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Devwudfw

Wklv sdshu suhvhqwv d prgho zkhuh djhqwv ghflgh rq wkh wlplqj ri uhsodfhphqw ri djhlqj
pdfklqhv1 Wkh rswlpdo uhsodfhphqw srolf| iru dq djhqw lv lq xhqfhg e| rwkhu djhqwv* ghflvlrqv
ehfdxvh wkh surgxfwlylw| ri d sduwlfxodu ylqwdjh glvsod|v qhwzrun h{whuqdolwlhv wkdw vhw lq zlwk d
odj1 Lq htxloleulxp/ djhqwv iroorz lqqrydwlrq f|fohv zlwk d iuhtxhqf| wkdw lv orzhu wkdq rswlpdo/
vr wkhuh lv wrr pxfk ghod|1 Rqh h{wuhph fdvh lv wkh srvvlelolw| ri lqh!flhqw froodsvh= iru
vrph sdudphwhuv wkhuh lv qr lqyhvwphqw lq htxloleulxp/ hyhq wkrxjk lw lv vrfldoo| rswlpdo wkdw
djhqwv +hyhqwxdoo|, lqyhvw lq f|fohv1 Dqrwkhu ihdwxuh ri wkh prgho lv wkh whqghqf| ri djhqwv wr
v|qfkurql}h wkhlu lqglylgxdo ghflvlrqv/ dqg wkxv wkh rxwfrph ri wkh djjuhjdwh hfrqrp| grhv qrw
vprrwk rxw wkh qrq0frqyh{lwlhv suhvhqw dw wkh plfurhfrqrplf ohyho1

+M1H1O1 Fodvvl�fdwlrq Qxpehuv G<5/ H55/ H65,

WXsgdwhg yhuvlrqv fdq eh grzqordghg dw kwws=22zzz1hfr1xf6p1hv2�muxl}2pdfkglv1sgi
Wklv sdshu juhz rxw ri glvfxvvlrqv zlwk p| dgylvruv Uxvvhoo Frrshu dqg Grxjodv Jdoh/ wr zkrp L dp lpphqvho|

judwhixo iru wkhlu frpphqwv dqg jxlgdqfh1 L kdyh dovr ehqh�whg iurp wkh lqvljkixo frpphqwv ri Vdpxho Nruwxp/
Gheudm Ud|/ Pdwlogh Pdfkdgr dqg vhplqdu sduwlflsdqwv dw wkh [Y Odwlq Dphulfdq Phhwlqj ri wkh Hfrqrphwulf
Vrflhw|/ QEHU Vxpphu Lqvwlwxwh dqg Xqlyhuvlwlhv ri Dolfdqwh/ Fduorv LLL +Pdgulg,/ Qdyduud/ Qryd +Olverq,/ Srpshx
Ideud/ dqg Ervwrq Xqlyhuvlw|1 Ilqdqfldo vxssruw iurp Ervwrq Xqlyhuvlw| lv judwhixoo| dnqrzohgjhg1 Qhhgohvv wr vd|/
doo uhpdlqlqj huuruv duh plqh1

_Pdlolqj Dgguhvv= Xqlyhuvlgdg Fduorv LLL gh Pdgulg/ Ghsduwdphqw ri Hfrqrplfv/ 5;<36 Jhwdih +Pdgulg,/
VSDLQ1 Who1= .+67, <4 957 <9851 Id{ = .+67, <4 957 <;:81 h0pdlo= muxl}Cex1hgx

4

4 Lqwurgxfwlrq

Wklv sdshu h{soruhv wkh g|qdplfv ri pdfurhfrqrplf djjuhjdwhv zkhq xqghuo|lqj plfurhfrqrplf

ghflvlrqv duh qrq0frqyh{ dqg qhwzrun h{whuqdolwlhv d�hfw wkh sur�wdelolw| ri hdfk djhqwv* dfwlrq

zlwk d odj1 Zh dvn wzr vshfl�f txhvwlrqv1 Iluvw/ gr djhqwv frruglqdwh wkhlu dfwlrqv lq wkh suhvhqfh

ri qhwzrun h{whuqdolwlhv/ dqg wkxv wudqvplw wkh yduldelolw| ri wkhlu plfur dfwlrqv lqwr djjuhjdwh

yduldeohv> dqg vhfrqg/ lv wkh vrfldo rswlpxp wkh rxwfrph ri rqh ri wkh htxloleuld lq wklv vhwwlqj1

Zh �qg wkdw/ lq htxloleulxp/ djhqwv whqg wr v|qfkurql}h wkhlu dfwlrqv/ dqg wkxv li zh orrn dw dq

djjuhjdwh yduldeoh/ zh zloo vwloo revhuyh vrph oxpslqhvv wkdw lv qrw vprrwkhg rxw e| djjuhjdwlrq1

Pruhryhu/ wkhvh djjuhjdwh f|fohv glvsod| d iuhtxhqf| wkdw lv orzhu wkdq rswlpdo/ vr iru d qxpehu ri

xvhuv eljjhu wkdq d vshfl�f wkuhvkrog/ wkhuh lv dozd|v lqh!flhqw ghod| lq wklv hfrqrp|/ zkhuhdv lq

suhylrxv zrun wkh rxwfrph ri rqh ri wkh +pxowlsoh, htxloleuld zdv htxlydohqw wr wkh vrfldoo| rswlpdo

srolf|1

Wkh lvvxh ri zkhwkhu wkh oxpslqhvv ri hfrqrplf ghflvlrqv dw wkh plfurhfrqrplf ohyho jhwv

vprrwkhg rxw e| djjuhjdwlrq lv qrw d wkhruhwlfdo fxulrvlw|1 Zrun e| Ehuwrod dqg Fdedoohur +4<<3,

dqg Frrshu/ Kdowlzdqjhu dqg Srzhu +4<<8, iru h{dpsoh/ vkrz wkdw wkh suhvhqfh ri qrqfrqyh{lwlhv

dw wkh plfurhfrqrplf ohyho lv dq lpsruwdqw ihdwxuh wkdw zh kdyh wr frqvlghu li zh zdqw wr h{sodlq

wkh oxpslqhvv irxqg lq wkh gdwd/ hvshfldoo| iru lqyhvwphqw lq htxlsphqw dqg sxufkdvhv ri gxudeoh

jrrgv1 Lw lv dovr wklv oxpslqhvv dw wkh plfur ohyho +xvxdoo| jhqhudwhg e| vrph ghjuhh ri luuhyhuvlelo0

lw|,/ wrjhwkhu zlwk wkh hyroxwlrq ri wkh furvv vhfwlrqdo glvwulexwlrq ri djhqwv/ wkdw pd| jhqhudwh

lqwhuhvwlqj djjuhjdwh g|qdplfv zkhq frxsohg zlwk lglrv|qfudwlf dqg frpprq xqfhuwdlqw|1

Wkh lvvxh ri h{whuqdolwlhv dqg wkh wlplqj ri lqglylgxdo ghflvlrqv kdv ehhq h{whqvlyho| vwxglhg lq

wkh olwhudwxuh1 Suhylrxv zrun e| Vkohlihu +4<;9, dqg Jdoh +4<<8/ 4<<9, vkrzhg krz wkh suhvhqfh

ri srvlwlyh h{whuqdolwlhv fdq ohdg wr ghod| ri lqglylgxdo*v dfwlrqv dqg wr f|fohv lq pdfurhfrqrplf

djjuhjdwhv1 Lq Vkohlihu +4<;9,/ h{whuqdolwlhv duh shfxqldu| lq qdwxuh/ dqg wkh frqwlqxrxv duulydo

ri lqyhvwphqw rssruwxqlwlhv lv wudqviruphg lqwr djjuhjdwh f|fohv ri lqyhvwphqw dfwlylw|1 Wklv lv

wkh uhvxow ri wkh lqfhqwlyh wr v|qfkurql}h lqglylgxdo lqyhvwphqw ghflvlrqv wr wdnh dgydqwdjh ri wkh

srvlwlyh h{whuqdolw| wkurxjk lqfuhdvhg djjuhjdwh dfwlylw|1 Zkloh Vkohlihu hpskdvl}hv wkh pxowlsolflw|

ri htxloleuld lq wklv frqwh{w/ rxu zrun irfxvhv rq wkh dpsol�fdwlrq ri wkh qrqfrqyh{lwlhv revhuyhg

dw wkh lqglylgxdo ohyho dqg rq wkh h!flhqf| surshuwlhv ri wkh htxloleulxp f|fohv1

Jdoh +4<<8, irfxvhv rq wkh lqfhqwlyhv iru ghod| lq d g|qdplf prgho ri frruglqdwlrq1 Wkh edvlf
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Wkh qh{w vhfwlrq ghvfulehv wkh prgho lq ghwdlo/ vshfli|lqj wkh sduwlfxodu irup ri qhwzrun h{whu0

qdolwlhv lqwurgxfhg dqg wkh fkrlfh ri vroxwlrq frqfhsw1 Vhfwlrq wkuhh ghyhorsv wkh vroxwlrq wr wkh

sodqqhu*v sureohp/ iru d sduwlfxodu lqlwldo frqglwlrq1 Wkrvh uhvxowv zrxog wkhq vhuyh dv d ehqfkpdun

wr dqdo|}h wkh h!flhqf| surshuwlhv ri wkh htxloleulxp f|fohv1 Vhfwlrq irxu ghdov zlwk wkh frqglwlrqv

qhfhvvdu| iru v|qfkurql}dwlrq lq wkh vwhdg| vwdwh dqg wkh h!flhqf| surshuwlhv ri wkh htxloleulxp

f|fohv1 Lq vhfwlrq �yh zh lqwurgxfh vwdjjhuhg htxloleuld dqg jlyh vrph lqwxlwlrq zk| wkh vwdjjhuhg

vwhdg| vwdwh pd| eh frqvlghuhg d �nqlih hgjh� fdvh lq d vhqvh pdgh vshfl�f lq wkdw vhfwlrq1 Sduwv

vl{ dqg vhyhq jlyh ixuwkhu lqvljkw lqwr zk| v|qfkurql}dwlrq pd| eh frqvlghuhg wkh �qdwxudo� rxw0

frph ri wkh jdph1 Ilqdoo|/ vhfwlrq hljkw lqfoxgh vrph frqfoxglqj uhpdunv dqg ixuwkhu dyhqxhv ri

uhvhdufk1

5 Prgho

Wklv lv dq hfrqrp| zlwk d pdvv Q ri lq�qlwhvlpdo/ lq�qlwho|0olyhg djhqwv1 Hdfk djhqw rshudwhv rqh

pdfklqh/ lqgh{hg e| djh { +zklfk lv dovr wkh wlph hodsvhg vlqfh lw dsshduhg lq wkh pdunhw,1 Qhz

pdfklqhv dsshdu hyhu| shulrg dqg djhqwv kdyh dw dq| wlph wkh srvvlelolw| wr vfuds wkhlu pdfklqh

dqg dgrsw d pdfklqh ri d gl�huhqw ylqwdjh +djh, e| sd|lqj wkh vzlwfklqj frvw f � 31 Wkh sureohp

ri hdfk djhqw lv wr fkrrvh vzlwfklqj gdwhv dqg wdujhw ylqwdjhv ryhu dq lq�qlwh krul}rq wr pd{lpl}h

wkh suhvhqw glvfrxqwhg ydoxh ri sd|r�v qhw ri vzlwfklqj frvwv1 Hdfk djhqw glvfrxqwv wkh ixwxuh dw

wkh frpprq glvfrxqw idfwru � @ �

�no
1

514 Sd|r�v

Dw hdfk shulrg w/ wkh sdwwhuq ri xvh ri gl�huhqw ylqwdjhv dfurvv djhqwv fdq eh fkdudfwhul}hg e| wkh

glvwulexwlrq q| @ iqf|> q�|> q2|> = = =j/ zkhuh q%| uhsuhvhqwv wkh pdvv ri xvhuv ri ylqwdjh { dw wlph w

dqg ri frxuvh zh uhtxluh 3 � q%| � Q dqg
S
"

%'f q%| @ Q dw hyhu| w=

Wr lqwurgxfh odjjlqj h{whuqdolwlhv lqwr wkh prgho/ zh zloo dvvxph wkdw wkh sd|r� ghulyhg iurp d

pdfklqh ri d sduwlfxodu ylqwdjh ghshqgv/ lq sduw/ rq krz h{whqvlyho| lw zdv xvhg wkh suhylrxv shulrg/

dqg zloo ghqrwh e| I +{> q%3�c|3�, wkh sd|r� dw wlph w ri xvlqj d pdfklqh ri djh {= Wkh prwlydwlrq iru

d sd|r� ixqfwlrq ri wklv vruw frxog eh dq| lqgxvwu| zklfk ghshqgv rq dqrwkhu �xsvwuhdp� lqgxvwu|

iru �whfkqlfdo vxssruw� iru h{dpsoh1 Zh pd| wklqn wkdw wkh dydlodelolw| ri vxssruw �wkh qxpehu ri

uhsdlu vkrsv/ iru h{dpsoh� iru d sduwlfxodu ylqwdjh ghshqgv rq krz vsuhdg wkh xvh ri wkdw ylqwdjh

wkh v|qfkurql}hg htxloleulxp zloo vwloo eh dq htxloleulxp lq wkh prgl�hg prgho zkhq wkh yduldelolw| ri wkrvh frvwv lv
vpdoo hqrxjk1

7

lv/ zklfk zrxog surylgh wkh qhwzrun h�hfw1 Zlwk uhvshfw wr wkh wlplqj ri wkh h{whuqdolw|/ lw lv

yhu| olnho| wkdw wklv �vxssruw lqgxvwu|� zrxog h{klelw vrph lqhuwld lq dgmxvwlqj wr fkdqjhv lq wkh

lqgxvwu| lw vxssruwv= lw zrxog qhhg vrph wlph wr ghyhors diwhu wkh xvhuv ri d sduwlfxodu ylqwdjh

ghflgh wr vzlwfk wr d sduwlfxodu eudqg/ dqg dovr lw zloo qhhg vrph wlph iru wkdw vxssruw wr glvdsshdu

hyhq diwhu d vljql�fdqw uhgxfwlrq lq wkh qxpehu ri xvhuv/ vr zh zrxog kdyh d wzr0vlghg odj18

Lw lv zruwk phqwlrqlqj wkdw wkh txdolwdwlyh uhvxowv ri wkh sdshu �wkh suhvhqfh ri lqh!flhqw ghod|

dqg wkh wudqvplvvlrq ri wkh plfur qrq0frqyh{lwlhv lqwr wkh djjuhjdwh gdwd� gr qrw fkdqjh zlwk

wkh ohqjwk ri wkh wlph shulrg/ vr lq wklv frqwh{w/ wkh h{whuqdolw| odj frxog eh yhu| vpdoo lqghhg19

Pruhryhu/ wdnlqj wkh dssurdfk ri vshfli|lqj d rqh0shulrg0odj iru wkh dsshdudqfh dqg glvdsshdudqfh

ri wkh h{whuqdolwlhv lv mxvw d vlpsoh fdvh ri d jhqhudo glvwulexwhg odj vfkhph lqfoxglqj srvvleo| wkh

fxuuhqw xvhu edvh1:

Ljqrulqj lqwhjhu frqvwudlqwv rq wkh djh ri wkh pdfklqh {> zh zloo dvvxph wkdw;

I +{> q, A 3 ;{>q +4,

I� ? 3 ;{ � 4 +5,

I�� A 3 ;{ � 4 +6,

I2 A 3 ;{ � 4 +7,

8 Li zh wdnh lqyhvwphqw lq gxudeoh jrrgv iru h{dpsoh/ d uhdo olih h{dpsoh frxog eh wkh dydlodelolw| ri uhsdlu vkrsv
vshfldol}hg lq d sduwlfxodu fdu eudqg/ ru hyhq wkh dydlodelolw| ri vsduh sduwv iru d sduwlfxodu prgho1 Suhvxpdeo| wkrvh
vkrsv dsshdu lq uhvsrqvh wr wkh qxpehu ri xvhuv ri d sduwlfxodu eudqg ru prgho/ dqg lw wdnhv vrph wlph iru wkhp
wr uhdfw wr wkh fkdqjh lq wkh xvhu edvh ri wkrvh prghov1 Wkhvh lqhuwld frxog eh dovr wkh uhvxow ri xqfhuwdlqw| rq
jryhuqphqw srolf|= lq wkh fdvh ri Frorpeld ru Shux/ iru h{dpsoh/ uhsdlu vkrsv dqg vsduh sduwv glvwulexwruv vrphwlphv
duh uhoxfwdqw wr hqwhu lqwr wkh pdunhw dw wkh vdph wlph d qhz fdu eudqg vwduwv wr eh lpsruwhg lqwr wkh frxqwu|/
ehfdxvh ri ihdu ri fkdqjhv lq lpsruw uhvwulfwlrqv/ iru h{dpsoh1

