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Anomalous scaling laws appear in a wide dlass of phenomena where global dilatation invarianee
fails. The analys® of financial time series shows that the asymptotic behavior of the probability
dstribution of stock market returns is consistent with a power law decay at relatively short time
seaks while the shape of the Gansian & recovered for montly retums. Th change of behaviour
alsn implies muktiscaling in the moments of absaluwte retums. Anomalous scaling, o multiscaling,
ha sl been detected in the avtocomrelations of absohite returns for various market ndices and
CUITETIC s,

[ propeese a model of heterogeneons mteracting traders which cm explain some of the stylmed facts
af stock market returns. In the model, synchroniation effects, which generate lage fluctuations
in returns, anse purely from commmication md mitation anong traders. The key clement i the
moddel & the introduction of a trade friction which, by retponding to price movements, creates a
feedback mechan®m oo future trading and generates. wlatility dhistering. Scaling and mub soaling
mmabss performed an the simulated data is i good quantitative agreement with the oopirical
mesul s,
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L INTRODUCTION

The analysis of martket Indewes and exchange rates shows that the asympiotl bebavior of the probability distriution
of teturns & consktent with a power law decay Pr) ~ ' # with an exponent jo~ 3 (Pagan (1996), Guillaume et
al. [1997), Goplkrishnan et al. [1999)). Moreower, while sock market returms are unoormelated on lags larger than
a slngle day, the autocorrelation lunetion of e volatlity & positive and slowly decaying, Indicating ong memaory
effects. This phenomenon & known In the literature as volatility custering (Ding et al. [1993), de Lima & Crato
[1994), Ramsey [1997)).

Conslderable attention has been devoted In detecting comesements of volatility with other eopnomic variahles in
the attempt to Interpret and capture the souree of clustering effecis In returns. In partienlar a lot of effort has heen
devoted 1o the analysls of correlations hetween volatlity of returs and trading volume, Empirical evidence has heen
povided [Tawchen & Plits [1983), Ronals et al. [1992), Pagan [199646)) of a posltive ¢ross correlation between 1lwse
1w quantites.

It i& not setiled yei whether the emergence of power law Huctuations and velatility clustering ls due to exiernal
Tactors, like the arrival of new information, or to the Inherent Interaction among market players (for example herding
hehavior) and the trading process isell.

The aim of this paper B to understand which mechankms in the process of trading can gemerate the statktical
Teatures ohserved in the loanclal data. My bellel B that the Interactions among traders and thelr heteroge meois
nature by themselves, ndependently of other detalls of the microseoplk environment, might be resporsible for many
of these features and for the large seale behavior of aggregate economic variables. In the next section I brlelly describe
1he ageni-hased model (Torl (1999), Lorl(2000)) used 1o generate price hitorls theough numerical simulations and
1he slmidation strategy. Insection 3 anomalous scaling and multifractality am defined. In section 4 resulis of sealing
and mulii-scaling analysis are discussed. Sectlon § concludes

II. THE MODEL

The market conskis of a market maker plis 8 mumber of molse traders. Traders buy om or sell to the market
maker and respond toa slgnal which neorporates ldiesyneratie prelerences and the nfluence of the traders nearest
1o them. Only one kind of stock 1s traded, whose price 1s set by the market maker on the hasls of the ohserved order
Hemw

Agenis oecupy the nodes of a L= L sguare lattice with perlodie boundary condiilons. At each time step £ a glven
irader, i, chogses an actlon 5;(1) which can take one of three values: +1 I [sihe buoys one wnit of the stock, —1 1T
{81l sells one unit of the stock, or O I (g)he remains Inactive. The irades undertaken by each player are hounded hy
Ik respurees plus the consiraint that [s)he can buy or sell only one ndivisible unit at a time. Each agent @ responds
1o a sgnal ¥(i):

Yilt) = ¥ JySiit) + Awt) (L)

S

where < i § > denoies that the sum Is taken over the set of nearest nelghbours of agent 1. Nolse iy mepresenis a
uniformly distibuted shock 1o the agent's personal prelerence.

