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Abstract

Wediscussaneconomywhich is subjectto aggregateproductivity shocksaffectingall factorsof produc-
tion. The additionalpresenceof incomerisk shifts the margin whereagentssave out of precautionary
motivesdownwards,suchthatit doesno longercorrespondto logarithmicpreferences.
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1 Introduction

Theeffectsof capitalandincomerisk on intertemporalconsumptionchoiceof risk averse
agentshaveoriginally beendiscussedby Sandmo(1970)within anexpectedutility setting.
More recently, this issuehasbeenaddressedby Weil (1990,1993)within theframework
of non–expectedutility preferences.But similar to the work of Obstfeld(1994a,b) or
Turnovsky (1999),theauthorrestrictshis analysisto a singletypeof income. The new
featureof themodelpresentedhereis thatwediscusstheeffectsof capitalandincomerisk
within oneconsistentframework. Ourapproachcanbeviewedasanextensionto Obstfeld
(1994b)or Smith (1996). We explicitly take accountof non–diversifiablelabor income
risk anddemonstratethat this leadsto new insightswith respectto theparameterranges
for theintertemporalelasticityof substitutionwherephenomenaascertaintyequivalence
or precautionarysaving occur.

2 The model

We assumean economypopulatedby a continuum
�
0 � 1� of identical, infinitely–lived

agents.Eachindividual selectsthe optimal amountof consumptionandsavings in or-

1



derto maximizeintertemporalwelfareV � t � . Householdshave iso–elastic,recursivepref-
erencesasin Obstfeld(1994b)which allows for a separateanalysisof risk aversionand
intertemporalsubstitution

G
� � 1 � ρ � V � t ����� 1 � ρ

1 � 1	 ε
C � t � 1 
 1� ε h � e
 βhG

� � 1 � ρ � Et V � t � h����
 (1)

Here,C � t � is theintertemporalconsumptionflow whichweassumeto beinstantaneously
deterministic. The parameterβ � 0 is the subjective rateof time preference.Et is the
expectationsoperatorconditionalontime–t information.Theparameterρ � 0 is thecoef-
ficient of relative risk aversionandε � 0 denotestheintertemporalelasticityof substitu-
tion. Without lossof generality, wedo notdiscussthelimiting caseswhereρ � 1 and/ or
ε � 1. ThefunctionG ����� is givenby

G ������� 1 � ρ
1 � 1	 ε � � � 1 � ρ � V � t ��� 1 � 1� ε

1 � ρ 
 (2)

Individual productionis stochastic.At eachincrementof time theeconomyis subjectto
anaggregateproductivity shock.Therepresentative firm producesa homogeneousgood
accordingto thefollowing stochasticCobb–Douglas–technology

dY � t ��� K � t � αL � t � γA � t � 1 
 α � dt � σdz� t ����
 (3)

We apply thelearning–by–doingsettingdevelopedby Romer(1986).Theinstantaneous
outputflow dY � t � is assumedto begeneratedfrom physicalcapitalK � t � andlaborL � t � .
The factorsincomesharesaregivenby α andγ. We assumeα � γ ��� 0 � 1� andα � γ � 1
to assuretheexistenceof a competitiveequilibrium. For analyticalconvenience,we take
laborto beinelasticallysupplied,andthelaborforceis normalizedto unity. Nevertheless,
thehouseholdreceivesan incomefrom both factorsof production. In termsof Sandmo
(1970), the agentis exposedto capital risk and incomerisk. In (2), dz� t � is the incre-
mentto a standardWienerprocessz� t � with zeromeanandtheinstantaneousvarianceof
productionσ2dt.

The productionfunction (2) exhibits humancapitalexternalities.The stockof tech-
nical knowledgeA � t � actsasa Harrod–neutralgrowth parameterandis enhancedby in-
vestmentin privatelyownedcapital.In macroeconomicequilibriumA � t � equalsK � t � and
aggregateproductionis linear in capital. Hence,the requirementsfor ongoinggrowth
of per capitaincomesaremet. This assumptiontogetherwith the assumptionstatedon
the natureof the randomdisturbanceimplies that the economyevolvesaccordingto a
stochastictrend.