9 Lq Uxl} +4<<;, zh dovr dqdo|}h wkh h�hfwv ri frqvlghulqj d �vwrfn� yhuvlrq ri wklv h{whuqdolwlhv= zh frxog wklqn
ri sd|r� h{whuqdolwlhv ehfdxvh ri ohduqlqj e| xvlqj/ dqg vr wkh djjuhjdwh qxpehu ri xvhuv lq wkh sdvw ghwhuplqhv wkh
sur�wdelolw| ri d sduwlfxodu ylqwdjh1 Lq wkdw fdvh/ hyhq zkhq hyhu|rqh dedqgrqv d prgho/ wkh sd|r� ri wkdw pdfklqh
grhv qrw gurs/ vlqfh wkh vwrfn ri nqrzohgjh dvvrfldwhg zlwk wkdw pdfklqh lv wkh vdph1 Wkh txdolwdwlyh uhvxowv duh
hvvhqwldoo| wkh vdph lq wkdw vhwwlqj= lqh!flhqw ghod| dqg qrq0vprrwklqj e| djjuhjdwlrq1

:Wkh txdolwdwlyh uhvxowv ri wkh sdshu gr qrw fkdqjh e| lqwurgxflqj d jhqhudo glvwulexwhg odj ri xvhu edvh lq wkh
ghwhuplqdwlrq ri wkh qhwzrun h{whuqdolwlhv1 Lqfoxglqj wkh fxuuhqw xvhu edvh lq wkh glvwulexwhg odj frxog rqo| d�hfw
wkh uhvxow ri wkh lqh!flhqf| ri wkh htxloleulxp f|fohv1 Krzhyhu/ li wkh zhljkw sxw rq wkh fxuuhqw frqvxphu edvh lv
orz hqrxjk/ dv frpsduhg zlwk wkh sdvw xvhu edvh/ wkh uhvxowv ri wklv sdshu duh vwloo ydolg1

;Vwulfwo| vshdnlqj/ zh vkrxog uhsodfh +5, e|

8 E%�c ?� : 8 E%2c ?� li � $ %� 	 %2c

+6, e|
8 E%�c ?�3 8 E%� n &c ?� : 8 E%2c ?�3 8 E%2 n &c ?� li � $ %� 	 %2c

dqg +8, e|
8 E%�c ?��3 8 E%� n &c ?�� : 8 E%�c ?2�3 8 E%� n &c ?2� li % D � dqg ?� 	 ?2
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I2� ? 3 ;{ � 4 +8,

Dvvxpswlrq +4, lpsolhv wkdw lw lv dozd|v sur�wdeoh wr xvh d pdfklqh/ uhjdugohvv ri wkh qxpehu ri

xvhuv ri wkh vdph ylqwdjh1 Wklv lq idfw doorzv xv wr dyrlg wkh lvvxh ri h{lw dqg uh0hqwu| zklfk

frxog juhdwo| frpsolfdwh wkh prgho zlwkrxw dq| jdlq lq lqvljkw1 Dvvxpswlrq +5, uhsuhvhqwv wkh

h�hfw ri revrohvfhqfh rq wkh sur�wdelolw| ri d sduwlfxodu ylqwdjh/ zklfk fdq eh xqghuvwrrg dv d

qrupdol}dwlrq zlwk uhvshfw wr wkh �vwdwh ri wkh duw� whfkqrorj|/< zkhuhdv wkh h�hfw ri srvlwlyh

qhwzrun h{whuqdolwlhv lv fdswxuhg e| +7,1 Zh wklqn ri wkh h�hfw ri revrohvfhqfh dv uhgxflqj fxuuhqw

sur�wdelolw| e| d �{hg iudfwlrq hdfk shulrg d qhz pdfklqh duulyhv1 Wkdw prwlydwhv dvvxpswlrq +6,/

dqg wrjhwkhu zlwk qhwzrun h{whuqdolwlhv/ dvvxpswlrq +8,1 Dqrwkhu zd| wr lqwhusuhw frqglwlrq +8, lv

wr wklqn ri zhdnhu qhwzrun h{whuqdolwlhv iru roghu pdfklqhv1

Zh zloo dovr dvvxph wkdw li d pdfklqh lv pruh sur�wdeoh wkdq dqrwkhu/ wkhq wkh h�hfw ri

revrohvfhqfh grhv qrw prgli| wklv uhodwlyh udqnlqj= wkh iruphu zrxog vwloo eh pruh sur�wdeoh lq

wkh ixwxuh/ surylghg wkhuh lv qr fkdqjh lq wkh qxpehu ri xvhuv ri erwk ri wkhp=

I +{�> q�, A I +{2> q2,, I +{� . n> q�, A I +{2 . n> q2, +9,

Qrwlfh wkdw wkh sd|r� ri d qhz pdfklqh +{ @ 3, lv vwloo qrw zhoo gh�qhg e| wkhvh dvvxpswlrqv

rq I +=,= Vlqfh wkh qhwzrun h{whuqdolwlhv zh duh ghdolqj zlwk dsshdu zlwk d odj/ wkh h{whuqdolwlhv

dvvrfldwhg zlwk d qhz pdfklqh kdyh qrw kdg wlph wr eh exlow lqwr wkh ylqwdjh1 Vr wkh qxpehu ri

djhqwv xvlqj d qhz pdfklqh lv luuhohydqw iru wkh fxuuhqw sur�wdelolw| ri wkdw ylqwdjh +dowkrxjk lw

zloo lq xhqfh lwv sur�wdelolw| qh{w shulrg,1 Dffruglqjo|/ zh gh�qh

I +3> q, � I +3> 3, @ 4 iru doo q +:,

zkhuh wkh odvw htxdolw| lv mxvw d frqyhqlhqw qrupdol}dwlrq ri xqlwv dqg lv zlwkrxw orvv ri jhqhudolw|1

Lw lv zruwk qrwlqj wkdw/ iru jlyhq q> wkh ixqfwlrq I +{> q, lv wkh uhvxow ri wzr rssrvlqj irufhv=

rq wkh rqh kdqg/ wkhuh lv wkh qhjdwlyh h�hfw ri revrohvfhqfh dv d pdfklqh jhwv roghu/ fdswxuhg e|

I� ? 3= Rq wkh rwkhu kdqg/ dq rog pdfklqh pd| eh pruh surgxfwlyh wkdq wkh �vwdwh ri wkh duw�

< Lq sulqflsoh zh fdq wklqn ri dq dowhuqdwlyh prgho lq zklfk wkh sur�wdelolw| ri d pdfklqh lv rqo| d�hfwhg e|
sk|vlfdo ghsuhfldwlrq exw qrw e| wkh dsshdudqfh ri d pruh surgxfwlyh ylqwdjh1 Krzhyhu/ zh fdq dozd|v wxuq wkdw
prgho lqwr dq htxlydohqw prgho zkhuh wkh sd|r� ri hdfk pdfklqh lv qrupdol}hg zlwk uhvshfw wr wkh sur�wdelolw| ri
wkh �vwdwh ri wkh duw� whfkqrorj| dsshdulqj hdfk shulrg dv lq rxu fdvh1

Wkh glvfrxqw idfwru q lq wkh qrupdol}hg prgho zrxog lqfrusrudwh qrw rqo| wkh h�hfw ri glvfrxqwlqj lq wkh ruljlqdo
prgho/ exw dovr wkh h�hfw ri wkh vshhg ri whfkqrorjlfdo surjuhvv/ zklfk zh zrxog uhtxluh wr eh qrw wrr kljk zlwk
uhvshfw wr wkh ruljlqdo glvfrxqw idfwru1 Iru dq h{dpsoh ri wklv nlqg ri qrupdol}dwlrq/ vhh Frrshu/ Kdowlzdqjhu dqg
Srzhu +4<<8,1 Wkh dgydqwdjh ri xvlqj wklv qrupdol}dwlrq lv wkdw wkh prgho ehfrphv vwdwlrqdu|/ zlwk wkh frqvhtxhqw
jdlq lq wudfwdelolw|1

9

whfkqrorj|/ li lw kdv ehhq xvhg lq wkh sdvw e| d odujh hqrxjk pdvv ri djhqwv1 Lw lv srvvleoh/ wkhq/

wkdw wkh wrwdo qxpehu ri djhqwv Q zkr rzq d pdfklqh vdwlv�hv

I +4> 3, ? 4 @ I +3> q, ? I +4>Q, +;,

Lq jhqhudo/ zh fdoo q, wkh qxpehu ri xvhuv wkdw pdnhv d pdfklqh dv sur�wdeoh lq wkh vhfrqg shulrg

ri xvh +djh @ 4, dv d qhz rqh/ wkdw lv

I +4> q,, @ 4 +<,

Lq rwkhu zrugv/ iru d ylqwdjh xvhg frqwlqxrxvo| vlqfh lwv dsshdudqfh lq wkh pdunhw e| d pdvv ri

xvhuv eljjhu wkdq q,> wkh sd|r� lv lqfuhdvlqj iurp wkh �uvw shulrg wr wkh vhfrqg dqg lw lv ghfuhdvlqj

wkhuhdiwhu +vhh �jxuh 4,1 Lq wkh vhtxho/ wklv qhhg wr �exlog xs� wkh h{whuqdolw| dvvrfldwhg zlwk d

sduwlfxodu ylqwdjh zloo eh wkh vrxufh ri lqh!flhqw ghod|/ dv djhqwv zloo zdqw wr zdlw iru rwkhuv wr

ehdu wkh frvw ri exloglqj wkh xvhu edvh/ rqo| wr mrlq wkhp odwhu1

Qrwlfh wkdw/ jlyhq dvvxpswlrq +:, wkh ixqfwlrq I +{>q, lv qrw prqrwrqlf lq { iru Q A q, +lw

zrxog eh prqrwrqlf rqo| li Q � q,,/ dqg vr dq rog pdfklqh zlwk d xvhu edvh eljjhu wkdq q, pd|

vwloo surylgh d kljkhu shu shulrg sd|r� wkdq d qhz pdfklqh1 Lq wkh vhtxho/ lw zloo eh lpsruwdqw wr

uhihu wr wkh pd{lpxp djh ri d pdfklqh iru zklfk wklv lv vwloo wuxh1 Zh wkxv gh�qh aw� dv wkdw olplw

djh=

aw� @Pd{ iw = I +w>Q, � I +3>Q, @ 4j +43,

Vr/ iru h{dpsoh/ w� lv htxdo wr }hur zkhqhyhu Q ? q,> dv lq �jxuh 4/ lw lv htxdo wr rqh iru Q @ q,

dqg lw lv juhdwhu ru htxdo wr rqh iru Q A q,1 Lq wkh fdvh ri wkh �jxuh/ w� @ 5 iru wkh sd|r� ixqfwlrq

zlwk wkh kljkhvw pdvv ri xvhuv +wkh wrsprvw fxuyh,1

Dq h{dpsoh ri d sduwlfxodu ixqfwlrqdo irup wkdw vdwlv�hv +4, wkurxjk +9, lv I +{>q, @ �%+q.4,

iru { � 4> zkhuh � lv wkh �{hg revrohvfhqfh idfwru1 Iru wklv ixqfwlrqdo irup/ q, @
�3B
B

dqg +ljqrulqj

lqwhjhu frqvwudlqwv, aw? @ � *L}E?n��
*L} B =

515 Vwudwhjlhv dqg Htxloleulxp Frqfhsw

Hdfk djhqw lv hqgrzhg zlwk d pdfklqh dw wlph w @ 3=D vwudwhj| iru djhqw l lv d pdsslqj v� = Q $ Q >

zkhuh v�+w, lqglfdwhv wkh djh ri wkh pdfklqh xvhg e| djhqw l dw wlph w dqg Q uhsuhvhqwv wkh vhw ri

qdwxudo qxpehuv1 Qrwlfh wkdw zh xvh rshq0orrs vwudwhjlhv/ wkdw lv/ vwudwhjlhv dv d ixqfwlrq ri wlph

rqo|/ dqg qrw dv d ixqfwlrq ri wkh zkroh klvwru| ri wkh jdph xs wr wlph w1 Wkh htxloleulxp frqfhsw

zh zloo xvh lv rshq0orrs htxloleulxp/ wkdw lv/ Qdvk htxloleulxp lq rshq orrs vwudwhjlhv1

:
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Iljxuh 4= Shu0shulrg sd|r� dv d ixqfwlrq ri wkh djh { ri wkh pdfklqh iru d jlyhq +dqg �{hg, qxpehu
ri xvhuv Q 1 +qbo vwdqgv iru q, lq wkh wh{w,

Wkh xvh ri rshq0orrs vwudwhjlhv lqvwhdg ri forvhg0orrs vwudwhjlhv lpsolhv wkdw djhqwv pd| qrw eh

xvlqj doo uhohydqw lqirupdwlrq wr gh�qh wkhlu rswlpdo vwudwhjlhv1 Lq sduwlfxodu/ wkh| gr qrw uhdfw

wr ghyldwlrqv ri d vlqjoh djhqw1 Krzhyhu/ wklv lv qrw d uhvwulfwlyh dvvxpswlrq lq wklv vhwwlqj vlqfh

zh kdyh dvvxphg lq�qlwhvlpdo sod|huv dqg sd|r�v wkdw duh lqghshqghqw ri ghyldwlrqv ri d vxevhw ri

djhqwv ri }hur phdvxuh/ vr djhqwv fdq �vdiho|� ljqruh wkrvh ghyldwlrqv1 Zlwk wkhvh wzr frqglwlrqv

+lq�qlwhvlpdo sod|huv/ dqg sd|r�v lqghshqghqw ri vlqjoh0djhqw ghyldwlrqv,/ wkh rxwfrph ri dq rshq0

orrs htxloleulxp lv vxejdph shuihfw/ dowkrxjk rshq0orrs vwudwhjlhv pd| qrw eh shuihfw431 Wkh xvh

ri rshq0orrs vwudwhjlhv kdv dovr wkh dgydqwdjh ri uhgxflqj frqvlghudeo| wkh vwudwhj| vsdfh/ zlwk wkh

dgghg jdlq lq wudfwdelolw|1

6 Sodqqhu*v Vroxwlrq

Dv d xvhixo ehqfkpdun wr zklfk zh fdq frpsduh wkh htxloleulxp rxwfrph ri wkh jdph ghvfulehg

deryh/ zh h{dplqh wkh fhqwudol}hg vroxwlrq lq wklv vhwwlqj1 Vxssrvh wkhuh lv d sodqqhu zkr vwduwv

zlwk d pdvv Q ri pdfklqhv ri wkh vdph ylqwdjh/ ru xvlqj wkh qrwdwlrq ehiruh/ q�f @ Q iru vrph l1

Wkh remhfwlyh ri wkh sodqqhu lv wr pd{lpl}h wkh vxp ri lqglylgxdo sd|r�v +qhw ri vzlwfklqj frvwv,

ghulyhg iurp wkhvh pdfklqhv/ e| fkrrvlqj wkh dgrswlrq gdwhv +dqg ylqwdjhv wr eh dgrswhg dw vxfk

43Iru d glvfxvvlrq ri wklv srlqw/ vhh iru h{dpsoh Ixghpehuj dqg Wluroh +4<<4,1

;

dgrswlrq gdwhv, iru hdfk pdfklqh1 Lq rughu wr wdfnoh wklv pxowl0pdfklqh sureohp/ zh zloo iroorz

wzr vwhsv1 Iluvw/ zh frqvlghu wkh vroxwlrq ri d sodqqhu zkr lv irufhg wr fkrrvh dozd|v wkh vdph

ylqwdjh iru doo klv pdfklqhv1 Vhfrqg/ zh h{dplqh zkhwkhu wklv uhvwulfwhg vroxwlrq zrxog fkdqjh e|

doorzlqj wkh sodqqhu wr vsolw klv pdfklqhv lqwr wzr ru pruh ylqwdjhv dw dq| srlqw lq wlph1

614 Uhvwulfwhg sodqqhu= rqo| rqh ylqwdjh hdfk shulrg

Lq wklv �uvw fdvh zh vroyh wkh sureohp ri d sodqqhu zkr fdqqrw krog pdfklqhv ri pruh wkdq rqh

ylqwdjh dw d wlph1 Vlqfh rshudwlqj d pdfklqh lv dozd|v sur�wdeoh/ wklv sodqqhu zloo dozd|v rshudwh

Q pdfklqhv ri wkh vdph ylqwdjh/ dqg zh fdq uhgxfh wkh sureohp wr wkdw ri pd{lpl}lqj wkh  rz ri

sd|r�v ri d uhsuhvhqwdwlyh pdfklqh1 Wdnlqj f dv wkh frvw ri vzlwfklqj hdfk pdfklqh/ wkh sodqqhu*v

sureohp ehfrphv

Pd{
tr|�

Q

+
"[
|'f

�| ^I +v|>Q,� f}|`

,
+44,

}| @

+
3 li v| @ v|3� . 4
4 rwkhuzlvh

+45,

zkhuh v| lv wkh ylqwdjh fkrvhq dw shulrg w dqg }| lv d elqdu| yduldeoh wkdw wdnhv wkh ydoxh ri rqh

zkhq wkhuh lv d vzlwfk lq whfkqrorj|1

Lq sulqflsoh/ wkh sodqqhu kdv wkh rswlrq ri vzlwfklqj wr dq| ylqwdjh dw hyhu| shulrg w1 Krzhyhu/

vlqfh wkh vzlwfklqj frvw f lv wkh vdph uhjdugohvv ri wkh ylqwdjh lw fkrrvhv wr vzlwfk wr/ wkh rqo|

uhohydqw ghflvlrq dw dq| prphqw lv zkhwkhu wr nhhs klv pdfklqhv ru wr xsgdwh wkhp wr wkh vwdwh ri

wkh duw whfkqrorj|1 Wklv phdqv wkdw zh fdq uhvwulfw dwwhqwlrq wr wkh fkrlfh v| 5 i3> v|3� . 4j =44

