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Abstract

I study the constrained efficient allocations of a simple model of risk sharing and
capital flows across countries assuming that each country cannot commit to fully re-
pay its contract obligations. In the model, the degree of risk sharing and the amount
of investment are interdependent. It is shown that, when individual rationality con-
straints are binding, the variance of consumption in any given country across states
of nature (iid across countries) may be a non monotonic function of income: low in
the early stage of development, high in an intermediate range and converging to zero
as income converges to a high income level. A monotonically decreasing consumption
variance can only obtain if the social welfare function assigns equal weights to all
countries (equal treatment). The model also shows that a structure of competitive
financial markets with appropriate borrowing constraints may not be sufficient to
decentralize the constrained efficient allocation. A supernational authority forcing a
specific redistribution of income within poorly capitalized countries may be necessary
for decentralization. JEL classification numbers: A10, D80, G10, O17. Keywords:
financial intermediation, moral hazard.

1 Introduction

Poor countries and emerging economies experience larger output volatility and more
limited risk sharing than developed economies. This phenomenon has heen documented
in a variety of papers. As claimed by Aizenman and Pinto in a recent survey, “..cross
country studies have consistently found that volatility exerts a significant negative impact
on long-run (trend) growth, which is exacerbated in poorer countries [Aizenman and
Pinto (2004), p. 3]”. For example, Ramey and Ramey (1995) use a sample of 92 countries
from 1962 to 1985 to show that higher standard deviation of output growth reduces mean
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growth by a significant amount. Acemoglu and Zilibotti (1997) find that, by plotting
the logarithm of the standard deviation of a set of countries’ GDP per capita growth
rate over the period 1960-85 versus GDP per capita in 1960, the regression line has a
negative and highly significant slope (a 1 percent increase in the initial GDP in 1960 is
associated, on average, with a 0,25 percent decrease in the standard deviation of GDP).
Wolf (2004) finds that, when we exclude volatility of output and inputs from the set of
explanatory variable of the standard deviation of consumption growth across countries,
per capita income seems to be the best predictor of a country’s consumption volatility
(with a negative effect).

This excess volatility is related to two celebrated puzzles that cannot be easily ex-
plained within a standard neoclassical model: (1) why there is so little risk sharing across
countries and (2) why does so little capital flow from rich countries to poor. Evidence
of the first puzzle is reported by Backus, Kehoe and Kydland (1992). Evidence of the
second puzzle, known as the “Lucas paradox”, is reported in Gertler and Rogoff (1989),
Reinhart and Rogoff (2004) and Lane (2004), among many others. For instance, Rein-
hart and Rogoff claim that foreign lending “..rises more than percent for percent with
per capita income among poor developing countries” [Reinhart and Rogoff (2004), p. 9],
whreas neoclassical growth theory predicts that the amount of external debt financing
investment in a given country should be inversly related with this country’s capital-labor
ratio (and per capita income).

A set of models that could resolve these puzzles are based on international capi-
tal market imperfections, mainly sovereign risk and limited contract enforcement. In
these models, limits on credit and insurance may arise endogenously from the borrow-
ers’ incentives to default and their limited commitment to meet financial obligations.
Strategic default is particularly important in studying international financial transac-
tions and sovereign debt, due to the difficulty of enforcing contracts across borders and
to the absence of supranational legal authorities. The seizure of a sovereign’s foreign
assets and the exclusion from future borrowing may be the only punishment strategies
that are available to a lender in case of default. With limited enforcement, firms in low
income countries face a larger cost of external finance because they have low collateral.
This explains why these countries invest less in high return projects and have a larger
marginal product of capital. Similarly, limited commitment may explain why low income
countries cannot guarantee themself a “low” risk outcome by participating in a risk pool-
ing agreement. Essentially, taking some risk may be the only way for an individual, or
a country, to make ez post contingent repayments an incentive compatibile action (see
Kocherlakota (1996)).

Volatility and income: a closer inspection

Hence, the existence of an inverse relation between income and volatility is a theoretical
possibility. I have already mentioned that the empirical correlation between these two
variables in a cross section of countries appears to be negative. However, the significance
level of the regression coefficients evaluated in a sub-sample of poor countries (whose



income is, for example, up to 20% of the US level) is much smaller than those evaluated
for the remaining sub-sample. This claim derives from the analysis of two different
datasets available in the recent literature. All of them are a collection of two variables
in a cross section of countries: the standard deviation of GDP growth (volatility) in a
time interval and the average per capita GDP in the same interval. The first dataset is
taken from Breen and Garcia-Penalosa (1999) and consists of 73 country datas in the
1960-1990 time interval. The second dataset is taken from Jansen (2004)! and consists of
103 country datas in the 1980-2000 time interval. Within each dataset I have run three
separate regressions of volatility on average p.c. GDP: one for the entire sample (All),
one for the sub-sample of countries whose p.c. GDP is up to 20% of the US level (Poor)
and one for the remaining sub-sample (Rich). The following table shows the estimated
regression coefficients (slope of the regression line multiplied by 1,000), the t-statistics
for the coefficients, the R? and the number of observations.

I | 1960-1990 | 1980-2000 |
All Poor* | Rich || All Poor* | Rich

Slope® -0,32 [ -0,73 | -0,30 || -0,09 | 40,01 | -0,08

t-stad. 6,84 [ -2,35 | -5,09 || 6,18 | 0,06 | -4,03

R? 0,39 [ 0,11 |049 [ 0,27 [0,00 |[037

N.ofobs. || 73 [ 44 29 J103 |74 29

H * Average p.c. GDP over time interval up to 20% of US level H
H © Est. change in volatility due to a 1,000$ increase in GDP H

It is clear from the table that the negative effect on volatility of a rise in GDP is neg-
ative and highly significant for the entire sample of countries. However, the significance
level as well as the estimated R? drops dramatically when we restrict the sample to the
set of countries whose income falls below 20% of the US level. In the case of the 1980-2000
time interval, the slope of the linear regression in the poor countries sub-sample becomes
positive, but not significantly different from zero. The graph in figure 1 may help to
make this result more transparent. I have partitioned the 1980-2000 dataset into eight
sub-samples consisting of countries whose per capita GDP is within eight consecutive
ranges. These ranges are constructed so as to contain approximately the same number
of countries (between 7 and 14), except for the sample in the first income range (less than
$300 of per capita GDP), which contains 21 countries. The graph shows that volatility
does not necessarily decrease (in some case it may actually go up) as a country is up-
graded in terms of income range. Output volatility drops substantially as a consequence

In my elaborations I have excluded from the original data set all countries whose population is less
than 1.5 million and all countries of the former soviet block (whose volatility in the period is exceptionally
high.



of a rise in income only when countries have a per capita GDP greater than $10.000.

Main contribution

In this paper I construct a very simple version of the limited commitment model for
a world economy where countries differ in the level of initial income and consumers
are risk averse. The main purpose of the paper is to make some predictions on the
relation between risk (as represented by the variance of consumption across idiosyncratic
states and countries) and the stage of development. A specific feature of my model is
that, in each country, there are two type of heterogeneous agents: “consumers” and
“entrepreneurs”. The latter are endowed with a risky investment project affected by a
two-state productivity shock i.i.d. across countries. T consider all possible redistributions
within and across countries and across states compatible with the individuals’ rationality
constraints. The latter derive from an incentive to default due to the ability of agents
to shield a constant fraction of their ex post income from liquidation. When these
constraints are binding for a subset of countries, the latter are unable to insure completely
against idiosyncratic states and their investment is a function of the degree of (incentive
compatible) insurance (as represented by the marginal rate of substitution between bad
and good state consumption).

