5 people total). I report that the mother’s income is
U$2,000.00 at age 0 of the child, and U$4,000.00 at age 1 of the child. We refer the reader to appendix B for the
details on the construction of the per capita permanent income variables used below.
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Using the merged data set I replicate an exercise described in Carneiro and Heckman (2003). Table 3.1 shows
the results of probits whose dependent variable is college attendance. In column 1, we show the results for the
probit when we consider the child’s ability, household per capita permanent income between ages 0 and 18, mother’s
education, mother’s AFQT and demographic controls (not reported). All of these variables, but mother’s AFQT,
help predict schooling attainment of the child. We remark that even after controlling for permanent income,
mother’s schooling is an important determinant of schooling achievement of the offspring.

The additional probits also control for the timing of the income. For example, column 2 presents all the
controls from column 1 plus the household per capita permanent income between ages 0 and 5. In all cases, with
the exception of probit 6, the timing of income does not help predict schooling attainment. Moreover, in all cases,
mother’s education is an important variable to determine schooling attainment. The same is true for household
per capita permanent income between ages 0 and 18, with the exception of probit 6. In that case, after we control
for permanent income between ages 0-5, then permanent income between ages 0-18 is no longer significant, but
neither is permanent income between ages 0-5. One possible explanation for the reason this odd results arises is
because both variables are highly colinear, as indicated in table 3.4. When we run an OLS regression of household
per capita permanent income between ages 0 and 18 against a constant and household per capita permanent
income between ages 0 and 5, we get an adjusted R2 of almost 1. As it is widely known, the coefficient estimators
of two colinear variables have large standard deviations, and thus very small t−statistics, making it impossible to
test whether the timing of the income matters or not.

This exercise is an evidence in favor of the view that, given the current set of tuition policies, credit constraints
in college going years do not seem to play an important role in determining college attendance. The result of table
3.1 is consistent with three economies. First, if schooling is a normal consumption good, it should be the case
that parents with higher permanent income are going to buy more of that good. One consequence of schooling
as a consumption good is that, unless its income elasticity is very small, the returns to schooling for high-ability
children of rich parents should be very small. This implication, however, is at odds with the evidence of Carneiro
and Heckman (2004), who show that these are precisely the agents that have the highest returns.

Second, the results from table 3.1 are also consistent with parents facing a complete set of Arrow-Debreu
securities. Even if markets are complete, the positive coefficient on lifetime resources may be capturing some
unobserved trait that is correlated with parental resources, thus a classical problem of omitted variables. Appendix
B shows the argument analytically.

Third, the result from table 3.1 is also consistent with an economy in which parents can transfer resources
within their lifetime, but cannot borrow against the income of their offspring in order to finance investments in
human capital of the child. This is an economy with markets arrangement such as Laitner (1992), which I describe
next.

4 Altruism, Lifetime Liquidity Constraints and Human Capital Investments.

Laitner (1992) analyses an economy in which altruistic households are subject to lifetime liquidity constraints.
More specifically, markets are incomplete: agents cannot buy insurance claims against exogenous (ability or
productivity) shocks. The credit market works in the following way: while parents can borrow against their
income when old, they cannot borrow against the income of their offspring. Laitner (1992) uses this model to
understand the pattern of intergenerational transfers. However, he does not consider investments in human capital.
In this section, I show how to extend Laitner (1992) to allow for investment in human capital.

4.1 A Description of the Model.

4.1.1 Generational Structure, Ability and the Human Capital Production Function.

The environment is an overlapping generations economy with an infinite number of periods, each one denoted
t ∈ {0, 1, 2, ...} . Each generation consists of a continuum of agents. Each agent lives for four periods3. At age 1,

3 In what follows, I use period to describe the evolution of time of the economy, and age to describe that of the agent. Obviously,
an agent lives for 4 ages, or 4 periods.
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the agent is a child, at age 2 the agent is an adolescent, at age 3 the agent becomes a young adult (and has a child
of his own), at age 4 the agent becomes an old adult. At the end of age 4, the agent dies and is replaced by the
generation of his grandchild. Note that at every period there are agents of every possible age. Life goes on in the
future in similar fashion. Table 4.1 describes the demographics of the economy.

Next, I describe the stochastic process of ability. To make matters simple, I assume that child’s ability a0

follows a first-order Markov process of the form:

log a0 = µ log a+ ν

where a is the parent’s ability, µ ∈ (0, 1) and ν is distributed according to Fν . I denote by Fa the invariant
distribution of ability and by A its support. The distribution function Fa is a primitive of the model. The
invariance assumption generates the implication that the cross-sectional distribution of ability will be given by
Fa,t = Fa for all t. The ability of a child is perfectly observed once the child is born.

Adults differ in terms of their human capital h. The parent can influence the productivity of his offspring by
investing in the education of the kid during childhood and adolescent periods. Let h denote the human capital
of the parent. Assume that the parent invests resources x, z ≥ 0 during the childhood and adolescent years of his
offspring. In the application below, I interpret z > 0 (positive investment in human capital at adolescent years)
as "college". The public provision of education is given by a uniform per-child supply g of education goods that
is financed with an income tax. I use τ to denote the income tax rate. Any investment x, z ≥ 0 made by the
parent is in addition to the public amount. I assume that there is no public provision of college, so the only way
the agent can attend college is by parent expenditures through z > 0. Therefore, the kid with ability a0, parental
human capital h, public supply of education g and private expenditures x, z will grow up and become an adult
person with human capital h0 as described by

h0 =

(
γa
¡
a0
¢φ1 + γhh

φ1 + γx (x+ g)φ1 + (1− γx − γa − γh)
h
γz (x+ g)φ2 + (1− γz) (z + g)φ2

iφ1
φ2

) ρ
φ1

for φ1, φ2 ≤ 1, 0 < ρ < 1, 0 < γh < 1, γa > 0.

4.1.2 The Problem of the Agent

The Budget Constraint Next, I describe the way agents go through life. At age 1 and 2, agents are children
and do not work. They only go to school. The amount of schooling the child gets is as described above. When the
agents reach age 3, they become young adults and also a parent (that is, each agent has one child). The important
point here is that child and adolescent individuals have no volition and make no economic decisions.

The young parent starts age 3 with a stock of human capital (or efficiency units) h, inheritance in form of
physical assets b, and gives birth to a child of ability a0. I assume that labor supply is perfectly inelastic, so that
labor income of the parents is given by wh, where w is the wage rate of one efficiency unit. Young agents are subject
to productivity innovations ε when young. It is assumed that shocks ε are independently and identically distributed
across individuals and over time. The distribution of the productivity innovation ε has support [εmin, εmax] with
εmin > 0 and εmax <∞.We denote by Fε the distribution of ε, and note that E (ε) = 1 and V ar (ε) = σ2ε <∞. To
finance the public supply of education, the government charges an income tax τ . Therefore, the after-tax disposable
income of the young parent is (1− τ) (whε) . The individual state variables for the young parent are given by the
vector ξy = (ε, a0, b, h) . Given vector ξy, the young parent chooses consumption when young cy, savings s (given
interest rate r), and early investment x (whose relative price is p) in the human capital of his child. Because the
parent cannot leave negative bequests to his child, the parent cannot borrow more than his earnings when old
(the natural borrowing limit). Let V (ε, a0, b, h) denote the value function of the young parent. The problem of
the period-t young parent is:

V
¡
ε, a0, b, h

¢
= max

½
u (cy) + β

Z
W
¡
η, a0, s, h, x

¢
dFη (η)

¾
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cy + px+
s

1 + r
= (1− τ) (whε) + b (3)

s ≥ − (1− τ) (whηmin) , x ≥ 0 (4)

where W (η, a, s, h, x) is the value function of the old parent (see discussion below). Equation (4) represents the
natural borrowing limit of Aiyagari(1994). The first-order conditions for savings s, and early investment x are:

∂u (cy)

∂cy
1

(1 + r)
= β

Z
∂W (η, a, s, h, x)

∂s
dFη (η) (5)

∂u (cy)

∂cy
p = β

Z
∂W (η, a, s, h, x)

∂x
dFη (η) (6)

Upon reaching age 4 the agents become old adults (or old parents). The parents start age 4 with the same
stock of human capital h (so that before tax labor income is still wh), and the child’s ability is a0. The parents
have savings given by s, and a total x of early investments. Old agents are subject to productivity innovations η
when old, too. It is assumed that shocks η are independently and identically distributed across individuals and
over time. The distribution of the productivity innovation η has support [ηmin, ηmax] with ηmin > 0 and ηmax <∞.
We denote by Fη the distribution of η, and note that E (η) = 1 and V ar (η) = σ2η < ∞. Therefore, the after-tax
disposable income of the young parent is (1− τ) (whη) . Note that the old parent’s after-tax disposable earnings
are always greater than or equal to (1− τ) (whηmin) . It is this value that determines the natural borrowing limit
(4) . The individual state variables for the young parent are given by the vector ξo = (η, a0, s, h, x) . Given state
vector ξo the old parent makes decisions regarding consumption co, the late investment z on his child’s human
capital and the bequests b0 his child inherits once the old parent dies. The parent may decide to leave positive
bequests to his child because of parental altruism. We use θ to capture the degree of altruism of the parent toward
the child. Note that θ = 0 means parents are not altruistic at all. When deciding on z the parents are also deciding
on the human capital stock of the child h0, since everything else is already determined. If the parent decides to
invest z > 0 it has to pays p dollars per unit of z plus a fixed cost ϕ (tuition). At the end of age 4, the parent dies,
the child becomes a young adult and gives birth to the generation of the grandchild. Let a00 denote the ability of
the grandchild. Formally, the problem of the period-t+ 1 old parent is

