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Abstract

We discussaneconomywhichis subjectto aggreateproductvity shocksaffectingall factorsof produc-
tion. The additionalpresencenf incomerisk shifts the magin whereagentssave out of precautionary
motivesdownwards,suchthatit doesnolongercorrespondo logarithmicpreferences.
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1 Introduction

Theeffectsof capitalandincomerisk onintertemporabonsumptiorchoiceof risk averse
agentdave originally beendiscussedhy Sandmd1970)within anexpectedutility setting.
More recently thisissuehasbeenaddressety Weil (1990,1993)within the framewvork

of non—epectedutility preferencesBut similar to the work of Obstfeld(1994a,b) or

Turnovsky (1999),the authorrestrictshis analysisto a singletype of income. The new

featureof themodelpresentedhereis thatwe discusgheeffectsof capitalandincomerisk

within oneconsistenframewnork. Ourapproaclktanbeviewedasanextensionto Obstfeld
(1994b)or Smith (1996). We explicitly take accountof non—dversifiablelaborincome
risk anddemonstratéhatthis leadsto new insightswith respecto the parameteranges
for theintertemporaklasticityof substitutionrwherephenomenascertaintyequivalence
or precautionaryasing occut

2 Themodd

We assumean economypopulatedby a continuum|0, 1] of identical, infinitely—lived
agents. Eachindividual selectsthe optimal amountof consumptionand savings in or-
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derto maximizeintertemporalvelfareV (t). Household$iave iso—elasticrecursve pref-
erencesasin Obstfeld(1994b)which allows for a separateanalysisof risk aversionand
intertemporakubstitution

p

Gl(1-pV(D)] = 1 OO Ve te PG(1-p) BV R (1)

Here,C(t) is theintertemporatonsumptiorflow which we assumeo beinstantaneously
deterministic. The parametei3 > 0 is the subjectve rate of time preference.E; is the
expectation®peratorconditionalontime-t information. The parametep > 0 is thecoef-
ficient of relative risk aversionande > 0 denoteghe intertemporaklasticityof substitu-
tion. Withoutlossof generalitywe do notdiscusghelimiting casesvherep = 1 and/ or
€ = 1. ThefunctionG(.) is givenby

()= 115 [A-pVOI @

Individual productionis stochastic At eachincrementof time the economyis subjectto
anaggreateproductvity shock. Therepresentate firm producesa homogeneougood
accordingto thefollowing stochasti€Cobb—-Douglas—technology

dY(t) = K(t)OL(t)YA(t) 1% (dt + o dz(t)). (3)

We applythe learning—by—doingettingdevelopedby Romer(1986). The instantaneous
outputflow dY(t) is assumedo be generatedrom physicalcapitalK(t) andlaborL(t).
Thefactorsincomesharesaregivenby a andy. We assumean,y € (0,1) anda +y< 1
to assurehe existenceof a competitve equilibrium. For analyticalcorveniencewe take
laborto beinelasticallysupplied andthelaborforceis normalizedo unity. Nevertheless,
the householdecevesanincomefrom both factorsof production. In termsof Sandmo
(1970), the agentis exposedto capital risk andincomerisk. In (2), dz(t) is the incre-
mentto a standardNienerprocesg(t) with zeromeanandthe instantaneousarianceof
productiono?dt.

The productionfunction (2) exhibits humancapital externalities. The stock of tech-
nical knowledgeA(t) actsasa Harrod—neutragrowth parameteandis enhancedy in-
vestmenin privatelyownedcapital. In macroeconomiequilibriumA(t) equalsK(t) and
aggreateproductionis linear in capital. Hence,the requirementgor ongoinggrowth
of per capitaincomesare met. This assumptiortogetherwith the assumptiorstatedon
the natureof the randomdisturbancamplies that the economyevolvesaccordingto a
stochastidrend.

