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'RULV $� %HKUHQV
�
DQG 5HLQKDUG 1HFN

�

� 'HSDUWPHQW RI (FRQRPLFV� 8QLYHUVLW\ RI .ODJHQIXUW� 8QLYHUVLWlWVVWUD�H ������ $�����

.ODJHQIXUW

$EVWUDFW� :H SUHVHQW DQ DOJRULWKP WR VROYH 1�SHUVRQ GLVFUHWH�WLPH /4 JDPHV H[DFWO\� DQG

GLVFUHWH�WLPH QRQ�OLQHDU TXDGUDWLF JDPHV DSSUR[LPDWHO\ E\ PHDQV RI DQ DSSURSULDWH OLQHDUL�

]DWLRQ SURFHGXUH� ZKHUH 1!�� $PRQJ WKH GLIIHUHQW VROXWLRQV RI WKHVH G\QDPLF JDPHV DUH

RSHQ�ORRS DQG IHHGEDFN 1DVK DQG 6WDFNHOEHUJ HTXLOLEULXP DQG 3DUHWR�RSWLPDO VROXWLRQV�

ZKHUH WKH GHULYDWLRQ RI HDFK RI WKHVH VROXWLRQV LV H[SODLQHG LQ GHWDLO LQ WKH SUHVHQW SDSHU�

.H\ZRUGV� '\QDPLF JDPH WKHRU\� QRQ�FRRSHUDWLYH HTXLOLEULXP VROXWLRQ� FRRSHUDWLYH

HTXLOLEULXP VROXWLRQ� QRQOLQHDU G\QDPLF V\VWHPV� RSWLPDO HFRQRPLF SROLFLHV�

&
�'���(�����

'\QDPLF JDPH WKHRU\ VHUYHV DV PDWKHPDWLFDO LQVWUXPHQW WR LOOXVWUDWH TXHVWLRQV RI

VWUDWHJLF LQWHUGHSHQGHQFHV EHWZHHQ SROLF\ PDNHUV� LQ SDUWLFXODU LQ WKH DQDO\VLV RI

SRVVLEOH DGYDQWDJHV RI LQWHUQDWLRQDO SROLF\ FRRUGLQDWLRQ� 'LIIHUHQW VROXWLRQ FRQ�

FHSWV DUH GLVWLQJXLVKHG LQ WKH OLWHUDWXUH RQ G\QDPLF JDPHV DFFRUGLQJ WR WKH LQIRU�

PDWLRQ SDWWHUQV DQG WKH VWUDWHJ\ VSDFHV RI WKH SOD\HUV� ZKLFK FRUUHVSRQG WR WKH

GHJUHH RI FRPPLWPHQW DVVXPHG IRU WKH SOD\HUV �VHH� H�J�� %DVDU DQG 2OVGHU �������

'RFNQHU DQG 1HFN ������� /HLWPDQQ ������� 0HKOPDQQ ������� 3HWLW ��������

7KHUHIRUH� ZH GLVWLQJXLVK EHWZHHQ QRQ�FRRSHUDWLYH DQG FRRSHUDWLYH VROXWLRQ

FRQFHSWV RI G\QDPLFV JDPHV� ,Q WKH IRUPHU FDVH ZH H[FOXGH ELQGLQJ DJUHHPHQWV

EHWZHHQ WKH SOD\HUV� ZKLOH WKHVH DJUHHPHQWV DUH DVVXPHG WR EH HVWDEOLVKHG DQG WR

KROG LQ WKH ODWWHU FDVH� $PRQJ QRQ�FRRSHUDWLYH VROXWLRQV ZH GLVWLQJXLVK EHWZHHQ

1DVK HTXLOLEULXP VROXWLRQV� ZKHUH QR SOD\HU FDQ LPSURYH KHU �KLV� SHUIRUPDQFH E\

RQH�VLGHG GHYLDWLRQV IURP WKH HTXLOLEULXP VWUDWHJ\� DQG 6WDFNHOEHUJ HTXLOLEULXP

VROXWLRQV� ZKHUH WKH SOD\HUV KDYH DV\PPHWULF UROHV� )RU WKH 1DVK DQG IRU WKH

6WDFNHOEHUJ HTXLOLEULXP VROXWLRQ RI D G\QDPLF JDPH DGGLWLRQDO DVVXPSWLRQV FRQ�

FHUQLQJ WKH LQIRUPDWLRQ SDWWHUQ RI WKH SOD\HUV FDQ EH PDGH� 7KHVH DVVXPSWLRQV

VSHFLI\ WKH LQIRUPDWLRQDO EDVLV RI HDFK SOD\HU©V GHFLVLRQ� +HUH� ZH FRQVLGHU RSHQ�

ORRS LQIRUPDWLRQ SDWWHUQV� ZKHUH WKH SOD\HU©V VWUDWHJLHV GHSHQG RQO\ RQ WKH LQLWLDO

VWDWH RI WKH G\QDPLF V\VWHP� DQG IHHGEDFN LQIRUPDWLRQ SDWWHUQV� ZKHUH WKH VWUDWH�

JLHV GHSHQG RQ WKH FXUUHQW VWDWH RI WKH V\VWHP �EXW QRW RQ WKH LQLWLDO FRQGLWLRQV��



7KLV UHSRUW ZDV VXSSRUWHG E\ WKH $XVWULDQ 6FLHQFH )RXQGDWLRQ XQGHU WKH FRQWUDFW QR� 3������2(.�
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$FFRUGLQJ WR WKH LQWHUSUHWDWLRQ RI WKH GLVWLQFWLRQ EHWZHHQ RSHQ�ORRS DQG IHHGEDFN