W
¡
η, a0, s, h, x

¢
= max

½
u (c) + βθ

Z Z
V
¡
ε0, a00, b0, h0

¢
dFε

¡
ε0
¢
dFa

¡
a00
¢¾

co + (pz + ϕ) +
b0

1 + r
= (1− τ) (whη) + s, if z > 0 (7)

co +
b0

1 + r
= (1− τ) (whη) + s, if z = 0 (8)

b0 ≥ 0 (9)

h0 =
n
γa
¡
a0
¢φ
+ γhh

φ + γx (x+ g)φ + (1− γx − γa − γh) (z + g)φ
o ρ

φ

The first-order conditions for bequests b0 and late investments z are:

∂u (co)

∂co
1

(1 + r)
= βθ

Z Z
∂V (ε0, a00, b0, h0)

∂b0
dFε

¡
ε0
¢
dFa

¡
a00
¢
, if b0 > 0 (10)

∂u (co)

∂co
p = βθ

Z Z
∂V (ε0, a00, b0, h0)

∂h0
∂h0

∂z
dFε

¡
ε0
¢
dFa

¡
a00
¢
, if z > 0 (11)

To finish the characterization of the household problem, I show the envelope conditions:

∂W (η, a, s, h, x)

∂s
=

∂u (co)

∂co
(12)
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∂W (η, a, s, h, x)

∂x
= βθ

Z Z
∂V (ε0, a00, b0, h0)

∂h0
∂h0

∂x
dFε

¡
ε0
¢
dFa

¡
a00
¢

(13)

∂V (ε0, a00, b0, h0)

∂b0
=

∂u (cy)

∂cy
(14)

∂V (ε0, a00, b0, h0)

∂h
=

∂u (cy)

∂cy
(1− τ)w + β

Z
W (η, a, s, h, x)

∂h
dFη (η) (15)

W (η, a, s, h, x)

∂h
=

∂u (co)

∂co
(1− τ)w + βθ

Z Z
∂V (ε0, a00, b0, h0)

∂h0
∂h0

∂h
dFε

¡
ε0
¢
dFa

¡
a00
¢

(16)

4.1.3 Consumption Good Production

I use capital letters to denote aggregate levels. Because I focus on stationary equilibrium, I do not use time
subscripts. There are two inputs in the production function of goods: physical capital and labor, which is measured
in efficiency units. Let K,L denote the aggregate quantities of physical capital and labor, respectively. Let Y
denote the aggregate output. The production technology is represented by the production function F :

Y = F (K,L)

Assumption A1 The production function of aggregate output has the following properties: F presents
constant returns to scale, is strictly increasing in all its arguments, satisfies the Inada Conditions, and is twice-
continuously differentiable.

The problem of the firm in the good production sector is:

πY = max {F (K,L)− wL− (r + δ)K}

The first-order conditions are:

w =
∂F (K,L)

∂L

(r + δ) =
∂F (K,L)

∂K

4.1.4 Education Good Sector

There is an educational sector that produces goods for investment in human capital. Let E denote the total supply
of educational goods. This sector does not use physical capital as input, only labor U.

Assumption A2 This sector does not use physical capital as input, only laborU. The production technology
is:

E = U

The problem of the firm is:
πE = max {pE− wU}

As is commonly known, this problem has a solution with limited, positive production if, and only if:

p = w

9



4.1.5 Feasibility

Let Cy,Co denote the aggregate consumption of young and old adults, respectively. Let I denote the aggregate
investment in physical capital. Feasibility in the goods production sector implies:

Cy +Co + I = Y

At every period there is a cohort of children and a cohort of adolescents (see table 4.1). Let X,Z denote the
aggregate levels of early and late investment, respectively. At this point, I remind the reader that there is no
population growth and the size of each generation is normalized to one. Each cohort of children and adolescent is
entitled to a public supply of g units of education goods. Therefore, the total supply of education goods at every
period is 2g. Consequently, the market clearing condition for this sector is:

X+ Z+ 2g = E

Next, let B,S denote the aggregate stock of bequests and savings held by young and old parents, respectively.
I use K to denote the aggregate stock of physical capital. Feasibility of physical capital allocation implies:

B+ S

1 + r
= K

Let H,L,U denote the aggregate amount of efficiency units4 (or human capital), the aggregate efficiency units
allocation to the goods sector, and the aggregate supply of efficiency units in the educational sector. Feasibility
of the human capital (or efficiency units) allocation implies:

L+U = H

The government budget is balanced5:

pg = (1− τ)w

Z
hdFh (h)

4.2 Definition of Stationary General Equilibrium with Uninsurable Income Shocks

In what follows, we denote by ζy = (ε, a, b, h, Fh, Fb, Fs) and ζo = (η, a, s, h, x, Fh, Fb, Fs) the set of state variables
for the young and old parents, respectively. Next, I define the equilibrium.

4Let Hy,Ho denote the period-t aggregate stock of efficiency units of old and young parents, respectively. The aggregate stock of
human capital is given byThree remarks should be made at this point: a) there is no population growth, b) there is no investment
in human capital once the agent becomes an adult, c) there is no depreciation of human capital. These three points imply that in a
stationary equilibrium, the steady-state distribution of human capital of the old and young adults are the same. Thus:

Hy =
H
hdFh (h)

Ho =
H
hdFh (h)

Consequently:
Hy =Ho

Normalizing the size of each cohort to 1 and assuming there is no population growth, it follows that the period-t aggregate stock of
human capital is:

H = 2Hy

5Note that since the shocks are idiosyncratic, εdFε (ε) = ηdFη (η) = 1.
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5 One Illustration of the Theory

5.1 Computation of the Steady State

I start by describing the algorithm to calculate the steady state.
Step 1: Guess equilibrium interest rate and wages rj , wj .
Step 2: Guess equilibrium expenditures in education: gj,i. The goal is that in equilibrium g = 2% of the GDP

(see discussion below).
Step 3: Guess value functions V j,i,t, andW j,i,t and calculate V j,i,t+1, andW j,i,t+1 by discretizing the state-space

and perform Bellman Iteration with Policy Function Iteration.
Step 4: Check if max

©¯̄
V j,i,t − V j,i,t+1

¯̄
,
¯̄
W j,i,t −W j,i,t+1

¯̄ª
< VW convergence of value functions has been

achieved. If not, go back to Step 3.
Step 5: Draw a, ε, η from stationary distributions 210,000 times. Discard the first 200,000 to allow for series

to converge to stationary distributions of b, s, h. Given the simulated series, compute expenditures gi,j+1. Check if¯̄
gj,i − gj,i+1

¯̄
< g convergence of the public expenditure has been achieved. If not, go back to Step 2.

Step 6: Using the simulated series generated in Step 5, compute rj+1, wj+1. Check ifmax
©¯̄
rj − rj+1

¯̄
,
¯̄
wj − wj+1

¯̄ª
<

r,w convergence of prices achieved. If not, go back to Step 1.

5.2 Description of the Data and Making up Numbers

To contrast the model with the data, I use a sample of white males from the NLSY data. Following the preceding
theoretical analysis, I consider only two schooling choices: high school and college graduation. I take each period
in the model to represent ten years. Thus agents are assumed to live for 40 years. I follow Carneiro, Heckman
and Masterov (2004) and model the ability process by:

log a0 = 0.4 log a+ ν

νt ∼ N (0, 1)

These two conditions imply that the invariant distribution of ability Fa is N
³
0, 1
1−(0.4)2

´
. Figure 4 plots the

stationary density of ability. I approximate the Markov process for log ability according to the procedure developed
in Tauchen(1986), using a 15-point grid to approximate the process. Thus, for this example A = {a1, ..., a15} and
a1 < a < a15 for ∀a ∈ A.

The production function for human capital is:

h0 = AH

n
γa
¡
a0
¢φ
+ γhh

φ + γx (x+ g)φ + (1− γx − γa − γh) (z + g)φ
o ρ

φ

and we use γa = 0.2, γh = 0.2, ρ = 0.7, γx = 0.35, γz = 0.25, φ = −1.5.
The distributions of productivity shocks are both lognormal. That is, log ε ∼ N

¡
0, σ2ε

¢
and log η ∼ N

¡
0, σ2η

¢
.

In this example, σ2ε = σ2η = 0.1. I approximate the distribution of the log of productivity shocks using the procedure
developed in Tauchen(1986), with a 15-point grid.