Wdnlqj dgydqwdjh ri wkh vwdwlrqdu| qdwxuh ri wkh sureohp/ zh fdq uhzulwh lw lq d uhfxuvlyh zd|1

Wkh suhvhqw glvfrxqwhg ydoxh +shu pdfklqh, ri kdylqj d jurxs ri pdfklqhv ri djh { v|qfkurql}hg

zlwk d pdvv Q ri pdfklqhv, lv wkhq jlyhq e| wkh ydoxh ixqfwlrq Y +{>Q,=

Y +{>Q, @ Pd{ i�f. I +3>Q, . �Y +4>Q,> I +{>Q, . �Y +{. 4>Q,j +46,

zkhuh wkh �uvw whup lq wkh pd{lpl}dwlrq sureohp uhsuhvhqwv wkh jdlqv iurp vzlwfklqj wr d qhz

pdfklqh ri djh { @ 3= wkh sodqqhu sd|v wkh �{hg frvw f shu pdfklqh dqg jhwv wkh uhwxuqv iurp

kdylqj d pdfklqh ri djh 3 wklv shulrg dqg qh{w shulrg lw vwduwv zlwk d pdfklqh ri djh 4/ zklfk

kdv d ydoxh Y +4,= Wkh vhfrqg whup uhsuhvhqwv wkh jdlqv iurp fkrrvlqj qrw wr lqqrydwh/ uhfhlylqj

wkh sd|r� ri d pdfklqh ri djh { dqg vwduwlqj wkh qh{w shulrg zlwk d pdfklqh ri djh { . 4= Lw lv

44Krzhyhu/ ehfdxvh ri wkh suhvhqfh ri qhwzrun h{whuqdolwlhv/ wklv lv qrw wuxh iru lqglylgxdo djhqwv/ dv zloo ehfrph
hylghqw zkhq zh dqdo|}h wkh ghfhqwudol}hg rxwfrph wr wkh prgho1

<



hdv| wr vkrz wkdw Y +{>Q, lv lqfuhdvlqj lq wkh xvhu edvh Q> ehfdxvh ri dvvxpswlrq +7, derxw wkh

lqvwdqwdqhrxv sd|r� ixqfwlrq I +=,= Pruhryhu/ wkh ydoxh ixqfwlrq Y +{>Q, lv ghfuhdvlqj lq wkh djh

{ ri wkh pdfklqhv ryhu wkh udqjh { � 4=45

Wkh rswlpdo uhsodfhphqw uxoh iru wklv sureohp kdv ehhq h{whqvlyho| vwxglhg lq wkh rshudwlrqv

uhvhdufk olwhudwxuh1 Dv rqh zrxog h{shfw/ wkh rswlpdo srolf| lv d vwdwlrqdu| frqwuro0olplw uxoh

vshfli|lqj d wkuhvkrog lR+Q, vxfk wkdw wkh pdfklqhv vkrxog eh uhsodfhg li dqg rqo| li wkhlu djh { lv

kljkhu wkdq wklv wkuhvkrog/ wkdw lv {| @ *+{|3�,> zkhuh wkh srolf| ixqfwlrq *+=, vdwlv�hv=

*+{�, @

+
{� . 4 li {� � lR+Q,

3 li {� A lR+Q,
+47,

zkhuh lR+Q, lv wkh plqlpxp lqwhjhu l vroylqj +Fi1 Ehfnpdqq +4<9;,,=

f �
�[

%'f

�% ^I +{>Q,� I +l>Q,` +48,

dqg wkh vhfrqg rughu frqglwlrq uhtxluhv I�+lR+Q,>Q, ? 3 zklfk lv vdwlv�hg e| wkh dvvxpswlrqv rq

I +=,1 Pdqlsxodwlqj +48, jlyhv

f.
I +lR . 4> q,

4� �
�
�f��Rn� .

S�R
&'f �

&I +n>Q,

4� ��Rn�
� Y +3>Q> lR . 4, +49,

zklfk h{suhvvhv wkh pruh lqwxlwlyh frqglwlrq wkdw lq rughu wr �qg wkh rswlpdo lqqrydwlrq wkuhvkrog

lR/ wkh pdujlqdo jdlq ri xvlqj d orqjhu f|foh ri ohqjwk lR .4 +wkh ohiw vlgh ri wkh lqhtxdolw|, vkrxog

eh qr kljkhu wkdq wkh dyhudjh jdlq iurp wkdw h{wud shulrg lq wkh dgrswlrq f|foh/ h{suhvvhg lq wkh

uljkw vlgh ri wkh lqhtxdolw|146

Wklv rswlpdo srolf| h�hfwlyho| lpsolhv dgrswlrq f|fohv ri frqvwdqw ohqjwk lR+q,= Lw lv fohdu iurp

+48, wkdw wkh ohqjwk ri wkhvh f|fohv lv lqfuhdvlqj lq wkh vzlwfklqj frvw f1 Krzhyhu/ wkh ohqjwk ri

wkh rswlpdo uhsodfhphqw f|foh lv qrw qhfhvvdulo| prqrwrqlf lq Q hyhq zkhq I�2 ? 3=47 Wkh uhdvrq

lv wkdw/ gxh wr odjjlqj h{whuqdolwlhv dqg dvvxpswlrq +:,/ wkh �uvw gl�huhqfh I +3>Q, � I +l>Q, lv

ghfuhdvlqj lq Q> zkhuhdv dvvxpswlrq +8, lpsolhv wkdw wkh gl�huhqfhv I +{>Q,�I +l>Q, zloo lqfuhdvh

zlwk Q iru doo wkh rwkhu whupv ri wkh vxppdwlrq1

45Wkh xvxdo prqrwrqlflw| dujxphqw dssolhv= d sodqqhu zlwk d pdfklqh ri djh % D � fdq dozd|v uhsolfdwh wkh srolf|
ri dq| rwkhu sodqqhu zlwk pdfklqhv ri djh + D %c dqg jhw d sd|r� wkdw lv qr orzhu wkdq wkdw rewdlqhg e| wkh odwwhu/
vlqfh 8 E%( �� lv ghfuhdvlqj iru % D �� Ri frxuvh wkdw lv qrw qhfhvvdulo| wuxh iru % ' f vlqfh 8 Efc �� 	 8 E%c�� iru %
orz hqrxjk dqg � kljk hqrxjk/ e| dvvxpswlrq +;,1

46Ri frxuvh/ wkh lqhtxdolwlhv lq +48, dqg +49, duh gxh wr wlph ehlqj glvfuhwh lq wklv prgho1 Lq dq dowhuqdwlyh prgho
zlwk frqwlqxrxv wlph wkh wzr frqglwlrqv zrxog krog zlwk htxdolw|1

47 Lq idfw/ lw lv hdv| wr jhqhudwh h{dpsohv ri 8 ixqfwlrqv iru zklfk wkh rswlpdo wkuhvkrog �RE�� lv lqfuhdvlqj iru orz
ydoxhv ri � dqg ghfuhdvlqj iru kljk ydoxhv ri ��
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Iljxuh 5= Hyroxwlrq ri sodqqhu*v shu shulrg sd|r� iru wzr gl�huhqw vl}hv ri wkh pdvv q ri pdfklqhv1

615 Doorzlqj vlpxowdqhrxv ylqwdjhv

Wkh suhylrxv h{huflvh lv wkh vroxwlrq wr d frqvwudlqhg sureohp vlqfh wklv sodqqhu lv qrw doorzhg wr

vsolw klv pdfklqhv lqwr gl�huhqw ylqwdjhv/ vwduwlqj iurp d exqfkhg glvwulexwlrq1 Dv rssrvhg wr wkh

xvxdo uhsodfhphqw sureohp vwxglhg lq wkh rshudwlrqv uhvhdufk olwhudwxuh/ lq wklv fdvh/ wkhuh lv dovr

dq h{whuqdolw| sureohp1 Dowkrxjk wkhuh lv d srvlwlyh qhwzrun h{whuqdolw| wkdw zrxog jlyh lqfhqwlyhv

wr wkh sodqqhu wr nhhs doo pdfklqhv lq wkh vdph ylqwdjh/ lw lv dovr wuxh wkdw wkhvh pdfklqhv kdyh wr

ehdu wkh lqlwldo frvw ri �exloglqj� wkh h{whuqdolw| dvvrfldwhg zlwk wkdw ylqwdjh lq wkh �uvw shulrg1

Wkh wudgh r� ehwzhhq ghod|lqj wkh frvw ri dgrswlrq iru d iudfwlrq ri wkh pdfklqhv dqg wkh

+srvlwlyh, h{whuqdolw| orvv iurp �vsolwwlqj� d krprjhqhrxv jurxs ri pdfklqhv pd| uhvxow lq wkh

sodqqhu vsolwwlqj klv pdfklqhv lqwr pruh wkdq rqh ylqwdjh iru vrph shulrgv/ uhvxowlqj lq d kljkhu

dyhudjh qhw sur�wdelolw|1 Wr vhh zk| wklv pd| eh vr/ frqvlghu d sodqqhu xvlqj wkuhvkrog lR+Q, dv

ehiruh1 Vxssrvh kh fkrrvhv wr uhsodfh rqo| d iudfwlrq � ri klv pdfklqhv zkhq wkh| uhdfk djh lR+Q,

dqg wkh uhvw ri wkhp rqh shulrg odwhu/ vr wkdw wzr shulrgv dkhdg kh djdlq kdv d krprjhqhrxv jurxs

ri pdfklqhv ri djh 41 Frpsduhg wr wkh suhylrxv vroxwlrq/ kh vdyhv +4� �,+4� �,f rq wkh ghod|hg

vzlwfklqj frvw iru d iudfwlrq +4 � �, ri klv pdfklqhv1 Rq wkh rwkhu kdqg/ kh vx�huv d uhgxfwlrq

lq sur�wdelolw| gxulqj wzr shulrgv= lq wkh �uvw shulrg/ wkh orvv htxdov +4 � �, ^4� I +lR . 4>Q,`

iurp wkh jurxs zklfk idlov wr lqqrydwh wr d +srvvleo|, pruh sur�wdeoh pdfklqh/48 dqg lq wkh vhfrqg

48Qrwlfh wkdw wkh vroxwlrq �RE�� wr wkh frqvwudlqhg sodqqhu sureohp pd| lqyroyh lqqrydwlqj wr d qhz pdfklqh wkdw
kdv dq lqlwldo orzhu surgxfwlylw| wkdq wkh fxuuhqwo| rzqhg/ wkdw lv/ lw pd| eh wkdw 8 E�Rc �� : 8 Efc �� 
 �� Lq wklv
fdvh +zklfk uhtxluhv S odujh/ wklv h�hfw zrxog jlyh pruh lqfhqwlyhv wr wkh sodqqhu wr vsolw klv pdfklqhv lqwr pruh wkdq
rqh jurxs1
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shulrg wkh orvv lv htxdo wr I +4>Q,� I +4� �Q, zklfk uh hfwv wkdw wkh pdfklqh zdv dgrswhg rqo|

e| d iudfwlrq � ri xvhuv zkhq lw dsshduhg lq wkh pdunhw/ wkhuhe| uhgxflqj lwv sur�wdelolw| lq wkh

vhfrqg shulrg ri klv olih1

Wkh sodqqhu zrxog suhihu qrw wr vsolw klv krprjhqhrxv jurxs ri pdfklqhv lq wklv zd| li

+4� �, ^+4� �,f� 4 . I +lR . 4>Q,`� � ^I +4>Q,� I +4> �Q,` ? 3= +4:,

Lq sduwlfxodu/ d vx!flhqw frqglwlrq iru +4:, wr eh vdwlv�hg lv wr kdyh I22 A 3> zklfk zh zloo

dvvxph wkurxjkrxw491 Wkh h�hfw ri wklv dvvxpswlrq rq wkh ehkdylru ri wkh sodqqhu lv fohdu= li wkh

srvlwlyh qhwzrun h{whuqdolwlhv jurz idvw hqrxjk zlwk wkh vl}h ri wkh xvhu edvh/ wkh| zloo rxwzhljk

dq| lqfhqwlyh wr ghod| wkh dgrswlrq wlph rq d iudfwlrq ri wkh pdfklqhv xvhg/ vlqfh wkh sodqqhu zloo

suhihu wr kdyh d krprjhqhrxv jurxs jlyhq wkh frqyh{lw| ri I +=> q,=

Krzhyhu/ wklv lv mxvw rqh ri wkh pdq| w|shv ri dowhuqdwlyh srolflhv dydlodeoh wr wkh sodqqhu1 Wkh

iroorzlqj sursrvlwlrq vkrzv wkdw wkh lqwxlwlrq ri wkh suhylrxv h{dpsoh jrhv wkurxjk iru wkh jhqhudo

fdvh/ dqg vr wkh frqvwudlqhg vroxwlrq lv dovr wkh xqfrqvwudlqhg vroxwlrq iru wkh sodqqhu zkhq wkh

sd|r� ixqfwlrq lv +zhdno|, frqyh{ lq wkh qxpehu ri djhqwv xvlqj wkh vdph pdfklqh1

Sursrvlwlrq 4 Wkh frqvwudlqhg vroxwlrq wr wkh sodqqhu*v sureohp lv dovr wkh vroxwlrq wr wkh xq0

frqvwudlqhg sureohp li I22 � 3> wkdw lv/ vwduwlqj iurp d jurxs ri pdfklqhv zlwk wkh vdph ylqwdjh/

wkh rswlpdo srolf| lv wr iroorz v|qfkurql}hg dgrswlrq f|fohv ri ohqjwk lR+Q,=

Surri1 Vhh Dsshqgl{1

7 V|qfkurql}hg Htxloleulxp

Iurp wkh vhw ri rshq0orrs htxloleuld ri wklv jdph/ htxloleulxp rxwfrphv wkdw lqyroyh v|qfkurql}hg

dgrswlrq f|fohv duh ri sduwlfxodu lpsruwdqfh iru wkh remhfwlyhv ri wklv sdshu1 Lq wklv vhfwlrq/ zh

wxuq dwwhqwlrq wr htxloleuld zkhuh djhqwv ghflgh wr v|qfkurql}h wkhlu dfwlrqv lq frpprq dgrswlrq

gdwhv1 Lq sduwlfxodu/ zh zloo gh�qh d v|qfkurql}hg htxloleulxp dv dq rshq0orrs htxloleulxp zkhuh

djhqwv frruglqdwh wkhlu dgrswlrq gdwhv/ wkdw lv v�+w, @ v+w, iru doo m=

49Qrwlfh wkdw lq +4:, wkh ohiw kdqg vlgh lv htxdo wr }hur iru � ' �c +vlqfh wkhuh lv qr rqh ghod|lqj dgrswlrq, dqg
qhjdwlyh iru � ' fc vlqfh wkdw lv htxlydohqw wr v|qfkurql}lqj hyhu|rqh lqwr d �RE��n� wkuhvkrog/ zklfk lv vxerswlpdo/
e| wkh gh�qlwlrq ri wkh rswlpdo srolf| �RE���

Wkhuhiruh/ wr suryh wkdw +4:, lv ylrodwhg iru dq| � M dfc �o lw lv hqrxjk wr vkrz wkdw wkh ohiw vlgh lv +zhdno|, frqyh{
lq �� Wkdw frqglwlrq lv htxlydohqw wr q�822E�c ��� D f zklfk lv htxlydohqw wr wkh fodlp vlqfh erwk q dqg � duh
srvlwlyh1
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Gh�qh d shulrglf v|qfkurql}hg htxloleulxp ri ohqjwk l �dq l0f|foh htxloleulxp�dv d

v|qfkurql}hg htxloleulxp zkhuh doo djhqwv vzlwfk wr wkh vdph qhz pdfklqh hyhu| l shulrgv/ wkdw lv/

iru vrph lqwhjhuv l> n> dqg o>

v�+w, @ v+w, @

+
3 iru w @ nl. o

v+w� 4, . 4 rwkhuzlvh
+4;,

Wkh iroorzlqj sursrvlwlrq vkrzv wkdw zkhq wkh h�hfw ri wkh h{whuqdolw| lv orz hqrxjk/ wkhuh h{lvw

+srvvleo| pxowlsoh, shulrglf v|qfkurql}hg htxloleuld1 Pruhryhu/ zh fdq dozd|v dvvxuh lq wklv fdvh

wkdw wkh sodqqhu*v vroxwlrq lv rqh ri wkh htxloleuld lq wklv fdvh/ d uhvxow wkdw sdudoohov Frrshu dqg