1DVK HTXLOLEULXP VROXWLRQV VXJJHVWHG E\ 5HLQJDQXP DQG 6WRNH\ ������� ZLWK WKH

RSHQ�ORRS LQIRUPDWLRQ SDWWHUQ� HDFK SOD\HU FDQ EH LPDJLQHG WR FRPPLW KHUVHOI

�KLPVHOI� DW WKH LQLWLDO SHULRG D SULRUL WR DOO IXWXUH DFWLRQV VKH �KH� ZLOO WDNH �¦SDWK

VWUDWHJLHV§�� ,Q WKH IHHGEDFN LQIRUPDWLRQ SDWWHUQ� SOD\HUV FDQ EH LPDJLQHG WR RE�

VHUYH WKH FXUUHQW YDOXHV RI WKH VWDWH YDULDEOH DQG WR UHDFW XSRQ WKHP E\ FKRRVLQJ

WKHLU DFWLRQV DFFRUGLQJ WR D ¦GHFLVLRQ UXOH§� L�H�� D VWUDWHJ\ VSHFLILHG DW WKH LQLWLDO

SHULRG ZKLFK PDNHV WKH YDOXHV RI WKH FRQWURO YDULDEOHV GHSHQGHQW RQ WKH FXUUHQW

YDOXHV RI WKH VWDWH YDULDEOHV DW HDFK �IXWXUH� SRLQW LQ WLPH�

:H SUHVHQW DQ H[WHQVLRQ RI WKH DOJRULWKP 237*$0( ��� �+DJHU HW DO�

������� IRU WKH FDOFXODWLRQ RI WKH DSSUR[LPDWH VROXWLRQV RI GLVFUHWH�WLPH QRQ�OLQHDU

TXDGUDWLF JDPHV� ,�H�� WKH REMHFWLYH IXQFWLRQ LV DVVXPHG WR EH TXDGUDWLF LQ WKH GH�

YLDWLRQV RI VWDWHV DQG FRQWURO YDULDEOHV IURP WKHLU UHVSHFWLYH GHVLUHG WDUJHW�YDOXHV�

DQG ZLOO EH RSWLPL]HG IRU D SUH�VSHFLILHG SHULRG RI WLPH VXEMHFW WR D QRQOLQHDU

DXWRQRPRXV V\VWHP� 7KH H[WHQVLRQ LV VROHO\ GRQH ZLWK UHVSHFW WR WKH QXPEHU RI

SOD\HUV� :KHUH 237*$0( ��� UHVWULFWV WKH QXPEHU RI SOD\HUV WR WZR� 237*$0(

��� DOORZV WKH FDOFXODWLRQ RI WKH IHHGEDFN DQG WKH RSHQ�ORRS 1DVK DQG 6WDFNHOEHUJ

HTXLOLEULXP VROXWLRQV� DQG WKH FRRSHUDWLYH 3DUHWR�RSWLPDO VROXWLRQV IRU DQ DUELWUDU\

QXPEHU RI SOD\HUV�

:H SUHVHQW WKH GLVFUHWH�WLPH �QRQ��OLQHDU�TXDGUDWLF G\QDPLF JDPH IRUP LQ

6HFWLRQ �� JLYH D GHWDLOHG GHVFULSWLRQ RI WKH HOHPHQWV RI WKH DOJRULWKP 237*$0(

��� LQ 6HFWLRQ �� DQG FRQFOXGH WKH SUHVHQW SDSHU ZLWK D VKRUW VXPPDU\ RI WKH LQ�

VLJKWV JHQHUDWHG LQ WKH SUHYLRXV 6HFWLRQV LQ 6HFWLRQ ��

	
������$��������������������

237*$0( ��� DSSUR[LPDWHV VROXWLRQV IRU JDPH�WKHRUHWLF SUREOHPV ZLWK D TXDG�

UDWLF REMHFWLYH IXQFWLRQ DQG D QRQ�OLQHDU G\QDPLF PRGHO LQ GLVFUHWH WLPH� 7KXV� IRU

WKH FDOFXODWLRQ RI WKH QRQ�FRRSHUDWLYH VROXWLRQV ZH FRQVLGHU WKH IROORZLQJ LQ�

WHUWHPSRUDO TXDGUDWLF ORVV IXQFWLRQV RI WKH SOD\HUV � �1��L�L �� �

� � � � � � 1��L�;
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7 GHQRWHV WKH WHUPLQDO SHULRG RI WKH ILQLWH SODQLQJ KRUL]RQ� +HQFH� WKH FRQWURO

YDULDEOHV� � � � �1��LX 7L ���  
�

� DUH QRW FRQVLGHUHG LQ WKH RSWLPL]DWLRQ� W; GH�

QRWHV DQ U�GLPHQVLRQDO VWDFNHG ¦VWDWH§ YHFWRU FRQVLVWLQJ RXW RI VQ �GLPHQVLRQDO

VWDWH YDULDEOH �VXPPDUL]LQJ WKH LQIRUPDWLRQ DYDLODEOH DERXW WKH G\QDPLFDO V\VWHP��

WKH �Q �GLPHQVLRQDO FRQWURO YDULDEOH DFFHVVLEOH IRU SOD\HU �� WKH �Q �GLPHQVLRQDO

FRQWURO YDULDEOH DFFHVVLEOH IRU SOD\HU �� WKH �Q �GLPHQVLRQDO FRQWURO YDULDEOH DF�

FHVVLEOH IRU SOD\HU �� HWF��
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� �1��L; LW �� GHQRWHV WKH U�GLPHQVLRQDO VWDFNHG ¦GHVLUHG WDUJHWV§ YHFWRU ZKLFK

FRQWDLQV WKH ¦LGHDO OHYHOV§ RI WKH VWDWH DQG FRQWURO YDULDEOHV IRU HLWKHU RI WKH SOD\�

HUV�
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)XUWKHUPRUH� WKH SHQDOW\ PDWULFHV DUH GHILQHG DV
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GHVFULEH WKH SHQDOWLHV IRU GHYLDWLRQV RI

WKH VWDWH YDULDEOH� W[ � LQ WLPH SHULRG W � DQG WKH FRQWURO YDULDEOHV�

� ��� �WX ����� � ���W1X � LQ WLPH SHULRG ��W IURP WKHLU GHVLUHG WDUJHW YDOXHV� 1RWH WKDW

WKH PDWULFHV FRQWDLQLQJ WKH SHQDOWLHV IRU IDLOLQJ WKH GHVLUHG FRQWURO YDOXHV DUH DV�

VXPHG WR KDYH IXOO UDQN�

)RU WKH FDOFXODWLRQ RI WKH FRRSHUDWLYH �3DUHWR�RSWLPDO� VROXWLRQ ZH PRGLI\

WKH REMHFWLYH IXQFWLRQDO WR EH

� � � � � � � � �
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7KH G\QDPLF V\VWHP ¤ ZKLFK PD\ EH DQ HFRQRPLF PRGHO ¤ LV DVVXPHG WR EH JLYHQ