The value of g is set such that in equilibrium it represents 2% of the GDP. The GDP of this economy is given
by GDP = Y + wE. Tuition ϕ is taken to be the average local tuition for four-year college from the NLSY/1979
data, which corresponds to around two-thousand one-hundred dollars in (2000 dollars). This corresponds to the
amount of public expenditures by the federal government in public primary and elementary education in the US,
according to the Statistical Abstract of the US (1999). I take X = {0, 0.5} and Z = {0, 2.8} . Again, the child is
labeled college graduate if z = 2.8, and high-school graduate otherwise. The value z = 2.8 is meant to capture
opportunity costs of going to college. In this example, I assume that every adolescent that does not go to college
can get a job that pays earnings w.h

¯
, where h

¯
is the solution of:

h
¯
= AH

n
γa
¡
a0
¢φ
+ γhh¯

φ + γxg
φ + (1− γx − γa − γh) g

φ
o ρ

φ
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that is, h
¯
is the lowest amount of human capital attainable in this economy (and I remind the reader that a1 < a

for ∀a ∈ A). For the particular example I show here, it turns out that h
¯
' 7. Because each period of the model

represents 10 years, and going to college only takes 4 years, it follows that z = 4∗7
10 = 2.8. In terms of dollars, this

implies that, in equilibrium, the present value of going to college is around fifty-six thousand dollars. Figure 5
shows the stationary density of human capital. As one can see, it is a bimodal distribution.

The utility function is:

u (c) =
c1−σ − 1
1− σ

with σ = 2.
The aggregate production function is:

F (K,L) = AYK
αL1−α

with α = 0.36.

5.3 Results

5.3.1 How the Model Fits the Data

I start by performing a variety of checks of fit of predictions against the data. First, I compare the proportions of
people who choose each schooling level. In the NLSY data, 54.5% choose high school and 45.5% choose college.
From table 4 one can see that the baseline economy predicts 56.8% and 43.2%, respectively. The example baseline
economy replicates the observed proportions well.

In figure 6 I show the densities of the predicted and actual present value of earnings for the overall sample.
Figures 7 and 8, show the same densities restricted to the sample of those who choose high school (7) and college
(8). The fit is reasonable, although it does not pass a goodness of fit test.

5.3.2 Selection on Ability and Credit Constraints

The empirical analysis of Carneiro, Hansen and Heckman (2003), and Cunha, Heckman and Navarro (2004) show
that there is selection on ability: more able agents are more likely to graduate from college. From figure 9 one can
easily see that the example also generates the same pattern here.

According to Carneiro and Heckman (2003), the evidence from the U.S. presented in their research suggests that
at most 8 percent of American youth are subject to short-term liquidity constraints that affect their postsecondary
schooling. As I show below, in a deterministic economy in which parent could borrow against their offspring
earnings, all agents which are above the median ability group (ability group 8) would become college graduates,
while all agents below the median ability group would become high-school graduates. In this economy, in which
agents are subject to lifetime liquidity constraints and earnings shocks, about 6.5% of the agents above the median
ability group do not go on to college (table 5). This number is thus remarkably consistent with the empirical
findings of Carneiro and Heckman (2003).

5.3.3 Counterfactuals and Returns

In estimating the distribution of earnings in counterfactual schooling states within a policy regime (e.g., the
distributions of college earnings for people who actually choose to be high school graduates) Carneiro, Hansen
and Heckman (2003), and Cunha, Heckman and Navarro (2004) find that college graduates tend to have higher
earnings than high school graduates in both possible schooling states. Figures 10 and 11 present the marginal
distributions of fitted and counterfactual distributions of earnings for high school (10) and college (11). When
we compare the densities of present value of earnings for persons who choose college, both in the college sector
(factual) and high school sector (counterfactual), the density of the present value of earnings for college graduates
is to the right of the counterfactual density of the present value of earnings of high school graduates if they were
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college graduates. Figure reveals the same pattern for actual high school graduates. This is yet another empirical
finding that the baseline economy replicates.

Figure 12 plots the density of returns to college for agents who are high school graduates (the solid curve), and
the density of returns to education for agents who are college graduates (the dashed curve). College graduates
have returns distributed “to the right” of high school graduates. An economic interpretation of figure 12 is that
agents who choose a college education are the ones who tend to gain more from it. Again, this pattern is consistent
with the findings of Carneiro, Heckman and Hansen (2003), and Cunha, Heckman and Navarro (2004).

Figure 13 plots observed (ex-post) internal rate of return to college. The same pattern of selection repeats
itself here. Table 7 shows that while college graduates have an internal rate of return to college of around 9% per
year, the high school graduates are only 1.11% per year. Even though the model replicates the pattern of selection
on returns, it underpredicts the mean returns conditioned on college and high school as summarized by Carneiro
and Heckman (2004). These returns could be made greater if I also included earnings from ages 41 through 65
(the retirement age).

It should be noted that agents choose in terms of expected (or ex-ante), and not observed (ex-post), returns.
Figure 14 shows that even in terms of ex-ante returns there is selection.

5.3.4 Inequality

How well does the model predict the inequality in lifetime earnings? Lillard (1977) reports Ginni coefficients for
lifetime earnings around 19%. The model underpredicts Lillard’s estimation. According to the baseline economy,
the Ginni coefficient is only 11.14%. Figure 17 plots the Lorenz curve generated by the model. One possible
explanation to the discrepancy between the baseline economy and Lillard (1977) findings is that here we are only
fitting the data from ages 21 to 40. In principle some of the understatement of inequality generated by the model
can be recovered by allowing agents to "live longer".

5.4 Counterfactual Economy 1: Neither Productivity Shocks, Nor Lifetime Liquidity Con-
straints.

Next, I show how the model can be used to generate counterfactual environments. I start by computing the
stationary equilibrium of an economy with deterministic earnings and no lifetime liquidity constraints. Formally,
the problem of the agent becomes:

V
¡
a0, b, h

¢
= max

½
u (cy) + βu (co) + βθ

Z
V
¡
a00, b0, h0

¢
dFa

¡
a00
¢¾

cy + px+
co

1 + r
+
(pz + ϕ)

1 + r
+

b0

(1 + r)2
= (1− τ) (wh) + b, if z > 0

cy + px+
co

1 + r
+

b0

(1 + r)2
= (1− τ) (wh) + b, if z = 0

h0 =
n
γa
¡
a0
¢φ
+ γhh

φ + γx (x+ g)φ + (1− γx − γa − γh) (z + g)φ
o ρ

φ

It is easy to show that in this economy the steady-state interest rate is r = 1
β . The fact that the production

function presents constant returns to scale allows us to recover the steady-state wage rate. Given prices, we solve
the problem of the agent and obtain the decision rules on savings, early investment in human capital, bequests and
late investments in human capital. We draw a series of random shocks in ability from its stationary distribution
and generate the simulated series by applying the decision rules. I then check to see if the aggregates produced
by the simulated series are consistent with stationary prices. They are. This simulation produces the following
results that I next describe.

First, when I eliminate the productivity shocks that generate earnings uncertainty, and allow parents to borrow
against the earnings of the kid, there is not much increase in college attendance. Table 4 compares the figures.
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While the baseline economy indicates that around 43.2% of the agents choose college, the economy without earnings
uncertainty and no liquidity constraints shows that only 45.55% of the agents would choose college. This is roughly
an increase of two percentage points in college attendance as a result of the elimination of all uncertainty in earnings
and the introduction of the possibility of leaving large debts to the kids.

To understand how these results arise I start by showing the profile of selection implied by the model. Table 8
shows the distribution of ability by education group. As one can easily see from table 8, the stationary equilibrium
is almost a separating one. All the agents below the median ability group (ability group 8) are high-school
graduates. All the agents above the median ability group are college graduates. The median ability group has
agents in both groups, though. Agents that have high parental human capital become college graduates. Those
who do not have high parental human capital go on to become high-school graduates. This can also be seen from
table 9 that plots the equilibrium internal rate of returns for college. High-returns agents (those with high ability)
become college graduates. Low-return agents remain high-school graduates. This constrasts with the selection
profile generated by the baseline economy, in which there was pooling of ability in equilibrium.

Two reasons provide the intuition for the "mixing" equilibrium generated by the baseline economy which is
actually found empirically. First, in an economy a la Laitner (1992) the steady state equilibrium interest rate is
below that of an economy without liquidity constraints and earnings uncertainty. This fact is established by Laitner
(1992), and Aiyagari (1994). The combination of earnings productivity shocks and incomplete markets generates
precautionary savings, which causes the equilibrium interest rate to plunge. This effect makes it profitable for
lower ability agents to invest in human capital.

The second reason is a classical result of portfolio allocation. In the baseline economy, agents are subject to
productivity shocks. These shocks make human capital a risky asset. Because we are analyzing steady states,
the interest rate is constant. Thus, physical capital is a risk-free investment. When an asset is risky, agents will
invest part of their portfolio on it even if expected returns are below that of a risk-free asset. This effect acts on
the same direction of the Laitner (1992) interest-rate effect and makes investment in human capital attractive for
lower ability agents.

All in all, eliminating earnings uncertainty and allowing parents to borrow against the income of their children
does not have strong effects on the number of agents who become college graduates. As in Carneiro, Hansen and
Heckman (2003), the effect is small. However, it does affect strongly the decisions of who goes to college.