Kdowlzdqjhu +4<<5,1

Sursrvlwlrq 5 +H{lvwhqfh ri dq h!flhqw v|qfkurql}hg htxloleulxp iru orz Q, Iru Q ? q,

dq dgrswlrq f|foh ri ohqjwk lR+Q, frqvwlwxwhv dq htxloleulxp ^Wkh sodqqhu*v srolf| lv dq htxloleulxp

srolf|`1

Surri1 Wkh surri lv edvhg rq wkh sodqqhu ehlqj deoh wr uhsolfdwh dq| ghyldwlrq ri d vlqjoh djhqw

dqg/ zkhqhyhu wkh sd|r� ixqfwlrq lv dozd|v ghfuhdvlqj lq wkh djh ri wkh pdfklqh +Q ? q,,/ jhw d

sd|r� wkdw lv qr orzhu wkdq wkdw rewdlqhg e| wkh ghyldwru1

Lq sduwlfxodu/ li wkh ghyldwru ghflghv wr lqqrydwh ehiruh djh lR+Q,> wkhq kh fdq jhw d pdfklqh

ri djh 3 dqg d sd|r� wkdw shulrg ri I +3> 3,/ vrphwklqj wkdw lv dovr dwwdlqdeoh e| wkh sodqqhu e|

lqqrydwlqj wkdw shulrg dqg jhwwlqj d sd|r� I +3>Q, @ I +3> 3,= Wkhuhdiwhu/ wkh sodqqhu fdq iroorz

wkh ghyldwru*v srolf| dqg jhw d sd|r� wkdw lv zhdno| kljkhu hdfk shulrg +vwulfwo| kljkhu li wkh

ghyldwru grhv qrw nhhs vzlwfklqj ylqwdjhv hyhu| shulrg,1

Li wkh ghyldwru ghflghv wr ghod| dgrswlrq iru w shulrgv kh fdq wkhq uhmrlq wkh uhvw ri djhqwv e|

lqqrydwlqj wr wkhlu ylqwdjh dqg jhw d sd|r� ri I +w>Q, dw wkh prphqw kh uhmrlqv1 Wkh sodqqhu fdq

lplwdwh wkh vdph srolf|/ exw ri frxuvh fdqqrw jhw d pdfklqh wkdw kdv ehhq xvhg lq wkh suhylrxv

shulrg e| Q xvhuv dv wkh ghyldwru grhv1 Wkh ehvw wkh sodqqhu fdq krsh iru diwhu w shulrgv lv wr jhw

d eudqg qhz pdfklqh +djh 3,1 Qhyhuwkhohvv kh lv deoh wr jhw d sd|r� wkdw lv qr orzhu wkdq wkdw ri

wkh ghyldwru/ vlqfh iru q ? q,/ I +3>Q, A I +{>Q, iru doo {1

Wkxv dq| ghyldwlrq fdqqrw lpsuryh ryhu wkh sd|r� ri v|qfkurql}lqj ryhu wkh sodqqhu*v f|foh1

Exw vlqfh wkh vroxwlrq wr wkh sodqqhu*v sureohp douhdg| jlyhv wkh pd{lpxp sd|r� dwwdlqdeoh/ wkhq

qr vxfk ghyldwlrq fdq eh sur�wdeoh1 Vr wkh uhvxow iroorzv1

Qrwlfh wkdw wkh frqglwlrq Q ? q, xvhg lq wkh sursrvlwlrq lv fuxfldo ehfdxvh li wkh jurxs vl}h

lv eljjhu wkdq q,/ wkhq dq djhqw pd| kdyh wkh rssruwxqlw| ri ghod|lqj dgrswlrq dqg wkhq dgrsw
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wkh ylqwdjh hyhu|rqh lq wkh jurxs kdv ehhq xvlqj iru w shulrgv/ zlwk w 5
q
4> 5> = = = aw?

r
4: vr wkdw

I +w>Q, A I +3>Q, @ 4= Wkh sodqqhu pd| qrw jhw d kljkhu sd|r� e| iroorzlqj wkh vdph srolf| �kh

fdqqrw iroorz wkh ghyldwru*v srolf| dqg jhw pruh wkdq I +3>Q, @ 4 dw wkh wlph ri lqqrydwlrq +wkdw

lv/ diwhu w shulrgv,/ vlqfh iru wkh sodqqhu wkhuh lv qr ylqwdjh wkdw kdv ehhq xvhg wkh suhylrxv shulrg/

vr kh rqo| kdv d qhz ylqwdjh dqg xqxvhg rog ylqwdjhv wr fkrrvh iurp1 Wkh sureohp iru wkh sodqqhu

lv vr vhulrxv wkdw dv lw lv vkrzq ehorz/ zkhq wkh jurxs vl}h lv elj hqrxjk +Q A q,, wkh sodqqhu*v

srolf| grhv qrw hyhq frqvwlwxwh dq htxloleulxp srolf| iru orz vzlwfklqj frvwv1

Dowkrxjk wkh suhylrxv sursrvlwlrq jlyhv xv dq lghd ri rqh ri wkh ghfhqwudol}hg rxwfrphv ri wklv

prgho/ lw lv qrw e| idu d jrrg ghvfulswlrq ri doo wkh srvvleoh rxwfrphv1 Lq sduwlfxodu/ rqh ri wkh

txhvwlrqv ohiw rshq e| wkh suhylrxv uhvxow lv wkh srvvlelolw| ri pxowlsolflw| ri htxloleuld/ vrphwklqj

wkdw vhhpv d uhfxuuhqw ihdwxuh lq g|qdplf jdphv zlwk srvlwlyh sd|r� h{whuqdolwlhv14;

Wkh iroorzlqj ohppdv fkdudfwhul}h wkh wzr irufhv xqghuo|lqj wkh lqglylgxdo ghflvlrqv ylv0ã0ylv

wkh ehkdylru ri wkh uhvw ri djhqwv= rq wkh rqh kdqg/ dq djhqw zrxog kdyh dq lqfhqwlyh wr ghod|

dgrswlrq ri d qhz pdfklqh vlqfh wkdw ghihuv lqfxuulqj wkh �{hg frvw f> dqg pruh lpsruwdqwo|/

lw doorzv klp d �iuhh ulgh� dv rwkhu djhqwv exlog xs wkh h{whuqdolw| dvvrfldwhg zlwk d sduwlfxodu

ylqwdjh +wkh lqfuhdvlqj sduw ri I +{> =,,1 Suhyhqwlqj wkdw nlqg ri ghyldwlrqv jlyhv d orzhu erxqg iru

wkh srvvleoh djh wkuhvkrogv wkdw fdq frqvwlwxwh d v|qfkurql}hg htxloleulxp1 Rq wkh rwkhu h{wuhph/

iru vx!flhqwo| orz dgrswlrq frvw f> djhqwv fdqqrw zdlw lqgh�qlwho| wr dgrsw d qhz pdfklqh/ vlqfh

dw vrph srlqw wkh �vwdqg dorqh� sd|r� ri d qhz pdfklqh zrxog rxwzhljk wkh orvv ri wkh vslooryhuv

iurp ohdylqj dq rog pdfklqh xvhg e| hyhu|rqh1 Wkdw jlyhv dq xsshu erxqg rq dq| htxloleulxp

wkuhvkrog1

Ohppd 4 +Vx!flhqw frqglwlrqv iru d v|qfkurql}hg htxloleulxp wkuhvkrog, Vxssrvh Q A

q,> dqg doo djhqwv duh iroorzlqj d v|qfkurql}hg l0f|foh dgrswlrq srolf|1 Wkhq qr djhqw zrxog kdyh

dq lqfhqwlyh wr iroorz d gl�huhqw dgrswlrq srolf| li wkh iroorzlqj frqglwlrqv duh vdwlv�hg

I +3>Q,� I +l. 4>Q, A +4� �, f +4<,

I +3>Q,� I +l. 4>Q, .

	|�[
%'�

�% ^I +{>Q,� I +{. l. 4> 3,` A f +53,

Pd{
|Mt�c2c����3��

;A?
A=

S
�3|

%'f �
% ^I +{> 3,� I +w. {>Q,`

.��3|n�S�E|�
%'f �

% ^I +l� w. {. 4> 3,� I +{>Q,`

�f+4� ��3|n� . ��3|n�E|�n�,

<A@
A>

? 3 +54,

4:Uhfdoo wkdw 	|� lv gh�qhg e| wkh pd{lpxp ydoxh ri | vdwlvi|lqj 8 Efc �� $ 8 E|c ��� Wklv lv wkh roghvw djh ri wkh
pdfklqh wkdw jlyhv dq djhqw dw ohdvw wkh vdph sd|r� dv d qhz pdfklqh1 Qrwh wkdw iru � 	 ?,c 	|� ' f�

4;Vhh iru h{dpsoh Nuxjpdq+4<<4, dqg Pdwvx|dpd+4<<4,/ dqg forvhu wr wklv prgho/ wkh uhvxowv lq Frrshu dqg
Kdowlzdqjhu +4<<5, dqg Vkohlihu+4<;9,
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Iljxuh 6= Ghyldwlrq lq htxdwlrq +4<,

zkhuh

�+w, @

+
3 li I +3>Q,� I +l� w> 3, A +4� �,f
Pd{i� � w = I +� >Q,� I +l� w. � > 3, � +4� �,fj rwkhuzlvh

Surri1 Vhh Dsshqgl{1

Qrwlfh wkdw htxdwlrq +4<, lv dovr d qhfhvvdu| frqglwlrq wr suhyhqw ghod| e| d vlqjoh djhqw/ vlqfh lw

uhsuhvhqwv wkh gl�huhqfh lq sd|r� iurp rqh srvvleoh ghyldwlrq e| dq lqglylgxdo djhqw/ dv uhsuhvhqwhg

lq �jxuh 61 Lq wklv fdvh/ dq djhqw zdlwv iru rqh shulrg diwhu hyhu|rqh hovh ghflghv wr dgrsw dqg

wkhq �uhmrlqv wkh jurxs� e| dgrswlqj wkh vdph ylqwdjh wkh| dgrswhg wkh suhylrxv shulrg +zklfk

qrz kdv djh 4,1 Krzhyhu/ htxdwlrq +53, grhv qrw uhsuhvhqw wkh qhw sd|r� ri dq| ihdvleoh ghyldwlrq

�dowkrxjk wklv djhqw ghod|v dgrswlrq iru aw� shulrgv/ frqglwlrq +53, grhv qrw lqfoxgh wkh frvw ri

dgrswlrq ri wkh jurxs*v whfkqrorj| dw wlph aw��/ vr wklv lv qrw d qhfhvvdu| frqglwlrq wr suhyhqw

ghod|1

Frqglwlrq +54, kdv wkh rssrvlwh lqwhusuhwdwlrq= lw lv uhtxluhg wr suhyhqw dq djhqw iurp dgrswlqj

d pdfklqh ehiruh djh l +wkh jurxs*v srolf|,1 Lw wkxv jlyhv dq xsshu erxqg rq wkh ydoxhv ri l wkdw fdq

frqvwlwxwh d +v|qfkurql}hg, htxloleulxp wkuhvkrog lq wkh ghfhqwudol}hg vroxwlrq1 Lw dovr irupv sduw

ri dq| qhfhvvdu| frqglwlrq wr suhyhqw hduo| dgrswlrqv vlqfh lw uhsuhvhqwv wkh sd|r� ri d srvvleoh

ghyldwlrq +hduo| dgrswlrq, e| d vlqjoh djhqw/ dv lq �jxuh 74<1

4<Wkh frqglwlrqv ri wkh ohppd duh vlplodu lq vslulw wr wkrvh lq Vkohlihu +4<;9,/ dowkrxjk khuh djhqwv duh qrw uhvwulfwhg
rq krz idu wkh| fdq zdlw wr xvh wkhlu rswlrq wr lqqrydwh1 Lq Vkohlihu/ djhqwv fdq rqo| zdlw xs wr rqh lpsohphqwdwlrq
f|foh dqg vwloo eh deoh wr jude wkh jdlqv iurp lpsohphqwlqj wkhlu qhz lqyhqwlrq1
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Iljxuh 7= Ghyldwlrq lq htxdwlrq +54,

Xvlqj wklv ohppd/ zh fdq frpsduh wkh frqglwlrqv iru d v|qfkurql}hg htxloleulxp zlwk wkh

sodqqhu*v srolf| ghulyhg lq wkh suhylrxv vhfwlrq1 Dowkrxjk zh vkrzhg wkdw wkh sodqqhu*v vroxwlrq

fdq eh vxvwdlqhg dv dq htxloleulxp rxwfrph iru d xvhu edvh Q orzhu wkdq q,> wkh rssrvlwh lv wuxh

zkhq wkh xvhu edvh lv eljjhu wkdq wkdw ohyho= hyhu| v|qfkurql}hg htxloleulxp lqyroyhv wrr pxfk

ghod|/ vr djhqwv frruglqdwh rq dgrswlqj qhz ylqwdjhv zlwk d iuhtxhqf| wkdw lv orzhu wkdq rswlpdo1

Sursrvlwlrq 6 +Lqh!flhqw ghod| iru d elj xvhu edvh dqg orz f, Iru dq| vl}h ri wkh jurxs

Q A q,/ wkhuh h{lvwv d ohyho ri dgrswlrq frvw f� A 3 vxfk wkdw li f ? f� wkhq dq| v|qfkurql}hg

htxloleulxp lv lqh!flhqw= l A lR+Q,=

Surri1 Qrwh wkdw frqglwlrq +4<, lq h�hfw hvwdeolvkhv wkdw dq| v|qfkurql}hg htxloleulxp wkuhvkrog

l pxvw eh juhdwhu wkdq aw� 1 Krzhyhu/ iru f @ 3 dqg Q A q, wkh sodqqhu*v vroxwlrq lR+Q, pxvw eh

qr juhdwhu wkdq aw� �vlqfh dw lR+Q, @ aw� .4 wkh uljkw vlgh ri +48, lv eljjhu wkdq 31 E| frqwlqxlw|

durxqg f @ 3/ iru vpdoo ydoxhv ri f/ wkh sodqqhu*v vroxwlrq grhv qrw frqvwlwxwh dq htxloleulxp1

Wkh suhfhglqj sursrvlwlrq vkrzv wkdw iru d jurxs vl}h elj hqrxjk/ dq| v|qfkurql}hg htxloleulxp

lv lqh!flhqw1 Qrwh wkdw zkhq wkh jurxs vl}h lv eljjhu wkdq q,/ dq djhqw kdv dq lqfhqwlyh wr ghod|

dgrswlrq zlwk uhvshfw wr d suhvfulehg v|qfkurql}hg uxoh ehfdxvh ri wzr uhdvrqv1 Wkh �uvw lv wkdw

ghod|lqj dgrswlrq srvwsrqhv lqfxuulqj wkh vzlwfklqj frvw f1 Vhfrqg/ dq djhqw kdv dq lqfhqwlyh

wr ghod| dgrswlrq dqg zdlw iru wkh uhvw ri djhqwv wr �exlog xs� wkh h{whuqdolw| dvvrfldwhg zlwk d

sduwlfxodu ylqwdjh �wkh lqfuhdvlqj sduw ri I +{> �,�/ d �iuhh ulgh� wkdw wkh sodqqhu fdqqrw wdnh
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dgydqwdjh ri1 Wklv odvw uhdvrq lv wkh prvw lpsruwdqw/ dqg wkh rqo| rqh wkdw gulyhv wkh uhvxow ri

sursrvlwlrq 6/ vlqfh lw dovr krogv iru f @ 3=

Wkh wkuhvkrog q, ghwhuplqhv krz elj wkh jurxs qhhgv wr eh lq rughu wr jhqhudwh wklv lqh!flhqf|= Iru

d xvhu edvh eljjhu wkdq q, wkh sd|r� ixqfwlrq ehfrphv lqfuhdvlqj lq wkh djh ri wkh pdfklqh gxulqj

wkh �uvw shulrg +vhh �jxuh 4,> wklv doorzv dq lqglylgxdo djhqw wr ghod| dgrswlrq iru d ihz shulrgv

+ohvv wkdq aw� , uhvshfw wr wkh sodqqhu*v srolf| dqg uhmrlq wkh jurxs diwhuzdugv1 Grlqj wkdw jlyhv

wkdw djhqw d kljkhu sd|r� wkdq iroorzlqj wkh sodqqhu*v vroxwlrq1 Reylrxvo|/ li wkh sodqqhu uhsolfdwhv

wklv srolf|/ kh fdqqrw �iuhh ulgh� rq klpvhoi/ dv zh dujxhg lq sursrvlwlrq 41

Rqh sduwlfxoduo| vwulnlqj uhvxow lv wkh srvvlelolw| ri lqh!flhqw froodsvh ri lqyhvwphqw lq qhz

ylqwdjhv1 Vxssrvh wkdw Q A q, dqg
S
"

|'f �
|I +w>Q, A f �

8 Efc��
E�3q� @

S
"

|'f �
|I +3>Q,= Qrwh wkdw lq

wklv fdvh53 frqglwlrq +4<, zrxog eh ylrodwhg/ zklfk phdqv wkdw iru dq| dgrswlrq wkuhvkrog l wkdw pd|

eh sursrvhg dv dq htxloleulxp dgrswlrq gdwh/ dq lqglylgxdo djhqw zrxog dozd|v kdyh dq lqfhqwlyh wr

ghod| dgrswlrq iru rqh shulrg dqg wkhq uhmrlq wkh rwkhuv zkhq wkh| kdyh d pdfklqh ri djh 4 �wkh

ghyldwlrq lq �jxuh 6= Krzhyhu/ iru wkhvh ydoxhv ri f/ wkh sodqqhu*v vroxwlrq grhv lqyroyh shulrglf

lqqrydwlrqv541 Wkxv/ lq wklv fdvh/ wkhuh lv lqh!flhqw vwdjqdwlrq= dq| v|qfkurql}hg htxloleulxp

lqyroyhv qr lqqrydwlrq hyhu/ hyhq wkrxjk lw lv vrfldoo| rswlpdo wr kdyh shulrglf lqqrydwlrqv1