Under [rictionless trading each agent would buy at the slightest positive signal and sell at the slightest negative
one, [ depart from this benchmark by assuming a trade Irletlon which leads a fraction of the agents 1o belng Inactive
Imany time perigd. This rictlon can be Interpreted, for example, as a trasaction cost which s specific to each agent.
Alternatively It eould be Interpreted as an Imperfect capaciiy to aceess Information. Formally T medel this frietlon
as an individual threshold which each agent's signal must exeeed 1o Indpee him to trade. Each agent compares the
slgnal e woeives with his individual thresholds, £771), £7(1), and undertakes the decision:

St =1 1f Y =£7(1)
Sl =0 of g7(r)< ¥ty < &£7(1) (2)
Silty=—1 4f Wig) = -0t

The £:(1) are chosen from a Gasslan distribution, with initial variance o¢(0) and mean g (0), and are adjsted over
time propertienally with movements In the stock price. T will conslder the case gy = Oand £701) = —£701). Agents'



heterogeneity enters through the distcibmion of thresholds. The homogeneous iraders soenario can be recovered in
thee limit when o =10,

Indtially agenis whose ldlesyneratie signal exeesds thelr ndividual thresholds make a decislon to buy or sell and
suhaeg pently influence thelr nelghbors’ according to eq. 2. A consultation round 1o make declsions B allowed helore
trading takes place. Traders declde sequentially and can revise past decklons on the basis of signak recelved foom
thelr meighbors. This process conwverges when no agent ¢hanges bk decldon. Onee the deglsion making proemss s
com plete traders place thelr orders simulianeosusly.

The aggregate demand, D[t} and supply, Z(1), of stocks at time § are

Diny= 3} &) Zn=- )} S

=R} 0 =R} <0

and the trading volume & V(&) = Z(1) + D[1).

Traders buy Twom or sell to a market maker who, when the orders of the traders do not mateh, takes up the eooos.
In this way buy amd sell ordes are always Mled. The market maker adjist priees according to the Tollowng pricing
rule

D[I]) (3)

Pit+1)=Pit) | —
(t+1) H(ﬂ“
where the coelliclent o, which measures the price speed adjustment, s assumed proportional to the evem]l trading
vl e

o =aV i)/ L* (4

als a comstant and LF is the number of traders and represents the maximum mummber of stocks that can be traded at
any time step. The asymmeiric peaction of market makers to Imbalanee orders placed in periods of high versus low
activity in the market s consistent with the empirically olserved positive cormelation beiween absolute price returns
and trading volume.

Eveniually a feedback mechanism ls Imtroduced such that price changes lead 1o an adjistment of next period's
thresholds, S8+ 1):

I
(t+1) = 60 5 (5)

Note that there I8 8 memory effect In the readjustment mechanlsm for theesholds, Le. next periods threshold s
pmportional o last perlod's one and not 1o the Initlal one. My assumpiion that thresholds Increases when prices
Inereases 15 motivaied primarily by tle fact that I & arke Iom tramsaction cosis, such as brokerage commissions,
these are proportional 1o stock prices. The asymmetrle response of threshold to the direction of price changes Induce
an asymmeirie mspomse of tradiog volume. See Dol (3000 lor & decisslon on the empirieal Jistification of this
As& | i don.

The ouicomes of the model for diferent values of the parameters ave simulated numerieally,. The analysk wil
Te centered on the satistical properties of the dstribution of stock returns and on the auipeorrelation of absolute
oL,

The dimension of the lattiee Is set at L = 1. Each agent & Initlally given the same amount of stocks 500 = 1K
and of cash M (0] = 10P(0), where P{0) = 1. The market maker 1s glven a mmmber of stocks, N, which s a
muliiple m of the mumber of traders [£*) and an infinite amount of money.

The initial valuwe of the thresholds' varianee og(0) = 1 and pg (0] = 0. The coeflieient 4 i eq.(1) is fxed at 4 =10.2
and the individual nolse signak i are uniformly distribeted in the Interval (-1, 1).

In any trading round, 5(f) are et o sero at the beginning of the perled. Then each agent olserves his individeal
(i) and £(8 — 1) followlng which an intra-peried consultation with other agenis takes place. The declsion of each
trader I updated sequentially following the rulk in egs(l) and [2). Holding the walue of w(t) and £ fxed, ¥(1)
and 5;(1) ave lverated wntil they converge for each trader. At this point each trader places her order slmltapeomsly,
determining the values of D(i), Z(1), V1), Prices are ad)isted at the end of the period by the market maker acpomding
1o eq. (3] and eq.4), leed back Into thresholds acoording to eq.(6) and a new irading round begins.