5.5 Counterfactual Economy 2: Introducing a Full Tuition Subsidy

As shown before, about 6.5% of the agents with ability above the mean (and who would become college graduates)
do not go to college in the baseline economy, because the parents receive a negative income shock. The interpre-
tation of this evidence is the one that guides current policy: families are constrained in college going years. The
solution proposed by policy makers is to introduce tuition subsidies financed by increasing tax rates to ammeliorate
the problem. The hope is that with the tuition subsidy parents will be able to send the able kids to college. To
analyze this question, I change the model in the following way. First, all parents that send the kids to college do
not have to pay tuition. Second, in order to finance the tuition subsidy, the government increases tax to keep the
budget balanced. Thus, the model becomes:

V
¡
ε, a0, b, h

¢
= max

½
u (cy) + β

Z
W
¡
η, a0, s, h, x

¢
dFη (η)

¾
cy + px+

s

1 + r
= (1− τ̃) (whε) + b

s ≥ − (1− τ̃) (whηmin) , x ≥ 0

where

W
¡
η, a0, s, h, x

¢
= max

½
u (c) + βθ

Z Z
V
¡
ε0, a00, b0, h0

¢
dFε

¡
ε0
¢
dFa

¡
a00
¢¾
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co + pz +
b0

1 + r
= (1− τ̃) (whη) + s, if z > 0

co +
b0

1 + r
= (1− τ̃) (whη) + s, if z = 0

b0 ≥ 0

h0 =
n
γa
¡
a0
¢φ
+ γhh

φ + γx (x+ g)φ + (1− γx − γa − γh) (z + g)φ
o ρ

φ

where τ̃ is the tax rate so that in equilibrium the government budget is balanced at every period:

τ̃ =
2wg +Pr (z > 0)ϕ

w
R
hdFh (h)

and Pr (z > 0) denotes the proportion of agents that attend college under the tuition policy. The algorithm to
compute the steady-state of the economy with full-tuition subsidy is similar to that of the baseline economy, so
we skip the discussion here. Next, I show the predictions of the model of the full-tuition subsidy and compare it
to what is found in the empirical literature.

First, when a tuition subsidy is implemented, there is a substantial increase in college attendance, as one can
see from table 4. While in the baseline economy about 43% of the agents become college graduates, in the economy
with a tuition subsidy that figure is almost 56%. This result is different from what Keane and Wolpin (2002) find
in their model. The difference may be due to the fact that in the Keane and Wolpin (2002) economy agents are
allowed to work and study. The possibility of working while in college makes credit constraints less severe. As a
result, Keane and Wolpin (2002) find that when tuition subsidies are implemented, there is little change in college
and a large increase in leisure.

Figure 18 shows the densities of ability for high-school graduates in the baseline economy and the economy
with full-tuition subsidy. Note that the density of the economy with full-tuition subsidy is to the "left" of that
implied by the baseline economy. This means that the agents that become college graduates as a response to the
tuition subsidy are prone to have above-averege ability in the high school distribution of ability. Figure 22 shows
that the same pattern is true for the density of present value of lifetime earnings: most of the agents that move
to college are above average earners in the high school distribution of present value of lifetime earners.

But how does the ability of movers compare to the ability of those who are college graduates in the baseline
economy? Figure 19 plots the densities of ability for college graduates as implied by the baseline and full-tuition
economies. Note that again the density generated by the full-tuition economy is to the "left" of the one predicted
by the baseline economy. This fact implies that the agents that move to college as a response to the tuition
subsidy are likely to have below average ability in the college distribution of ability. This fact is consistent with
the evidence summarized in Carneiro and Heckman (2004). Note that the same result holds when one compares
the densities of the present value of lifetime earnings for college graduates (figure 23): the tuition subsidy attracts
to college agents that tend to be below-average earners.

Another prediction of the model that is confirmed by the empirical evidence of Carneiro and Heckman (2004)
is the pattern of returns to college as a response to the tuition subsidy. Figures 24 - 27 compares the densities of
the ex-post internal rate of returns to college in the baseline and full-tuition subsidy economies for the high-school
and college sample. Note that while the agents that leave the high-school sector are likely to have above average
returns in the high school distribution, they tend to have below average returns in the college distribution. This
fact is consistent with the returns to college estimated in the literature using the marginal treatment effects (see
Carneiro and Heckman (2003)).

Another reason policymakers may defend a tuition subsidy is because of its redistributive benefits. Figure 28
compares the Lorenz curves generated by the baseline and full-tuition subsidy economies: there is basically no
difference. While the Ginni coefficient in the baseline economy is 0.1114, the economy with a full-tuition subsidy
is 11.07, thus a marginal reduction in inequality.

How does the agents fare the tuition-subsidy versus the baseline economy? Let
¡
cyb , c

o
b

¢
denote the consumption

profile of a given agent in the steady-state equilibrium of the baseline economy. Let (cyt , c
o
t ) denote the consumption
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profile of that same given agent in the steady-state equilibrium of the economy with full tuition subsidy. The
equivalent variation is the constant amount of dollars λ such that:

u
¡
cyb + λ

¢
+ βu (cob + λ) + β2θE (Vb) = u (cyt ) + βu (cot ) + β2θE (Vt)

The present value of the equivalent variation is defined as:

Λ = λ+
λ

(1 + r)

Agents that prefer the baseline economy to the economy with full-tuition subsidy present λ < 0, since they are
willing to forego consumption in the baseline economy not to move to an economy with tuition subsidy. Figure
29 plots the density of the present value of the equivalent variation. Note that around 82% of the agents actually
have λ > 0, so they prefer the full-tuition subsidy economy to the baseline economy. The average of the present
value of the equivalent variation Λ is around U$17,000.00. When we consider Λ relative to the present value of
lifetime earnings, this means agents should be given, on average, 3.10% of their lifetime earnings in the baseline
steady-state economy in order to be indifferent to the steady-state of the full-tuition subsidy economy.

I go beyond and investigate who tends to gain the most with such a policy. Do the high ability agents benefit
the most? Table 10 shows the average present value of the equivalent variation by ability group. Note that the
agents in the median ability group are the ones that tend to gain the most from the tuition subsidy. Figure 30
shows the graph associated with table 10. In terms of the distribution of lifetime earnings, it is not the parents
in the bottom of the distribution that benefit the most. Table 11 and figure 31 show the average present value
of the equivalent variation by deciles of the present value of lifetime earnings. It is the agents on and above the
fifth-decile of the distribution that tend to gain the most from the policy. These results show that is the middle
class, middle ability agents - and not the bright kids from poor parents - that benefit from the tuition policy.

Why does the tuition policy fails to attain its goals? The tuition policy reduces the price of the late investment.
However, parents that suffer a bad income shock when the kid is still a child will most certainly underinvest in
the child. This low early investment affects the rates of returns to the late investment in a way that the tuition
subsidy alone is not enough to make it attractive to invest. On the other hand, consider the parents of children
with mean ability. The mean ability children are the ones close to the indifference between high-school and college
careers. The tuition subsidy decreases the price of the late investment. Because the price of the late investment
is lower, and late and early investment are complements, the parents of mean ability children that can afford it
increase their early and late investments to take advantage of the now higher returns to investment in human
capital. That is, parents not only increase their late investment because of the tuition subsidy, but since they
know they will have the late investment partially subsidized, they consider it now profitable to invest more early.

6 Final Considerations and Future Research

7 Appendix A - Description of the Data

We use white males from NLSY79. In the original sample there are 2439 individuals. We consider the information
on these individuals from age 19 to age 41. We discard 663 individuals because they have observations missing
for at least one of the covariate variables we use in the analysis. Tables 2a-b contain a description of the number
of missing observations per variable. For example, we discard 50 individuals because we do not observe whether
they were living in the South when they were 14 years old or not. Then we discard another 6 for not having
information on whether they lived in urban area at age 14, other 5 for not reporting the number of siblings, 221
for not indicating parental education. We then restrict the NLSY sample to white males with a high school or
college degree. We define high school graduates as individuals having a high school degree or having completed
12 grades and never reporting college attendance. We define participation in college as having a college degree or
having completed more than 16 years in school. We exclude the oversample of poor whites. Experience is Mincer
experience (age-12 if high-school graduate, age-16 for college graduate). The variables that we include in the
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outcome and choice equations are number of siblings, parental years of schooling, AFQT, year of birth dummies,
average tuition of the colleges in the county the individual lives in at 17 (which we use to simulate the policy),
distance to the nearest college at 17, average local blue collar wage in state of residence at 17 (or in 1979, for
individuals entering the sample at ages older than 17) and local unemployment rate in county of residence in 1979.
Tuition at age 17 is average tuition in colleges in the county of residence at 17. If there is no college in the county
then average tuition in the state is taken instead. For details on the construction of this variable see Cameron and
Heckman (2001). State average blue collar wages are constructed using data from the BLS. For a description of
the NLSY sample see BLS (2001).