Dowkrxjk dq lpsruwdqw uhvxow/ wkh suhylrxv sursrvlwlrq rqo| dvvhuwv wkh surshuwlhv ri wkh htxl0

oleuld iru d xvhu edvh kljk hqrxjk1 Wkh qh{w sursrvlwlrq wdfnohv wkh sureohp ri h{lvwhqfh ri vxfk

htxloleuld/ dw ohdvw iru kljk ydoxhv ri wkh xvhu edvh Q 1

Sursrvlwlrq 7 +H{lvwhqfh ri d v|qfkurql}hg htxloleulxp iru kljk Q, Wkhuh h{lvwv d qxpehu

q� vxfk wkdw iru doo Q A q� d v|qfkurql}hg htxloleulxp h{lvwv1

Surri1 E| dqdo|}lqj +4<, dqg +53, zh fdq vkrz wkdw lq erwk fdvhv wkh ohiw vlgh ri wkh lqhtxdolwlhv

lv lqfuhdvlqj lq l= Wkhuhiruh/ zh fdq hvwdeolvk wkh h{lvwhqfh ri d qxpehu l� vxfk wkdw +4<, lv vdwlv�hg

li dqg rqo| li bl � l�1 Htxlydohqwo|/ wkhuh h{lvwv d qxpehu l2 vxfk wkdw l � l2 lv d qhfhvvdu| dqg

vx!flhqw frqglwlrq iru +53, wr eh vdwlv�hg1

Rq wkh rwkhu kdqg/ rqh fdq vkrz wkdw wkh ohiw vlgh ri +54, lv lqfuhdvlqj lq l= Wr vhh wklv/ ghqrwh

e| wW+l, wkh rswlpdo w dvvrfldwhg zlwk d sduwlfxodu wkuhvkrog l lq wkh pd{lpl}dwlrq rq wkh ohiw vlgh ri

wkh lqhtxdolw| +54,1 Qrz lqfuhdvh l e| rqh xqlw wr l.4 dqg wdnh wW+l,.4 dv wkh fkrlfh iru w= Qrwh �uvw

wkdw +l.4,�+wW+l,.4, @ l�wW+l, dqg vr �+w> l, @ �+wW+l,.4> l.4,= Wkhuhiruh/ doo wkh whupv lqyroylqj

l� w dqg �+w, uhpdlq xqfkdqjhg1 Wkdw ohdyhv rqo| wkh �uvw whup
S�3|

%'J �
% ^I +{> 3,� I +w. {>Q,`

53Qrwh wkdw wklv frqglwlrq zloo eh zloo eh ixo�oohg iru S : �

�3q
dqg kljk ydoxhv ri ��

54Htxdwlrq +48, zrxog eh vdwlv�hg iru vrph duelwudulo| odujh exw �qlwh �c dv *�4�<" 8 E�c �� ' f iru doo �

4:



zklfk lv lqfuhdvlqj lq w551 Vlqfh wW+l,.4 lv dq duelwudu| fkrlfh ri pd{lpl}hu wr wkh sureohp lq +54,

zlwk l. 4> wkhq wkh pd{lpxp ydoxh dwwdlqhg lq wkh ohiw vlgh ri +54, pxvw eh vwulfwo| kljkhu zlwk

l. 4 wkdq zlwk l=

Jlyhq wkdw wkh ohiw vlgh ri +54, lv lqfuhdvlqj lq l> wkhq wkhuh h{lvwv d qxpehu l� +srvvleo| lq�qlwh,

vxfk wkdw +54, lv vdwlv�hg li dqg rqo| li l � l�= Wkhuhiruh/ dq htxloleulxp h{lvwv li wkhuh lv d qxpehu

l vdwlvi|lqj

Pd{il�> l2j � l � l�

Zh fdq �uvw vkrz wkdw l� ? l�1 Wr vhh wklv/ dqdo|}h wkh pd{lpl}dwlrq sureohp rq wkh ohiw vlgh

ri +54, zkhq l @ l�= Vlqfh l� lv gh�qhg dv wkh plqlpxp ydoxh ri l vdwlvi|lqj +4<, wkhq zh kdyh wkdw

iru doo { 5 i3> 4> = = = l� � wj I +{> 3, � I +w . {>Q, � I +3>Q, � I +l�>Q, ? +4 � �,f/ zklfk phdqv

wkdw wkh ohiw vlgh ri +54, ehfrphv

Pd{
|Mt�c2c�����3��

;A?
A=

S��3|
%'f �

% ^I +{> 3,� I +w. {>Q,`

.���3|n�S�E|�
%'f �

% ^I +l� � w. {. 4> 3,� I +{>Q,`
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zkhuh wkh odvw lqhtxdolw| frphv iurp uhdol}lqj wkdw doo wkh whupv lq wkh vxppdwlrq duh qhjdwlyh1

Wkhuhiruh/ vlqfh iru l @ l� lqhtxdolw| +54, lv vdwlv�hg/ dqg wkh ohiw vlgh lv lqfuhdvlqj lq l zh fdq

frqfoxgh wkdw l� � l�=

Wkh odvw sduw ri wkh surri lv wr vkrz wkdw iru Q elj hqrxjk/ l� A l2= Wr suryh wklv qrwlfh wkdw

li zh vhw l @ l� lq lqhtxdolw| +53,/ wkhq wkh whup I +3>Q, � I +l� . 4>Q, lv ghfuhdvlqj lq Q / zlwk

d orzhu erxqg htxdo wr +4� �,f= Krzhyhu/ wkh vhfrqg whup
S	|�

%'� �
% ^I +{>Q,� I +{. l. 4> 3,` lv

lqfuhdvlqj lq Q dqg xqerxqghg +Uhfdoo wkdw aw� lv dq lqfuhdvlqj ixqfwlrq ri Q,1 Wkhuhiruh/ wkhuh

pxvw h{lvw d qxpehu q� iru zklfk l2 ? l� dqg wkxv Pd{il�> l2j � l � l�= Vlqfh I�2 ? 3 wkdw dovr

krogv iru dq| Q A q�1

Rqh sureohp zlwk wkh deryh sursrvlwlrq lv wkdw lq jhqhudo/ lw fdqqrw uxoh rxw wkdw q, ? q� dqg

vr wkh h{lvwhqfh ri d v|qfkurql}hg htxloleulxp iru lqwhuphgldwh ydoxhv ri q fdqqrw eh jxdudqwhhg1

55
Uhfdoo wkdw wkh gl�huhqfh �3 | lv nhsw frqvwdqw +e| wkh lqfuhdvh lq �, dqg vr rqo| wkh whup 8 E|n %c�� ghfuhdvhv

dv | lqfuhdvhv1 Wkh qxpehu ri whupv lq wkh vxppdwlrq lv frqvwdqw1

4;

Lw lv dovr zruwk qrwlqj wkdw wkh surri ri wklv ohppd grhv qrw uho| rq fkhfnlqj wkdw wkh sodqqhu*v

vroxwlrq frqvwlwxwhv dq htxloleulxp/ dv sursrvlwlrq 5/ suhflvho| ehfdxvh zkhq Q lv elj hqrxjk/ wkh

sodqqhu*v srolf| fdqqrw eh vxvwdlqhg lq htxloleulxp/ dv zh kdyh douhdg| vkrzq1

Dowkrxjk wklv sdshu lv frqfhuqhg zlwk wkh ehkdylru ri lqglylgxdo xqlwv wkdw duh iruzdug0orrnlqj/

lw lv lqwhuhvwlqj wr phqwlrq wkh fdvh ri }hur dgrswlrq frvwv1 Zlwk qr vzlwfklqj frvwv/ djhqwv dozd|v

vzlwfk wr wkh ylqwdjh zlwk wkh kljkhvw shu0shulrg sd|r�/ luuhvshfwlyh ri wkh ixwxuh hyroxwlrq ri wkh

glvwulexwlrq ri ylqwdjhv lq xvh1 Krzhyhu/ wklv fdvh lv looxvwudwlyh ri wkh uroh ri odjjlqj h{whuqdolwlhv

dqg d qrq0prqrwrqlf sd|r� ixqfwlrq lq wkh uhvxowv gudzq vr idu1 Lq sduwlfxodu/ wklv vkrzv wkdw wkh

�frvw� ri exloglqj xs wkh h{whuqdolw| dvvrfldwhg zlwk d sduwlfxodu ylqwdjh dqg wkh lqfhqwlyhv lw jlyhv

iru lqglylgxdo iuhh ulghuv duh wkh pdlq gulylqj irufhv ehklqg wkh dsshdudqfh ri lqh!flhqw ghod| lq

wkh prgho1

Sursrvlwlrq 8 +Xqltxhqhvv ri wkh +Lqh!flhqw, V|qfkurql}hg Htxloleulxp iru f @ 3, Li

f @ 3/ wkhuh h{lvwv d xqltxh vwhdg| vwdwh v|qfkurql}hg htxloleulxp iru dq| jurxs vl}h q1 Pruhryhu/

lq wklv htxloleulxp djhqwv iroorz f|fohv ri ohqjwk aw� dqg lv wkxv lqh!flhqw iru Q A q,1

Surri1 Wkh surri uholhv rq wkh idfw wkdw iru f @ 3/ djhqwv dozd|v vzlwfk wr wkh ylqwdjh zlwk wkh

kljkhvw fxuuhqw sd|r�/ uhjdugohvv ri wkh ixwxuh sdwk ri sd|r�v dvvrfldwhg zlwk dq| ylqwdjh1 Wkxv/

dq| htxloleulxp srolf| fdq qhlwkhu fdoo iru dq djhqw wr nhhs klv pdfklqh sdvw djh aw� �zkhuh wkh

sd|r� lv orzhu wkdq wkdw ri d qhz pdfklqh� qru wr lqqrydwh ehiruh aw� . 4 �vlqfh kh zrxog eh

vzlwfklqj wr d pdfklqh zlwk orzhu fxuuhqw sd|r� wkdq wkh rqh kh lv xvlqj1 Wkxv wkh rqo| srvvleoh

fdqglgdwh iru d v|qfkurql}hg htxloleulxp lv dq lqqrydwlrq f|foh ri ohqjwk aw� > zklfk vdwlv�hv wkh

vx!flhqw frqglwlrqv vshfl�hg lq ohppd 41 Wkh lqh!flhqf| ri wklv xqltxh htxloleulxp lv d gluhfw

frqvhtxhqfh ri sursrvlwlrq 61

Wklv uhvxow dovr vkrzv wkdw �dv zrxog eh h{shfwhg�/ wkh luuhyhuvlelolw| dvvrfldwhg zlwk wkh

�{hg frvw f lv wkh vrxufh ri wkh pxowlsolflw| ri htxloleuld lq wklv prgho/ vlqfh djhqwv kdyh wr wdnh

lqwr dffrxqw wkh h{shfwhg hyroxwlrq ri wkh glvwulexwlrq ri pdfklqhv ryhu ylqwdjhv zkhq ghflglqj

wkhlu rswlpdo srolflhv1

8 Vwdjjhuhg Htxloleulxp

Xs wr wklv srlqw zh kdyh irfxvhg rq ghvfulelqj d sduwlfxodu vwhdg| vwdwh/ qdpho|/ rqh lq zklfk doo

djhqwv vwduw zlwk pdfklqhv ri wkh vdph ylqwdjh1 Wkh uhvxowv zh kdyh gudzq duh/ �uvw/ wkdw shuihfw
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suhvfulehg e| wkh htxloleulxp srolf|1

Qrwh wkdw zkhq wkh vzlwfklqj frvw f lv forvh hqrxjk wr }hur/ d vwdjjhuhg htxloleulxp ri wkh

nlqg phqwlrqhg lq wkh sursrvlwlrq grhv qrw h{lvw iru Q A q,1 Wkh uhdvrq lv wkdw vxfk d vwdjjhuhg

htxloleulxp zrxog fdoo iru doo djhqwv xsgdwlqj wkhlu pdfklqhv wr d qhz whfkqrorj| hyhu| shulrg58/

h�hfwlyho| v|qfkurql}lqj wkhp lqwr d vlqjoh ylqwdjh1 Exw wkhq/ jlyhq wkdw I +4>Q, A I +3>Q, @ 4

iru Q A q,> dq djhqw zrxog suhihu qrw wr dgrsw frqwlqxrxvo| dqg krog klv pdfklqh iru pruh wkdq

rqh shulrg1

Wkh idfw wkdw zh fdq frqvwuxfw d vwdjjhuhg htxloleulxp ri wklv vruw iru vxejurxsv forvh hqrxjk

lq wkh djh ri wkhlu ylqwdjhv zrxog/ lq sulqflsoh/ surylgh d frpsohwh vprrwklqj ri wkh lqglylgxdo qrq0

frqyh{lwlhv/ jlylqj d wlph vhulhv ri lqyhvwphqw zlwkrxw f|fohv591 Krzhyhu/ qrwh wkdw wkh sursrvlwlrq

uholhv khdylo| lq wkh idfw wkdw wkh jurxsv duh h{dfwo| ri wkh vdph vl}h dqg wkxv wkh sodqqhu ri d

vxejurxs fdq dozd|v uhsolfdwh wkh sd|r� rewdlqhg e| dq djhqw vzlwfklqj jurxsv1 Wkdw ri frxuvh lv

qrw wuxh zlwk vxejurxsv ri voljkwo| gl�huhqw vl}h dqg zlwk vpdoo vzlwfklqj frvwv/ dqg wkxv vxjjhvwv

wkdw d vwdjjhuhg htxloleulxp ri wklv vruw lv qrw vwdeoh wr d vpdoo shuwxuedwlrq lq wkh vl}h ri wkh n

vxejurxsv/ hvshfldoo| zkhq wkh ylqwdjhv duh yhu| forvh lq djh +wkdw lv/ zkhq wkh wlph shulrg lv vpdoo

hqrxjk,1

Rqh zd| lq zklfk zh fdq vhh wkdw v|qfkurql}dwlrq lq wklv frqwh{w lv wkh �qdwxudo� rxwfrph lv

wr frqvlghu wkh sduwlfxodu fdvh ri }hur frvwv5:1 Lq wkh qh{w vhfwlrq/ zh vkrz wkdw iru wkdw sduwlfxodu

fdvh/ wkh xqltxh +joredoo| vwdeoh, vwhdg| vwdwh lqyroyhv v|qfkurql}dwlrq/ zklfk uhlqirufhv rxu fdvh1

Wkh suhylrxv glvfxvvlrq dovr vkrzv wkdw vwdjjhuhg htxloleuld +wkdw frxog hyhqwxdoo| vprrwk rxw

wkh oxpslqhvv dw wkh lqglylgxdo ohyho, frxog glvdsshdu li zh lqwurgxfh vpdoo shuwxuedwlrqv lq wkh

glvwulexwlrq ri pdfklqhv dfurvv ylqwdjhv1 Dqrwkhu zd| wr lqwurgxfh shuwxuedwlrqv zrxog eh wr

frqvlghu wkdw wkh hyroxwlrq ri wkh �vwdwh ri wkh duw� whfkqrorj| lv vwloo h{rjhqrxv/ exw xqfhuwdlq1 Lq

vhfwlrq vhyhq zh vkrz wkdw hyhq vpdoo djjuhjdwh vkrfnv pryh wkh v|vwhp dzd| iurp d vwhdg| vwdwh

zlwk frpsohwh vprrwklqj1

58Uhfdoo wkdw wkh vl}h ri hdfk vxejurxs lv vpdoohu wkdq ?,c dqg vr wkh sd|r� ixqfwlrq 8 E%c ?� lv ghfuhdvlqj lq wkh
djh ri wkh pdfklqh1 Wkhq/ zkhq wkh dgrswlrq frvw lv }hur/ wkhuh fdqqrw eh dq| htxloleulxp lq zklfk dq djhqw uhfhlyhv
d sd|r� orzhu wkdq 8 Efc ?� ' � lq d sduwlfxodu shulrg/ vlqfh wkhuh lv dozd|v wkh rswlrq ri dgrswlqj d qhz pdfklqh
dorqh lq wkdw shulrg dqg jhw 8 Efc f� ' ��

59D vlplodu uhvxow lq wkh frqwh{w ri wkh uljlglw| ri sulfhv dqg wkh h�hfw rq pdfur yduldeohv lv irxqg lq Fdsolq dqg
Vsxoehu +4<;:,1

5:Uhfdoo rxu suhylrxv glvfxvvlrq rq wkh uhodwlyh urohv ri wkh vzlwfklqj frvwv dqg wkh odj lq wkh qhwzrun h{whuqdolwlhv1
Wkh lpsruwdqw dvvxpswlrq wr rewdlq wkh uhvxowv derxw lqh!flhqw ghod| lq wklv prgho frph iurp wkh lqwurgxfwlrq ri
odjv lq wkh qhwzrun h{whuqdolwlhv/ zkhuhdv vzlwfklqj frvwv irufh djhqwv wr eh iruzdug orrnlqj1
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9 Frqyhujhqfh