E\ D V\VWHP RI QRQOLQHDU GLIIHUHQFH HTXDWLRQV�

� � 7��W�\�X��X�X�[�[I[ W1WWWWWW �� ����   
�

� � ��

ZKHUH ZH KDYH WKH LQLWLDO FRQGLWLRQ� � � �� [[  � )XUWKHUPRUH� � ��7��W\W �� GH�

QRWHV D T�GLPHQVLRQDO YHFWRU RI QRQ�FRQWUROOHG� H[RJHQRXV YDULDEOHV� I LV D YHFWRU

YDOXHG IXQFWLRQ� ZKHUH � � � �VQ��MI �� 
D

GHQRWHV WKH D
WK
FRPSRQHQW RI I�

7KH DVVXPSWLRQ RI D ILUVW�RUGHU V\VWHP RI GLIIHUHQFH HTXDWLRQV LQ � �� LV QRW

UHDOO\ UHVWULFWLYH� DV KLJKHU�RUGHU GLIIHUHQFH HTXDWLRQV FDQ EH UHGXFHG WR V\VWHPV RI

ILUVW�RUGHU GLIIHUHQFH HTXDWLRQV E\ VXLWDEO\ UHGHILQLQJ YDULDEOHV DV QHZ VWDWH YDULDEOHV



�

DQG DXJPHQWLQJ WKH VWDWH YHFWRU� $OVR WKH DVVXPSWLRQ RI D TXDGUDWLF REMHFWLYH IXQF�

WLRQ� DOWKRXJK RI D VSHFLDO IRUP� FDQ EH LQWHUSUHWHG DV D VHFRQG�RUGHU 7D\ORU�VHULHV

DSSUR[LPDWLRQ WR D PRUH JHQHUDO REMHFWLYH IXQFWLRQ� 7KXV� WKH FODVV RI SUREOHPV WR EH

VROYHG E\ RXU DOJRULWKP 237*$0( ��� LV UDWKHU EURDG�

)
����������������������������������	
�

7KH DOJRULWKP 237*$0( ��� VWDUWV IURP FRPSXWLQJ D WHQWDWLYH SDWK RI WKH VWDWH

YHFWRU IURP WKH QRQOLQHDU V\VWHP HTXDWLRQV ¤ XVLQJ WKH *DXVV�6HLGO DOJRULWKP �

ZLWK D JLYHQ WHQWDWLYH SDWK IRU WKH FRQWURO YDULDEOHV� 7KHQ WKH DOJRULWKP OLQHDUL]HV

WKH V\VWHP HTXDWLRQV DW WKH UHIHUHQFH YDOXHV REWDLQHG EHIRUH� UHSODFLQJ WKH QRQOLQ�

HDU DXWRQRPRXV V\VWHP E\ D OLQHDU QRQ�DXWRQRPRXV RQH� 7KHQ� WKH DOJRULWKP FDO�

FXODWHV QXPHULFDOO\ WKH 1DVK� 6WDFNHOEHUJ� DQG 3DUHWR�RSWLPDO VROXWLRQV RI QRQ�

OLQHDU� TXDGUDWLF GHWHUPLQLVWLF JDPHV �ZLWK D ILQLWH SODQLQJ KRUL]RQ� XQGHU RSHQ�

ORRS DQG IHHGEDFN LQIRUPDWLRQ VWUXFWXUH IROORZLQJ SULRU ZRUN IURP +DJHU HW DO�

������� +DWKDZD\ ������� DQG &KRZ �������

1RWH WKDW WKH WHUP ¦237*$0(§ GHQRWHV ERWK� WKH FRPSXWHU DOJRULWKP DQG

LWV LPSOHPHQWDWLRQ� ZKHUH WKH LPSOHPHQWDWLRQ SDUW FRQVLVWV RI D VHW RI SURFHGXUHV

ZKLFK DUH LPSOHPHQWHG LQ WKH SURJUDPPLQJ ODQJXDJH *$866� *$866 LV D KLJK

OHYHO PDWUL[ SURJUDPPLQJ ODQJXDJH VSHFLDOL]LQJ LQ FRPPDQGV� IXQFWLRQV� DQG

SURFHGXUHV IRU GDWD DQDO\VLV DQG VWDWLVWLFDO DSSOLFDWLRQV� 7KLV LQWHUSOD\ LV RI VSHFLDO

LQWHUHVW IRU WKH DSSOLFDWLRQ RI 237*$0( ��� LQ WKH ILHOG RI RSWLPDO VKRUW�UXQ DQG

ORQJ�UXQ ILVFDO SROLFLHV WRZDUGV WKH (XURSHDQ 0RQHWDU\ 8QLRQ� )XUWKHUPRUH�

*$866 LQFOXGHV D YDULHW\ RI URXWLQHV ZKLFK SHUIRUP VWDQGDUG PDWUL[ RSHUDWLRQV�

H�J� URXWLQHV WR FDOFXODWH GHWHUPLQDQWV� PDWUL[ LQYHUVHV� GHFRPSRVLWLRQV� HLJHQYDO�

XHV DQG HLJHQYHFWRUV� DQG FRQGLWLRQ QXPEHUV�

,QSXW RI WKH DOJRULWKP IRU 7��W �� DQG 1��M�L �� �

� OHQJWK RI WKH SODQLQJ KRUL]RQ 7

� V\VWHP IXQFWLRQ I

� LQLWLDO YDOXHV RI WKH VWDWH YDULDEOHV � � �� [[  

� SDWK RI H[RJHQRXV YDULDEOHV QRW VXEMHFW WR FRQWURO W\

� ZHLJKWLQJ PDWULFHV RI REMHFWLYH IXQFWLRQ LW4

� WDUJHW SDWK IRU VWDWH YDULDEOHV LW[a

� WDUJHW SDWK IRU FRQWURO YDULDEOHV LMWX
a

2XWSXW RI DOJRULWKP IRU 7��W �� DQG 1��L �� �

� RSWLPDO SDWK RI WKH VWDWH YDULDEOHV 
W[

� � W\SHV RI RSWLPDO SDWKV IRU WKH FRQWURO YDULDEOHV 
LWX

� TXDGUDWLF ORVV IXQFWLRQV HYDOXDWHG DORQJ WKH RSWLPDO SDWKV � �7-

L
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��� /LQHDUL]DWLRQ RI WKH 6\VWHP (TXDWLRQV

,Q PRVW JDPH�WKHRUHWLFDO PRGHOV WKH V\VWHP G\QDPLFV RI WKH IRUP � �� DUH D FRQ�

YHQLHQW VWDUWLQJ SRLQW� )RU WKH FDOFXODWLRQ RI WKH 1DVK� 6WDFNHOEHUJ� DQG 3DUHWR�

RSWLPDO HTXLOLEULXP VWUDWHJLHV� KRZHYHU� WKH VWDWH�VSDFH UHSUHVHQWDWLRQ ZLOO EH

PRUH DGHTXDWH� 7KLV UHSUHVHQWDWLRQ GRHV QRW LQFOXGH W[ DW WKH ULJKW�KDQG VLGH RI

WKH LPSOLFLW IXQFWLRQ � �� � $FFRUGLQJ WR 1HFN DQG 0DWXOND ������ DQG IROORZLQJ

&KRZ ������ LW LV HDV\ WR VKRZ KRZ WR HOLPLQDWH W[ LQ WKH FRXUVH RI D OLQHDUL]DWLRQ

RI V\VWHP � �� �

x :LWK WKH JLYHQ H[RJHQRXV QRQ�FRQWUROOHG YHFWRU� W\ � DVVXPHG WHQWDWLYH FRQWURO

SDWKV� � �1��LXÅ LW �� � �ZKLFK DUH GHWHUPLQHG HLWKHU E\ KLVWRULFDO YDOXHV RU E\

IRUHJRLQJ RSWLPL]DWLRQ SURFHGXUHV�� DQG WKH ODJJHG WHQWDWLYH VWDWH YHFWRU� ��W[Å �

�VWDUWLQJ ZLWK � � �� [[  � WKH DXWRQRPRXV QRQ�OLQHDU V\VWHP � �� FDQ EH VROYHG

IRU DOO W XVLQJ WKH QXPHULFDO *DXVV�6HLGO DSSUR[LPDWLRQ �D ZHOO�NQRZQ QRQ�

OLQHDU HTXDWLRQ�VROYLQJ PHWKRG�� DQG� WKXV� RQH GHULYHV D UHIHUHQFH SDWK IRU WKH

VWDWH YHFWRU RYHU WKH HQWLUH WLPH KRUL]RQ� 7KDW LV� WKDW IRU NQRZQ YDOXHV RI

1WWW XÅ��XÅ�[Å ���� DQG W\ ZH FDQ FRPSXWH D YDOXH W[Å VXFK WKDW

� � 7�W�\�X��X�X�[�[I[ W1WWWWWW �� �����   �
�

� � ��

E\ VWUDLJKWIRUZDUG DSSOLFDWLRQ RI WKH *DXVV�6HLGO WHFKQLTXH�

x 7KHQ� ZH OLQHDUL]H WKH YHFWRU�YDOXHG V\VWHP IXQFWLRQ� � �I � QXPHULFDOO\

DURXQG WKH UHIHUHQFH YDOXHV� 1WWWW XÅ��XÅ�[Å�[Å ���� � DQG WKH JLYHQ UHIHUHQFH

SDWK W\ DFFRUGLQJ WR WKH ILUVW 7D\ORU DSSUR[LPDWLRQ DQG JDLQ WKH IROORZLQJ DS�

SUR[LPDWH QRQ�DXWRQRPRXV V\VWHP HTXDWLRQV�

� � �[[
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ZKHUH ZH KDYH GHILQHG WKH VV QQ u �PDWUL[ W$ � WKH LV QQ u �PDWULFHV LW% �IRU