In 1980, NLSY respondents were administered a battery of ten achievement tests referred to as the Armed
Forces Vocational Aptitude Battery (ASVAB) (See Cawley, Conneely, Heckman and Vytlacil (1997) for a complete
description). The math and verbal components of the ASVAB can be aggregated into the Armed Forces Qualifi-
cation Test (AFQT) scores.6 Many studies have used the overall AFQT score as a control variable, arguing that
this is a measure of scholastic ability. We argue that AFQT is an imperfect proxy for scholastic ability and use
the factor structure to capture this. We also avoid a potential aggregation bias by using each of the components
of the ASVAB as a separate measure.

For our analysis, we use the random sample of the NLSY and restrict the sample to 1062 white males for whom
we have information on schooling, several parental background variables, test scores and behavior. Distance to
nearest college at each date is constructed in the following way: Take the county of residence of each individual
and all other counties within the same state. The distance between two counties is defined as the distance between
the center of each county. If there exists a college (2 year or 4 year) in the county of residence where a person
lives then the distance to the nearest college (2 year or 4 year) variable takes the value of zero. Otherwise we
compute distance (in miles) to the nearest county with a college. Then we construct distance to nearest college at
17 by using the county of residence at 17. However for people who were older than 17 in 1979 we use the county
of residence in 1979 for the construction of this variable.

Local labor market variables for the county of residence are computed using information in the 5% sample of
the 1980 Census. For each county group in the census we compute the local unemployment rate and average wage
for high school dropouts, high school graduates, individuals with some college and four year college graduates. We
do not have this variable for years other than 1980 so, for each county, we assume that it is a good proxy for local
labor market conditions in all the other years where NLSY respondents are assumed to be making the schooling
decisions we consider in this paper.

We also use the variable annual labor earnings. We extract this variable from the NLSY79 reported annual
earnings from wages and salary. Earnings (in thousands of dollars) are discounted to 2000 using the Consumer
Price Index reported by the Bureau of Labor Statistics. Missing values for this variable may occur here for
two reasons: First, because respondents do not report earnings for wages/salary, and second, because the NLSY
becomes biannual after 1994 and this prevents us from observing respondents when they reach certain ages. For
example, because the NLSY79 was not conducted in 1995, we do not observe individuals born in 1964 when they
are 31 year-old. In this case we input missing values.

To predict missing log earnings between ages 21 and 40 we pool NLSY and PSID data. From the latter, we use
the sample of white males that are household heads and that are either high-school or college graduates according
to the definition given above. This produces a sample of 3,043 individuals from PSID. To get annual earnings,
we multiply the reported CPI-adjusted (2000 =100) hourly wage rate by the annual hours worked and divide the
outcome by 1000. Then we have an NLSY-comparable variable. Similarly to NLSY, we generate the mincerian
experience according to the rule given above. We also generate dummy variables for cohorts. The first (omitted)
cohort consists of individuals born between 1896 and 1905, the second consists of individuals born between 1906
and 1915, and so on up to the last cohort which is made up of PSID respondents born between 1976 and 1985.
We pool NLSY and PSID by merging the NLSY respondents in the PSID cohort born between 1956 and 1965.

Let Yia denote log earnings of agent i at age a. For each schooling choice s, we model the earnings-experience
profile as

Yia(s) = α+ β0Xia + β1X
2
ia +Dγ + εia (17)

6 Implemented in 1950, the AFQT score is used by the army to screen draftees.
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εia = ηi + via (18)

via = ρvia−1 + κia (19)

where X is Mincer Experience, D is a set of dummy variables that indicate cohort, ηi is the individual effect, and
κia is white noise.

Now, let ε̂ia be the estimated residual of the earnings-experience profile. An estimator of the individual effect
ηi is

η̂i =
1

40P
a=21

φia

40X
a=21

φiaε̂ia,

where φia = 1(if individual i is observed at age a)

Then, we can obtain an estimator of via by computing

v̂ia = ε̂ia − η̂i

Now, given bvia we can run equation (19) and then compute ρ. From this we obtain an estimator of κia according
to

κ̂ia = v̂ia − ρ̂v̂ia−1

we can then predict earnings for missing observations for ages 21 to 40 by computing for each individual

Ŷia(s) = α̂+ β̂0Xia + β̂1X
2
ia +Dγ̂ + ε̂ia

= α̂+ β̂0Xia + β̂1X
2
ia +Dγ̂ + η̂i + ρ̂v̂ia−1 + κ̂ia

Note that to get ε̂ia we do not set κ̂ia equal to zero. Instead, we sample ten draws from its distribution and
average them for each individual, for each time period.

The next step is to get the present value of earnings at age 21 for each agent. In order to do it we discount
earnings at each period using a discount rate of 3%. To make the data consistent with the theoretical model, we
break each individual’s working-life in two periods. The first one goes from age 21 to age 30. The second period
goes from age 31 through 40. This produces a panel in which the first observation for each agent is the present
value of earnings from age 21 to 30 and the second is the present value of log earnings from 31 to 40.

In order to compute the permanent income of the household between ages t0, and t1, we proceed in two stages.
The first stage is to compute the mean earnings between these two periods µy (t0, t1) . If earnings are missing for
any years between these two periods, because of parental unemployment, or non-interview, we replace the missing
earnings with µy (t0, t1) . The second stage is to compute the present value of earnings between ages t0, and t1, if
the agent had constant earnings µy (t0, t1) for every year between ages t0, and t1 of the child. This last variable is
taken to be the permanent income of the household between ages t0, and t1, y

p
t0,t1 . Thus:

ypt0,t1 =

t1X
s=t0

µ
1

1 + r

¶t−t0
µy (t0, t1)

8 Appendix B - The Correlation between Permanent Income and Invest-
ments in Human Capital in a Complete Markets Economy

Consider the problem of a parent that has to decide how much to invest in the human capital of the child. Suppose
that the dynasty only exists for two periods. After the child dies, the dynasty disappears. Assume that all kids
have the same amount of cognitive ability and that all parents have the same amount of human capital (both
normalized to one). The argument can be extended easily by allowing heterogeneity in ability and parental human
capital at the cost of more notation. The only uncertainty arises from the child’s productivity ζk that is unobserved
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by the parent when the child is still young. Once the child becomes an adult, his productivity is publicly observed.
Further, assume ζk is distributed according to F. Let q

¡
ζk|ζp

¢
denote the price of an Arrow-Debreu security that

pays 1 unit of consumption good if the child’s earnings productivity is ζk and nothing otherwise, conditional on
the parent’s productivity being ζp. Let b

¡
ζk|ζp

¢
denote the quantity of such claims that the parent purchases.

Let u denote the Bernoulli utility function. Let cp, ck the consumption of the parent and child, respectively. Let
xk denote the amount of parental investment in the human capital of the child. Let yp, yk denote the parent’s and
the child’s income, respectively. The problem of the parent is:

maxu (cp) + βE
£
u (ck) |ζp

¤
subject to : cp +

Z
q
¡
ζk|ζp

¢
b
¡
ζk|ζp

¢
dF
¡
ζk|ζp

¢
+ xk = yp

ck = yk + b
¡
ζk|ζp

¢
yk = ζkx

α

log ζk = ρ log ζp + η

η ∼ Fη, E (η) = 0, E
¡
η2
¢
= σ2η

The first-order conditions are:
∂u

∂cp
= αβxα−1E

µ
ζk

∂u

∂ck
|ζp
¶

(20)

∂u

∂cp
q
¡
ζk|ζp

¢
= β

∂u

∂ck
dF
¡
ζk|ζp

¢
(21)

With idiosyncratic shocks, there is perfect insurance. Assuming that the price of an Arrow-Debreu security sells
at its actuarially fair price:

q
¡
ζk|ζp

¢
=

dF
¡
ζk|ζp

¢
1 + r

If β (1 + r) = 1
x1−α = αζ

where ζ = E
¡
ζk|ζp

¢
. Therefore, once we control for the conditional expectation of the productivity of the child,

the parental investment in the human capital of the child is constant. In other words, if we run

log x = β0 + β1 log ζ + β2 log yp + ε

a test of whether β2 = 0 is indeed a test of existence of complete markets in this particular economy. The key
point here is to control for ζ. Next, I show how the permanent income of the household may be capturing the
effects of ζ in the investment in human capital when we do not control for ζ. To see this, let ζp, xp denote the
parent ability and investment in human capital performed on the parent by the grandparent, so that the earnings
of the parent is given by:

yp = ζpx
α
p

If we assume that:
log ζk = ρ log ζp + η

and run the regression:
log x = β0 + β2 log yp + ε

then, it is easy to show that:
plim β̂2 = ρ

In this sense, the statistically significant coefficient on permanent income from ages 0 to 18 of the child may
be capturing some uncontrolled ability whose expected value affects the amount of ability a child gets. This is the
classical problem of omitted variables.
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9 Appendix C - The Effect of Permanent Income in Investments in Human
Capital in an Economy with Incomplete Markets

Aiyagari/Bewley/Laitner/Shechtmann Economy
Assume now that markets are incomplete and parents may not leave debts for their children. Parents can

transfer resources to their children through investment in human capital or physical assets s. However, they
cannot buy claims contingent on the ability of their children. This situation may arise because the ability is
private information to the children. The parental problem becomes:

Max u (cp) + π1u (ck,1) + π2u (ck,2)

subject to : cp + s+ x = yp

ck,1 = yk,1 + (1 + r) s

ck,2 = yk,2 + (1 + r) s

yk,1 = ζ1x
α

yk,2 = ζ2x
α

s ≥ 0

The first-order conditions become:

∂u

∂cp
= αβxα−1

µ
π1ζ1

∂u

∂ck,1
+ π2ζ2

∂u

∂ck,2

¶
∂u

∂cp
≥ β (1 + r)

µ
π1

∂u

∂ck,1
+ π2

∂u

∂ck,2

¶
To characterize the relationship between parental income yp and investment x we break the analysis in two cases.
First, assume that the optimal solution implies s = 0. Then, from the budget constraint cp = yp − x. This implies
that the optimal investment x is given by:

G (yp, x) =
∂u (yp − x)

∂cp
− αβxα−1

µ
π1ζ1

∂u (ζ1x
α)

∂ck,1
+ π2ζ2

∂u (ζ2x
α)

∂ck,2

¶
≡ 0

Note that:
∂G

∂yp
=

∂2u (yp − x)

∂c2p
< 0

∂G

∂x
= −∂

2u (yp − x)

∂c2p
− α (α− 1)βxα−2E

µ
∂u

∂ck

¶
− αβ

¡
xα−1

¢2
E

µ
ζ2
∂2u

∂c2k

¶
> 0

Therefore, we can apply the implicit function theorem to conclude that

dx

dyp
= −

∂G
∂yp
∂G
∂x

> 0

that is, if s = 0 a small increase in the parental income yp generates an increase in the parental investment in
human capital even after we control for ability ζ.

Now, we focus on the case when s > 0. Then, the solution is characterized by:

G (yp, x, s) =

⎡⎣ ∂u
∂cp
− αβxα−1

³
π1ζ1

∂u
∂ck,1

+ π2ζ2
∂u

∂ck,2

´
∂u
∂cp
− β (1 + r)

³
π1

∂u
∂ck,1

+ π2
∂u

∂ck,2

´ ⎤⎦
20



Note that:

Ds,xG (yp, x, s) =

⎡⎣ −∂2u
∂c2p
− α (α− 1)βxα−2E

³
ζ ∂u
∂ck

´
− αβ

¡
xα−1

¢2
E
³
ζ2 ∂

2u
∂c2k

´
−∂2u

∂c2p
− αβ (1 + r)xα−1E

³
ζ ∂

2u
∂c2k

´
−∂2u

∂c2p
− αβ (1 + r)xα−1E

³
ζ ∂

2u
∂c2k

´
−∂2u

∂c2p
− β (1 + r)2E

³
∂u
∂ck

´ ⎤⎦
Note that −∂2u

∂c2p
−α (α− 1)βxα−2E

³
ζ ∂u
∂ck

´
−αβ

¡
xα−1

¢2
E
³
ζ2 ∂

2u
∂c2k

´
> 0, −∂2u

∂c2p
−β (1 + r)2E

³
∂u
∂ck

´
> 0. Optimality

implies |Ds,xG (yp, x, s)| < 0. Therefore, we can again apply the implicit function theorem. Then:"
dx
dyp
ds
dyp

#
= − 1

|Ds,xG (yp, x, s)|
Ds,xG (yp, x, s)

−1DyG (yp, x, s)

where DyG (yp, x, s) =

"
∂2u
∂c2p
∂2u
∂c2p

#
Note that .
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Table 6

Ability Group

Conditioned on 

Not Choosing 

College

Conditioned on  

Choosing College

1 0.0247 -

2 0.0336 -

3 0.0456 -

4 0.0660 0.0851

5 0.1143 0.1150

6 0.1495 0.1498

7 0.1869 0.1875

8 0.2246 0.2250

9 0.2590 0.2593

10 0.2862 0.2885

11 0.3115 0.3120

12 0.3294 0.3297

13 0.3193 0.3427

14 0.3508 0.3518

15 0.3386 0.3580

The Returns to College by Ability Group

Table presents the returns to college by ability group as implied by the model with idiosyncratic innovations
in productivity and lifetime liquidity constraints.The second column presents the implied returns for only those
who do not go to college and the third column shows the returns for those who graduate from college. Formally,
let 0 1 denote the present value of high school and college earnings, respectively. Let denote total costs of
college (i.e., tuition and opportunity costs). Let denote ability. Then, in the first row we show

( | ) =
1 0

0 +
|

¸
The second row shows:

( | high school, ) =
1 0

0 +
| high school,

¸
The third row we show:

( | college, ) =
1 0

0 +
| college,

¸
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Figure 4
Density of Log Ability for Overall Sample

Log of Ability

This figure displays the density associated with the invariant distribution of log ability, F(log a). To calculate the
steady state of the baseline economy I approximate F using the procedure described in Tauchen (1986) with a 15-
point discrete Markov process. Let ak The log ability is assumed to follow the process: log ak = 0.4log ap + νk
with νk distributed as N(0,1).
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Figure 5
Stationary Density of Human Capital

E fficiency Units

This figure shows the stationary density of efficiency units of the baseline economy. Tho produce this figure,
one proceeds in 5 steps. First, one solves the problem of the agent in the extended Laitner (1992) economy to obtain
the decision rules for savings, bequest, early and late investments. Second, one draws shocks in ability and productivity
and simulates the economy using the decision rules. The third step is to check whether the simulated series is an
actual steady state of the economy. If not, one has to return to step 1 until convergence to stationary state is achieved.
This figure plots the density simulated series of human capital in steady state.
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Figure 6
Density of predicted and actual present value of earnings

for overall sample

thousands of dollars

F itted
Actual

Let y, f(y) denote the present value of earnings from ages 21 to 40 and its steady-state density, respectively.
The dashed curve is the density of actual present value of earnings for white males from the NLSY/1979. The
solid curve is the steady-state distribution of earnings as implied by the model.
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Figure 7
Density of predicted and actual present value of earnings

for high school graduates

thousands of dollars

F itted
Actual

Let y, f(y) denote the present value of earnings from ages 21 to 40 and its steady-state density, respectively.
Let s = 0 denote agents that are high school graduates. Thus, f(y | s = 0) is the density of present value of earnings
conditioned on choosing high school. In the figure above are plotted the density of actual present value of earnings
(dashed curve) for white males from the NLSY/1979 and the steady-state distribution of earnings (solid curve) as
implied by the model.
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Figure 8
Density of predicted and actual log of present value of earnings

for college graduates

thousands of dollars

F itted
Actual

Let y, f(y) denote the present value of earnings from ages 21 to 40 and its steady-state density, respectively.
Let s = 1denote agents that are college graduates. Thus, f(y | s = 1) is the density of present value of earnings
conditioned on choosing college. In the figure above are plotted the density of actual present value of earnings
(dashed curve) for white males from the NLSY/1979 and the steady-state distribution of earnings (solid curve) as
implied by the model.
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Figure 9

Density of LogAbility for HS and College Graduates

Log Ability

Density of Log Ability for HS Graduates
Density of Log Ability for College Graduates

Let f(log a) denote the density of log ability. Let s = 0 denote agents whose parents do NOT send to college, while
s = 1 denotes agents that are send to college. Thus, f(log a | s = 0) and f(log a | s = 1) are the densities of log ability
conditioned on being a high-school and college graduate, respectively. These densities are plotted in the figure above.
Note that the model is able to reproduce the empirical finding of selection in ability in schooling choices.
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Figure 10
Density of present value of high school earnings

thousands of dollars

HS (F itted)*
C ol (counterfactual)**

Let y0 denote the present value of high school earnings. Let f(y0) denote its density function. Let s = 0 denote
those agents that are high-school graduates and s = 1 those that are college graduates. This figure plots the densities
of present value of high school earnings for high school graduates f(y0 | s = 0), (fitted, solid curve) and college graduates
f(y0 | s = 1), (counterfactual, dashed curve), as predicted by the model. This pattern is consistent with the empirical
evidence from Carneiro, Hansen and Heckman (2003) and Cunha, Heckman and Navarro (2004).
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Figure 11
Density of present value of college earnings

Let y1 denote the present value of college earnings. Let f(y1) denote its density function. Let s = 0 denote
those agents that are high-school graduates and s = 1 those that are college graduates. This figure plots the densities
of present value of college earnings for high school graduates f(y1 | s = 0), (counterfactual, solid curve) and college
graduates f(y1 | s = 1), (fitted, dashed curve), as predicted by the model. This pattern is consistent with the empirical
evidence from Carneiro, Hansen and Heckman (2003) and Cunha, Heckman and Navarro (2004).
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Figure 11
Returns to College