IIL SCALING AND MULTI-SCALING ANALYSIS

Scaling invariance, Le. Invarlance under a global dilatation, plays a fundamental role In many matural phenomena
and it I8 often related to the appeampoe of Irregular lorms which canmot he deseribed by the swal geometry. A mew
class of geometirical objecis, fractals, amd a racial dimesion to characterlze their shape have heen Introdueed.

T charagierlze a ractal object a fractal dimemsion as been Introdueed by comsidering the number of hypereubes
of edge [ necessary 1o cover an ob ject. embedded In an D-dimensional space in the limit T — 0

NI~ 17 (6

The object & a ractal Il Dy & larger than the topological dimemsion (while Dp < 00
A general way to characterlze a muliifracial ohject B 1o consider the sealing of an approplate probahbiliiy measure
plz) over the ebject. One can define a coarse grained probabllity demsity

plz) = L i ™

which measire the 'mass’ of & hypercube A, of sloe [ and eentered In the point 2. In gemem] wiz) scales with an
e poent o which depends on the particular point =

mlz) ~ I (2

o= DO the object 1s an homogenems ractal. Ina # D the ob ject 15 sald o be a multifractal and can be regarded
as the superpmsition of difflerent ractal sets

Fla)= {z such that py[z] ~ I} (9

each one characierized by a different ractal dimension fle), Le the mumber of hypercubes of slee | necessary Lo oover
a suleet Flo) seale as:

fafiee) e PP (10

The Huctpations of the exponents o are determined by & probabiliiy distribetion which can be reconstructed [om
the knowledge of tle mass momenis seallng
LT
< =) == mlx(E)T A~ T (11)
k=l
where ) are the geperalized dimensiors. For an homogenous fractal d, = Dp lor any g The deviation from this
limear seallng lor the mass moments ghvs a measure of the degree of Intomoze el .
It & possible to show (Paladin and Vilpiani (1987)) that the generalized dimemsions d; and the fractal dimensions
Flax) of the sets 5(a) are related via a Legendre tramslorma tion:

(4 — 1)dy = minfay — f(a] (12)

a0 that each moment g selecis a partieular exponent o

Anomalous scaling laws appear In a wide class of phemmena where global dilatation Invarlance [alk [(see Paladin
and Vulplanl [1987) and Bohr et al. [1998) [or a review ). Muliifraciality is not only assoclated 1o 1o the spatlal
Muctuations of an ebeervable. Intermittent behaviowr In dynamical system, le. strong time dependence In the degree
ol chagtleity, s acoom panied by anomalous sealing with respect to time dilatations In the trajectory space. 4 measure
ol the degree of ntermittency reguires the Intreduction of an nfinite st of exponents assoclated to the multifractal
stricture of an appropdately defined probability measure.

While muliifractality s defined In terms of geometrie properties of an appropriate probahility measure, the notlon
ol multiaffinity s Imtroedweed to characierkze a a slgnal $(x) such that

e +7) — philz)| ~ (13)

when the expomsent & Is a non leear Tuection of ¢, IT the non lisear shape of the scaling exponents & & a oon-
seguence of intermittent bebaviowr mulilafinity also nvolves multifractality of an opportunely defined probabilicy
measure. Multifractaliiy and Heetuation is time of the level of chaoticity are indeed two aspecisof the same problem.
Nonetheless the relation between spatial multl-fractality and temporal Intermittency s not simple and the delinition
of & multifracial measure remains arbitrary unless theoretically motivated [1ke for example in turbelenee ).



IV, RESULTS

In order o pompare the distriboton of returns at different time scale one can define the normalized return
1 Pit)

(= u—"ﬂ'ﬂ'm

where - =< +31) = — < #[1) >¥ I8 averaged over the eniire time serle of returre. In fig. (1) the eumudative
probablity distribution for the rescaled returns s ploited on a loglog seale at ¢ = 1 and ¢ = 2% [posiiive and
negative returns were merged together by taking thelr absoline walues). IT the metum disitibution decays as a power
law Pr) =~ r—[l + p) than the cumulative distrbution of finding 8 retwrn larger than ¢ goes ke P(F > #) o~ TJ;_-
While the distributlon of returts & well approximated by a Gaisslan at large + [ find & powerlaw behaviour for the
cumplative distribution well approximated by an lnverse ¢uble-law (shown in fig. (1) with & dashed Ioe) for + = 1.
ThE means that it 1s not pessible to find an real mymber b such that the statkstical properties of the rescaled varla hles
r (L) do oot depend on 1.