One reason why we should expect idiosyncratic risk to be negatively correlated with
income is that, within the limited commitment model, the degree of insurance across
states (as well as investment) is increasing in collateralizable wealth. However, there are
at least two reasons why this regularity may fail. First, because they can borrow more
on the international financial market, countries with higher wealth may be induced to
invest more in the risky project. Second, the lack of insurance can be compensated by
within country redistributions of income, which may be carried out with the purpose of
increasing the investors’ collateral.

In my model, both consumers and entrepreneurs can borrow from abroad. This al-
lows me to assume that the limited enforcement problem affects credit relations between
international lenders and the two type of agents (consumers and entrepreneurs) in dif-
ferent degrees. Namely, I assume that the share of ex post income that foreign lenders
can recover from a defaulting consumer is smaller than (or equal to) the share that they
can recover from a defaulting entrepreneur. Other than being a more realistic assump-
tion, this feature of the model implies some interesting predictions about international
capital flows. In particular, by allowing for domestic transfers (between consumers and
entrepreneurs) T find that output volatility may not be a monotonic function of a coun-
try’s aggregate initial income. At an early stage of development, countries may run into
a higher volatility of output as they increase their aggregate income.

How can we rationalize these findings within the simple limited commitment model
that T use in this paper? In the paper I look at two specific constrained efficient alloca-
tions of the model: an equal treatment allocation, such that the Planner’s social welfare
function has equal weights for each country, and a competitive allocation, such that re-
distribution of resources across countries occurs through competitive financial markets



(subject to zero profit conditions) and repayments are proportional to countries’ liabil-
ities. A constraint efficient allocation can be decentralized as a competitive equilibrium
by means of financial markets where competitive financial intermediaries operating inter-
nationally offer a range of securities and agents in each country are subject to borrowing
constraints? (which are always binding when full insurance is not feasible). Then, T study
“ohservable consumption risk” or “volatility”, i.e., the standard deviation of consump-
tion across states, oy, as a function of a country’s individual income, w. I show that,
whereas g, is always monotonically decreasing with respect to w in the equal treatment,
allocation, it may be non monotonic in the competitive allocation. In particular, when
the absolute degree of risk aversion is decreasing in consumption, consumption risk is
increasing with a country’s individual income in the early stage of development (low w)
and decreasing in the final stage.

Notice that the degree of risk sharing and the level of output volatility in each country
are not perfectly correlated. The first is naturally measured by the marginal rate of
substitution between consumption (output) across states of nature or, equivalently, with
a default premium, and the latter is measured by the standard deviation of output. T
show that, while the degree of risk sharing in a country falls with its initial income,
output volatility may increase.

The intuition can be explained as follows. Let M PK,, be the expected marginal
product of capital, p a safe rate and w the country’s initial income. We may call
7w = (MPK,, — p)/p the default premium of this country. With decreasing marginal
productivity of capital, m, is decreasing in w, since, with partial risk sharing, (m,, > 0),
a higher income implies a higher investment. Now assume that the marginal product
of capital is hit by a stochastic shock with two possible realizations. A constrained effi-
cient allocation equalizes the marginal rate of substitution between bad and good state
consumption of each country, M RS,,, to a transformation of m,,. In particular, we have

T
MRS, =14 —— -4
b B—(1—0F)mw
where 1 — 3 € [0,1] is the share of the borrower’s ex post income that foreign lenders
can recover in the good state in case of default. Taking a first, order Taylor expansion of
marginal utilities, one can show that

e (2) (7m0

where Ay, is the absolute degree of risk aversion at the bad state level of consumption.
Since higher income countries enjoy a lower risk premium, they tend to have a smaller
Oew- In the equal treatment allocation (when the Planner assigns equal weights to all
countries), bad state consumption is equalized across countries and Ay, is invariant with
respect to individual income, w. Hence, consumption volatility is increasing in the risk
premium (and in w). Instead, the competitive allocation is such that bad state consump-
tion is positively affected by individual income and, thus, A, goes up or down with w

2This is in the spirit of Alvarez and Jerman (2000).



according to whether absolute risk aversion is increasing or decreasing in consumption.
This explains why the volatility of consumption across states, oq,, may not be decreasing
with w. However, the model says more than this. It can be shown that, at a constrained
efficient. allocation, the degree of insurance (and the level of investment) in each country
is bounded below. In other words, when a country is particularly poor, it is optimal
to redistribute resources from consumers/lenders to entrepreneurs/borrowers (i.e., make
the within country debt contracts cheaper) so as to keep the degree of insurance across
states (and investment) from falling below a minimum. Hence, when a country is very
poor, a rigse in his income may leave m,, almost or completely unchanged. In this case,
any change in the volatility of consumption would be caused by changes in the absolute
degree of risk aversion.

These results are obtained for a static (two-period) economy. A natural development
of this model is to introduce a dynamic structure and analyze the wealth accumulation
process.

Related literature

Kehoe and Levine (1993), Kocherlakota (1995) and Alvarez and Jermann (2000) have
studied the characteristics of efficient allocations when individual rationality constraints
arising from limited commitment are explicity taken into account. They have shown
that perfect diversification of consumption risks across individuals may not be optimal
and portfolio allocations may be subject, to solvency constraints prohibiting agents from
holding large amounts of contingent debt. Using a “real business cycle model”, Kehoe
and Perri (2002) show that limited commitment with respect to international contracts
can greatly reduce the degree of risk sharing across countries. My model is much more
simple and ad hoc in the formulation of the endogenous borrowing constraints. However,
this simplicity allows me to make specific and analytic predictions on output variance
along with the distribution of capital and default risks.

As a natural extention of this paper one may embed the model in a dynamic setting.
For instance, it is not difficult to generate a wealth accumulation process by assum-
ing that countries are populated by overlapping generations of agents deriving utility
from bequests. Under this extension, the model can be related to the growing literature
on credit and capital accumulation and on income distribution with financial frictions.
Greenwood and Jovanovich (1990), Bencivenga and Smith (1991), Saint-Paul (1992) and
Acemoglu and Zilibotti (1997) show that fixed costs on investment or indivisibilities or
non convexities imply that countries develop by exploiting better diversification opportu-
nities, more insurance and a gradual allocation of funds to high return/risky investment
projects. In turns, this process implies (as shown, in particular, by Greenwood and Jo-
vanovich (1990) and Acemoglu and Zilibotti (1997)) that the variability of output growth
decreases as a country develops. Acemoglu and Zilibotti (1997) show that the time path
of the development process is crucially affected by the stochastic realizations of the risky
projects and, hence, slow growth may be a consequence of misfortune. Similar predic-
tions can be obtained in a dynamic extension of the present model. However, Acemoglu



and Zilibotti study a one country model and assume non convexities, linear stochastic
technologies and incomplete markets. Moreover, their model concentrates on inefficient
competitive equilibria characterized by market incompleteness and a non internalized
pecuniary externality. In contrast, I concentrate on the constraint efficient allocations in
a multi-country economy based on a simple (although rather ad hoc) limited enforcement
problem.