Lq wkh suhylrxv wzr vhfwlrqv zh kdyh dqdo|}hg wzr srvvleoh fdqglgdwhv iru vwhdg| vwdwh htxloleulxp

vwudwhjlhv1 Lq wkh �uvw fdvh/ zh vkrzhg wkdw vwduwlqj iurp d ghjhqhudwh glvwulexwlrq/ v|qfkurql}dwlrq

fdq eh vxvwdlqhg lq htxloleulxp1 Rq wkh rwkhu kdqg/ vwduwlqj iurp d krprjhqhrxv glvwulexwlrq/

vwdjjhulqj ri dgrswlrq gdwhv dqg hyhqwxdoo| d frpsohwh vprrwklqj ri wkh djjuhjdwh wlph vhulhv lv

srvvleoh/ dv vkrzq rq wkh suhylrxv vhfwlrq/ dowkrxjk zh dujxhg wkdw wklv odvw fdvh lv mxvw d nqlih0hgjh

vlwxdwlrq1

Wr ixuwkhu uhlqirufh wkh lqwxlwlyh lghd wkdw v|qfkurql}dwlrq vkrxog eh wkh qdwxudo rxwfrph lq

wkh suhvhqfh ri qhwzrun h{whuqdolwlhv/ zh zdqw wr frqvlghu wkh lvvxh ri vwdelolw|/ wkdw lv/ vwduwlqj

iurp dq| duelwudu| glvwulexwlrq ri pdfklqhv ryhu ylqwdjhv/ zklfk ri wkh wzr vwhdg| vwdwhv lv wkh

rqh wkdw dulvhv lq wkh orqj uxq1 Wkh jhqhudo dqvzhu wr wklv txhvwlrq lv qrw vwudljkwiruzdug/ dqg lv

h{wuhpho| gl!fxow wr dqvzhu iru wkh jhqhudo fdvh1 Krzhyhu/ wkh sduwlfxodu fdvh iru }hur dgrswlrq

frvwv |lhog d fohdu fxw dqvzhu wkdw vkhgv oljkw lqwr wkh pruh jhqhudo txhvwlrq1

Dv ehiruh/ ohw q%| ghqrwh wkh pdvv ri pdfklqhv ri ylqwdjh { ehlqj xvhg dw wlph w dqg q| @

iqf|> q�|> q2|> = = =j ghqrwh wkh glvwulexwlrq ri pdfklqhv ryhu ylqwdjhv dw wlph w1 Iru dq| lqlwldo

glvwulexwlrq ri pdfklqhv ryhu ylqwdjhv q|/ wkhuh h{lvwv dq dvvrfldwhg glvwulexwlrq ri sd|r�v ryhu

ylqwdjhv �| @ i�f|> ��|> �2|> = = =j/ zkhuh ��| @ I +l> q�3�c|3�, dqg �f| @ 4 iru doo w1 Ohw [| eh wkh vhw

ri ylqwdjhv wkdw surylgh wkh pd{lpxp sd|r� dw wlph w> wkdw lv

[| @

�
duj pd{

�
i��|j

�

dqg ohw �| wkh qxpehu ri hohphqwv lq [|= Wkh iroorzlqj sursrvlwlrq vkrzv wkdw lq wkh sduwlfxodu

fdvh ri }hur vzlwfklqj frvwv/ wkh xqltxh joredoo| vwdeoh vwhdg| vwdwh lqyroyhv v|qfkurql}hg f|fohv ri

ohqjwk aw?/ vr wkhuh lv qr vprrwklqj e| djjuhjdwlrq1 Pruhryhu/ iru q A q,/ sursrvlwlrq 8 dssolhv vr

wkh vwhdg| vwdwh lv lqh!flhqw1

Sursrvlwlrq : +Joredo Vwdelolw| ri wkh xqltxh V|qfkurql}hg Htxloleulxp iru f @ 3, Iru

d vzlwfklqj frvw f @ 3> dqg iru dq| lqlwldo glvwulexwlrq ri pdfklqhv ryhu ylqwdjhv qf> doo djhqwv

v|qfkurql}h lqwr d f|foh ri ohqjwk aw� diwhu dw prvw aw� shulrgv1

Surri1 Iru f @ 3> dq| htxloleulxp sdwk lqyroyhv djhqwv vzlwfklqj lpphgldwho| wr wkh ylqwdjh zlwk

wkh fxuuhqw kljkhvw sd|r�/ uhjdugohvv ri wkhlu h{shfwdwlrqv derxw wkh ixwxuh sdwk ri wkh glvwulexwlrq

ri pdfklqhv ryhu ylqwdjhv +qrwh wkdw wkh vkruw0uxq sd|r� ixqfwlrq dgmxvwv frqwlqxrxvo| wr fkdqjhv

lq wkh vl}h ri wkh frkruw,1 Lq wkh devhqfh ri dq| wlh lq wkh lqlwldo sur�wdelolw| ri wzr ru pruh ylqwdjhv
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�l1h1 zkhq �f @ 4�/ wklv phdqv wkdw doo djhqwv zloo frqfhqwudwh rq wkh ylqwdjh zlwk wkh kljkhvw

lqlwldo sd|r� dqg iroorz d aw� f|foh wkhuhdiwhu e| sursrvlwlrq 8/ vr lq wklv fdvh djhqwv frruglqdwh

lqwr d aw� f|foh diwhu mxvw rqh shulrg1

Li wkhuh duh pruh wkdq rqh ylqwdjh jlylqj wkh pd{lpxp sd|r� dw wkh lqlwldo gdwh +�f � 5,/ wkhq

dq| htxloleulxp srolf| lqyroyhv djhqwv vzlwfklqj lpphgldwho| +dw wlph 3, wr ylqwdjhv lq wkh vhw

[f= Wkh glvwulexwlrq ri sd|r�v ryhu ylqwdjhv diwhu wklv lqlwldo vzlwfk �� fdq rqo| eh d ghjhqhudwh

glvwulexwlrq �li doo djhqwv frruglqdwhg wr vzlwfk lqwr wkh vdph ylqwdjh lq wkh vhw [f�/ ru d

krprjhqhrxv glvwulexwlrq zlwk rqo| ylqwdjhv lq [f kdylqj d srvlwlyh pdvv ri xvhuv1 Dq| rwkhu

glvwulexwlrq �� frxog qrw eh dq htxloleulxp vlqfh wkhuh zrxog eh dq lqfhqwlyh iru dq lqglylgxdo

djhqw wr vzlwfk iurp d ylqwdjh zlwk d orzhu sd|r� wr d ylqwdjh zlwk wkh pd{lpxp sd|r�/ ehfdxvh

ri }hur vzlwfklqj frvwv1

Li hyhu| djhqw frruglqdwhv lq shulrg 4 wr xvh wkh vdph ylqwdjh/ wkhq wkh| zloo iroorz d v|q0

fkurql}hg f|foh diwhuzdugv1 Li wzr ru pruh frkruwv zlwk wkh vdph sd|r� lq shulrg 4 vxuylyh/ wkhq

zh nqrz wkdw hdfk frkruw fdqqrw nhhs d pdfklqh roghu wkdq aw? diwhuzdugv/ vlqfh wkh sd|r� ri d

qhz pdfklqh zrxog wkhq eh kljkhu dqg wkhuh duh qr vzlwfklqj frvwv1 Vxssrvh wkhvh frkruwv duh

deoh wr nhhs wkhlu sd|r�v htxdol}hg lq doo wkh shulrgv diwhu wkh vzlwfklqj dw wlph 3 +li qrw/ wkh|

zrxog vzlwfk wr wkh ylqwdjh wkdw ghyhorsv d kljkhu sd|r�/ dqg zh duh djdlq lq wkh fdvh ri frpsohwh

v|qfkurql}dwlrq,15; Wkhq wkh| zloo hyhqwxdoo| duulyh wr d sd|r� htxdo ru orzhu wkdq 4 +wkh sd|r� ri

d qhz pdfklqh, dw wkh vdph wlph= Dw wkdw prphqw/ doo djhqwv lq doo frkruwv kdyh wr vzlwfk wrjhwkhu

wr dgrsw d qhz pdfklqh1 Iurp wkdw srlqw rqzdug/ doo djhqwv kdyh wr iroorz d v|qfkurql}hg f|foh

ri ohqjwk aw� 1

: Xqfhuwdlqw| dqg Djjuhjdwh Vkrfnv

Lq wklv vhfwlrq zh h{whqg wkh iudphzrun ghyhorshg lq wkh edvlf prgho e| dqdo|}lqj wkh h�hfw ri

lqwurgxflqj xqfhuwdlqw| lqwr wkh prgho1 Zh zloo dvvxph wkdw wkh hyroxwlrq ri wkh �vwdwh ri wkh duw�

whfkqrorj| lv qrw ghwhuplqlvwlf/ exw lqfuhdvhv zlwk udqgrp �mxpsv� lq surgxfwlylw|1 Wklv w|sh ri

vhwxs vhhpv pruh qdwxudo zkhq dqdo|}lqj wkh sureohp ri frqvxphuv zkr idfh dq xqfhuwdlq survshfw

ri qhz whfkqrorjlhv frplqj lqwr wkh pdunhw/ vlqfh jhqhudoo| wkh| kdyh yhu| olplwhg lqirupdwlrq

5;
Wklv delolw| wr nhhs wkh vdph sd|r� iru/ vd|/ , shulrgv zrxog vxssrvh wkdw/ iru h{dpsoh/ lq wkh fdvh ri wzr

vxuylylqj frkruwv ri djhv %� dqg %2 dqg vl}hv ?� dqg ?2 uhvshfwlyho|/ zh zrxog qhhg

8 E%�c ?��3 8 E%� n &c ?�� ' 8 E%2c ?2�3 8 E%2 n &c ?2�c � & $ ,

zklfk ylrodwhv rxu dvvxpswlrq 8�2 	 f� Krzhyhu/ wr vkrz wkdw wklv dvvxpswlrq lv qrw fuxfldo iru wkh ydolglw| ri wkh

dujxphqw/ zh fdq dvvxph iru d prphqw wkdw wkh frqglwlrq deryh lv vdwlv�hg1
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derxw wkh fdsdelolwlhv ri qhz prghov ehlqj ghyhorshg e| vxssolhuv15<

Dv rssrvhg wr wkh ghwhuplqlvwlf fdvh/ wkh suhvhqfh ri djjuhjdwh vkrfnv lq wkh hyroxwlrq ri

whfkqrorjlfdo surjuhvv jhqhudwhv d whqghqf| iru ixuwkhu foxvwhulqj ri djhqwv lq d ihz ylqwdjhv/ wkxv

euhdnlqj wkh �frxqwhulqwxlwlyh� vwdjjhuhg htxloleulxp irxqg lq wkh suhylrxv fkdswhu1 Wkh lqwxlwlrq

iru wklv uhvxow lv fohdu= dv d vkrfn jhqhudwhv d elj lqfuhdvh lq wkh surgxfwlylw| ri wkh qhz prgho

frplqj lqwr wkh pdunhw/ lw pd| eh pruh sur�wdeoh iru vrph djhqwv wr eulqj iruzdug wkh wlph ri

dgrswlrq ri d qhz prgho/ vlqfh wkh h{wud exughq ri sd|lqj wkh vzlwfklqj frvw lq dgydqfh lv pruh

wkdw frpshqvdwhg e| wkh h{wud jdlqv lq surgxfwlylw| ri wkh qhz prgho1 Wklv phdqv wkdw wzr

jurxsv wkdw duh xvlqj pdfklqhv ri yhu| forvh ylqwdjhv dqg wkdw duh dovr forvh wr wkhlu +hqgrjhqrxv,

vfudslqj djh zloo/ lq wkh idfh ri d elj surgxfwlylw| vkrfn/ ghflgh wr dgrsw wkh qhz prgho dw wkh vdph

wlph/ wkxv froodsvlqj wzr vxejurxsv lqwr d vlqjoh rqh/ dqg euhdnlqj d srvvleoh frpsohwh vwdjjhulqj

frq�jxudwlrq1

Lq rughu wr prgho d vwrfkdvwlf lpsuryhphqw lq wkh whfkqrorjlfdo iurqwlhu/ zh zloo dvvxph wkdw

h{lvwlqj ylqwdjhv ehfrph �roghu� rqo| dv d qhz ylqwdjh dsshduv1 Pruhryhu/ wkh djlqj surfhvv pd|

lqyroyh glvfuhwh mxpsv +ri pruh wkdq rqh shulrg, rq wkh djh ri doo h{lvwlqj ylqwdjhv1 Uhfdoo wkdw lq

wkh vlpsohu prgho/ wkh dsshdudqfh ri d qhz ylqwdjh +zklfk rffxuuhg hyhu| shulrg,/ phdqw wkdw doo

h{lvwlqj ylqwdjhv lqfuhdvhg wkhlu lqgh{ +djh, lq rqh xqlw1 Wkxv/ d pdfklqh zlwk lqgh{ l wkdw kdg

ehhq xvhg e| q djhqwv lq wkh suhylrxv shulrg kdg d surgxfwlylw| wrgd| htxdo wr I +l> q,>dqg zrxog

kdyh d surgxfwlylw| qh{w shulrg htxdo wr I +l . 4> q,>surylghg wkhuh zdv qr fkdqjh lq wkh qxpehu

ri xvhuv1

Lq wkh vwrfkdvwlf yhuvlrq ri wkh prgho/ zh zloo frqvlghu wkdw hdfk shulrg d qhz pdfklqh dsshduv

lq wkh pdunhw/ exw wkh uhodwlyh sur�wdelolw| ri wkdw pdfklqh zlwk uhvshfw wr doo h{lvwlqj pdfklqhv

lv xqnqrzq xqwlo wkh wlph ri lwv dsshdudqfh1 Wkxv h{lvwlqj pdfklqhv zlwk lqgh{ l odvw shulrg zloo

kdyh dq lqgh{ htxdo wr l. o wklv shulrg/ zlwk o d qdwxudo qxpehu eljjhu ru htxdo wr }hur163

Rxu pdlq sxusrvh lq wklv vhfwlrq lv wr vkrz wkdw wkh lqwurgxfwlrq ri djjuhjdwh xqfhuwdlqw|

uhlqirufhv wkh whqghqf| ri djhqwv wr v|qfkurql}h wkhlu dgrswlrq wlplqj1 Lq sduwlfxodu/ zh duh

lqwhuhvwhg lq zkhwkhu frpsohwh vwdjjhulqj fdq vwloo eh vxvwdlqhg dv dq htxloleulxp lq dq xqfhuwdlq

hqylurqphqw1 Iru wklv/ zh ghyhors �uvw d yhu| vlpsoh fdvh/ lq zklfk wkhuh lv d rqh0dqg0iru0doo

djjuhjdwh vkrfn wkdw lqfuhdvhv whfkqrorjlfdo surjuhvv/ vwduwlqj iurp d vwhdg| vwdwh ri frpsohwh

vwdjjhulqj1

5<Dqrwkhu lqwhusuhwdwlrq iru xqfhuwdlqw| lq wkh surgxfwlylw| ri qhz pdfklqhv lv dovr wkh h{whqw wr zklfk d vxssruw

lqgxvwu|/ ru ohduqlqj h�hfwv zloo eh lpsruwdqw iru hdfk prgho1 Krzhyhu/ zh frqvlghu rqo| wkh fdvh ri xqfhuwdlqw| lq

wkh lqwulqvlf fkdudfwhulvwlfv ri wkh qhz prgho1
63Qrwh wkdw wkh fdvh ri , ' f lqfoxghv wkh fdvh lq zklfk wkhuh lv qr lqqrydwlrq lq wklv shulrg/ dqg wkxv/ qr qhz

whfkqrorjlhv dsshdulqj lq wkh pdunhw1
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zkhuh wkh lqhtxdolw| lv d gluhfw frqvhtxhqfh ri wkh surshuwlhv ri wkh sodqqhu*v vroxwlrq/ dv ghvfulehg

lq htxdwlrq +48,1 Ri frxuvh li rqh djhqw kdv dq lqfhqwlyh wr vzlwfk iurp wkh jurxs wkdw vwd|v

zlwk wkh rog whfkqrorj| wr wkh jurxs wkdw dgrswv dw wlph }hur/ wkhq hyhu| rwkhu djhqw zrxog zdqw

wr pdnh wkdw vzlwfk1 Zh zrxog wkhuhiruh kdyh d froodsvh ri +dw ohdvw, wkh wzr jurxs zlwk wkh

roghvw whfkqrorjlhv lqwr d vlqjoh rqh/ wkxv jhqhudwlqj d qrq0xqlirup glvwulexwlrq/ dqg wkxv vrph

qrq0vprrwklqj lq wkh qh{w f|fohv1 Zh fdq vxppdul}h wkh uhvxow lq wkh iroorzlqj sursrvlwlrq