1��L �� �� DQG WKH VQ �GLPHQVLRQDO YHFWRU WV � DV
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ZKHUH , GHQRWHV WKH VV QQ u LGHQWLW\ PDWUL[� +HUH� DQG LQ ZKDW IROORZV� ZH

UHTXLUH WKDW WKH ILUVW DQG VHFRQG GHULYDWLYHV RI WKH V\VWHP IXQFWLRQ ZLWK UHVSHFW

WR W1WWWW V�X��X�[�[ ���� H[LVW DQG DUH FRQWLQXRV� DQG ZH XVH WKH IROORZLQJ
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[) GHQRWHV DQ VV QQ u �PDWUL[ ZKHUH LWV HOHPHQWV DUH GHILQHG
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+HQFH� LW KDV WR EH DVVXPHG WKDW WKH WHUP ¦
W

[), � § LV QRQ�VLQJXODU� 7KH PDWUL�

FHV DQG YHFWRUV GHILHG DERYH DUH WLPH�GHSHQGHQW IXQFWLRQV RI WKH UHIHUHQFH SDWKV

DORQJ ZKLFK WKH\ KDYH EHHQ HYDOXDWHG� ,I WKHVH SDWKV FKDQJH� WKH PDWULFHV ZLOO

FKDQJH WRR�

��� &RPSXWDWLRQ RI WKH (TXLOLEULXP 6ROXWLRQV

,Q D GHWHUPLQLVWLF RSWLPDO FRQWURO VHWWLQJ� WKH VROXWLRQV REWDLQHG� H�J�� E\ WKH DSSOL�

FDWLRQ RI WKH PLQLPXP SULQFLSOH RU WKH G\QDPLF SURJUDPPLQJ PHWKRG� HTXDO�

7KRXJK GHWHUPLQLVWLF G\QDPLF JDPH PRGHOV FDQ EH VROYHG E\ XVLQJ HVVHQWLDOO\ WKH

VDPH WHFKQLTXHV DV IRU VROYLQJ GHWHUPLQLVWLF RSWLPDO FRQWURO PRGHOV� WKH FKRLFH RI

WKH VROXWLRQ WHFKQLTXH GHWHUPLQHV WKH TXDOLWDWLYH UHVXOWV RI WKH JDPH� L�H�� WKH LQ�

IRUPDWLRQ SDWWHUQ� (�J�� WKH DSSOLFDWLRQ RI WKH PLQLPXP SULQFLSOH JHQHUDWHV WKH

RSHQ�ORRS VROXWLRQV� ZKLOH WKH DSSOLFDWLRQ RI WKH G\QDPLF SURJUDPPLQJ WHFKQLTXH

GHWHUPLQHV WKH IHHGEDFN VROXWLRQV� +HQFH� XVLQJ WKH DSSURSULDWH RSWLPL]DWLRQ WHFK�

QLTXH FRUUHVSRQGLQJ WR WKH GHVLUHG LQIRUPDWLRQ VWUXFWXUH RI WKH JDPH \LHOGV VR�

FDOOHG 5LFFDWL HTXDWLRQV ZKLFK FDQ EH VROYHG E\ EDFNZDUG LQWHJUDWLRQ� 7KH WHUPL�

QDO FRQGLWLRQV IRU WKH 5LFFDWL PDWULFHV FDQ EH GHILQHG HDVLO\ DV DOUHDG\ VKRZQ E\

.HQGULFN ������ LQ FRQWURO WKHRU\�

)XUWKHUPRUH� IRU WKH VROXWLRQV GHULYHG LQ 6HFWLRQV ����� � ����� ZH QHHG WR GH�

ILQH WKH VR�FDOOHG IHHGEDFN PDWULFHV� LW* DQG LWJ �IRU 1��L �� DQG 7��W �� ��

ZKLFK DUH GHVFULEHG VHSDUDWHO\ IRU HDFK VROXWLRQ FRQFHSW EHORZ� %\ IXUWKHU VXE�

VWLWXWLRQ RI WKHVH IHHGEDFN PDWULFHV LQWR OLQHDU UHODWLRQV LQ WKH SUHFHGLQJ VWDWH

YDULDEOH�
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����� 7KH )HHGEDFN 1DVK (TXLOLEULXP 6ROXWLRQ

7KH IHHGEDFN 1DVK HTXLOLEULXP VROXWLRQ LV JHQHUDWHG XVLQJ WKH G\QDPLF SURJUDP�

PLQJ �-DFREL�+DPLOWRQ�%HOOPDQ� WHFKQLTXH� ZKLFK LV GLVFXVVHG LQ .\GODQG ������

DQG 2XGL]�6DFKV ������� 7KH G\QDPLF SURJUDPPLQJ VROXWLRQ LQ WKH WZR�

GLPHQVLRQDO FDVH� L�H� � 1 � LV GHULYHG LQ GH =HHXZ DQG YDQ GHU 3ORHJ �������

+DWKHZD\ ������ RU +DJHU HW DO� �������
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7KH VROXWLRQ RI WKH IHHGEDFN 1DVK JDPH ZLWK 1 SOD\HUV LV JLYHQ E\ WKH IROORZLQJ

SURFHGXUH� 6WDUWLQJ ZLWK WKH TXDGUDWLF WUDFNLQJ IRUP RI WKH REMHFWLYH IXQFWLRQ � ��
IRU WKH WHUPLQDO SHULRG 7W  DQG SURFHHGLQJ E\ PLQLPL]DWLRQ RI WKH FRVW�WR�JR

IXQFWLRQ VWHS E\ VWHS WRZDUGV WKH LQLWLDO QRGH� WKH 5LFFDWL HTXDWLRQV� LW+ DQG LWK �
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)RU SURRI VHH $SSHQGL[�

7KH VROXWLRQ RI WKH HTXDWLRQV � ��� DQG � ��� \LHOGV WKH 5LFFDWL PDWULFHV ZKLFK

GHILQH WKH IHHGEDFN PDWULFHV GHWHUPLQHG E\ WKH HTXDWLRQV � ��� DQG � ��� � 7KHQ

HTXDWLRQV � ��� GHVFULEH D OLQHDU UHODWLRQ EHWZHHQ WKH RSWLPDO FRQWURO DFWLRQV RI WKH

SOD\HUV LQ GHSHQGHQFH IURP WKH SUHYLRXV VWDWH YDULDEOHV� :LWK WKH 5LFFDWL PDWULFHV

DQG WKH IHHGEDFN PDWULFHV WKH V\VWHP HTXDWLRQV FDQ EH VROYHG E\ IRUZDUG LWHUDWLRQ�

ZKLFK GHWHUPLQHV WKH RSWLPDO HTXLOLEULXP VROXWLRQ SDWKV IRU VWDWH DQG FRQWURO YDUL�

DEOHV�

����� 7KH 2SHQ�/RRS 1DVK (TXLOLEULXP 6ROXWLRQ

&RQFHSWXDOO\� WKH RSHQ�ORRS 1DVK VROXWLRQ FDQ EH YLHZHG DV IROORZV� )URP WKH

LQLWLDO VWDWH HDFK RI WKH SROLF\�PDNHUV FKRRVHV RSWLPDO YDOXHV IRU KHU �KLV� FRQWUROV

IRU WKH HQWLUH GXUDWLRQ RI WKH SODQLQJ KRUL]RQ XQGHU WKH DVVXPSWLRQ WKDW WKH RWKHU

VRYHUHLJQ SROLF\ DXWKRULWLHV DFW LQ D VLPLODU IDVKLRQ� 3ROLF\ GHFLVLRQV DUH SHU�

IRUPHG VLPXOWDQHRXVO\ E\ DOO SOD\HUV� 7KXV� LQ WKH EHJLQQLQJ RI WKH JDPH HDFK RI

WKH SOD\HUV PDNHV D ELQGLQJ FRPPLWPHQW WR VWLFN WR D FKRVHQ SROLF\� $V ORQJ DV

WKHVH FRPPLWPHQWV KROG �DQG E\ FRQVWUXFWLRQ WKH\ GR�� WKH VROXWLRQ LV RSWLPDO LQ

WKH VHQVH WKDW QRQ RI WKH SOD\HUV FDQ LPSURYH KHU �KLV� ZHOIDUH E\ RQH�VLGHG GHYLD�

WLRQV IURP WKH HTXLOLEULXP SDWK� 7KH RSHQ�ORRS 1DVK VROXWLRQ LV JHQHUDWHG XVLQJ

WKH PLQLPXP SULQFLSOH DV LOOXVWUDWHG IRU WKH WZR�GLPHQVLRQDO FDVH� L�H� � 1 � LQ

%DVDU DQG 2OVGHU ������� GH =HHXZ DQG YDQ GHU 3ORHJ ������� +DWKHZD\ ������ RU

+DJHU HW DO� �������

352326,7,21 �

7KH VROXWLRQ RI WKH RSHQ�ORRS 1DVK JDPH ZLWK 1 SOD\HUV LV GHWHUPLQHG LQ WKH IRO�

ORZLQJ ZD\� 'HILQLWLRQ RI WKH �FXUUHQW YDOXH� +DPLOWRQLDQ IXQFWLRQ ZLWK WKH VWDWH

HTXDWLRQV DQG WKH REMHFWLYH IXQFWLRQ IRU HDFK SOD\HU DQG DSSURSULDWH GLIIHUHQWLDWLRQ

\LHOGV WKH DGMRLQW HTXDWLRQV DQG WKH QHFHVVDU\ FRQGLWLRQV IRU WKH FRQWURO YDULDEOHV�
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)RU SURRI VHH $SSHQGL[�

����� 7KH 3DUHWR�2SWLPDO 6ROXWLRQV

:H ZLOO GHULYH WKH 3DUHWR VROXWLRQ LQ D VLPLODU ZD\ DV WKH IHHGEDFN 1DVK HTXLOLE�

ULXP VROXWLRQ LQ 6HFWLRQ ����� XVLQJ WKH G\QDPLF SURJUDPPLQJ WHFKQLTXH ZLWK WKH

RQO\ GLIIHUHQFH WKDW D FRQYH[ FRPELQDWLRQ RI WKH SOD\HUV© REMHFWLYH IXQFWLRQV

�HTXDWLRQ � �� ZLWK WKH TXDGUDWLF WUDFNLQJ IRUP RI WKH REMHFWLYH IXQFWLRQ � �� � LV WR

EH RSWLPL]HG� 7KH DSSURSULDWH DSSOLFDWLRQ RI WKH PLQLPXP SULQFLSOH� KRZHYHU�

ZRXOG \LHOG WKH RSWLPDO FRRSHUDWLYH VROXWLRQ DV ZHOO � DV WKLV FRUUHVSRQGV WR D

FODVVLFDO RSWLPDO FRQWURO SUREOHP�
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7KH VROXWLRQ RI WKH FRRSHUDWLYH G\QDPLF JDPH ZLWK 1 SOD\HUV LV JLYHQ E\ WKH IRO�

ORZLQJ SURFHGXUH� 6WDUWLQJ ZLWK WKH REMHFWLYH IXQFWLRQ � �� IRU WKH WHUPLQDO SHULRG

7W  DQG SURFHHGLQJ E\ PLQLPL]DWLRQ RI WKH FRVW�WR�JR IXQFWLRQ VWHS E\ VWHS WR�

ZDUGV WKH LQLWLDO QRGH� WKH 5LFFDWL HTXDWLRQV� W+ DQG WK � FDQ EH VROYHG UHFXUVLYHO\

EDFNZDUGV LQ WLPH� L�H� �� ��7�7W �� �
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)RU SURRI VHH $SSHQGL[�

����� 7KH )HHGEDFN 6WDFNHOEHUJ (TXLOLEULXP 6ROXWLRQ

$QRWKHU NLQG RI QRQ�FRRSHUDWLYH JDPH LV WKH 6WDFNHOEHUJ JDPH� 7KH IHHGEDFN

6WDFNHOEHUJ HTXLOLEULXP VROXWLRQ LV GHULYHG VLPLODU WR WKH IHHGEDFN 1DVK HTXLOLE�

ULXP VROXWLRQ ZLWK RQH GUDVWLFDO GLIIHUHQFH� KRZHYHU� :KLOH WKH DFWLRQV RI WKH

SOD\HUV DUH SHUIRUPHG VLPXOWDQHRXVO\ IRU IHHGEDFN 1DVK� WKH SOD\HUV DFW LQ D KLHU�

DUFKLFDO ZD\ LQ D 6WDFNHOEHUJ JDPH� 7KLV OHDGV WR WKH DGGLWLRQDO FRQVLGHUDWLRQ RI

WKH UHDFWLRQV RI WKH IROORZHUV �SOD\HUV 1��L �� � WR WKH DQQRXQFHG VWUDWHJ\ RI

WKH OHDGHU �SOD\HU �� ZKLFK UHVXOWV LQ DQ DV\PPHWULF JDPH� 2I FRXUVH� WKLV FRQVWHO�

ODWLRQ RI D VLQJOH OHDGHU DQG 1�� IROORZHUV LV RQO\ RQH SRVVLEOH VFHQDULR� EXW LW

WXUQHG RXW WR EH VXIILFLHQW IRU WKH SXUSRVH RI HFRQRPLF PRGHOLQJ LQ WKH ILHOG RI

RSWLPDO ILVFDO DQG PRQHWDU\ SROLFLHV WRZDUGV (08�

7KLV NLQG RI KLHUDUFKLFDO JDPH PD\ EH UHOHYDQW LI RQH RI WKH SOD\HUV RZQV D

GRPLQDQW SRVLWLRQ� L�H� WKH IHHGEDFN 6WDFNHOEHUJ HTXLOLEULXP VROXWLRQ PD\ EH

LPDJLQHG WR EH YDOLG LI WKH OHDGHU �SOD\HU �� DQQRXQFHV KHU �KLV� GHFLVLRQ UXOH�

� ���� �

I 
WW

[X � ZKHUHDV WKH IROORZHUV �SOD\HUV 1��L �� � EDVH WKHLU DFWLRQV RQ

WKH FXUUHQW VWDWH DQG RQ WKH GHFLVLRQ RI WKH OHDGHU DFFRUGLQJ WR WKH UHDFWLRQ IXQF�

WLRQV� � � � �1��L�X�[X
WWLLW

����  I 
�

� �1RWH WKDW WKH IROORZHUV SOD\ IHHGEDFN 1DVK

DPRQJ HDFK RWKHU�� 7KH OHDGHU LQ WXUQ FRQVLGHUV WKH UHDFWLRQ FRHIILFLHQWV�
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���  ww � DV UDWLRQDO UHDFWLRQV RI WKH IROORZHUV LQ WKH RSWLPL]DWLRQ

SURFHVV �VHH� H�J�� GH =HHXZ ������� RU GH =HHXZ DQG YDQ GHU 3ORHJ ��������

352326,7,21 �

7KH HTXLOLEULXP VROXWLRQ RI WKH QRQ�FRRSHUDWLYH 6WDFNHOEHUJ JDPH ZLWK D VLQJOH

OHDGHU DQG 1�� IROORZHUV LV JLYHQ E\ WKH IROORZLQJ SURFHGXUH� $JDLQ WKH SULQFLSOH

RI G\QDPLF SURJUDPPLQJ LV XVHG WR GHULYH IHHGEDFN PDWULFHV DQG 5LFFDWL HTXD�

WLRQV ZKLFK DUH FDOFXODWHG EDFNZDUGV LQ WLPH DQG GHWHUPLQHG E\ HTXDWLRQV � ���

DQG � ��� ¤ LQ WRWDO DQDORJ\ WR WKH IHHGEDFN 1DVK VROXWLRQ� 7KH FDOFXODWLRQ RI WKH

IHHGEDFN PDWULFHV� KRZHYHU� UHVXOWV LQ
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)RU SURRI VHH $SSHQGL[�

��� 7KH 2SHQ�/RRS 6WDFNHOEHUJ (TXLOLEULXP 6ROXWLRQ

&RQWUDU\ WR WKH IHHGEDFN 6WDFNHOEHUJ VWUDWHJ\� WKH RSHQ�ORRS 6WDFNHOEHUJ JDPH

DVVXPHV WKDW WKH OHDGHU �SOD\HU �� DQQRXQFHV KHU �KLV� VWUDWHJ\ IRU WKH HQWLUH SODQ�

LQJ KRUL]RQ� 7KLV PHDQV WKDW DOO SOD\HUV EDVH WKHLU DFWLRQV RQO\ RQ WKH LQLWLDO VWDWH�

�[ � +HQFH� WKH RSHQ�ORRS 6WDFNHOEHUJ HTXLOLEULXP VROXWLRQ PD\ EH GHULYHG LQ

DQDORJ\ WR RSHQ�ORRS 1DVK ¤ ZLWK WKH DGGLWLRQDO DVVXPSWLRQ RI WKH DV\PPHWULF

LQIRUPDWLRQ VWUXFWXUH RI WKH JDPH� KRZHYHU� 7KH OHDGHU PDNHV ELQGLQJ FRPPLW�

PHQWV DERXW IXWXUH SROLF\ DFWLRQV� ZKHUH WKH IROORZHUV© UDWLRQDO UHDFWLRQ IXQFWLRQV

DUH WDNHQ LQWR FRQVLGHUDWLRQ� 1RWH WKDW� EHFDXVH WKH OHDGHU IRUFHV KHU �KLV� VWUDWHJ\

WR WKH IROORZHUV� WKH OHDGHU LV DOZD\V EHWWHU RII �ZKLOH WKH IROORZHUV DUH ZRUVH RII�

UHVSHFWLYHO\�� FRPSDUHG WR RSHQ�ORRS 1DVK HTXLOLEULXP VROXWLRQ�

352326,7,21 �

7KH VROXWLRQ RI WKH RSHQ�ORRS 6WDFNHOEHUJ JDPH ZLWK SOD\HU � DV OHDGHU DQG SOD\�

HUV 1��L �� DV IROORZHUV LV JLYHQ E\ WKH IROORZLQJ SURFHGXUH� 6WDUWLQJ ZLWK WKH

WHUPLQDO FRQGLWLRQV
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237*$0( ���� DQ DOJRULWKP WR VROYH 1�SHUVRQ GLVFUHWH�WLPH /4 JDPHV H[DFWO\

DQG GLVFUHWH�WLPH QRQ�OLQHDU TXDGUDWLF JDPHV DSSUR[LPDWHO\ E\ PHDQV RI DQ DS�

SURSULDWH OLQHDUL]DWLRQ SURFHGXUH� LV SUHVHQWHG LQ WKLV SDSHU DV DQ H[WHQVLRQ RI

+DJHU HW DO ������� 7KH DSSOLFDWLRQ RI WKLV WHFKQLTXH RI VROYLQJ LQWHUWHPSRUDO

RSWLPL]DWLRQ SUREOHPV ZLWK DQ DUELWUDU\ QXPEHU RI GHFLVLRQ�PDNHUV \LHOGV D UHDO

LPSURYHPHQW ZLWK UHVSHFW WR GHFLVLRQ�PDNLQJ VXSSRUW LQ WKH ILHOG RI HFRQRPLFV�
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�� %DVDU� 7� DQG 2OVGHU� *�-� ������� '\QDPLF 1RQFRRSHUDWLYH *DPH 7KHRU\�
�QG HGLWLRQ� $FDGHPLF 3UHVV� /RQGRQ�

�� &KRZ� *�&� ������� $QDO\VLV DQG &RQWURO RI '\QDPLF (FRQRPLF 6\VWHPV�
-RKQ :LOH\ 	 6RQV ,QF�� 1HZ <RUN�

�� 'RFNQHU� (�-� DQG 1HFN� 5� ������� 7LPH�&RQVLVWHQF\� 6XEJDPH�3HUIHFWQHVV�
6ROXWLRQ &RQFHSWV DQG ,QIRUPDWLRQ 3DWWHUQV LQ '\QDPLF 0RGHOV RI 6WDELOL]D�
WLRQ 3ROLFLHV� 'LVFXVVLRQ 3DSHU� 8QLYHUVLW\ RI 6DVNDWFKHZDQ� 6DVNDWRRQ�

�� +DJHU� 0�� %HKUHQV� '�� DQG 1HFN� 5� ������� 237*$0( ���� $Q $OJRULWKP
WR 'HULYH (TXLOLEULXP 6ROXWLRQV IURP 7ZR�3HUVRQ 'LVFUHWH�7LPH �1RQ�
�/LQHDU '\QDPLF *DPHV�

�� +DWKHZD\� /�+� ������� 0RGHOLQJ ,QWHUQDWLRQDO (FRQRPLF ,QWHUGHSHQGHQFHV�
$Q $SSOLFDWLRQ RI )HHGEDFN 1DVK '\QDPLF *DPHV� 3K�'��7KHVLV� 8QLYHUVLW\
RI 7H[DV�

�� .HQGULFN� '� ������� 6WRFKDVWLF &RQWURO IRU (FRQRPLF 0RGHOV� 0F*UDZ�+LOO
,QF�� 1HZ <RUN�

�� /HLWPDQQ� *� ������� &RRSHUDWLYH DQG 1RQ�&RRSHUDWLYH 0DQ\ 3OD\HUV 'LIIHU�
HQWLDO *DPHV� 6SULQJHU� 9LHQQD�

�� 0HKOPDQQ� $� ������� $SSOLHG 'LIIHUHQWLDO *DPHV� 3OHQXP 3UHVV� 1HZ <RUN�

�� 1HFN� 5� DQG 0DWXOND� -� ������� 237&21� $Q $OJRULWKP IRU WKH 2SWLPDO
&RQWURO RI 1RQOLQHDU 6WRFKDVWLF 0RGHOV� $QQDOV RI 2SHUDWLRQV 5HVHDUFK ���
��� ¤ ����

��� 3HWLW� 0�/� ������� &RQWURO 7KHRU\ DQG '\QDPLF *DPHV LQ (FRQRPLF 3ROLF\
$QDO\VLV� &DPEULGJH 8QLYHUVLW\ 3UHVV� &DPEULGJH�

��� 5HLQJDQXP� -�)� DQG 6WRNH\� 1�6� ������� 2OLJRSRO\ ([WUDFWLRQ RI D &RPPRQ
3URSHUW\ 1DWXUDO 5HVRXUFH� 7KH ,PSRUWDQFH RI WKH 3HULRG RI &RPPLWPHQW LQ
'\QDPLF *DPHV� ,QWHUQDWLRQDO (FRQRPLF 5HYLHZ ��� ��� ¤ ����

��� GH =HHXZ� $�-� ������� 'LIIHUHQFH *DPHV DQG /LQNHG (FRQRPHWULF 3ROLF\
0RGHOV� 3K�'� 7KHVLV� 7LOOEXUJ 8QLYHUVLW\�

��� GH =HHXZ� $�-� DQG YDQ GHU 3ORHJ� )� ������� 'LIIHUHQFH *DPHV DQG 3ROLF\
2SWLPL]DWLRQ� $ &RQFHSWLRQDO )UDPHZRUN� 2[IRUG (FRQRPLF 3DSHUV ��� ����
����
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7R GHILQH WKH 5LFFDWL PDWULFHV IRU WKH WHUPLQDO SHULRG ZH VWDUW ZLWK WKH TXDGUDWLF
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7KHQ� WKH REMHFWLYH IXQFWLRQV RI WKH SOD\HUV � �1��LL �� � ZKLFK DUH WKH FRVW�WR�JR

IXQFWLRQV IRU WKH WHUPLQDO SHULRG� PD\ EH ZULWWHQ LQ WKH IROORZLQJ IRUP�

1��L�FK[[+[/
L7L777L77L7

��
�

�  �
c

�
c

 � � ��$

ZKHUH WKH FRQVWDQWV� � �1��LF
L7

�� � DUH ZLWKRXW UHOHYDQFH IRU IXUWKHU FDOFXOD�

WLRQ� 7KH VWDWH YHFWRU LQ WKH WHUPLQDO SHULRG�
7
[ � FDQ EH GHULYHG GXH WR WKH V\VWHP

HTXDWLRQV � �� E\ WKH XVH RI WKH RSWLPL]HG VWDWH YHFWRU RI WKH SUHFHGLQJ SHULRG LQ

WLPH� 

7
[ �� � DQG WKH FRQWURO YDULDEOHV� � � � �1��L�X

7L
���  

�

� ZKLFK ZHUH RSWLPL]HG

WKH SHULRG EHIRUH� +HQFH� WKH PLQLPL]DWLRQ VWDUWV ZLWK SHULRG ��7 XVLQJ %HOO�

PDQ©V SULQFLSOH RI RSWLPDOLW\� 7KH RSWLPDO FRVW�WR�JR IXQFWLRQV� � �7L- �� � IRU WLPH

SHULRG �� 7W DUH JLYHQ E\ WKH PLQLPL]DWLRQ ZLWK UHVSHFW WR � �1��LXL7 �� �

� � � �� � 1��L�-PLQ- 7L
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7R SHUIRUP WKH PLQLPL]DWLRQ ZH KDYH WR UHSODFH WKH VWDWH LQ SHULRG 7� 7[ � E\ WKH

ULJKW KDQG VLGH RI WKH V\VWHP HTXDWLRQ � �� � DQG ZH \LHOG IRU 1��L �� �
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7KHQ� ZH FDQ FDUU\ RXW WKH PLQLPL]DWLRQ RI WKH FRVW WR JR IXQFWLRQ � ��$ ZLWK UH�

VSHFW WR WKH FRQWUROV ZKLFK GHOLYHUV WKH ILUVW�RUGHU FRQGLWLRQV IRU WKH FRQWURO YDUL�

DEOHV IRU 1��L �� � 7KHVH FRQGLWLRQV FDQ EH WUDQVIRUPHG DQG EH UHZULWWHQ WR EH
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7KH 1DVK HTXLOLEULXP IRU WKH FRQWURO YDULDEOHV� � �1��LXL7 �� � LV GHWHUPLQHG E\

WKH LQWHUVHFWLRQ RI WKH 1 K\SRWKHWLFDO UHDFWLRQ IXQFWLRQV � ��$ � :LWK WKH RSWLPDO

FRQWURO YDULDEOHV� � �1��LXL7 �� � GHSHQGLQJ RQ WKH VWDWH YDULDEOH� 7[ � KRZHYHU�

ZH PD\ ZULWH 7[ DV D OLQHDU IXQFWLRQ RI WKH SUH�SHULRG VWDWH YDULDEOH ��7[ XVLQJ

WKH V\VWHP HTXDWLRQV � �� � 7KLV DOVR LOOXVWUDWHV WKH HYROXWLRQ RI WKH V\VWHP XVLQJ WKH

FRUUHVSRQGLQJ 5LFFDWL PDWULFHV� 7KXV� ZH FDQ GHULYH WKH 1DVK HTXLOLEULXP LQ D

VLPSOHU ZD\� QDPHO\ E\ VXEVWLWXWLRQ RI WKH RSWLPDO VWDWH YHFWRU 7[ E\ D IXQFWLRQ

RI ��7[ XVLQJ HTXDWLRQ � ��$ DQG VROYLQJ IRU 7[ JLYHV WKH RSWLPL]HG VWDWH YDUL�

DEOH IRU WKH WHUPLQDO SHULRG 7 DV D IXQFWLRQ RI ��7[ �

� �77777
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7KH UHSODFHPHQW RI WKH RSWLPDO VWDWH YHFWRU�
7
[ � LQ � ��$ DFFRUGLQJ WR � ��$ ZLWK

