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1 Introduction

Recent econometric investigation using longitudinal firms data (Davis, Halt-
inwanger and Schuh, 1996 ; Davis and Haltinwanger, 1996; Caballero et al.,
1997; Stanca and Gallegati, 1999) shows that idiosyncratic factors affect the
aggregate rates of change of output, investment and employment. Even simi-
lar firms within the same industry exhibit very different behavior at business
cycle frequency. During an expansion (recession), when almost all industries
grow (decline), a significant fraction of establishments decline (grow), and
some exit (entry) the market. There is so much heterogeneity at the micro
level that the usual approach to macroeconomics based upon the represen-
tative agent becomes questionable. Once we relax the representative agent
hypothesis, fluctuations and cycles may emerge as the result of changes in
the distribution of agents rather than the consequence of exogenous shocks
to which a “representative” individual reacts, as in the standard literature on
the business cycle. The framework of the “equilibrium representative firm”,
which represents the cornerstone of mainstream micro-founded macroeco-
nomics thus becomes inadequate, and agents’ heterogeneity (at least in the
first two moments of the distribution: see Terdsvirta and Lundbergh, 1998)
has to be considered.
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If the framework is linear, as most mainstream models assume, large
fluctuations (i.e., of a size comparable to the empirical evidence) are produced
by large shocks or a sum of small shocks. Since disturbances are characterized
by zero mean this last case is ruled out, and the analysis of fluctuations has to
be confined to that of great events (oil shocks, wars, and so). On the contrary,
if sufficiently self-reinforcing non-linearities are introduced, small shocks may
generate dramatic changes. But whenever a strong non-linearity is present,
the “strong law of large numbers” does not work, and aggregation becomes a
not a trivial matter (Rahn, 1985). The canceling out of idiosyncratic shocks
is further rejected by empirical evidence and it is becoming more and more
evident that the evolution of the cross-sectional distribution at individual
level, determines aggregate changes at business cycle frequency.

If agents are heterogeneous, the propagation mechanism is affected by
changes in the distribution of agents. In such a case, it is no longer true,
as Lucas (1977) claims, that “business cycles are all alike” (see Zarnowitz,
1998). Whatever is the nature of the impulse (Temin, 1998), the propaga-
tion mechanism can make the difference, if it is large enough to amplify an
impulse. Our modeling strategy, allows analyzing fluctuations due to the
impulse-propagation mechanism in two ways. On the one hand, fluctuations
may be due to allocative shocks, i.e. to idiosyncratic disturbances; on the
other, aggregate changes are primarily generated by aggregate shocks, prop-
agated and amplified by agents’ heterogeneity. Moreover, financial fragility
(which is the source of agents’ heterogeneity and the propagation mechanism
in this paper) may generate an endogenous cycle (see Delli Gatti, Gallegati
and Palestrini, 1999). The combination of agents’ heterogeneity and non-
linearities has relevant implications for aggregate fluctuations. In fact, the
aggregate variables exhibit time varying elasticities to idiosyncratic and ag-
gregate shocks, i.e. the impact of a shock will depend on the distribution of
individual financial position.

According to Pigou (1928), who modified the Marshallian concept to
adapt the tool of the representative firm to the Classical economics, it is
an average or modal firm which is in equilibrium when the industry is in
equilibrium, rather than a “purely statistical concept, a vector of averages”
(Alchian, 1950: 127). According to Marshall, the representative firm is sub-
ject to the life-cycle hypothesis, and the birth-death process of industrial
units which are implied by this view, allows the scholar to describe industrial
dynamics. The concepts of short and long run themselves are closely corre-
lated to the turnover process: the long run is in fact a period of time in which
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the entry of new firms produces an efficient distribution of the firms within
the industry. Recent empirical analysis (Foster et al., 1998) shows that re-
placement of existing less productive plants with more efficient entrants, i.e.
the entry-exit effect, dominates productivity growth. Similarly, Bernanke
et al., 1998 emphasize the role of financial fragility during the cycle, which
can be interrupted by an endogenous shake-out, determined by a non-linear
financial accelerator, with possible domino effects due to bankruptcies.

In the same vein of Bernanke and Gertler (1989), Greenwald and Stiglitz
(1988, 1990, 1993) have developed a theoretical framework in which the sup-
ply decisions of the firm depend upon a measure of its financial fragility due
to the presence of bankruptcy risk: the higher the firm’s financial fragility -
i.e. the lower its net worth or equity base - the higher the risk of bankruptcy
and the lower employment and output supplied. The theoretical set up by
Greenwald and Stiglitz, therefore, explicitly allows for bankruptcy. They im-
plicitly assume, however, that the number of firms is constant. This means
that in case of bankruptcy the defaulted firm which exit the market is re-
placed by a newly born firm with the same features. In this case therefore,
Greenwald and Stiglitz admit a entry-exit process but a very peculiar one:
the turnover of firms, in fact, is constrained by construction to yield a con-
stant number of existing firms. This is of course a restrictive and unrealistic
assumption.