Percentages

Returns to College for HS Graduates
Returns to College for College Graduates

Let y0, y1 denote the present value of high school and college earnings, respectively. Let C denote the total costs
(opportunity and tuition costs) of going to college. The returns to college R is defined as:
R = (y1 - y0 - C)/(y0 + C).
Let f(r) denote the density of the returns to college. Let s = 0, s = 1 denote high-school and college graduates,
respectively. This picture plots the density of returns to college for high-school graduates, f(r | s = 0), (solid curve),
and the density of returns to college for college graduates, f(r | s =1), (dashed curve). Note that the model generates
selection on returns: agents that can benefit more from college are more likely to enroll in college. Again, this pattern
is consistent with the findings of Carneiro, Hansen and Heckman (2003), and Cunha, Navarro, and Heckman (2004).
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Figure 13
The Density of the Observed Internal Rate of Return to College

Percentages

Observed IR R to C ollege for HS G raduates
Observed IR R to C ollege for C ollege G raduates

Let y1,t+1, y1,t+2 denote the college earnings in periods t+1, and t+2, respectively. Let y0,t+1, y0,t+2 denote
the high-school earnings in periods t+1, and t+2, respectively. Let Ct denote the total costs of going to college
(tuition and opportunity costs). The observed (or ex-post) internal rate of return is the constant value i that solves:
-Ct + (y1,t+1 - y0,t+1)/(1 + i) + (y1,t+2 - y0,t+2)/(1 + i)2 = 0. Let f(i) denote the density of the observed internal rate
of return i. Again, let s = 0, s = 1 denote high-school and college graduate agents. This figure plots the density of the
internal rate of return i for high-school agents, f(i | s = 0), (the solid curve), and the density of the internal rate of
return i for college graduates, f(i | s = 1), (the dashed curve). Again, there is selection on returns: agents that can
benefit more from college are more likely to graduate from college. This is consistent with the evidence presented
by Carneiro, Hansen and Heckman (2003), and Cunha, Heckman and Navarro (2004).
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Figure 14
The Density of the Expected Internal Rate of Return to College

Percentages

E xpected IR R to C ollege for HS G raduates
E xpected IR R to C ollege for C ollege G raduates

Let y1,t+1, y1,t+2 denote the college earnings in periods t+1, and t+2, respectively. Let y0,t+1, y0,t+2 denote
the high-school earnings in periods t+1, and t+2, respectively. Let Ct denote the total costs of going to college
(tuition and opportunity costs). The expected (or ex-ante) internal rate of return is the constant value i that solves:
-Ct + Et[(y1,t+1 - y0,t+1)/(1 + i) + (y1,t+2 - y0,t+2)/(1 + i)2 ]= 0. Let f(i) denote the density of the expected internal rate
of return i. Again, let s = 0, s = 1 denote high-school and college graduate agents. This figure plots the density of the
internal rate of return i for high-school agents, f(i | s = 0), (the solid curve), and the density of the internal rate of
return i for college graduates, f(i | s = 1), (the dashed curve). Again, there is selection on EXPECTED returns: agents
that can benefit more from college are more likely to graduate from college. This is consistent with the evidence presented
by Carneiro, Hansen and Heckman (2003), and Cunha, Heckman and Navarro (2004).
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Figure 15

T

The Densities of the Observed and Expected
Internal Rate of Return to College for HS Graduates

P ercentages

Observed IR R to C ollege for HS G raduates
E xpected IR R to C ollege for HS G raduates

Let y1,t+1, y1,t+2 denote the college earnings in periods t+1, and t+2, respectively. Let y0,t+1, y0,t+2 denote
the high-school earnings in periods t+1, and t+2, respectively. Let Ct denote the total costs of going to college
(tuition and opportunity costs). The observed (or ex-post) internal rate of return is the constant value ip that solves:
-Ct + (y1,t+1 - y0,t+1)/(1 + ip) + (y1,t+2 - y0,t+2)/(1 + ip)2 = 0. The expected (or ex-ante) internal rate of return
is the constant value ie that solves: -Ct + Et[(y1,t+1 - y0,t+1)/(1 + ie ) + (y1,t+2 - y0,t+2)/(1 + ie )2 ]= 0. Let s = 0

denote high-school graduates. Let f(ip), and g(ie) denote the density functions of ip, and ie, respectively. This figure
plots the density of the observed internal rate of returns to college for high-school graduates, f(ip | s = 0), (the solid
curve) and the density of the expected internal rate of returns to college for high-school graduates, g(ie | s = 0),
(the dashed curve).
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Internal Rate of Return to College for College Graduates

Figure 16

Let y1,t+1, y1,t+2 denote the college earnings in periods t+1, and t+2, respectively. Let y0,t+1, y0,t+2 denote
the high-school earnings in periods t+1, and t+2, respectively. Let Ct denote the period t total costs of going to college
(tuition and opportunity costs). The observed (or ex-post) internal rate of return is the constant value ip that solves:
-Ct + (y1,t+1 - y0,t+1)/(1 + ip) + (y1,t+2 - y0,t+2)/(1 + ip)2 = 0. The expected (or ex-ante) internal rate of return
is the constant value ie that solves: -Ct + Et[(y1,t+1 - y0,t+1)/(1 + ie ) + (y1,t+2 - y0,t+2)/(1 + ie )2 ]= 0. Let s = 1

denote college graduates. Let f(ip), and g(ie) denote the density functions of ip, and ie, respectively. This figure
plots the density of the observed internal rate of returns to college for college graduates, f(ip | s = 1), (the solid
curve) and the density of the expected internal rate of returns to college for college graduates, g(ie | s = 1),
(the dashed curve).



0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Figure 17
Lorenz Curve of Present Value of Earnings

Ginni Coefficient = 0.1114
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This figure plots the Lorenz curve of the present value of earnings for the overall sample in the extended Laitner
economy. Note that the Ginni coefficient for lifetime earnings is 0.11, below of the range reported by Lillard(1977).
One possible explanation of the underprediction of lifetime inequality of the model is because the data on earnings
is only from ages 21 to 40.
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Figure 18
Density of Log Ability for HS Graduates

Baseline vs. under Tuition Policy
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Let log a and f(log a) denote log ability and its stationary distribution. Let s = 0 denote high-school graduate agents.
This figure plots the stationary denstity of log ability for high-school graduates, f(log a | s = 0) in the steady state
of the baseline economy (solid curve) against that of the economy with a full tuition subsidy financed through an
increase in the income tax (dashed curve). Note that the density of log ability in the economy with tuition policy is
to the "left" of the density associated with the baseline economy. The tuition policy affects people that are above
the average of the stationary density of ability for high school graduates.
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Density of Log Ability for College Graduates
Baseline vs. under Tuition Policy

Let log a and f(log a) denote log ability and its stationary distribution. Let s = 1 denote college graduate agents.
This figure plots the stationary denstity of log ability for college graduates, f(log a | s = 1) in the steady state
of the baseline economy (solid curve) against that of the economy with a full tuition subsidy financed through an
increase in the income tax (dashed curve). Note that the density of log ability in the economy with tuition policy is
to the "right" of the density associated with the baseline economy. The tuition policy affects people that are below
the average of the stationary density of ability for college graduates.
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Figure 20
Stationary Density of Human Capital

Baseline vs Tuition Policy
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Let h, f(h) denote human capital and its stationary density. This figure plots the stationary
density implied by the baseline economy (solid curve) versus the one implied by the economy
with full tuition subsidy. Note that the tuition subsidy affects people that are in the middle of
the baseline stationary density of human capital, and not so much agents that are in the tails of
the density.
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Figure 21
Density of present value of earnings

Baseline vs Tuition Policy
overall sample
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Let y, f(y) denote the present value of lifetime earnings, and its stationary density, respectively.
This figure plots the stationary density implied by the baseline economy (the solid curve) against
that implied by the economy with full tuition subsidy. Again, the tuition subsidy affects primarily
those agents that are in the middle of the present value of earnings distributions.
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Figure 22
Density of present value of earnings

Baseline vs Tuition Policy
High School Graduates Sample

Let y, f(y) denote the present value of lifetime earnings, and its stationary density, respectively.
Let s = 0 denote high school graduate agents. This figure plots the stationary density of y
for the high school sample, f(y | s = 0), implied by the baseline economy (the solid curve) against
that implied by the economy with full tuition subsidy. The tuition subsidy moves agents that
are above-average earners in the high school distribution of present value of earnings.
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Figure 23
Density of present value of earnings

Baseline vs Tuition Policy
College Graduates Sample

Let y, f(y) denote the present value of lifetime earnings, and its stationary density, respectively.
Let s = 1 denote college graduate agents. This figure plots the stationary density of y
for the high school sample, f(y | s = 1), implied by the baseline economy (the solid curve) against
that implied by the economy with full tuition subsidy. The tuition subsidy moves agents that
are below-average earners in the college distribution of present value of earnings.
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Figure 24
Gross Returns to College for HS Graduates

Baseline vs. Tuition Policy
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Let y0, y1 denote the present value of high school and college earnings, respectively. Let C denote the total costs
(opportunity and tuition costs) of going to college. The returns to college R is defined as:
R = (y1 - y0 - C)/(y0 + C). Let f(r | s) denote the density of returns conditioned on schooling choice s.
This picture plots the density of returns to college for high-school graduates in the baseline economy (solid curve),
against that implied by the economy with full tuition subsidy (dashed curve). Note that the model predicts that
the tuition policy affects agents that have returns above average in the high school distribution of returns.
This pattern is consistent with the findings of Carneiro, Heckman and Vytlacil (2003), Carneiro, Hansen and
Heckman (2003), and Cunha, Navarro, and Heckman (2004).
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Gross Returns to College for HS Graduates
Baseline vs. Tuition Policy

Figure 25

Let y0, y1 denote the present value of high school and college earnings, respectively. Let C denote the total costs
(opportunity and tuition costs) of going to college. The returns to college R is defined as:
R = (y1 - y0 - C)/(y0 + C). Let f(r | s) denote the density of returns conditioned on schooling choice s.
This picture plots the density of returns to college for college graduates in the baseline economy (solid curve),
against that implied by the economy with full tuition subsidy (dashed curve). Note that the model predicts that
the tuition policy affects agents that have returns below average in the college distribution of returns.
This pattern is consistent with the findings of Carneiro, Heckman and Vytlacil (2003), Carneiro, Hansen and
Heckman (2003), and Cunha, Navarro, and Heckman (2004).