2 The Model

Agents and technologies

I consider a two-period economy characterized by a continuum of “countries”, indexed by
i, with 2 € I = [0,1]. Countries are ex ante identical except for their initial (first period)
“aggregate income”, w;, which takes one of a finite number of values in W = {w1, ..,wn}.
Then, for all w € W, there exist a non empty set, I, C I, such that i € I, implies w; = w,
where {I,, : w € W} is a partition of I. T assume that I, is an interval for all w € W
and let u(l,) = py be the length of these intervals. Hence, u = {uy : w € W} is the
standard Lebesgue measure defining the probability distribution of initial wealth across
countries and @ = ) Wi, is the average world income.

Each country is populated by two agents, a consumer and an entrepreneur, both
consuming in the second period only. All agents in each country have access to a safe
investment opportunity (or storage technology) such that any unit of consumption stored
in period one yields a gross return p > 0 in all contingencies. In the first period of his life,
the entrepreneur is endowed with a fraction v € (0, 1) of the aggregate initial income, wj,
and the consumer is endowed with the remaining amount. Entrepreneurs are risk neutral
and able to activate an investment project. The latter is a technology transforming k& > 0
units of the good in the first period into ef (k) > 0 units of the same good in the next
period, where € is a random variable with observable ex post realizations. T make the
following assumptions.

Assumption 1 (Production) f : Ry — Ry is smooth, strictly increasing, concave,
bounded above, such that

F(0)=0,  lim f/(k) = +oo,  lim f'(k)=D0.
k—0 k—o00
Assumption 2 (Risk) The random variable € is identically and independently dis-
tributed across entrepreneurs (i.e., countries) with support {ey, e, = {0,1} and prob-
abilities (py,pg) > 0.

Consumers in each country 7 are unable to activate projects and are risk averse. Their
welfare is evaluated through a standard expected utility, i=b.g piu(z;i), defined over
next period income, or consumption, (x4, x4;) > 0, which is contingent on idiosyncratic
states.



Assumption 3 (consumers) The Bernoulli utility, v : Ry — R, is bounded, smooth,
smoothly strictly increasing and smoothly strictly concave, with lim, ou' () = oo.

Since countries are ex ante identical, I concentrate on allocations that assign the
same amounts of investments and state contingent consumptions, to all countries with
the same first, period income. Hence, from now on, all variables referring to the resources
assigned to a country, before idiosyncratic states are realized, will be indexed by w. For
instance, k,, will denote the amount, of risky investment, assigned to a country with initial
income w and (Zgy, Tpy) Will denote the state contingent consumption assigned to the
same country.

Feasible allocations

A consumer in each country has the option to make a direct transfer, by, to the lo-
cal entrepreneur in period one for investment in the stochastic technology, against the
promise to get a repayment, Rp,,, from the local entrepreneur in the next period if he
has been successful. The array H = (bpy, Rpw;w € W) will be called the set of home
transfers.

Moreover, T assume that there is an International Agency redistributing resources
across countries. In particular, this agency collects d,, units of consumption in period
one from consumers in each country. T assume that by, + d,, can be greater (or smaller)
than consumers’ initial resources, (1 —v)w.

Once resources have been collected, the Agency allocates by, units of consumption to
each country with initial income w for investment in the stochastic technology in period
one against the promise to be delivered Ry, units of consumption by each successful
entrepreneur® in period two. The remaining part of the collected resources,

Z(dw - bfw)ﬂun

w

is stored and yields an aggregate output p)_, (dw — bgw)piw in period two. Finally,
the Agency uses this aggregate output to make a contingent transfer (24, 2gw) to each
country with initial income w. The array R = (2w, du bpws Rpwsj = b,g,w € W) will
be called a redistribution.

Since the realizations of € are i.i.d. across countries, by the law of large numbers the
Agency makes choices under the following feasibility constraint:

Z Z PiZjw | Hw < Z(prw + p(dw - bfw)),uw-

w Jj=b,g w

Now let y,, be the consumption of the entrepreneur in the good state in each country
with initial income w. Since entrepreneurs are risk neutral, we only consider allocations
such that they get no positive (and negative) transfers in the bed state. Thus, v, is

31f an entrepreneur is not successful, he gets zero output and is unable to repay.



unambiguously a measure of the entrepreneur’s welfare in these countries. By the above
definitions,

k., = ~Yw + braw + bfun Y = f(kw) — Rpy — wa'

Notice that, under this arrangement, contingent consumption across country types is
a pair (Zgy, Tpyw) such that

Tgw = /7((1 - 'Y)w — bhy — dw) + Zguw + R,
Tow = p((1 =)W —bpw — dip) + Zpew-

Hence, we can rewrite the feasibility constraint as

Z ijxjw +pg.7/7u - pgf(kw) - p(“) - kw) Hay <0. (1)

w J

Any set (H,R) of home transfers and redistributions across countries generates an
assignment (or allocation), A = (Zju, Yw, kuw; J = b, g,w € W). The allocation is said to
be feasible if it satisfies equation (1).

Limited commitment

Agents in each country cannot commit to repay the promised amounts, after uncertainty
is revealed. T take it as an institutional constraint a rule similar to Chapter 7 in the
U.S. bankruptey law. Under this rule, all period 2 assets above a minimum threshold
are liquidated by the courts and used to pay off the Agency. This implies that borrowers
have an incentive to default (even in good states of nature) and redistributions across
countries must satisfy a constraint implying that default is not individually rational.
Since each country has two type of potential borrowers, consumers and entrepreneurs,
there are two different constraints.

(a) Consumers. For any pair (H,R), let me define a country’s internally generated
income, as

x§w = max{p((1 = ¥)w — bpy — dw), 0} + € Rpp,

where 7 = b, g and, as I said earlier, ¢, = 0, ¢, = 1. Consumers’ limited commitment
problem arises from the assumption that any one of them can keep a fraction § € (0,1)
of his internally generated income when he does not fulfill his obligations with respect,
to the International Agency. Then, a consumer’s individual rationality constraint reads

Ljuy > ﬂa:_;w, ji=b,g. (2)



(b) Entrepreneurs. A similar type of constraint holds with respect to the (potential)
debts contracted by entrepreneurs. Evidently, an entrepreneur’s internally generated in-
come is always zero in the bad state and it is equal to f(k,) in the good state. I make
the crucial assumption that the entrepreneur’s income which can be (partly) liquidated
in case of default is net of home repayments. Namely, partial liquidation implies that the
entrepreneur can get away with «(f(ky) — Ruw), where o € [0,1]. Hence, entrepreneurs
can fully commit with respect to debt repayments contracted with local lenders (con-
sumers). It follows that an entrepreneur’s individual rationality constraint reads

Yo = a(f(kw) = Rpw)- (3)

From the above assumptions, it is clear that any given allocation, A, generated by
the pair (H,R) of home transfers and redistributions, satisfies the individual rationality
constraint if and only if

Tgw — Bmax{p((1 —y)w — bpw — dw),0} > BRuy > B(f(kw) — yuw/a) if e=1,
Ty — Bmax{p((1 —y)w — bpy — dy),0} >0 if e=0.