Individuals save by investingin risky physicalcapital. The representative agentis
endowed with the initial capital stockK � 0��� 0. In eachtime incrementt he receives
capitalandlaborincomes.His flow budgetconstraintis givenby

dK � t ��� �
r K � t ��� wL � t � � C � t ��� dt � dk � t �!� (4)
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wherew is the wagerateand r is the rateof return to physicalcapital. In equilibrium
r equalsthe privatemarginal productof capitalandfalls shortof the socialreturn. The
stochasticprocessof capitalis definedasdk � t �"� �

rK � t �#� wL � t ��� σdz� t � with thecorre-
spondingvarianceof physicalcapitalgivenby σ2

K � E � dk � 2 	 dt.
Theconsumer’sproblemis to selecthis rateof consumptionin orderto maximizehis

objective functionV � t � asspecifiedby (1) and(2) subjectto his budgetconstraint(4),
takingpricesasgiven. Thesolutionconjectureusuallyappliedfor isoelasticpreferences
is that thepropensityto consumeout of capitalµ � C 	 K is constantin macroeconomic
equilibriumandthatinvestmentin capitalis determinedby constantrelativerisk aversion.
This guesstogetherwith the equilibrium valuesof factor returnsr � α

�
dt � σdz� and

w � γK
�
dt � σdz� which canbeobtainedby theusualmarginal productivity conditions,

determinestheoptimalpolicy

µ � ε � β � α �$�%� α � γ � & 1 � ρσ2 � α � γ �(' εα
α � γ

� ε � 1
2 )+* 
 (5)

Substitutionof theequilibriumvalueof thepropensityto consume(5) into thebudgetcon-
straint(4) leadsto aclosed–formexpressionfor theexpectedgrowth rateof theeconomy

ψ � ε � α � β �$�,� α � γ � 2ρσ2 ' ε � 1
2

� εα� α � γ �-) 
 (6)

Equation(5) and(6) show that the propensityto consumeout of capitalaswell as the
expectedgrowth rateof the economyarethe sumof a drift anda diffusion component,
thelatterreflectingtheagent’soptimalresponseto technologicalrisk.

3 Growth effects of capital and income risk

The optimal valuesof the propensityto consume(5) and the expectedgrowth rate (6)
show thatoneimportantcharacteristicof thisclassof recursivepreferencesis maintained.
Theimpactof thecoefficient of relative risk aversionρ on long–rungrowth is unaffected
by theadditionalpresenceof incomerisk. As well known from Weil (1990),thedegree
of risk aversionjust hasasizeeffectonmacroeconomicgrowth.

The main differencebetweenour modelandthe contributionsof Obstfeld(1994b),
Smith(1996)andWeil (1990)becomesapparentif we focusour attentionon thesignof
diffusionterm.Whetheror not theexpectedgrowth rateof therisky environmentexceeds
the deterministicone is not solely determinedby the intertemporalelasticityof substi-
tution. In additionit dependson the factorincomedistribution. It is easyto verify that
theresultsof Obstfeld(1994b)canbeobtainedfor α � 1 � γ � 0, andtheresultsof Smith
(1996),who alsoaccountsfor externalitiesin humancapitalaccumulation,correspondto
the caseof γ � 0. Both authorsdiscussa framework whereagentsreceive only capital
incomes.In thiscasethequestionof dominanceof intertemporalincomeandsubstitution
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effectsdependsentirelyonwhethertheintertemporalelasticityof substitutionexceedsor
fallsbelow unity, whereascertaintyequivalencecanbeobtainedfor ε � 1. If theelasticity
of substitutionis sufficiently low, that is ε . 1, theagenttries to self–insureagainstthe
uncertaintyof futureincomeflows. Following Leland(1968)andSandmo(1970),hehas
amotive for precautionarysavings.

In our modeltheincomesharesof bothfactorsof productionenterinto thediffusion
term. For instance,with a changein thevarianceof thetechnologicalshock,theoptimal
responsedoesnot solely dependon ε / 1 but moreover on the sizeof α andγ. Let us
now turn towardsthe question,as to what extent the factor incomedistribution affects
growth. We discussa variationof α andγ respectively, while holding theotherincome
sharefixed.1 Thederivativescanbeobtainedasfollows

∂ψ
∂α

� ε � ρσ2 �α � 1 � ε ��� γ � (7)

and
∂ψ
∂γ

� ρσ2 �α � γ � ε � 1���0� 0 
 (8)

An increasein themarginal productof capitalα raisesboth, themeanandthevolatility
of future incomeflows. The effect on the drift term is positive, which is not surprising
andwell known from the deterministicsetting. As expected,the effect on the diffusion
term is of ambiguoussign. From (7) canbe seen,that the growth rateincreaseswith a
riseα for everyε . 1. This resultcorrespondsto thefindingsof Weil (1990)andObstfeld
(1994b) for the caseof a pure capital risk. The positive intertemporalincomeeffect
outweighsthenegativeintertemporalsubstitutioneffect. But additionally, in thepresence
of incomerisk, the intertemporaleffectsdo not offset for ε � 1. Even in this casethe
growth enhancingeffect from anincreasein capitalreturnsprevails. Theexpectedgrowth
ratein totaldeclineswith anincreaseof α only if thecertaintyequivalentto capitalreturn
i � α � 1 � ρσ2 � is sufficiently negative.2