In this paper we relax this assumption and allow for an unconstrained
turnover of firms. In particular we will allow for an endogenously deter-
mined flow of exiting firms (through bankruptcy) and model entry as a con-
tinuous stochastic process. This entry-exit process will affect the dynamics
of the distribution of firms which are differentiated by the degree of financial
fragility proxied by the equity ratio, i.e. the ratio of net worth to the capital
stock. Our modelling strategy generates a system of stochastic difference
equations which describe the dynamics of the mean and the variance of the
equity ratio. The dynamics thus are affected by the entry of new firms and
the endogenously generated process of firms’ exit through bankruptcy.

The structural characteristics of the economy (such as the distribution
of firms by size and degree of financial robustness, measured by the equity
ratio, i.e. the ratio of net worth to the capital stock) and the aggregate
variables (the capital stock, the equity base and aggregate output) can be
interpreted as the outcome of a dynamic process which involves persistent
financial heterogeneity and firms’ turnover (birth and death of industrial
units and changes in size and financial fragility of surviving units). All in all,
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changes in the mean and the variance of the firms’ equity ratio are affected
by the entry and exit of business units.!

The empirical evidence (Baldwin, 1995; Davis et al., 1996; Dosi et al.,
1995) highlights several stylized facts a model should try to replicate. In
particular:

e the entry and exit rates are highly correlated and occur both in the
ascending and the descending stages of the business cycle (Dunne et
al., 1998);

e firms are differentiated by their financial position and this kind of het-
erogeneity is persistent (Gallegati and Stanca, 1999);

e the rate of growth of a firm is a decreasing function of the size and
financial robustness of the firm itself (Fazzari, Hubbard and Petersen,
1988). This implies that newly born, small and financially fragile firms
grow more rapidly than existing large and financially sound firms. As
a consequence, when firms become mature and reach a non negligible
size and degree of financial robustness, the rate of growth levels off.
The presence of a “life cycle” can be detected in empirical industrial
dynamics (Klepper, 1996);

e the dynamic process displays a skewed distribution of firms (Sutton,
1997; Dosi et al., 1995);

e nominal and real shocks affect the equity base and, in the end, the
growth and survival rate of each single firm (Judd and Treham, 1995);

o different degrees of financial fragility alternate during a cycle, abruptly
interrupted by an endogenous shake-out with possible domino effects
(Bernanke et al., 1998; Stanca et al., 1998).

This empirical evidence is hardly compatible not only with the Classical
representative agent macroeconomic frameworks, but also with some features
of non mainstream models without entry-exit. In particular, if the number of
firms is kept constant, there exists a steady-state value to which the system
returns (provided it is stable) after a shock. The analysis of fluctuations

LA similar approach, albeit in a different context, can be found in Campbell, (1997),
who considers embodied technology instead of financial market imperfections.



is therefore reduced to the analysis of the equilibrium return to a long run
value, which is already set in the assumptions.?

In the search for a satisfactory way to model the evolution and persistence
of heterogeneity over time and its role in the transmission and amplification
of shocks, we have put forward a simple model (Delli Gatti, Gallegati and
Palestrini, 1999) with imperfect capital markets along the lines of Greenwald
and Stiglitz (1993; GS hereafter), which is summarized in section 2. In section
3, we show how the model can be modified in order to allow for firms’ entry
and exit and illustrate its dynamical properties. Section 4 is devoted to some
simulations. Section 5 concludes.

2 The Model

A large number of firms produce a homogeneous good using a constant return
to scale technology whose unique input is capital (instead of labor as in GS).
The production function of the i-th firm is: Y; = v K.

Firms differ according to their financial conditions. The financial robust-
ness of a firm is proxied by the equity ratio, i.e. the ratio of its equity base
to capital a; = A;/K;. The equity ratio can be conceived as a continu-
ous random variable, whose pdf and cdf will be indicated by f(.) and F(.)
respectively.

As in GS, firms sell their output at an uncertain price. The individual
selling price P;is a random variable with expected value Pi.e. the market
price, and finite variance. Therefore the relative price u; = P;/Pis a random
variable with expected value F (u;) = land finite variance. Moreover, as in
GS, the firm is rationed on the equity market but has unlimited access to
credit: at the (exogenous) rate of interest r the firm can obtain all the credit
it needs to finance production. Debt commitments are r (K; — A;;_1) where
A;;_q is the net worth inherited from the past. We assume, for the sake of
convenience, that dividends are equal to rA;;_.All in all, therefore, the cost
of financing production is 7 (K; — Ay_1) + rAy_1 = rK;.