Sursrvlwlrq < Vwduwlqj iurp d vwhdg| vwdwh ri frpsohwh vwdjjhulqj lq zklfk doo wkh �uvw n ylqwdjhv

duh ehlqj xvhg e| jurxsv ri wkh vdph vl}h/ dq djjuhjdwh vkrfn ri dq| vl}h zloo irufh wkh phujhu ri dw

ohdvw wkh wzr jurxsv xvlqj wkh roghvw whfkqrorjlhv1

Wkhvh wzr sursrvlwlrqv wkhq vkrz wkh urexvwqhvv ri wkh pdlq uhvxowv ri wkh sdshu1 Wkh lq0

wurgxfwlrq ri djjuhjdwh xqfhuwdlqw| jhqhudwhv d whqghqf| iru djhqwv wr v|qfkurql}h wkhlu rwkhuzlvh

vwdjjhuhg ghflvlrqv1 Wkdw lv/ iru elj hqrxjk djjuhjdwh vkrfnv/ wkhuh zloo eh d phujlqj ri wzr jurxsv

ri djhqwv wkdw zhuh xvlqj gl�huhqw ylqwdjhv xs wr wkh wlph ri wkh vkrfn1

Wklv phujlqj lq wkh idfh ri dq djjuhjdwh vkrfn kdv wzr lpsruwdqw lpsolfdwlrqv1 Iluvw/ lw vkrzv

wkdw wkh frpsohwh vwdjjhulqj htxloleulxp wkdw zh frxog frqvwuxfw zkhq wkh whfkqrorjlfdo iurqwlhu

hyroyhv ghwhuplqlvwlfdoo| fdqqrw eh vxvwdlqhg lq dq xqfhuwdlq hqylurqphqw/ wkxv jlylqj vxssruw wr

wkh lghd wkdw lw zdv d nqlih hgjh fdvh/ qrw urexvw wr h{rjhqrxv shuwxuedwlrqv1 Vhfrqg/ wkh idfw wkdw

wkhuh lv dozd|v d vkrfn elj hqrxjk wr phujh wzr vxejurxs xvlqj gl�huhqw ylqwdjhv/ rxjkw wr jlyh

fuhglw wr wkh lghd wkdw wkh v|vwhp h{klelwv d qdwxudo whqghqf| iru v|qfkurql}dwlrq ri dfwlrqv1 Zkdw

wklv phdqv dw wkh djjuhjdwh ohyho lv wkdw zh zloo qrw vhh wrr pxfk vprrwklqj e| djjuhjdwlrq +lq idfw/

qr vprrwklqj li wkhuh lv frpsohwh v|qfkurql}dwlrq,/ dqg wkxv wkh plfurhfrqrplf qrq0frqyh{lwlhv jhw

dpsol�hg dw wkh pdfur ohyho1 Lw vkrxog dovr eh fohdu wkdw wkh lqwurgxfwlrq ri djjuhjdwh vkrfnv grhv

qrw holplqdwh wkh whqghqf| ri djhqwv wr ghod| wkhlu dgrswlrq wlph uhvshfw wr wkh vrfldoo| rswlpdo

rxwfrph1

; Frqfoxglqj Uhpdunv

Zh kdyh vkrzq d prgho wkdw frpelqhv d oxps| surfhvv dw wkh lqglylgxdo ohyho zlwk d sduwlfxodu

wlplqj ri qhwzrun h{whuqdolwlhv1 Wkh uhvxowv ri wkh prgho lpso| wkdw lq wklv hfrqrp| wkhuh zloo

+jhqhudoo|, qrw eh vprrwklqj ri lqglylgxdo ghflvlrqv e| djjuhjdwlrq/ lq dffrugdqfh zlwk vrph hp0

slulfdo dqg wkhruhwlfdo �qglqjv lq wkh olwhudwxuh661 Wklv whqghqf| iru v|qfkurql}dwlrq dulvhv hyhq

66Vhh iru h{dpsoh wkh zrun ri Frrshu/ Kdowlzdqjhu dqg Srzhu +4<<8, dqg Ehuwrod dqg Fdedoohur +4<<3, xvlqj X1V1
gdwd dw wkh plfur ohyho iru uhsodfhphqw surfhvvhv wkdw zrxog �w lqwr wkh nlqg ri qrq0frqyh{ sureohp dqdo|}hg khuh1

5;

zlwkrxw djjuhjdwh vkrfnv wkdw dfw dv d frruglqdwlrq irufh/ dv lq Ehuwrod dqg Fdedoohur +4<<3,1

Krzhyhu/ wkh lqwurgxfwlrq ri odjjlqj h{whuqdolwlhv lqwr wkh prgho phdqv wkdw zkhq wkh h{whqw ri

wkh vslooryhuv lv vljql�fdqw/ doo htxloleuld lq wkh prgho zloo h{klelw lqh!flhqw ghod|/ zkhq suhylrxv

olwhudwxuh frxog qrw uxoh rxw wkdw djhqwv frxog frruglqdwh rq dq htxloleulxp zlwk h!flhqw f|fohv/

dv lq Vkohlihu +4<;9, dqg Frrshu dqg Kdowlzdqjhu +4<<5,1 Wkxv/ lq wklv prgho �dqg iru h{whuqdol0

wlhv elj hqrxjk� djjuhjdwlrq lqh!flhqwo| lqfuhdvhv wkh yrodwlolw| ri wkh wlph vhulhv ri lqyhvwphqw/

lqvwhdg ri vprrwklqj rxw lqglylgxdo qrq0frqyh{lwlhv1

Wkhuh duh vwloo vrph rshq txhvwlrqv lq wklv dqdo|vlv1 Wkh �uvw rqh lv wkh frpsohwh fkdudfwhul0

}dwlrq ri wkh sodqqhu*v vroxwlrq lq wkh suhvhqfh ri qhwzrun h{whuqdolwlhv zkhq wkh xvhu edvh lv elj

hqrxjk1 Vwduwlqj iurp d pruh jhqhudo glvwulexwlrq ri pdfklqhv ryhu ylqwdjhv/ d sodqqhu zrxog lq

sulqflsoh �vhwwoh� lqwr kdylqj d qrq ghjhqhudwh glvwulexwlrq/ zlwk wzr ru pruh frkruwv frh{lvwlqj

dw dq| wlph1 Krzhyhu/ wkh lq xhqfh ri wkh +odjjlqj, qhwzrun h{whuqdolwlhv zrxog irufh wkrvh wzr

frkruwv wr eh uhjxoduo| vsdfhg dfurvv wkh vxssruw ri ylqwdjhv dydlodeoh1 Wkh vdph sdwwhuq zrxog

eh h{shfwhg ri wkh ghfhqwudol}hg vroxwlrq/ wkxv surylglqj vxssruw wr wkh qrq0vprrwklqj ri wkh pl0

fur qrq0frqyh{lwlhv lq wklv prgho1 Rqfh djdlq/ wkh iuhh ulglqj sureohpv wkdw zh hqfrxqwhu zkhq

fkdudfwhul}lqj wkh ghfhqwudol}hg vroxwlrq zrxog eh suhvhqw dovr lq wklv frqwh{w/ vr zh vkrxog h{shfw

lqh!flhqw ghod| dv d urexvw skhqrphqrq1

Rqh sduwlfxodu srlqw wkdw frxog eh fulwlfl}hg lq wklv prgho dv d uh hfwlrq ri vrph pdfurhfrqrplf

lvvxh lv wkh lghd ri qhwzrun h{whuqdolwlhv lqwurgxfhg lq ylqwdjhv ri pdfklqhv1 Lw frxog eh dujxhg

wkdw wklv prgho fdq eh d prgho ri wkh ehkdylru ri rqh vhfwru ri wkh hfrqrp|/ zkhuh wklv nlqg

ri h{whuqdolwlhv frxog eh pruh sodxvleoh/ dv rssrvhg wr wkh lqwhudfwlrq dprqj gl�huhqw vhfwruv1

Krzhyhu/ wkh vdph nlqg ri lvvxhv hqfrxqwhuhg khuh zrxog eh irxqg lq d prgho zkhuh wkh srvlwlyh

h{whuqdolw| zrunv qrw dw wkh ohyho ri sd|r�v/ exw wkurxjk wkh vzlwfklqj frvw1 Rqh frxog wklqn ri

d prgho zkhuh wkh frvw ri lqqrydwlrq lv orzhu wkh kljkhu wkh qxpehu ri shrsoh lqqrydwlqj dw wkh

vdph wlph/ ehfdxvh ri vfdoh h�hfwv lq wkh surgxfwlrq ri fdslwdo jrrgv/ ru shfxqldu| h{whuqdolwlhv

iurp lqyhvwphqw/ dv lq Vkohlihu +4<;9,1 Li wkh srvlwlyh h{whuqdolwlhv wdnh vrph wlph wr vhw lq dv lq

wklv prgho/ wkh lqfhqwlyhv wr zdlw iru rwkhuv wr lqyhvw dqg jhqhudwh wkrvh vslooryhuv dsshdu djdlq/

dqg vr lqh!flhqw ghod| zrxog dulvh lq htxloleulxp1

Dqrwkhu dyhqxh ri uhvhdufk qhfhvvdu| wr xqghuvwdqg wkh h�hfw ri qhwzrun h{whuqdolwlhv lq wkh

vprrwklqj ri lqglylgxdo oxpslqhvv zrxog eh wr frqvlghu d vwrfkdvwlf hqylurqphqw/ zkhuh djhqwv

uhfhlyh frpprq dqg lglrv|qfudwlf vkrfnv +lq surgxfwlylw|/ ru lq wkh frvw ri vzlwfklqj wr d gl�huhqw

pdfklqh,1 Wkh lqwhudfwlrq ri d uhsodfhphqw sureohp zlwk wkh hyroxwlrq ri wkh glvwulexwlrq ri

djhqwv ryhu ylqwdjhv kdv ehhq vwxglhg e| Frrshu/ Kdowlzdqjhu dqg Srzhu +4<<8,/ lq wkh frqwh{w ri

Wkhlu prghov/ krzhyhu/ gr qrw lqfoxgh dq| qhwzrun h{whuqdolw| d�hfwlqj djhqwv* sd|r�v1

5<



lvrodwhg djhqwv1 Wkh lqwurgxfwlrq ri qhwzrun h{whuqdolwlhv lq wkdw vhwwlqj frxog eh dq lqwhuhvwlqj

vwhs iruzdug lq wkh vwxg| ri hfrqrplf  xfwxdwlrqv1

63

D Dsshqgl{= Surriv

D14 Surri ri Sursrvlwlrq 4

Frqvlghu d sodqqhu zlwk pdfklqhv ri djh lR+Q, dqg wdnh wkdw dv shulrg 3= Wkh rswlpdo srolf| iru

d frqvwudlqhg sodqqhu lv wr lqqrydwh wr qhz pdfklqhv +ri djh 3, dw wkdw prphqw1 Vxssrvh lqvwhdg

wkdw wklv sodqqhu xsgdwhv rqo| d iudfwlrq � ri klv pdfklqhv dqg nhhsv wkh uhpdlqlqj iudfwlrq +4��,

dw wkh vdph ylqwdjh +qr lqqrydwlrq,1

Vxssrvh wkh wzr vxejurxsv hyhqwxdoo| vkduh wkh vdph ylqwdjh djdlq lq wkh ixwxuh/ dqg fdoo w wkh

�uvw shulrg lq zklfk wkdw kdsshqv1 Zlwkrxw orvv ri jhqhudolw| vxssrvh dovr wkdw iroorzlqj w wkh wzr

jurxsv uhpdlq v|qfkurql}hg/ vlqfh li lw lv qrw sur�wdeoh wr vsolw wkh jurxsv rqfh/ lw zloo qhyhu eh

sur�wdeoh wr vsolw wkhp djdlq1 Wkh dujxphqw vnhwfkhg lq wkh wh{w hvvhqwldoo| vkrzhg wkdw li w @ 4

wkhq wkh sodqqhu lv ehwwhu r� e| nhhslqj dq krprjhqhrxv jurxs ri pdfklqhv zkhq I22 � 31

Fdvh L= 4 ? w ? lR+q,

Li 4 ? w ? lR+Q,> wkdw lv/ li wkh wzr jurxsv uhmrlq ehiruh wkh frpsohwlrq ri dqrwkhu f|foh iru wkh

frqvwudlqhg sodqqhu/ wkhq wkh sd|r� iurp wklv vwudwhj| lv jlyhq e|

�

%
�f. 4.

|3�[
%'�

�%I +{> �Q,

&
.

.+4� �,

%
I +lR . 4>Q, .

|32[
%'�

�%I +lR . 4 . {> +4� �,Q, . �|3�I +w� 4> �Q,� �|3�f

&
.

.�|Y +w>Q,

zkhuh wkh �uvw olqh vkrzv/ uhvshfwlyho|/ wkh jdlqv iurp wkh jurxs wkdw lqqrydwhv dw wlph }hur/ sd|lqj

wkh frvw f dqg kdylqj dq h{whuqdolw| jlyhq e| d vl}h �Q gxulqj w shulrgv/ dqg wkh jdlqv iurp wkh

jurxs ri vl}h 4 � � zklfk pdlqwdlqv wkh h{whuqdolw| ri wkh zkroh jurxs iru wkh �uvw shulrg/ wkhq

iru wkh qh{w w� 4 shulrgv vhhv wkh h�hfw ri wkdw h{whuqdolw| uhgxfhg wr +4� �,Q dqg wkhq sd|v wkh

dgrswlrq frvw f wr uhmrlq wkh �uvw jurxs zkhq wkh| xvh d ylqwdjh ri djh w� 4= Qrwh lq wklv odvw fdvh

wkh h�hfw ri wkh odjjlqj h{whuqdolw|/ vlqfh lq wkh �uvw shulrg diwhu wkh wzr vxejurxsv duh uhmrlqhg

wkh| vwloo jhw wkh h{whuqdolw| dvvrfldwhg zlwk wkdw ylqwdjh lq wkh suhylrxv shulrg/ wkdw lv/ d xvhu

edvh ri vl}h �Q 1

Wr ghwhuplqh zkhwkhu wklv vsolw ri pdfklqhv lv pruh sur�wdeoh wkdq d v|qfkurql}hg srolf|/
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Fdvh LLL= w @ nlR+Q, . o/ n> o 5 ]> o � lR+Q,

Wklv odvw fdvh uhsuhvhqwv d jhqhudol}dwlrq ri wkh suhylrxv wzr1 Lq sduwlfxodu/ wkh �uvw fdvh lv

jlyhq e| n @ 3 dqg fdvh LL lv jlyhq e| n @ 4> o @ 3= Wkh vdph orjlf dssolhg wr wkh suhylrxv wzr

fdvhv jrhv wkurxjk iru wklv pruh jhqhudo fdvh1 Lq sduwlfxodu/ li o 9@ 3 dqg n � 4 +zklfk phdqv wkh

jurxs wkdw lv qrw lqqrydwlqj uhmrlqv wkh rwkhu jurxs diwhu pruh wkdq rqh f|foh, wkdw rqo| uhsuhvhqwv

ghod|lqj wkh dgrswlrq frvw lq fdvh LL iru o pruh shulrgv1

Lq fdvh L zh vdz wkdw ghod|lqj dgrswlrq iru w shulrgv zdv qrw sur�wdeoh1 Lq wklv fdvh zh duh

ghod|lqj dgrswlrq iru dq h{wud o shulrgv ryhu fdvh LL/ zklfk jlyhv wkh vdph ehqh�wv dv lq fdvh L/

exw wkh orvvhv duh eljjhu= wkh sodqqhu qrz nhhsv dq roghu pdfklqh dv frpsduhg zlwk fdvh L +roghu

e| lR+Q, ylqwdjhv,/ vr ri frxuvh wkh ehqh�wv duh orzhu1 Wklv dujxphqw lq h�hfw lqglfdwhv wkdw/ iru

jlyhq o 9@ 3 dqg n/ li d vsolw lv qrw sur�wdeoh/ wkhq lw lv qrw sur�wdeoh zkhq xvlqj o> n . 4=

Wkh vdph dujxphqw dssolhv iru wkh fdvh zkhuh o 9@ 3 = li lw lv qrw sur�wdeoh wr vnls n f|fohv/

wkhq lw lv qrw sur�wdeoh wr vnls n. 4 f|fohv hlwkhu= wkh frvw vdylqjv duh wkh vdph dv lq fdvh LL/ exw

wkh orvvhv lq irujrqh sd|r�v duh eljjhu qrz vlqfh wkh jurxs wkdw ghod|v dgrswlrq vwduwv wkh h{wud

f|foh ri vhsdudwlrq zlwk d pdfklqh wkdw lv nlR+Q, ylqwdjhv roghu wkdw lq fdvh LL1

Wklv lqgxfwlyh dujxphqw vkrzv wkdw qr rwkhu vsolw lv pruh sur�wdeoh wkdq wkh +douhdg| suryhq

vxerswlpdo, ghyldwlrqv lq fdvhv L dqg LL1

Ri frxuvh/ vlqfh wkh dujxphqw lq doo wkhvh wkuhh fdvhv grhv qrw ghshqg rq wkh vl}h ri wkh jurxs

dqdo|}hg/ qr vsolw lqwr pruh wkdw wzr jurxsv lv sur�wdeoh/ vlqfh lw fdq dozd|v eh ghfrpsrvhg lqwr

pxowlsoh elqdu| vsolwv1

D15 Surri ri Ohppd 4

Lq rughu wr suryh wkdw wkhvh frqglwlrqv gh�qh dq htxloleulxp wkuhvkrog l zh qhhg wr suryh wkdw wkhuh

lv qr sur�wdeoh ghyldwlrq e| d vlqjoh sod|hu iurp wklv frpprq dgrswlrq srolf|1 Zh zloo frqvlghu

�uvw wkh fdvh ri d ghyldwru wkdw ghflghv wr ghod| rq wkh dgrswlrq ri d gl�huhqw ylqwdjh/ dqg wkhq

wkh fdvh ri dq djhqw zkr ghflghv wr vzlwfk wr d gl�huhqw ylqwdjh ehiruh wkh wlph suhvfulehg e| wkh

v|qfkurql}hg srolf|1

Ehiruh hqwhulqj lqwr wkh ghwdlov ri wkrvh ghyldwlrqv/ lw zrxog eh xvhixo wr nqrz wkh ydoxdwlrq ri

dq djhqw zkr kdsshqv wr eh rxwvlgh wkh v|qfkurql}hg jurxs= vxssrvh doo wkh djhqwv exw rqh duh

iroorzlqj d v|qfkurql}hg srolf| ri lqqrydwlqj wr d qhz pdfklqh hyhu| l shulrgv +ru htxlydohqwo|/

zkhq wkhlu pdfklqh uhdfkhv dq djh l,1 Ghqrwh e| Y +{> |, wkh ydoxh iru wkdw odvw djhqw ri kdylqj d
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pdfklqh ri djh { zkhq wkh jurxs kdv d pdfklqh ri djh |= wkhq zh fdq vkrz wkdw=