Since (bpays duy, Rpew) are unrestricted values, the above constraints imply the following
definition.

Definition 1 (Individual rationality) An allocation A is said to be individually ra-
tional if it satisfies

T g > ﬂ(f(kw) - yw/a)- (4)

The parameters a and J represent the threshold for the fraction of period two assets
above which liquidation occurs. I will make the following key assumption:

Assumption 4 > max{py,a}.

i.e., liquidation of consumers’ assets in case of default is sufficiently difficult and liqui-
dation of consumers’ assets is no less difficult than liquidation of entrepreneurs’ assets.
The last assumption generates a richer set of optimal allocations that may be potentially
interesting.

3 Efficient allocations

Definition 2 An allocation, A, is said to be constrained efficient (CE) if it is feasible,
mdividually rational and it is not Pareto dominated by any other feasible and individually
rational allocation.
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Now let {0,;w € W} be a set of welfare weights, with 8,, > 0 for all w € W and
Y w Owity = 1. T represent a CE allocation as an assignment A which maximizes the
consumers’ weighted ex ante expected utilities

U=> > pul@jw) | buwhw
w J
subject to constraints (1), (4) and

Yo > Y, (5)

where yf represents the reservation utility of the entrepreneur in a country with initial
income w.

First order conditions

By the first order conditions for the maximization of U with respect to A subject to the
given constraints, we get the following proposition.

Proposition 1 If A is a CFE allocation, there is a multiplier A > 0 such that, for all
w € W, 0,u (zpw) = A, W (xpw) > W(xgy), where the strict inequality holds if the
individual rationality constraint, (4), is binding for w, and

U (Tpw) — U (Zgw) = UW(Tow)Dgf (k) — p)/Bpgf (kw), (6)
U (2p) — U (Tgw) < U (Tpw)a/B. (7)

Moreover, if y, > yE, equation (7) is satisfied with equality and, if (7) is satisfied with
inequality, v, = ykt.

Remark 1 (External debt) Notice that, at a CFE allocation A, for all countries whose
initial income w implies a binding individual rationality constraint, the pair (H,R) gen-
erating A is such that

b + do > (1 = y)w, Rw = f(kw) = yuw/cx.

Since Ry = f(kw)—Rpw—w, the latter implies R, = yo(1—a) /. Hence, in countries
where the individual rationality constraint is binding, consumers are net debtors and
entrepreneurs’ ex-post repayments to the International Agency is proportional to their
ex-post income.

11



First best allocations

A first best allocation, A*, maximizes U under the only constraints (1), (5) for all w.
Evidently, this allocation is a CE allocation when the individual rationality constraint
(4) is non binding for all w. Then, the first best allocation provides consumers with full
insurance and it equalizes the marginal products of capital and the marginal rates of
substitution between bad and good state consumption across countries. In particular,
by the first order conditions (6) and (7), we get
ky, = k*, Ty = Ty = Tyys YW €W,

where k* is defined by pgf/(k*) = p.

By assumption 1, k* is positive and well defined. Hence, using the individual ratio-
nality constraint (4), a CE allocation is a first best if and only if

= BF(K) —yli/a)  Vw.

To simplify the notation, let the world average of a variable be identified by an upper
bar, so that

Tt = Z$;ku/1fw> yR = Zyﬁﬂfw-
w w

Then, the feasibility constraint (1) at a first best allocation can be written as

T+ = paf(K*) — pgi™ + p(w — k*).

Evidently, a first best satisfies the individual rationality constraint only if =}, >
B(f(k*) —yk/a) for all w € W. Taking averages across countries and rearranging terms,

the following proposition follow:

Proposition 2 if a CFE allocation attains the first best, must be

(87

g > af (k") - [pg(1 = @) f (k") + p(w — E*)]. (8)

8- Qpg -

The above condition follows from the fact that, when the entrepreneurs’ reservation
utility is relatively high, consumers’ have a relatively low level of consumption and, then,
a lower incentive to breach the contract with the International Agency.

Remark 2 (The role of home lending) A natural question is what role has home
lending in this economy. Since home lending is a risky activity, one may wonder why
this should ever be carried out at an efficient allocation. The answer is that home lending
serves the purpose of relaxing the individual rationality constraints. In particular, recall
that the individual rationality constraint for entrepreneurs reads y,, > a(f(ky) — Rpw)-
Now suppose that we want to implement the first best, A*, with b}, = R}, = 0. Since,

12



at the first best, the entrepreneurs’ utility is equal to the reservation value, we get the
condition yF > af(k*) for all w. By taking averages across countries, we get §7 >
af(k*). Evidently, the latter condition is more restrictive than condition (8) as long as

pg(1 = ) f(k*) + plw — k*) > 0.

Hence, even when the first best can be attained, home lending may be optimal. In other
words, since consumers have the power to fully enforce home transfers, they can diminish
the entreprencurs’ incentive to default on a foreign transfer by raising the direct repay-
ments, Rp,,-

Second best allocations

Now assume that condition (8) is not satisfied. Then, at the CE allocation the individual
rationality constraint is binding for some w. In this case I say that the CE allocation is
a “second best”. Notice that, by the first order conditions and assumption 4, we have

pgf/(kw) >p > (1 - a)pgf/(k711)> Tgw = ﬂ(f(kw) - yw/a)

for all w such that the individual rationality constraint is binding. Moreover, if there is
some w for which 1, > %, it must be 3 > « and, in addition to (6), the following must
be satisfied

W (@) 6 (@) = (B = )8, pyf (k) = p/(1 = ). (9)

From now on I let k be defined by P’ (/;) = p/(1 — o). Evidently, k defines a lower
bound on investment, k,,, in a second best allocation. This implies an upper bound on
the “default premium”, 7(ky) = (pyf'(kw) — p)/p. and a lower bound on the “degree of
insurance”, 8y, = U/ (Zgw) /W (Tpy). Namely,

o 80—«
1—a’ 3

0 < m(ky) < <y <1,

where, by equation (6), 6, = 1 — w(ky)/B(1 + my).

Remark 3 (Why £k, < k cannot be optimal) When (§ > «, the International Agency
1s less protected in her relation with home consumers than she is in her relation with home
entrepreneurs in each country or, in other words, it is more difficult to liquidate the as-
sets of consumers than it is to liquidate the assets of entrepreneurs. In this case, the
entrepreneur’s expected consumption may be above his reservation level, i, at a second
best allocation. The intuition is the following.