Because of the uncertain environment, firms may go bankrupt. Bankruptcy
(which is costly) occurs if the financing costs are higher than revenues and
the associated loss is higher than the net worth inherited from the past:

2The representative agent approach to fluctuations “cannot be seriously said to con-
clude that economic fluctuations are non-pathological, because it has already assumed just
that”, Hahn, Solow, 1995: 10.



rK; —uY; > Aipy

Substituting the production function into this condition and rearranging we
get:

= Uy (1)

In other words, bankruptcy occurs if the relative price u;falls below the crit-
ical threshold @,. For the sake of simplicity we assume that the relative price
is distributed uniformly on the interval (0,2) so that

r Air1

Pru; < @) =u;/2= - —
r(u; < ;) = 4;/ 2% 2K,

The probability of bankruptcy is increasing with the interest rate and the
capital stock (which in turn is linearly related to the level of activity) and
decreasing with the equity base.

The expected profit is E(m;) = E (w;Y; —rK;) = Y; — rK;. The firm,
however, incurs not only financing costs (rK;), but also capital adjustment
costs (C'A;), which are increasing with the rate of capital accumulation, and
bankruptcy costs (C'B;), which are increasing with output. In symbols:

§ (Ki— Kiy1)?
4, = 2\ T BRa-1)
CA; 2 K

where K is the average capital stock.

CB; = (o1 — 0a;1)Y;

where a;;_; is the equity ratio of the previous period, ;; and «y are positive
parameters.
In this setting, the problem of the firm is:

MaxE(m;) — CA; — CB; Pr(u; < ;)



After substitution, we can reformulate the firm’s problem as:

6 (K;— Ky_1)?

MazvK; — p(r; air—1) K — - B
lazy p(r, ait—1) 5 7 +
where
Q@
p(ryaiw 1) =T (1 + ?1 - ?2%:—1) (2)

is the bankruptcy cost augmented interest rate, which is increasing with the
interest rate on bank loans and decreasing with the individual equity ratio,
B is a polynomial of parameters and predetermined variables independent of
the capital stock.

Solving the problem yields:

K, — K;_ 1
TH =3 [v — p(r, ait—1)] (3)

It is easy to see that for each firm the rate of capital accumulation is an
increasing function of its equity ratio, given the interest rate, which is uniform
across firms.

The law of motion of the equity base of the i-th firm is:
Ki — K1)
Aip = A1 +uY; —TK; — v~ K] (4)
2 K
Dividing by the individual capital stock and assuming that it is not too
different from the average capital stock, i.e. K; ~ K, we can derive the law
of motion of the equity ratio:
6 (K; — Kip_1)”
Qjt = Gjg—1 + UiV — T — 5% (5)
From (5) through aggregation we obtain the law of motion of the average
equity ratio:

ay = Flat_l — Fga?_l + ].—‘0‘/;_1 (6)

where I'y,[';,'y,are polynomials of parameters, and V;_; is the variance of
the distribution of the equity ratio at time t-1.From the definition of the
variance at time t, we derive the following:
Vi=T5(8 - 1)V2, + 20 Topi_ | +4T5a; Vi — Al Taas1Viq
+IV1 + 4F§N?—1at—1 (7)



where (3 is a parameter capturing the kurtosis of the distribution, while i} ;
is the third moment from the mean.

(6) and (7) is a system of two non linear difference equation in the state
variables ¢ and V which describes the evolution of the first two moments
of the distribution of the equity ratio over time. It yields multiple steady-
states whose properties depend on the configuration of parameters. Since the
equilibrium properties of the system are jointly determined by the average
equity ratio, as well as the second moment of the distribution, composition
effects may be important in determining the business cycle.

Different configurations of parameters can give rise to the dynamic pat-
terns which are typically analyzed in non-linear maps: convergence to one
of the multiple steady-states, self-sustained business cycles, oscillations be-
tween cycles and fluctuations due to shocks and change of the distribution
of the agents. 3

In the case of self-sustained business cycles, the map shows a process of
fluctuating growth due to capital accumulation Moreover, when agents’ dis-
tribution changes, the amplification mechanism changes, and consequently
the dynamical behaviour changes. In this context there is room for a redis-
tributive policy which may decrease the variance of the equity ratio, thus
producing a change in the dynamical behaviour.

3 The entry-exit process

It is well known - at least since Marshall - that firms experience a life-cycle.
The birth-death process of industrial units implied by this view allows to
describe industrial dynamics. The notions of short and long run are closely
related to the firms’ turnover. The long run is in fact an industrial configura-
tion in which the entry of newly born firms yields an efficient outcome. This is
the end point of a process of industrial dynamics characterized by a sequence
of short run scenarios in which the market outcome is still inefficient.