A gealing behaviowr of the probahility distribution of returms would Imply a simar sealing on the moments of #_(1),
the sp-called structure lonetion, defised as

(1)

Fir) =< |r (f)|7 e o410 (15)

Independent random walks models always kave 8 wndgue scaling exponent [the prooss b sald sell-afline) and £q) = by
For example in the Gausslan case b= 1/2. 1T £ Is a a non lear Dumetion of ¢, the process is called multi-affine
Mulilscaling & an indication that &y, even Il uneorrelated, k& a dependent stochastic process and it Implies 1le presence
of wild fuctuations, The larger the difference of £ Irom a lnear bebaviour 1o g the wilder are the Ructuations I
analized the scaling of the moment of the distribition for the slmulated data and detected multiscaling In analogy
with real financial time series [(Ghashghaie et al [ 1996, Baviera at al [1998]). In fg.(2) g Fylr)) /o la plotied versis
Ipgr for g =2, 4,6, For a random walk process the three eurves would bave the same slop. In fig.(3) & & plotied
virsls . By islng a step-wike linear regresslon, the slopes are estimated as belog (AT lor g < 3 and (.14 for g = 3.
The rapdom walk approximation, with £; ~ ¢/2, Is compatible with tle data enly at g < 3. My results are in good
agreement with tle emplrical analysis performed by Baviera et al [1998) on the DM /7S exchange rate gquotes. They
alsa fpund that for g < 3 the slope 18 comslstent with the random walk hypothesis, while lor g = 3 the slope falls toa
valipe of (.25,

It i& well known that absolute market returns are characierized by long range correlations. In fg.(4) the autooor-
relation funetions of aleolute return ) and, for comparison, of simple returns €

ColL) = <riirlt +1) > — < rit) >< {1+ L) > (16)
Cloil) = < |Fit)lr(t + L)| > — < rit)] =< |r(e+ L] >

are plotted as a lunction of the time lag L. Fig.(4) shows that while retwrns are oot correlated, the antooorrelatlon
Tunection of alselute returns s slowly decaying revealing the presence of long term memory. B/5 analyss provides a
precise test for inferring whetber the decay of O (L) Is exponentia] (as in the GARCH model) or hyperbolic, e

Cir|(L) ~ L¥7* (17)
where H B the Hurst exponent. Lo (1991 poloted ot that the simple B/5 statistle may have difficuliies n distin-

gukhing between lbng-memory and short-term dependence. Glven a tlme series X, Lo (1991 suggested to caleulate
1l following modified B85 (MRS statistie (s, L):

l u u
Qs L) = ———| max g[l’a - X0 - 1211].]5’.. E[-xi - &1 (18]

o™ (g, L) 1<uds

whene

1.2 . 7 L 5
o™ (g Lj= ;E[xi -7+ ;EU;'[LJ Zl[-x-i - &I -X) (19
im =

=it

&



L

= 78 + 23 w(L)yis), g<n
i=1

The weights w;[ L) used are

I
will)=1- 7" (20)
=; are the auto-covarlance operators caleulated up to a lag L= .‘.l'r_a X, is the mean over a sample of sise 5. The
case L= () glves the classical RS statlstle. The Hwst expoment, H, & caleulated by a silmple lsear regression of
log (s, L)) on log(e). [Monly short memaory 1s present 5 should converge to 1/2 while with long memory, B converges
1o a value larger than 1/2. T divided the orlginal volatlity sample of slee n = M0 Inte 0/s non everlapping Intervals
of glee & amnd estimated s, L) for each of the Inervals so deflined and averaged i owver all of them. Errors were
estimated as the standard deviatlon of the s, L) over the n/s Intervak. Thi procedure was repeated for diferem
valoes of & In the range 3 < & < 2, Results of the MRS statisties are plotted in fg.(5). T fourd a slope H = (.85
over the whole range of considered valees of & which Indleates a hyperbolk: decay in the auioeorrelatlons, with an
eipoment § = 2H — 2 = -3 I iested this valee of 7 against the plot of the aleolute returns autocorrelations in
fig (4). The solid line & a power law ¢urve with exponent F = —(0.3. The agreement with the data Is good throgghost
the comsidered valies of L, up to L = i, Empirical studies (Ding et al. [1993), Cont et al. [1997), Baviera et al
[1908), Pasguind & Serva [1999), Ll et al. [1999)) have estimated a walue of L1 < 5 < 04 for the absolute returms
antoeorrelation of many Indiees and cumencles. My msulis are In good gquantiiative agreement with the empirical
oheervations.
Multlscaling of volatlity autocorrelations has been detected (Baviera ei al. (19881 through the amalysis of the
generalized correlations