Consider an allocation that maximizes the Planner’s problem with respect to bad and
good state consumption and investment for all countries, but keeps every entrepreneurs’
income at the reservation level. Then, this allocation satisfies the first order condition
(6) for all w. Now consider a rise in entrepreneurs’ income in all countries with an
initial income w = s only. The effect on social welfare is measured by
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Plugging in the first order conditions for a CFE allocation, we get

333310 _ pgf' (kw) — p\ Ozgu
Z Z b o Z( B (k) )ays ‘“”]’

w

l
Y]

where X is the Lagrange multiplier associated to the feasibility constraint (1). There are
two parts in the above expression. The first part (between the first two square brackets)
measures the effect of a rise in y, on average consumption. By the feasibility constraint,
(1), we get

Z ij O fo = Y _(Daf (k) — P)g%ﬂw — Dglls-

w

The second part (between the second pair of square brackets) measures the effect of
a rise in Yys on the maximum insurance compatible with the individual rationality con-
straint. Namely, as long as a rise in ys generates a fall (rise) in good state consumption,
consumers are allowed to get more (less) insurance with no violation of the individual
rationality constraint, (4). Since the latter is assumed to be binding,

0% gw Ok, 1
=0 k)5 == )
OYs dys
The envelope theorem implies that the indirect effects, measured by Ok, /dys for all w,
cancel out and, hence, we can write

18U_ pf/(kw)_p
Noy, T Patst ( gaf’(kw) ) i 10

Then, when considering a rise in y, on social welfare at the optimal allocation, the
Planner is facing a trade-off between two effects. On the one hand, average consumption
goes down by pgpis, because more resources must be allocated to entrepreneurs in countries
with initial income w = s for the same level of capital. On the other hand, consumers in
countries with that income level can get more insurance because the individual rationality
constraint uwill be relaxed by a rise in ys. The last effect is measured by the second
expression on the right hand side of (10). By rewriting this equation, we conclude that
a rise in ys increases social welfare (i.e., the fall in average consumption is more than
compensated by the benefit of greater insurance) if and only if pyf'(kyw) > p/(1 — a).
Hence, ky, < k cannot be optimal.
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4 Competitive allocations

I assume now that redistributions are performed through competitive asset markets.
There is a large set of two type of financial intermediaries operating world-wide: mutual
funds (or insurance companies) and banks. All of them make zero profits on average
by pooling risks across countries. Mutual funds offer a security d with state contingent
payoffs to consumers, banks offer a loan b; to entrepreneurs. More formally, a redistri-
bution, R, is said to be performed through a competitive anonymous market if it is such
that

Zgw = nguh Zhw = deun wa = befun

where r = (14,7, 7f) > 0 satisfy

w

ijrj =P Z(pngw — Pbfw) i = (pgTs — p) bew/‘w =0.
7 w

Hence, all consumers earn the same per unit contingent rate of return on their assets
and all entrepreneurs pay the same per unit loan rate on their debt.

In a competitive equilibrium, home transfers, (b, Rpw), should be interpreted as
being part of a domestic contract. For any given price vector, r, domestic contracts
are selected by consumers so as to maximize their expected utility subject to the en-
trepreneurs’ “participation constraint” (i.e., they take the form of a take-it-or-leave-it
offer) and that they are contingent on the level of “foreign debt”, by,,. Hence, a domestic
contract is, effectively, a triple (bpw, Rpw,bfw) defining the size of domestic and foreign
loans and the amount of “repayment” from entrepreneurs to consumers. Since I am
considering a decentralized allocation, it is natural to assume that entrepreneurs’ will
accept a domestic contract as long as this provides them with a non negative expected
income (or profit) net of the opportunity cost of investment in the risky technology, i.e.,
as long as

Pglhw — PYW = 0.

An home transfer generated in this way will be called a domestic contract with non
negative profits. Notice that this construction implies that domestic contracts are socially
optimal for any given redistribution.

Decentralization through credit limits

In this section I will try to decentralize constrained efficient, allocations as competitive
equilibria with credit limits. Essentially, these allocations are characterized by redistri-
butions performed through competitive markets (i.e., linear pricing and zero profits for
international intermediaries), domestic contracts with non negative profits, upper lim-
its on consumers’ desired assets and upper limits on entrepreneurs’ desired liabilities. I
will show, though, that, despite the fact that we can impose appropriate constraints on
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agents’ net asset positions, a constrained efficient allocation may not always be decen-
tralizable as a competitive equlibrium. This failure occurs when a country’s aggregate
income, w, is particularly low. In these cases the decentralizability of a CE allocation
can be resumed if we impose an appropriate ex post local transfer from consumers to
entrepreneurs within successful countries.

A set of upper limits on the holdings of consumers’ assets (credit, limits) is an array
L = (Jw,ghq,,,gfw;w € W). A set of ex post domestic transfers from consumers to
entrepreneurs in a good state is an array 7 = (T,;w € W). A competitive equilibrium
is an array £ = (H,R,r) (a set of home transfers, a redistribution and a set of prices).

Definition 3 A competitive equilibrium with credit limits L and domestic transfers, T,
is an array E(L,T) such that

(CC) consumers select an insurance, dy, and a contract, Ebhw, Rps b)), by mazimizing
Zj Piu(Tjw) subject to dy < duw, bhw < bpay, bpw < by, where

Tguw = p((l - 7)7” = bpw — dw) + ngw + Rpw, (11)
Tow = p((1=7)w —bpy — dy) + rpduy, (12)
Riw < flyw+bpy + bpy) = Tebpy — pyw/pg — Tow. (13)

(ZP) international intermediaries make zero profits, i.e., Y DT =P and pgry = p,

(MK) markets clear, i.e.,

Z Zpﬂjw + DY — Df (kw) — plw — k) | o < 0.

w J

First of all, I provide a condition that prevents first. best allocations to be attainable
in a competitive equilibrium.

Proposition 3 A competitive equilibrium with credit limits cannot be first best efficient
when

3k *k /3 —
G- ok > (2 1=} o,
where k* is the first best level of investment, i.c., pf'(k*) = p.

Proof. Remember that first best efficiency implies g, = yf for all w € W. By the
definition of a competitive equilibrium with credit limits, y& = pyw/ pg. Using equation
2, we immediately derive the proposition. Q.E.D.
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Proposition 4 Under the restrictions 3 > 1 —ps(1 — ), vy > p > 1y, a CE allocation
can be decentralized as a competitive equilibrium with credit limits and domestic transfers
and:

1. there are two income levels, w* > w™ > 0 (with w™ > 0 if and only if 3 > «),
such that, for all w < w*, full insurance cannot be attained and credit limits are
binding;

2. there are two continuous functions, k : [w™ w*] — Ry and ¢ : [0,w™] — Ry, such
that the CE equilibrium allocation has the following characterization:

_ [ (B ¢w)) Jor w € (0,w™],
(ks tho) = { (k(w), pyw/pg) for w e [w™, w*,

where k(w) is increasing, C(w) is decreasing and k(w™) = k, k(w*) = k*, ((w™) =
prw/pg,

3. income transfers are T, = ((w) — pyw/pgy (i.e., they are positive for w € (0,w™)
and zero for w > w™).

Proposition 4 shows that, for a competitive equilibrium to be decentralizable as a sec-
ond best CE allocation, intermediaries must impose upper limits on consumers’ demand
for insurance and on the supply for loans. Moreover, when countries are particularly
poor (w < w™), credit constraints may not be sufficient. Consumers’ must be forced
to transfer some amount of their ex post income to entrepreneurs when investment is
successful.