0. 4 0. 3 0. 2 0. 1 0 0.1 0.2 0.3 0.4
0

1

2

3

4

5

6

Figure
Ex post Internal Rate of Return to College for HS Graduates

Baseline vs Tuition Policy
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Let y1,t+1, y1,t+2 denote the college earnings in periods t+1, and t+2, respectively. Let y0,t+1, y0,t+2 denote
the high-school earnings in periods t+1, and t+2, respectively. Let Ct denote the total costs of going to college
(tuition and opportunity costs). The observed (or ex-post) internal rate of return is the constant value i that solves:
-Ct + (y1,t+1 - y0,t+1)/(1 + i) + (y1,t+2 - y0,t+2)/(1 + i)2 = 0. Let f(i) denote the density of the observed internal rate
of return i. Again, let s = 0, s = 1 denote high-school and college graduate agents. This figure plots the density of the
internal rate of return i for high-school agents, f(i | s = 0), (the solid curve), in the baseline economy against that
implied by the economy with full tuition subsidy (the dashed curve). Again, the tuition subsidy affects agents that
are above-average in the high school distribution of returns. This is consistent with the evidence presented Carneiro
and Heckman (2003), by Carneiro, Hansen and Heckman (2003), and Cunha, Heckman and Navarro (2004).

26
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Ex post Internal Rate of Return to College for College Graduates
Baseline vs Tuition Policy

Figure 27

Let y1,t+1, y1,t+2 denote the college earnings in periods t+1, and t+2, respectively. Let y0,t+1, y0,t+2 denote
the high-school earnings in periods t+1, and t+2, respectively. Let Ct denote the total costs of going to college
(tuition and opportunity costs). The observed (or ex-post) internal rate of return is the constant value i that solves:
-Ct + (y1,t+1 - y0,t+1)/(1 + i) + (y1,t+2 - y0,t+2)/(1 + i)2 = 0. Let f(i) denote the density of the observed internal rate
of return i. Again, let s = 0, s = 1 denote high-school and college graduate agents. This figure plots the density of the
internal rate of return i for high-school agents, f(i | s = 0), (the solid curve), in the baseline economy against that
implied by the economy with full tuition subsidy (the dashed curve). Again, the tuition subsidy affects agents that
are below average in the college distribution of returns. This is consistent with the evidence presented Carneiro
and Heckman (2003), by Carneiro, Hansen and Heckman (2003), and Cunha, Heckman and Navarro (2004).
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Figure 28
Lorenz Curve

Baseline vs Tuition Policy

Ginni Coefficient Baseline = 0.1114
Ginni Coefficient Tuition Policy = 0.1107
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Present Value of Equivalent Variation

Let cy, and co denote the steady state consumption when young and old of a given agent in the
baseline economy. Let Let dy, and do denote the steady state consumption of the very same given
agent in the economy with full tuition subsidy. The equivalent variation are constant dollars λ
that solve: u(cy + λ) + βu(co + λ) + βE(V) = u(dy) + βu(do) + βE(V) . 60% of the agents have λ > 0. 
This means that they must be given consumption in the baseline economy to be indifferent to the
economy with a full-tuition subsidy. The average present value of the equivalent variation, λ + λ/(1 + r),
is close to U$ 12,000.00. Let y denote the present value of lifetime earnings. Then, the average present
value of the equivalent variation as a fraction of lifetime earnings, [λ + λ/(1 + r)]/y, is 2.10%.

Figure 29
Density of the Present Value of the Equivalent Variation for a Tuition Policy

Proportion of agents with Positive Present Value of Equivalent Variation = 82,26%
Average Present Value of Equivalent Variation = U$ 16,992.60

Average Present Value of Equivalent Variation as Fraction of Lifetime Earnings = 3.10%



Table 10

Ability Group Average Present Value of Equivalent Variation

1 10549.19

2 10830.92

3 13453.89

4 14199.94

5 19391.02

6 19972.97

7 23422.12

8 19039.78

9 20384.81

10 18970.84

The Average Present Value of Equivalent Variation by Deciles of 

the Present Value of Lifetime Earnings Distribution

Let denote the baseline-economy consumption of a given agent when young and old, respectively. Let
denote the full—tuition-subsidy-economy consumption of the very same given agent when young and old,

respectively. The ex-post lifetime utility of an agent in the baseline economy is:

= ( ) + ( ) + 2 [ ]

while in the economy with the full tuition subsidy is:

= ( ) + ( ) + 2 [ ]

The equivalent variation is the constant dollar amount that makes the agent indi erent between the baseline-
economy and the economy with full-tuition subsidy:

( + ) + ( + ) + 2 [ ] = ( ) + ( ) + 2 [ ]

The present value of the equivalent variation is defined as:

= +
1 +

The table above shows the average present value of the equivalent variation by deciles of the present value of
lifetime earnings. For example, agents in the top decile of present value of lifetime earnings must get roughly U$
19,000.00 in the baseline economy to be indi erent to an economy with full-tuition subsidy.
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The Average Present Value of Equivalent Variation by Deciles of the Present Value of 
Earnings Distribution
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Let denote the baseline-economy consumption of a given agent when young and old, respectively. Let
denote the full—tuition-subsidy-economy consumption of the very same given agent when young and old,

respectively. The ex-post lifetime utility of an agent in the baseline economy is:

= ( ) + ( ) + 2 [ ]

while in the economy with the full tuition subsidy is:

= ( ) + ( ) + 2 [ ]

The equivalent variation is the constant dollar amount that makes the agent indi erent between the baseline-
economy and the economy with full-tuition subsidy:

( + ) + ( + ) + 2 [ ] = ( ) + ( ) + 2 [ ]

The present value of the equivalent variation is defined as:

= +
1 +

The figure above shows the average present value of the equivalent variation by deciles of the present value of
lifetime earnings. For example, agents in the top decile of present value of lifetime earnings must get roughly U$
19,000.00 in the baseline economy to be indi erent to an economy with full-tuition subsidy.



Table 11

Ability Group

Average Present Value of 

Equivalent Variation

1 9646.01

2 7776.95

3 8476.42

4 13286.29

5 11640.72

6 13007.55

7 17545.01

8 23637.45

9 19283.89

10 18617.71

11 19213.51

12 19619.89

13 16849.19

14 17123.33

15 16223.17

The Average Present Value of Equivalent Variation by 

Ability Group

Let denote the baseline-economy consumption of a given agent when young and old, respectively. Let
denote the full—tuition-subsidy-economy consumption of the very same given agent when young and old,

respectively. The ex-post lifetime utility of an agent in the baseline economy is:

= ( ) + ( ) + 2 [ ]

while in the economy with the full tuition subsidy is:

= ( ) + ( ) + 2 [ ]

The equivalent variation is the constant dollar amount that makes the agent indi erent between the baseline-
economy and the economy with full-tuition subsidy:

( + ) + ( + ) + 2 [ ] = ( ) + ( ) + 2 [ ]

The present value of the equivalent variation is defined as:

= +
1 +

The table above shows the average present value of the equivalent variation by ability group. For example, agents
in the top ability group must get roughly U$ 16,000.00 in the baseline economy to be indi erent to an economy
with full-tuition subsidy.
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The Average Present Value of Equivalent Variation by Ability Group
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Let denote the baseline-economy consumption of a given agent when young and old, respectively. Let
denote the full—tuition-subsidy-economy consumption of the very same given agent when young and old,

respectively. The ex-post lifetime utility of an agent in the baseline economy is:

= ( ) + ( ) + 2 [ ]

while in the economy with the full tuition subsidy is:

= ( ) + ( ) + 2 [ ]

The equivalent variation is the constant dollar amount that makes the agent indi erent between the baseline-
economy and the economy with full-tuition subsidy:

( + ) + ( + ) + 2 [ ] = ( ) + ( ) + 2 [ ]

The present value of the equivalent variation is defined as:

= +
1 +

The table above shows the average present value of the equivalent variation by ability group. For example, agents
in the top ability group must get roughly U$ 16,000.00 in the baseline economy to be indi erent to an economy
with full-tuition subsidy.