Co(L) =< (e |rit 4+ LT = — < |e(0]7 < [rit +L)[7 (21

Chanching 5 ome ¢an locus on correlations of returms of com parable slee: small returns are more melevant at small 5
while ([ L) Is dominated by large returns at large 5. I the aleolute return serle [#()|7 shows long term memory

Coi L)~ L7 (22)

while Il |ri1]|7 Is an uecormelated proeess than § = 1L Multbecaling would be signaled by & non linear shape of J..
The nature of the bng tem cormelations can be hetter Investigated through the analysls of cumulative returms
Instead of single returns. Followling the motatlon In Baviera et al. [1998) we constmict the varlables ¢y L, 4):

L-1

!
dilloy)= 7 3 |+l (23)

=il

where the sum Is taken over mon overlapping Intervals.
It can be ghown [Baviera et al. [1998)) that the autoeorrelations of powers of absolute returms have the same
asym piotie hebavior as the varlanee of cumulative absolute returns:

Sl (L, 7)) =< g (L) > = <Ly 7) > LA (24)

We calpulated g [ L,4)) when 5 =1 and found an exponent [#[1) = (L3 ln agmwement with the MRS analysis.

The scaling expoment [74) of the varlanee of the varlables phi, (L, 9) Is shown o Bg(6) lor () < 5 < 4. In analogy
with the NYSE Index and tlhe USD-DM exchange rate (see Baviera et al [1998), Pasqguind & Serva [19989)) 5(+) 1s mot
a comstant Tunction of 4 revealing the presenee of different anomalous seales, The convergence of F(4) 1o one reveak
that large Muctuations are practically independent.

V. CONCLUSIONS

Thi paper has guilined a mechanlsm which can explain certain gtylized [acis of siock market returns, According Lo
1he mode] synehronkation effecis, which generate large Quctations In returns, can arke purely rom commumnication
and Imitation among iraders, even In the absence of an ageregate exogenous shock. While aggregate news, Le



Information on past price changes, plays a role In the model via the feedback effect on thresholds, this pews s
determined endogenosly in the model

In this paper an owersimplifled communication structiure has been assumed with agents arranged on a regular
hidimensional lattice and Interaciing only with thelr nearest nelghbors. A more realkile communieation stncture
should be consider and the effects of different assumptions should be lmastigated. A preliminary analysk has heen
performed where agents are linked on a random graph to a glven momber of other agents chosen at random. T find in
this case a decrease In the returns’ wlatllity as the mumber of conmected agents Incmpases, revealing a stabllizing role
for a larger commimication metwork.

It has alko heen assumed, In a vestrletbve way, that only positive spillover eflects are present, with agents always
Imitating each other In the model. I have relaxed thes assum ptlon iroducing a mimber of contmdan traders which
recelve & slgnal o act In the direction opposite to the one predominant In thelr reloenee group. Preliminary resulis
ghow that by inereasing the number of contrarians the volatility decreases in the market.
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FIG. 5. Maodified MES statistics for alsalute returns for ec = ab’[8) )V and p= 1. We plot the log of Qs L), averaged aver
nfs mm overlapping intervals, against the log of the sample siwe 5. Emars are estimated 2 the standard deviation of Qs L)
aver the nfs intervak. With a simple Ensar regression we find a dlope H = (L85,
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FIG. 6. Scaling exponent () of the variance vard (L, v) = a function of . Anomalous scaling Av) < 1 & shown
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