The proposition also shows that, in a CE competitive allocation, a rise in a country’s
total wealth, w, has a positive effect on investment, k,,, when the entrepreneur’s partic-
ipation constraint, pgy., > pyw, is binding (i.e., when w > w™). Otherwise, the (local)
effect on k,, of a rise in w is zero. To see why, let me simplify the notation by setting
£ =1 (the same logic applies in the more general case 3 < 1, except that more notation
is involved). With § =1, we can write the first order condition at a CE allocation as

1/ = u/(aflrzzl)/u/(ﬂfgw) = pgf/(kw)/l) =14 (k)

where §,, measures the degree of risk sharing and 7 (k,,) is the default premium. When
the CE allocation is decentralized as a competitive equilibrium with zero entrepreneurs’
profits (pgyw = pyw), good state consumption is increasing in k,, (the risky asset) and
decreasing in w, whereas bad state consumption is decreasing in k,, and increasing in
w. Hence, 1/d,, is increasing in k,, and decreasing in w. On the other hand, by the
assumption of decreasing marginal productivity, 7(.) is decreasing in k. Hence, we
may be able to determine the CE value of k,, from the intersection between 1/§ and
14 7(ky) (see figure 2 at the end of the paper). In this case, a small decrease in w
shifts up 1/6,,, determining a fall in k,, and a rise in the optimal values of both 1/4,, and
7(ky). However, remember (from section 2) that, when 8 = 1, constrained efficiency
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implies that both 1+ (k) and 1/§,, cannot be greater than 1/(1— «). Then, when w is
sufficiently small, we cannot hope to find an intersection between 1/4,, and 1+7(k,,) for
values of &, and 7 (k) satisfying the above restrictions. In these cases, an intersection
satisfying the restrictions can be found if we set k,, = k and we allow for DY > pyw. In
other words, when 3 > « and a country is particularly poor, it is optimal to redistribute
resources from consumers/lenders to entrepreneurs/borrowers (i.e., make within country
debt cheaper) so as to keep the degree of insurance across states (and investment) from
falling below a minimum.

Remark 4 (Competitive external debt) I have already noticed, in remark 1, that,
when w 1s such as to imply a binding individual rationality constraint (i.e., when a
country is unable to fully insure), it is

P((] - ’Y)w - dw - bhw) S 0> wa - yw(l - Oé)/Oé.

Within a competitive allocation, this means that consumers have positive net liabilities
with respect to the international asset market and entrepreneurs’ net liabilities with re-
spect to foreign lenders are proportional to their ex post income. In particular, since
in a competitive allocation we have Rgy, = (p/Dg)b s, we can evaluate the ex post total
liabilities with respect to external lenders of a country with initial income w as

Dl = pldw + bry — (1 = 1)w) + e5(1 = @) /e,

where j = b, g and ¢; € {0,1}. Since by, = ky —yw — by and bpy, = (0g/p)y(1 —a)/av,
Dl = pldu + ko = w) + (& = g1 — @) e,

where d,, can be derived from

B(f(kw) = Yw/a) = p(1 = Y)W — bpay — duy) + Tty + J(ky) — T£b oy — Yws

which equates the competitive equilibrium good state consumption to the constrained effi-
cient consumption. Since 7¢b ., = yu (1 — a)/a, we get

P(dw+kw_w): _p (Tﬂ(w_kw)+(1_ﬁ)f(kw)+ﬂ+pg(1_a)_1yw)'
p—Tg o

As an example, consider the case vy = 0. Then,

Dl = (1= 0)fh) + 220 D= (=91 0h) = L

By taking the average over idiosyncratic states, we can compute the external average

(constrained efficient) debt of countries with initial income w at a competitive equilibrium,
as
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D> 9Dhy = (1= B)f (kw) + 8+ pg(1 = ) = Yy

Then, by the assumption in proposition 4 and by the statements in the proposition,
Zj ijfw is decreasing with w up to w™ and it is increasing thereafter. However, in
general, the shape of a country’s debt depends on the value of r4, for which we have the
only restriction ry < p. For instance, a monotonic increasing relation between external
debt and income can be obtained for vy > 0. This may reconcile the model with the
empirical correlation verified in Lane (2004) and Gertler and Rogoff (1989).

Comparing output volatility across countries

For each w, output volatility can be evaluated by the standard deviation of output
(consumption) across the two states of nature, oey = /PgPo(Tgw — Tiny). Hence, in this
section T will evaluate V(w) = (2gy — Ty) as a function of w for the same world average
income (and consumption) under the assumption that the CE allocation does not attain
the first best.

In anticipation of a more formal analysis, let me provide some intuition about the
relation between output volatility and the degree of risk sharing as a function of initial
wealth. Recall that m, = (pgf/'(kw) — p)/p has been defined as a default premium on
investment. The “extent of incomplete risk sharing” at a constrained efficient allocation
can be measured by 7. I will show below that, with partial risk sharing (m, > 0) and
decreasing marginal productivity of capital, a higher income implies a higher investment,
a smaller risk premium and, then, a fall in 7.

Using a first order Taylor expansion of marginal utilities, one can show that

UmN(£§§(ﬂ—JTMM)’

where Ap,, is the absolute degree of risk aversion at the bad state level of consumption.
Since higher income countries enjoy a lower risk premium, they tend to have a smaller
oeqp- In an equal treatment allocation, bad state consumption is equalized across coun-
tries (cf. next section) and, hence, Ay, is invariant with respect to individual income.
Instead, the competitive allocation is such that bad state consumption is positively af-
fected by individual income and, thus, Ag, goes up or down with w according to whether
absolute risk aversion is increasing or decreasing in consumption. This explains why o,
may not be decreasing with w. However, the model says more than this. It also shows
that, at a constrained efficient allocation, the degree of insurance (and the level of in-
vestment) in each country is bounded below. In other words, when 3 > « and a country
is particularly poor, it is optimal to redistribute resources from consumers/lenders to
entrepreneurs/borrowers (i.e., make the within country debt contracts cheaper) so as to
keep the degree of insurance across states (and investment) from falling below a mini-
mum. Hence, when a country is very poor, a rise in his income may leave m,, almost. or
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completely unchanged. In this case, any change in the volatility of consumption would
be caused by changes in the absolute degree of risk aversion.

A more formal analysis is provided by the following proposition. Before stating the
proposition, let me define, for j = ¢, b,

Ajw = _“//(-77jw)/“/(-77jw)> Afw = _.f//(kw)/f/(kw)'

Proposition 5 At a competitive equilibrium, o, is strictly decreasing for all w < w* if
absolute risk aversion is non decreasing. If, on the other hand, absolute risk aversion is
decreasing, 0ey 18 increasing when: either w < w™ orw € (W™, w*) and B(Apy — Agw) >
['¢(w)Afy, for some T'g(w) > 0 (whose value depends on w and f).

Since o4, must be eventually zero for w > w*, when the degree of risk aversion is
decreasing in consumption, consumption variance will be typically hamp shaped, except
when it has more than one critical point. For instance, consider the following simple
parametrization:

u($):]Og$> f(k):‘%\/%> p:2/3> p=1, v =0.

In this case we have

5 W

kw:max{(l—a) 5

} , yw = T(w) = max {2&(1 —a)— 10671),0}
-

for w <w* =2 and ky, =1, Y, = 0 for w > 2. Moreover,

(1-a)at+wa/(l-a) if w<2(l-a)?
O =% (3/2)(V2w — w) it we201-m)%2,
0 it w>2,

so that 04, is hamp shaped with a single critical point at w® = 1/2 (see figure 3).