Individuals save by investingin risky physicalcapital. The representate agentis
endaved with the initial capitalstockK(0) > 0. In eachtime incrementt he receves
capitalandlaborincomes His flow budgetconstrainis givenby

dK(t) = [rK(t) +wL(t) —C(t)] dt + dk(t), 4)



wherew is the wagerateandr is the rate of returnto physicalcapital. In equilibrium
r equalsthe privatemaiginal productof capitalandfalls shortof the socialreturn. The
stochastiqrocesf capitalis definedasdk(t) = [rK(t) + wL(t)] o dz(t) with the corre-
spondingvarianceof physicalcapitalgivenby a2 = E (dk)?/dt.

The consumess problemis to selecthis rateof consumptionn orderto maximizehis
objectie functionV (t) asspecifiedby (1) and (2) subjectto his budgetconstraint(4),
taking pricesasgiven. The solutionconjectureusuallyappliedfor isoelasticpreferences
is thatthe propensityto consumeout of capitalp = C/K is constanin macroeconomic
equilibriumandthatinvestmentn capitalis determinedy constantelativerisk aversion.
This guesstogetherwith the equilibrium valuesof factorreturnsr = a [dt + odz] and
w = yK [dt 4+ o dz] which canbe obtainedby the usualmainal productvity conditions,
determineghe optimalpolicy

u=s(B-a) + @ +y) | 1+po*(a+y) (o - S5 ©)

Substitutiorof theequilibriumvalueof the propensityto consume5) into thebudgetcon-
straint(4) leadsto a closed—formexpressiorfor the expectedgrowth rateof theeconomy

Y =¢g(a—B)+ (o +Y)*po’ (8;1_ (O‘siy)) '

(6)

Equation(5) and (6) shawv that the propensityto consumeout of capitalaswell asthe
expectedgrowth rate of the economyarethe sumof a drift anda diffusion component,
thelatterreflectingthe agents optimalresponseo technologicarisk.

3 Growth effects of capital and incomerisk

The optimal valuesof the propensityto consume(5) and the expectedgrowth rate (6)
shaw thatoneimportantcharacteristiof this classof recursve preferenceg maintained.
Theimpactof the coeficient of relative risk aversionp on long—rungrowth is unafected
by the additionalpresencef incomerisk. As well known from Weil (1990),the degree
of risk aversionjust hasa sizeeffect on macroeconomigrowth.

The main differencebetweenour modelandthe contributions of Obstfeld(1994b),
Smith (1996)andWeil (1990)becomesapparentf we focusour attentionon the sign of
diffusionterm. Whetheror notthe expectedgrowth rateof therisky ernvironmentexceeds
the deterministiconeis not solely determinedby the intertemporalelasticity of substi-
tution. In additionit dependson the factorincomedistribution. It is easyto verify that
theresultsof Obstfeld(1994b)canbe obtainedfor a = 1,y = 0, andtheresultsof Smith
(1996),who alsoaccountdor externalitiesin humancapitalaccumulationgcorrespondo
the caseof y = 0. Both authorsdiscussa framevork whereagentsreceve only capital
incomes.In this casethe questionof dominanceof intertemporalncomeandsubstitution
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effectsdepend®ntirelyon whethertheintertemporaklasticityof substitutionexceedsor
falls below unity, whereasertaintyequivalencecanbe obtainedor € = 1. If theelasticity
of substitutionis sufficiently low, thatis € < 1, the agenttries to self—insureagainstthe
uncertaintyof futureincomeflows. Following Leland(1968)andSandmq1970),he has
amotive for precautionangavings.

In our modeltheincomeshareof both factorsof productionenterinto the diffusion
term. For instancewith a changean thevarianceof thetechnologicakhock,the optimal
responsaloesnot solely dependon € 2 1 but moreover on the sizeof a andy. Let us
now turn towardsthe question,asto what extent the factorincomedistribution affects
growth. We discussa variationof a andy respectiely, while holding the otherincome
sharefixed! Thederivativescanbe obtainedasfollows

oy 2
a—a_s-i—po [a(1—¢€)+Y] (7)
and %—‘5 — 00?[a+y(e+1)] > 0. ®)