Ohppd 5 Y +{f> |, � Y +{�> |, iru {� ? {f> {f 9@ |

Surri1 Fdoo djhqw D wkh rqh kdylqj d pdfklqh ri djh {� dqg djhqw E wkh rzqhu ri d pdfklqh ri

ylqwdjh {f= Iru {� ? {f 9@ |> I +{�> �, A I +{f> 3, ehfdxvh ri d orzhu djh +dqg pd|eh ehfdxvh ri wkh

h{whuqdolwlhv li {� @ |,1 Diwhuzdugv/ djhqw D fdq dozd|v iroorz E*v srolf| dqg jhw hdfk shulrg d

sd|r� wkdw lv qrw orzhu wkdq wkdw ri E681 Qrwh wkdw wkh frqglwlrq {f 9@ | lv lpsruwdqw vlqfh lw frxog

eh wkh fdvh wkdw I +{f>Q, A I +{�> 3, ehfdxvh ri wkh qhwzrun h{whuqdolwlhv1

Ohppd 6 Y +|> |, ? Y +{> |, iru 3 ? { ? | � aw�

Surri1 Djhqw D kdv qrz d pdfklqh ri djh { ? | � aw� dqg djhqw E rzqv d pdfklqh ri djh |/ wkh

vdph wkh jurxs kdv1 Vlqfh | � { A aw� wkhq I +| � {>Q, ? 4 @ I +3> 3, ehfdxvh ri wkh gh�qlwlrq ri

aw� lq +43,1 Pruhryhu/ ehfdxvh ri dvvxpswlrq +9, derxw wkh uhodwlyh sur�wdelolw| ri wzr pdfklqhv/

zh kdyh I +|>Q, ? I +{> 3,= Iurp wkdw srlqw rq/ djhqw D fdq iroorz wkh vdph lqqrydwlrq srolf| E

xvhv dqg jhw hdfk shulrg d sd|r� wkdw lv qrw orzhu1

Zlwk wkh xvh ri wkhvh wzr ohppdv zh fdq vkrz qrz wkdw qr ghyldwlrq iurp d v|qfkurql}hg

dgrswlrq wkuhvkrog lv sur�wdeoh=

Ghyldwlrq L= ghod| iru w � aw� shulrgv

Zlwkrxw orvv ri jhqhudolw|/ vhw wlph htxdo wr 3 dw wkh prphqw zkhuh doo djhqwv exw rqh dgrswhg

d qhz pdfklqh 1 Lw lv reylrxv wkdw xs wr shulrg aw� dq| ghyldwru wkdw ghflghg wr nhhs klv pdfklqh

lq shulrg 3 rqo| kdv wzr phdqlqjixo rswlrqv= nhhs klv pdfklqh rqh pruh shulrg ru dgrsw wkh vdph

ylqwdjh wkh uhvw ri djhqwv lq wkh jurxs duh xvlqj1 Wkh wklug rswlrq/ dgrswlqj d qhz pdfklqh lv

fohduo| zruvh wkdq dgrswlqj wkh vdph pdfklqh wkh jurxs lv xvlqj= vlqfh Q A q, dqg wkh djh ri wkh

pdfklqh wkh jurxs lv xvlqj lv qr eljjhu wkdq aw� > wkhq I +{>Q, A 4 @ I +3> 3, zklfk lv zkdw d vlqjoh

djhqw fdq rewdlq e| wdnlqj d qhz ylqwdjh lq wklv vwdjh1 Pruhryhu/ wkh ghyldwru wkdw mrlqv wkh jurxs

frxog iroorz wkh vdph srolf| ri wkh ghyldwru wkdw wdnhv d qhz ylqwdjh dqg jhw d sd|r� wkdw lv qr

orzhu wkdq wkh odwwhu1

Kdylqj dujxhg wkdw d ghyldwru zkr ghod|v dw w @ 3 kdv rqo| wzr phdqlqjixo fkrlfhv ehwzhhq 3

dqg aw� +hlwkhu ghod| xqwlo aw� ru ghod| dqg uhmrlq wkh jurxs,/ wkh �uvw frqglwlrq hvwdeolvkhv wkdw wkh

68Vhh dvvxpswlrq +9,
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frvw vdylqjv iurp ghod|lqj dgrswlrq iru rqh shulrg dqg wkhq vzlwfklqj wr wkh ylqwdjh xvhg e| wkh

uhvw ri djhqwv +wkh uljkw vlgh ri +4<,, lv vpdoohu wkdq wkh irujrqh sd|r� h{whuqdolw|/ jlyhq e| wkh

gl�huhqfh lq wkh ohiw vlgh ri +4<,1

Li wklv frqglwlrq +4<, lv vdwlv�hg/ lw zloo qrw eh sur�wdeoh wr ghod| dw wlph 3 dqg �uhmrlq� wkh

jurxs ehiruh wlph aw� hlwkhu/ vlqfh wkh +shu0shulrg, orvv lq sd|r� iru dq| h{wud shulrg ri ghod| lv

juhdwhu wkdq +4� �,f691

Ghyldwlrq LL= hduo| dgrswlrq= Vxssrvh qrz wkdw dw wlph w @ 3 doo djhqwv lqqrydwh wr d

qhz pdfklqh dqg doo djhqwv exw rqh zloo zdlw xqwlo w @ l wr lqqrydwh djdlq1 Frqvlghu dq djhqw

zkr lqqrydwhv ehiruh djh l= Fohduo| wkdw djhqw zrxog qrw lqqrydwh �dqg wkxv vhsdudwh iurp wkh

jurxs�ehiruh wkh djh ri klv pdfklqh lv aw� vlqfh lw fdq dozd|v zdlw rqh pruh shulrg wr vzlwfk

wr wkdw qhz ylqwdjh/ vdylqj +4 � �,f lq dgrswlrq frvwv dqg uhfhlylqj d eljjhu sd|r� gxulqj wkdw

shulrg e| uhpdlqlqj zlwk wkh jurxs1 Ohiw wr vkrz lv wkdw wkdw djhqw zrxog qrw zdqw wr dgrsw d

qhz pdfklqh diwhu aw� dqg ehiruh djh l=

Vxssrvh wklv djhqw ghflghv wr lqqrydwh dw wlph w 5 iaw� . 4> = = = > l � 4j= Lw lv reylrxv wkdw wklv

djhqw zrxog qrw zdqw wr uhmrlq wkh jurxs ehiruh wlph w @ l ehfdxvh ri ohppd 61 Li kh ghflghv wr

uhmrlq wkh jurxs ehiruh l.aw� wkhq wkh ehvw wlph wr gr lw lv dw wlph �+w, vshfl�hg lq wkh sursrvlwlrq1

Frqglwlrq +54, wkhq vshfl�hv wkdw wkh jdlqv ri wklv w|sh ri ghyldwlrq gr qrw frpshqvdwh wkh h{wud

dgrswlrq frvwv dqg wkh orvw sd|r� +li dq|,1

Vlqfh wklv frqglwlrq lv vshfl�hg iru wkh pd{lpxp ryhu wkh ydoxhv ri w ehwzhhq 3 dqg l> wkhq wkh

ghyldwru zrxog qhyhu zdlw pruh wkdq rqh frpsohwh l f|foh wr uhwxuq wr wkh jurxs ru wr frqwlqxh dorqh

lq f|fohv ri shulrglflw| l= Lq wkh �uvw fdvh zh kdyh vhhq wkdw frqglwlrq +54, pdnhv wkdw ghyldwlrq

xqsur�wdeoh1 Lq wkh vhfrqg fdvh/ jrlqj dorqh lq f|fohv ri wkh vdph shulrglflw| ri wkh jurxs lv dovr

xqsur�wdeoh vlqfh wkh ghyldwru sd|v wkh dgrswlrq frvw ehiruh wkh jurxs grhv vr dqg grhv qrw jhw

wkh jdlqv iurp wkh srvlwlyh h{whuqdolw| ri xvlqj wkh jurxs*v ylqwdjh1

Ghyldwlrq LLL= ghod| iru w A aw� shulrgv

Li zh kdyh dq djhqw ghod|lqj dgrswlrq iru pruh wkdq aw� dqg ohvv wkdq l shulrgv/ wkhq ehfdxvh

ri ohppd 5 lw zrxog qhyhu lqqrydwh wr wkh vdph ylqwdjh wkh jurxs lv xvlqj zkhq lwv djh lv eh|rqg

aw� > vlqfh wkh ydoxh ri wkdw pdfklqh lv orzhu wkdq wkh ydoxh ri d qhz pdfklqh1 Wkhq ohiw wr vkrz lv

wkdq dq djhqw kdv qr lqfhqwlyh wr lqqrydwh wr d qhz pdfklqh hlwkhu diwhu aw� 1

69Qrwh wkdw wkh ghyldwru wkdw ghod|v dw wlph f uhfhlyhv d sd|r� ehorz 8 E�n�c ��c zkhuhdv wkh djhqwv wkdw frruglqdwh
rq dgrswlqj d qhz pdfklqh dw wlph f jhw d sd|r� deryh 8 Efc �� xqwlo wlph 	|� � Wkxv/ li +4<, lv vdwlv�hg/ wkhq wkh
gl�huhqfh ehwzhhq wkh wzr sd|r�v lv juhdwhu wkdq E�3 q�Sc dw ohdvw xqwlo shulrg 	|� �
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Vxssrvh dq djhqw ghod|v dgrswlrq xqwlo w 5 iaw�.4> = = = > lj dqg dgrsw d qhz pdfklqh diwhuzdugv1

Frqglwlrq +53, vd|v wkdw xqwlo wlph aw� wklv ghyldwlrq lv xqsur�wdeoh/ dqg diwhuzdugv/ wklv ghyldwru

zrxog jhw d sd|r� orzhu wkdq wkdw ri d ghyldwru ri w|sh LL wkdw vwduwv dw aw� / vr wkh frpelqhg sd|r�

ri wklv ghyldwlrq lv orzhu wkdq vwd|lqj zlwk wkh jurxs1

Ohiw wr vkrz lv wkh fdvh zkhuh d ghyldwru ghod|v dgrswlrq iru pruh wkdq l shulrgv1 Lq wkdw fdvh/

zh fdq dozd|v ghfrpsrvh wkdw ghyldwlrq lqwr wzr sduwv= wkh �uvw sduw lv d qxpehu nl ri shulrgv

+n 5 Q , zkhuh wkh djhqw mxvw nhhsv klv pdfklqh> iroorzhg e| d vhfrqg sduw/ zkhuh wklv djhqw ghod|v

iru w ? l pruh shulrgv dqg wkhq dgrswv d gl�huhqw ylqwdjh +dv zh vdz ehiruh wkh rqo| uhohydqw

fkrlfhv frxog eh d qhz pdfklqh ru wkh vdph pdfklqh wkh uhvw ri djhqwv lv xvlqj,1

Wkh sd|r� ri wkh �uvw sduw ri wkh ghyldwlrq lv ehorz wkdw ri vwd|lqj zlwk wkh jurxs= ehfdxvh ri

ohppd 6 wkhuh lv qr jdlq iru wkh �uvw l shulrgv dqg ehfdxvh wklv ghyldwru jhwv d orzhu sd|r� wkdq lq

Ghyldwlrq L iru wkh qh{w f|fohv +kh vwduwv zlwk d orzhu sd|r� zkhq frqvlghulqj ghod| lq vxffhvvlyh

f|fohv,1 Iru wkh odvw w shulrgv wkh sd|r� lv dovr orzhu wkdq wkh fruuhvsrqglqj sd|r� ri wkh djhqwv

lq wkh jurxs e| dq dujxphqw vlplodu wr wkdw lq Ghyldwlrq L dqg iru wkh fdvh w 5 iaw� . 4> = = = > lj

Wkhvh wkuhh w|shv ri ghyldwlrqv h{kdxvw doo wkh srvvlelolwlhv rshq wr d vlqjoh djhqw idflqj d

v|qfkurql}hg jurxs/ dqg wkxv/ qr vlqjoh djhqw �qg lw rswlpdo wr ghyldwh zlwk uhvshfw wr wkh jurxs*v

v|qfkurql}hg srolf|1

D16 Surri ri Sursrvlwlrq ;

Lq rughu wr suryh wklv sursrvlwlrq/ frqvlghu d v|qfkurql}hg htxloleulxp lq zklfk djhqwv xvh wkh

vdph wkuhvkrog djh l ? 4 iru dgrswlqj d qhz pdfklqh1 Wklv vwdjjhuhg vwudwhjlhv jhqhudwh d

vwhdg| vwdwh glvwulexwlrq wkdw uhsolfdwhv lwvhoi hyhu| l shulrgv1 Ghqrwh wkh shulrg w glvwulexwlrq e|

q| @ iqf|> q�|> q2|> = = = > q�|j > zkhuh q%| � 3 dqg
S�

%'f q%| @ Q=

Vxssrvh dw wlph 3 zh lqwurgxfh dq djjuhjdwh vkrfn wkdw vkliwv wkh hqwluh glvwulexwlrq qf e| ow

�vwhsv�/ phdqlqj wkdw hyhu| ylqwdjh lqfuhdvhv lwv djh e| ow xqlwv1 Vxssrvh dovr wkdw ylqwdjhv m dqg

n duh wkh wzr roghvw lq xvh e| d srvlwlyh phdvxuh ri djhqwv dw wkh wlph wkh vkrfn klwv/ wkdw lv

m @ pd{ i{ = q%f A 3j

n @ pd{i{ 9@ m = q%f A 3j

Dw wlph 3/ wkh vxejurxs zlwk wkh roghvw whfkqrorj| m vwloo kdv wr zdlw iru l� m shulrgv wr xsgdwh

wr wkh vwdwh ri wkh duw whfkqrorj|/ zkhuhdv/ wkh qh{w wr wkhz roghvw ylqwdjh vwloo qhhgv l�n shulrgv
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G|qdplfv/� QEHU Pdfurhfrqrplfv Dqqxdo/ 56:05;:1

^7` Fdsolq/ Dqguhz dqg Gdqlho Vsxoehu +4<;:,= �Phqx Frvwv dqg wkh Qhxwudolw| ri Prqh|�/

Txduwhuo| Mrxuqdo ri Hfrqrplfv 435+7,/ :360:59

^8` Frrshu/ Uxvvhoo dqg Mrkq F1 Kdowlzdqjhu/ Mu1 +4<<5,= �Pdfurhfrqrplf Lpsolfdwlrqv

ri Surgxfwlrq Exqfklqj= Idfwru Ghpdqg Olqndjhv/� Mrxuqdo ri Prqhwdu| Hfrqrplfv 63+4,/

43:045:1

^9` Frrshu/ Uxvvhoo/ Mrkq F1 Kdowlzdqjhu/ Mu1 dqg Odxud Srzhu +4<<8,= �Pdfklqh

Uhsodfhphqw dqg wkh Exvlqhvv F|foh= Oxpsv dqg Expsv/� Lqgxvwu| Vwxglhv SurjudpZrunlqj

Sdshu & 95/ Ervwrq Xqlyhuvlw|1

^:` Ixghqehuj/ Guhz dqg Mhdq Wluroh +4<<4,= Jdph Wkhru|/ PLW Suhvv1

^;` Jdoh/ Grxjodv +4<<8,= �G|qdplf Frruglqdwlrq Jdphv/� Hfrqrplf Wkhru| 8+4,/ 404;1

^<` Jdoh/ Grxjodv +4<<9,= �Ghod| dqg F|fohv/� Uhylhz ri Hfrqrplf Vwxglhv 96+5, 49<0<;1

^43` Mrydqrylf/ Er|dq dqg \dz Q|dunr +4<<9,= �Ohduqlqj e| Grlqj dqg wkh Fkrlfh ri

Whfkqrorj|/� Hfrqrphwulfd 97+9,/ 45<<046431

^44` Nuxjpdq/ Sdxo U1 +4<<4,= �Klvwru| yhuvxv H{shfwdwlrqv/� Txduwhuo| Mrxuqdo ri Hfrqrplfv

439+5,/ 98409:1

^45` Pdwvx|dpd/ Nlplqrul +4<<4,/ �Lqfuhdvlqj Uhwxuqv/ Lqgxvwuldol}dwlrq/ dqg Lqghwhuplqdf|

ri Htxloleulxp/� Txduwhuo| Mrxuqdo ri Hfrqrplfv 439+5,/ 94:0831

^46` Uxl}/ Mxdq +4<<;,= G|qdplf Lqwhudfwlrqv lq wkh Suhvhqfh ri Qhwzrun H{whuqdolwlhv/ Sk1G1

Wkhvlv1 Ervwrq Xqlyhuvlw|1
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^47` Vkohlihu/ Dqguhl +4<;9,= �Lpsohphqwdwlrq F|fohv/� Mrxuqdo ri Srolwlfdo Hfrqrp| <7+9,/

4496044<31
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