Equation(8) showsthatin contrastto thedeterministicmodel,hereanincreasein the
labor incomesharein fact hasa positive impacton long–rungrowth. A ceterisparibus
rise in the labor incomeshareleadsto anincreasein futureexpectedincome.Similar to
thedeterministicsetting,labor incomedoesnot enterinto thedrift termof theexpected
growth ratebut,whatis moreimportant,its riskinessaffectsthediffusionterm.Within the
preferenceclassconsideredhere,therepresentative agenthasa motive for precautionary
saving outof incomerisk for any sizeof theelasticityof intertemporalsubstitutionε � 0.

1It is understoodthatwith constantreturnsto scalein productionanincreasein thecapitalincomeshare
is to beaccompaniedby aproportionaldecreasein thelaborincomeshareandviceversain orderto sustain
a competitiveequilibrium.Clemens(1999)demonstratesthattheresultsof this paperhold for thestandard
expectedutility settingwhereε 1 1 2 ρ andfor γ 1 1 3 α.

2This effect is discussedby Smith(1996). In generalit is not compatiblewith feasiblesolutionsof the
modelbecausethe transversalityconditionis violatedin caseof a negative certaintyequivalentto capital
return(seeClemensandSoretz,1997).
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Hence,the resultsmatchfindingsof Weil (1993)for thecaseof a pureincomerisk and
CIES–CARApreferencesandSandmo(1970)for theexpectedutility case.

Combinationof thegrowth effectsfrom a changein thecapitalandthelabor income
shareleadsto the following conclusion: If the representative consumeris exposedto
capitalandincomerisk themargin of certaintyequivalenceis shifteddownwardsanddoes
no longercorrespondto a parametervaluefor theintertemporalelasticityof substitution
of ε � 1. Thehigherthe labor incomesharetheearlierthehouseholdis inclinedto save
outof precautionarymotives.3

4 Conclusions

This paperdiscussedtheeffectsof a simultaneousappearanceof capitalandincomerisk
on long–runexpectedgrowth. Within a CIES–CRRAframework, we found that (a) the
higherthe labor incomesharetheearlieragentsdevelopa motive to save out of precau-
tionary motives,and that (b) the caseof certaintyequivalencedoesnot correspondto
logarithmicintertemporalpreferences.Our analysisthusextendstheresultsknown from
contributionswhich focussolelyoneitheroneof therisky incomesources.
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Appendix

We assumethevaluefunctionJ
�
K � t ��� t �4� maxV � t � to representthemaximizedvalueof

lifetime utility. We apply Itô’s Lemmato derive thestochasticdifferentialof V � t � to get
thefollowing Lagrangian

max
C 5 K 6 � 1 � ρ

1 � 1	 ε
C1 
 1� ε � βG �������,� 1 � ρ � G78����� & J 79� K �0� rK � w � C �$� 1

2
J 7:79� K � σ2

K * 

(A.1)

In theframeworkconsideredherethecontinuous–timestochasticBellmanequationcannot
beemployedbecauseof theincreasingreturnsto scaletechnology. Soin additionto taking
thederivativeof (A.1) with respectto C, we have to differentiate(A.1) with respectto K
which leadsto thefollowing first–orderconditions(for detailsseeClemens,1999)

0 � C 
 1� ε � G79����� J 7;� K � (A.2)

0 � G7 ����� & J 7 � K �0� r � β ��� J 7 7 � K � & r K � w � C � 1
2

∂σ2
K

∂K * � 1
2

J 7<7:7 � K � σ2
K * ��%� 1 � ρ � G7 79�=��� J 79� K � & J 7;� K �0� r K � w � C ��� 1

2
J 7:79� K � σ2

K * 
 (A.3)

The solutionconjecturestatedabove in the text implies the following derivativesof the
valuefunction

J 79� K ��� µ
1 � ρε
1 � ε C 
 ρ � 0

J 7>7 � K ���?� ρµµ
1 � ρε
1 � ε C 
�@ ρ A 1B . 0 (A.4)

J 7:7>7 � K ��� ρ � ρ � 1� µ2µ
1 � ρε
1 � ε C 
C@ ρ A 2B � 0 


Substitutionof (A.2) and(A.4) into (A.3) leadsto the expressionfor the consumption–
capitalratio (5) of thetext.
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