Equal treatment

An equal treatment allocation is a solution to the Planner’s problem under the condition
0., = 1 for all w € [0,1]. The first order conditions imply that this allocation is charac-
terized by the same amount of bad state consumption for all agents, i.e., zp, = & for all
w € W. Assuming that full insurance cannot be attained at a CE allocation and using
the feasibility condition, we get,

Cp = ((1 - 0) Zpgf(kW)Mw + p(i — ];) +pgl7(ﬁ - a)/()/)) /o,

where k = Zw ks, ¥ = Zw Y My -
Since in the equal treatment allocation the bad state consumption of individual con-
sumers’ is invariant with respect to their initial income, consumption variance across
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states of nature in any single country varies with this country’s good state consump-
tion only, as long as aggregate variables stay constant. This implies that consumption
variance, V(w), as a function of a single country’s income, w, cannot be increasing.
This is shown in the next, proposition, under the assumption that yft = pyw/ pg- This
assumption is made to make the equal treatment allocation as close as possible to the
competitive allocation.

Proposition 6 In an equal treatment allocation V(w) is non increasing. More specifi-
cally, there is a value wl* > 0, a value w} > wT (with w* > 0 if § > «), such that V(w)
is positive and invariant with respect to w for all w < wl*, V(w) =0 for all w > w} and
V(w) is strictly decreasing in w for all w € (W, w?¥).

5 Conclusions

In this paper I have studied the constrained efficient allocation of capital and consump-
tion across states and income levels in a world economy where countries can insure
incompletely against idiosyncratic shocks and they are subject to borrowing constraints
as a consequence of limited commitment on contract obligations. I have shown that,
whereas the degree of risk sharing and the default premium are, respectfully, increas-
ing and decreasing with income, the standard deviation of consumption may be a non
monotonic function of income. This happens when the constrained efficient, allocation is
decentralized as a competitive equilibrium with credit limits and it is a more likely out-
come if the legal protection of lenders’ rights is more problematic when the borrower is
a consumer rather than an entrepreneur. This may explain why the correlation between
output volatility and GDP in a cross section of countries is negative and significant for
a dataset including developed and less developed economies and much less significant
when the dataset includes relatively poor econornies only.

A byproduct of this analysis is that, when lenders’ protection is more problematic
with respect to consumers rather than entrepreneurs, credit limits are not sufficient to
decentralize a constrained efficient allocation as a competitive equilibrium. The reason is
that, in this case, a country with low income may get more access to international lending
by shifting resources from consumers to entrepreneurs. However, this redistribution
cannot be implemented through credit limits only.

Although my model is completely static, one can embed the same basic framework in
a dynamic environment by assuming (as in Galor and Zeira (1993) and Piketti (1997))
an overlapping generations structure where agents derive utility from bequests. Under
this extension, it is not difficult to show that the time path of the development process
is crucially affected by the stochastic realizations of the risky projects and, hence, slow
growth may be a consequence of misfortune (as in Acemoglu and Zilibotti (1997)).
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6 Appendix

Proof of proposition 4

A solution to consumers’ choice problem exists and is unique for all w under the condition
Tp > p > 14. Moreover, the following conditions are verified

> piv (@) (rj—p) > 0, (14)
J
Pg¥ (@gw) (f'(kw) — p) — Pt (Tpw)p > 0, (15)
f/(kw) — Tty = 0, (16)
fkw) = 7fbp — Ry — pyw/pg —Tw = 0, (17)

where ky, = yw + bpyw + bpp. It is immediate to verify that equation (14) holds under
the assumption 7, > p > r, when the marginal utilities, v/(xp,) and u'(z4,), satisfy (6).
In particular, the equation holds with equality if and only if w allows for full insurance.
In fact, by the zero profit condition, ) ;DT = P, the unrestricted individually optimal
level of d,, provides full insurance. Hence, the constraint d,, < d,, must be binding for
all w at which full insurance cannot be attained under second best efficiency. Using the
zero profit condition pgry = p in equation (16) and plugging the first order condition
at a constrained efficient allocation, (6), in equation (15), we can derive the following
inequalities:

p/(1—p)> f/(kvu) > ﬂ/pg' (18)

Since the efficient investment, k,,, must be greater than or equal to /%, which implies
paf'(kw) < p/(1 — a), inequalities (18) hold for all efficient values of &, if p/(1 — 3) >
p/pg(1—a),ie, f>1—py(l—a)

Now suppose that w is such that full insurance cannot be attained at the constrained
efficient allocation. Then, the first order conditions (14)-(16) hold with inequality and
the optimality of a competitive allocation is insured by the triple (dy,, bpw, B_fw) satisfying
the following equations

ﬂ(f(kw) - yw/a) = /7((1 - 'Y)w - Ehw - Jw) + Tgczw + f(kw) - ngfw — Y, (19)
kw = yw + bhw + bfw> (20)
Y = p’)/“)/pg + Ty (21

Using the zero profit condition ), p;r; = 0 and solving (19) and (20) for dy and by,
we get,

Ty = [p(w = k) + (1 = B)pgf(kw) + pgyu (B — ) /) /po. (22)

Now I try to decentralize a CE allocation as a competitive equilibrium with T, = 0.
In this case, ¥, = pyw/py and
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Ty = [Pg(1 = B)f (kw) + plw — k) + pyw(B — ) /a)] /o

Since I am assuming that w is such that full insurance cannot be achieved, must be
Tgw > Tiyw- In turn, this inequality holds if and only if

(B = pg)f(kw) + phu

w < vlkw) p(L—~+75/pger)

Notice that, by proposition 3, the assumption that the first best cannot be attained
implies that,

¢ <010 = 22 pu. (23)
By equation (23)), v(k*) > . Now, for k € [k, k*], w < v(k), define

G(k,w) = u/(wb)/u/(ﬂfg) - ﬁpgf/(k)/(l) -(1- ﬁ)pgf/(k))-

Since 3 > «, G(k,w) is strictly increasing in k and strictly decreasing in w and
G(k*,v(k*)) =0, G(k*,w) > 0,

for all w € [0, v(k*)]. By the definition of k, Bp, f'(k)/(p— (1 — B)pyf'(k)) is well defined
and equal to 5/(8—«) if and only if 3 > . Tlet G(/%, w) be the limit of G(k,w) as k — k
when 8 = a. Since G(k,v(k)) < 0 and G(k,w) is continuous and strictly decreasing in
w for all k > k,

o if G(k,0) < 0, we have G(k,w) < 0 for all w € [0, v(k)] and,

o if Cf(/%, 0) > 0, there exists a unique value 1 ¢ (0, v(k)) such that G(k, %) = 0 and
G(k,w) < 0 for all k > .

Now let w* = v(k*) and w™ = 0 if G(k,0) < 0, w™ = @ > 0 if G(k,0) > 0. We can
state that, for all w € (w™,w*), G(k*,w) > 0 and G(k,w) < 0. Hence, by continuity
and monotonicity, there exists a unique value, k = x(w), such that G(k(w),w) = 0 for
all w € (w™, w*). By the implicit function theorem, x(w) is continuously differentiable,
strictly increasing and such that x(w*) = k* and x(w™) > k (with s(w™) = k when
G(k,0) < 0). Hence, for all w € [w™, w*], ki = k(w) is a CE level of investment at a
competitive equilibrium, since, for this value of k, the first order condition (6) is satisfied.