� ��$ DQG � ��$ \LHOGV WKH 1DVK HTXLOLEULXP YDOXHV IRU WKH FRQWUROV�

1��LJ[*X L77L7
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ZKLFK FDQ EH LQWHUSUHWHG DV RSWLPDO OLQHDU IHHGEDFN UXOH IRU HDFK RI WKH SOD\HUV

� �1��LL �� � 7KH OLQHDU IRUP UHVXOWV IURP WKH TXDGUDWLF VWUXFWXUH RI WKH FRVW

IXQFWLRQ� WKH IDFW WKDW PL[HG SHQDOWLHV DUH QRW DOORZHG DFFRUGLQJ WR WKH GHILQLWLRQ

RI WKH FRUUHVSRQGLQJ PDWULFHV� � �� � DQG WKH OLQHDULW\ RI WKH V\VWHP HTXDWLRQV � �� �

:LWK � ���$ DQG WKH IHHGEDFN PDWULFHV� � ���$ DQG � ���$ � ZH FDQ GHWHUPLQH WKH

RSWLPDO VWDWH YHFWRU�
7
[ � DV D OLQHDU IXQFWLRQ RI ��7[ � 'XH WR WKH GHILQLWLRQV � ���

DQG � ��� � WKH RSWLPDO VWDWH YHFWRU PD\ EH H[SUHVVHG E\

777
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1RWH WKDW IURP QRZ RQ ZH RPLW WKH DVWHULVNV WR VLPSOLI\ QRWDWLRQ� )RU WKH GHULYD�

WLRQ RI WKH 5LFFDWL PDWULFHV RI WLPH SHULRG 7�� ZH KDYH WR UH�VXEVWLWXWH WKH RSWL�

PL]HG VWDWH YHFWRU � ���$ DQG WKH RSWLPL]HG FRQWURO YHFWRUV � ���$ LQWR WKH FRVW�WR�

JR IXQFWLRQ � ��$ � ZKHUH
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7KHQ� ZH FROOHFW DOO WHUPV FRQWDLQLQJ
�7
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DQG LGHQWLI\ WKH 5LFFDWL PDWULFHV IRU

��7 E\ FRPSDULVRQ ZLWK WKH HTXDWLRQ
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6\VWHP (TXDWLRQV� � ���$ DQG � ���$ � FDQ EH VROYHG UHFXUVLYHO\ LQ WLPH WR REWDLQ

WKH 5LFFDWL PDWULFHV IRU SHULRG 7�� DV D IXQFWLRQ RI WKH 5LFFDWL PDWULFHV RI WKH

WHUPLQDO SHULRG 7� 7KLV SURFHGXUH FDQ EH H[WHQGHG VWUDLJKW IRUZDUG WR SHULRG

�� 7W DQG JHQHUDOL]HG WR DQ\ RWKHU SHULRG W W E\ LQGXFWLRQ� 1RWH WKDW WKH

H[LVWHQFH DQG XQLTXHQHVV RI WKH VROXWLRQV RI WKH 5LFFDWL HTXDWLRQV IRU DOO SHULRGV

� �7��W ��� RI WKH OLQHDU�TXDGUDWLF JDPH FDQ UHDGLO\ EH YHULILHG DFFRUGLQJ WR

%DVDU DQG 2OVGHU ������� �

3URRI RI 352326,7,21 �

7KH VROXWLRQ RI WKH RSHQ�ORRS 1DVK JDPH ZLWK 1 SOD\HUV LV JLYHQ E\ WKH DSSOLFD�

WLRQ RI 3RQWU\DJLQ©V PLQLPXP SULQFLSOH �VHH� H�J�� %DVDU DQG 2OVGHU ������� WR

SHUIRUP WKH PLQLPL]DWLRQ RI HDFK SOD\HU©V ORVV IXQFWLRQ� � �� � VXEMHFW WR WKH V\VWHP

HTXDWLRQV� � �� � WKH LQLWLDO FRQGLWLRQV� DQG WKH DVVXPSWLRQ WKDW WKH RWKHU SOD\HUV DFW
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LGHQWLFDOO\� 1RWH WKDW IRU DOO IXUWKHU FDOFXODWLRQV � ��� �� 7��W � � )RU � �1��LL �� 

ZH GHILQH WKH �FXUUHQW YDOXH� +DPLOWRQLDQ IXQFWLRQ XVLQJ WKH VWDWH HTXDWLRQV DQG

WKH REMHFWLYH IXQFWLRQ IRU HDFK SOD\HU�
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ZKHUH LWO LV D VQ �GLPHQVLRQDO URZ YHFWRU� WKH YHFWRU RI WKH VR�FDOOHG FRVWDWH

YDULDEOHV IRU SOD\HU � �1��LL �� � $SSURSULDWH GLIIHUHQWLDWLRQ \LHOGV WKH DGMRLQW

HTXDWLRQV DQG WKH QHFHVVDU\ FRQGLWLRQV IRU WKH FRQWURO YDULDEOHV� 7KH FRVWDWH HTXD�

WLRQV PD\ EH GHULYHG E\ SHUIRUPLQJ WKH GHULYDWLYH RI WKH VWDFNHG VWDWH YHFWRU� � �� �

ZLWK UHVSHFW WR WKH DGMRLQW YDULDEOHV RI HDFK SOD\HU � �1��LL �� �
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7KHQ� ZH GHULYH WKH +DPLOWRQLDQ PLQLPL]LQJ FRQGLWLRQ� 6LQFH ZH NQRZ WKDW

� � � �1��L7L ����   O
�

� ZH FDQ H[SUHVV WKH ILUVW RUGHU FRQGLWLRQV IRU WKH FRQWUROV

DV K\SRWKHWLFDO UHDFWLRQ IXQFWLRQ IRU WKH SOD\HUV � �1��LL �� �
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:H DVVXPH D OLQHDU UHODWLRQVKLS EHWZHHQ WKH DGMRLQW DQG WKH RSWLPDO VWDWH YDUL�

DEOHV� L�H� � �1��LK[+ LWWLWLW �� � O ZLWK WKH 5LFFDWL PDWULFHV LW+ DQG LWK �

UHVSHFWLYHO\� 7KH FRVWDWH YDULDEOHV� � �1��LLW �� O � FDQ EH VXEVWLWXWHG LQWR WKH

K\SRWKHWLFDO UHDFWLRQ IXQFWLRQV� � ���$ � \LHOGLQJ
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7KHQ� WKH RSWLPDO VWDWH HTXDWLRQ IROORZV IURP WKH VXEVWLWXWLRQ RI � ���$ LQWR � �� �

ZKHUH ZH UHDUUDQJH WKH UHVXOWLQJ HTXDWLRQ ZLWK UHVSHFW WR W[ � ZKLFK LV DOUHDG\
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