An increasen the mamginal productof capitala raisesboth,the meanandthe volatility
of future incomeflows. The effect on the drift termis positive, which is not surprising
andwell known from the deterministicsetting. As expected the effect on the diffusion
termis of ambiguoussign. From (7) canbe seen thatthe growth rateincreaseith a
risea for everye < 1. Thisresultcorrespondso thefindingsof Weil (1990)andObstfeld
(1994b)for the caseof a pure capitalrisk. The positive intertemporalincome effect
outweighghe negative intertemporabkubstitutioneffect. But additionally in thepresence
of incomerisk, the intertemporaleffects do not offsetfor € = 1. Evenin this casethe
growth enhancingffectfrom anincreasen capitalreturnsprevails. Theexpectedgrowth
ratein total declineswith anincreaseof a only if the certaintyequivalentto capitalreturn
i = a(1—pao?) is sufficiently negative ?

Equation(8) shavsthatin contrasto the deterministiomodel,hereanincreasean the
laborincomesharein facthasa positve impacton long-rungrownth. A ceterisparibus
risein thelaborincomeshareleadsto anincreasen future expectedincome. Similar to
the deterministicsetting,laborincomedoesnot enterinto the drift term of the expected
growth ratebut, whatis moreimportant,its riskinessaffectsthediffusionterm. Within the
preferenceclassconsideredere,the representatie agenthasa motive for precautionary
saving out of incomerisk for ary sizeof the elasticityof intertemporakubstitutiore > 0.

LIt is understoodhatwith constanteturnsto scalein productionanincreasén the capitalincomeshare
is to beaccompaniedy a proportionaldecreasén thelaborincomeshareandvice versain orderto sustain
a competitive equilibrium. Clemeng1999)demonstratethatthe resultsof this paperhold for the standard
expectedutility settingwheree = 1/p andfory=1—a.

2This effectis discussedy Smith (1996). In generalit is not compatiblewith feasiblesolutionsof the
modelbecausehe trans\ersalityconditionis violatedin caseof a negative certaintyequivalentto capital
return(seeClemensandSoretz,1997).



Hence,the resultsmatchfindingsof Weil (1993)for the caseof a pureincomerisk and
CIES—-CARApreferencesandSandmaq1970)for the expectedutility case.

Combinationof the growth effectsfrom a changean the capitalandthe laborincome
shareleadsto the following conclusion: If the representatie consumetris exposedto
capitalandincomerisk themaugin of certaintyequivalences shifteddownwardsanddoes
no longercorrespondo a parameteraluefor the intertemporaklasticity of substitution
of € = 1. The higherthe laborincomesharethe earlierthe households inclinedto save
outof precautionarynotives?

4 Conclusions

This paperdiscussedhe effectsof a simultaneousippearancef capitalandincomerisk

on long—-runexpectedgrownth. Within a CIES—CRRAframenork, we foundthat (a) the

higherthe laborincomesharethe earlieragentsdevelop a motive to save out of precau-
tionary motives, and that (b) the caseof certainty equivalencedoesnot correspondo

logarithmicintertemporajpreferencesOur analysisthusextendsthe resultsknown from

contributionswhich focussolelyon eitheroneof therisky incomesources.
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Appendix

We assumethevaluefunctlonJ[K( ),t] = maxV (t) to representhe maximizedvalueof
lifetime utility. We apply It6’s Lemmato derive the stochastidifferentialof V (t) to get
thefollowing Lagrangian

— P /e i / ! i :_L "
rgﬂxf T 1/801 Ve _BGL)+(1—p)G(.) [T (K)(rK+w C)+59 K)oz
(A1)

In theframawvork consideredherethecontinuous—timstochasti®ellmanequationcannot
beemployedbecausef theincreasingeturnso scaletechnology Soin additionto taking
the derivative of (A.1) with respecto C, we have to differentiate(A.1) with respecto K
which leadsto the following first—orderconditions(for detailsseeClemens;1999)

0=CY¢_G'(.)J(K) (A.2)
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The solutionconjecturestatedabove in the text implies the following derivativesof the
valuefunction

J(K)=n THCP>0
J'(K) = —pppre c-P+D < o (A.4)
3"(K) = p(p+ 1) p2uts C- P2 > 0,

Substitutionof (A.2) and (A.4) into (A.3) leadsto the expressionfor the consumption—
capitalratio (5) of thetext.