On the other hand, if § > o and w < w™, we get x(w) < k, which is not compatible
with constrained efficiency. Then, in this case, I try to decentralize the CE allocation as
a competitive equilibrium with a positive ex post transfer T,,. Namely, assume § > a,
w™ > 0 (i.e., G(k,0) > 0), set ky, = k and define the function
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u ((p(w - /%) +pg(1 — ﬁ)f(/%) +pgy(B — O‘)/O‘) /pb) B

u(B(f (k) —y/a)) f-a

Evidently, the competitive state contingent consumption, (Zpy,%q.), satisfy the first
order conditions (9) for a CE allocation if and only if H({(w)) = 0 for some {(w) >
pyw/pg. In this case, I set T;, = ((w) — pyw/py. Notice that

H(y) =

H(pyi/pg, ) = G(k, ) =0,

and H(y°(w),w) < 0 for some y°(w) > ypw/pg, w < W, where y°(w) is the value of y,, at
which 24, = Zpy, for ky, = k. Since H(y,w) is decreasing in y and w, for all y > pyw/p,
and w <, we get,

H(pr/pg>w) >0, H(y°(w),w) < 0.

By continuity, there exists a unique value, {(w) > pyw/pg, such that H({(w),w) = 0
for all w < @ = w™. Moreover, ((w) is strictly decreasing for w € (0,w™). This
completes the proof of the proposition. In particular, by the first order conditions for
a CE allocation, we get that pyy, = pyw, T, = 0 for all w > w™ and ¢, = y(w),
Tw = ((w) — pyw/pg > 0 for w € [0, w™]. Q.E.D.

Proof of proposition 5

By proposition 4, at a competitive allocation,

Tgw = PB(flhw) = Yu/a),
Ty = (1= B)pgf(kw) + plw — k) + (8 — a)pglw/ ) /Dby

Then,

Oew = [(B = 0g) [ (kw) — p(w — kw) — Yl — pgar) /] /Do

Now, let Ajy = =t (250) /¥ (), (J = 9,0), Apyy = —f" (kw)/ [/ (kw) and recall that,
for w < w™, ky = k and 1, = ¢ (w), where ((w) is defined in the proof of proposition 4.
Taking derivatives, we get

C/(“)) = _pO‘Abw/[pg(ﬁ - O‘)Abw +pbﬁAgw]-
Since, for w < w™, ky, = /%, we get

O ey _ Pﬂ(Alnu - Agw)
ow pg(ﬂ - O‘)Abw Jf"pbﬂAgw
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This expression proves the first part of the proposition.
Now let w € (w™,w*). Then, k, = k(w), as defined in proposition 4, and y,, =
vpw/pg. Taking derivatives, we get

(1 -7+ %) Apw + %pbAgw
Tty Arw + (0 = (1= B)pg [ (kw)) Avw -+ BpoS" (k) Agw

K'(w) = p

Then, 0, is increasing in w for w € (W™, w*) iff B(Apy — Agw) > T f(w)Afy,, Where

p(1 =+ Bv/pga)
(M=~ +~/a) f'(kw) — p7/Pga) (p — Po.f' (kw))

Ly(w) =

Q.E.D.

Proof of proposition 6

For the most part of this proof I will consider w as the initial income of a single country for
which full insurance cannot be attained. Hence, by the previous discussion, constrained
efficiency implies

Tgw = ﬂ(kw - yw/a)> Yw > P'Yw/pg-
First, I prove the following lemma.

Lemma 1 Suppose that the first best cannot be attained. In an equal treatment allocation
there is a value w* > 0, a value wi > w]* (with wl* > 0 if B > ) and an increasing
continuous function ke(w), such that k,, = k and Yo =G > pywl*/pg for all w < wl,
kyw = ke(w) and Y = pyw/py for all w € (W, w}] and ky, = k*, Y = pyw/py for all
w > wr.

Proof. Notice that, for an equal treatment allocation, 4., > ¢, if and only if w < s(k),
where

s(k) = (f(k) — c/B)pgar/py.

s(k*) > 0 is guaranteed by the assumption that the first best cannot be attained (i.e.,
by equation (23)). In fact, s(k*) > 0 iff Gf(k*) > & and, by (23),

cp < Z ij$jw Hay < < ﬂf(k*)
w J

Finally, for k € [k, k*], w € [0, s(k)), define
F(k,w) =u'(e)/u'(B(f (k) — ypw/pgex)) — Bpgf'(k)/(p — (1 = B)pgf'(K)).
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Notice that F(k,w) is strictly increasing in k and strictly decreasing in w and
F(k*, s(k*)) =0, F(k*,w) >0, Yw € [0, s(k™)].

By the definition of &, Bpyf’(k)/(p — (1 — B)pgf'(k)) is well defined and equal to
B/(8—a) if and only if 8 > a. From now on, we take F(k,w) as the limit of F(k,w) as

k — k when @ = q. Nf)tice; that, since F(k,w) is continuous and strictly decreasing in
w for all k > k and F(k,s(k)) <0,

o if F(k,0) < 0, we have F(k,w) < 0 for all w > 0 and,

o if F(k, 0) > 0, there exists a unique value e € (0,s(k)) such that F(k, @) = 0
and F(k,w) < 0 for all k > ..

Now denote w* = s(k*), w? = 0 if F(k,0) < 0, w? = 1, if F(k,0) > 0. We can
state that, for all w € (W™ w?), F(k*,w) > 0 and F(k,w) < 0. By continuity and
monotonicity, there exists a unique value, k = k.(w), such that F(k.(w),w) = 0 for all
w € (wl",wk). By the implicit function theorem, k.(w) is continuously differentiable,
strictly increasing and such that k.(w*) = k* and k.(w™) > k (with k.(w™) = k when

F(k,0) < 0).
Using the first order condition (6), we can claim that k,, = ke(w) for all w € [wl*, w}],
ky = k* for all w > w} and k,, = k for all w < w*. Moreover, for w < w*, v = 9,

where §j is the unique value of ¥,, such that

o' (@) /1 (B(f (k) = yw/a)) = B/(B —a) =0.

Then, by the first order conditions for a CE allocation, we get that y,, = pyw/p, for all
w > w and y, = g for w € [0, w]]. Q.E.D.

Now notice that 4, = &, for all w > w¥, x4, = B(f(k) — §/a) for w < w? and

ul(éb)/u/(afgw) - ﬂpgf/(/ie(w))/(p -(1- ﬁ)pgf/(/ie(w))) =0

for w € [wl*,w}]. Then, taking the derivative of the above expression with respect to
w € (wg,wy),

Oag | pI W @) 0

dw | p— (1= P k)

Since &L (w) > 0, the above shows that x4, is decreasing in w for w € (W, w}). Q.E.D.

F1 k)" (2 gw)
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Figure 1: Average p.c. GDP and volatility in 1980-2000 for subsamples of countries (WDI data base).
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Figure 2: effect of increasing w.
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Figure 3: Consumption variance as a function of income.
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