We can easily and straightforwardly model the exit process in our frame-
work which explicitly allows for bankruptcies: a firm goes out of the market
if its equity ratio is so low that an adverse shock makes net worth become
negative and pushes the firm into bankruptcy. When a firm goes bankrupt
and leaves the market, aggregate potential output goes down.

3See Agliari et al. (1999) for a study of the dynamic properties of this type of system.



The distribution of firms according to the equity ratio has to be modified
to take into account this phenomenon. In each period, the density of the sur-
viving firms’ equity ratio f(a; | a; > 0) - i.e. the density of the firms’ equity
ratio conditional upon the event “positive equity ratio” - can be obtained
from the original (unconditional) density f(a;) by means of a truncation. In
other words, the density of the surviving firms’ equity ratio f(a; | a; > 0) is a
truncated distribution. . If a;is a continuous random variable, the following
holds true:

flai)  — fla)
Pr(a; >0) 1— F(0) (®)

f(ai | a; >0):

where F'(0) = Pr(a; <0), i.e. the distribution function evaluated at zero.
From (8) follows that the expected value and the variance of the truncated
distribution depend upon the original distribution. For the sake of simplicity,
in the following we will assume that the distribution of the (unconditional)
equity ratio is normal with mean a and variance V.

Let z be a continuous random variable distributed normally with mean
pand standard deviation o:  ~ N (u,0) .Let ¢(z) and ®(z) be, respectively,
the pdf and cdf of the standard normal distribution z ~ N(0,1),where z =
£, We can define:

A(z) = -0 (9)
3(z) = A(z) [A(2) = 2] (10)
The function (9) is the hazard function. As to (10), it can be shown that:
0<d(z) <1
Let
f(x|x>f):Pr{x($>) z) 1—f(1jf)(:z) (11)

be the density of the truncated normal distribution, where Z represents the
truncation point. Since:

f(x)zlqs(‘"”_“) and F(:E):@(IE_'U>

g
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we can rewrite it as:
L ()
1—® (=)

g

flalz>1z)= (12)

The first and second moments of the truncated normal distribution are
(Green, 1997: 951):

MT:HM(u)
ag

== ()

Since A(z) is positive and 0 < d0(z) < 1, from these expressions follows
that the mean of the truncated distribution is higher than the original one
while the variance is lower. This is consistent with the cleansing effect of
recessions (see Caballero, Hammour, 1994; Reichlin, Siconolfi, 1998): during
recessions the weakest firms leave the market as a consequence of bankruptcy,
on average surviving firms have a higher equity ratio and their variance is
lower.

Adapting the formulae above to our framework, the density of the trun-
cated normal distribution of the surviving firms’ equity ratio will be:

1 a;—a
7 (%)
-2 (%)
Therefore, the mean and the variance of the surviving firms’ equity ratio will
be:

flai]a; >0) = (13)

ar =a—+VVA (%)

oo o)

As far as the entry process is concerned, in the literature it is modelled
either as a purely stochastic process (Winter et al., 1997), or as an endoge-
nous process (Hopenhayn, 1992), in which the number of entrants depends
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on the current profit margins. The empirical research has not been able to
discriminate between the two views. According to Caves (1998: 1956) the
evidence suggests a stochastic process, in which entrants are unsure about
their success and “do not initially position themselves at a unique optimal
size”, i.e. they enter the industry at different sizes. Because of the informa-
tional imperfections which are pervasive in our setting, we assume that actual
individual profits are private information. The potential entrant, therefore,
has to infer the (average) profit margin by the number of incumbent firms,
which signals the attractiveness of the market. Therefore we model entry as a
stochastic process which is somehow affected by the number of firms already
in the market. In other words, the entry process is not entirely stochastic:
in particular, it depends upon industry performance, in terms of number of
existing units®*.

As Fazzari et al. 1988 show, small (large) firms have a high (small)
propensity to invest out of internally generated funds. The aggregate propen-
sity to invest is a weighted average of the propensities to invest of the different
classes of firms. Since during the upswing small firms grow more rapidly than
large ones, the weight of the former in the average has to increase. As a con-
sequence, the aggregate propensity to invest can be modelled as a non linear
increasing function of the flow of profits; i.e. a non-linear financial accelerator
(Minsky, 1954; Bernanke and Gertler, 1989; Bernanke et al., 1998).

Moreover, the distribution of firms is skewed because of the interaction of
firms’ turnover and financial heterogeneity. This distribution is ipo-normal,
since the financial position of entrant firms is normally distributed around
the equity ratio, while firms in Ponzi positions are likely to exit and there is
path dependency in the equity ratio dynamics (so that the successful firms
are more likely to enjoy future success). In the end, the number of financially
fragile firms increases and the death rate among the young firm (which are
smaller by construction) is higher.

We also assume that the equity ratio of the entrants has mean e and
is independent from exit. The overall average equity ratio (a)is a weighted
average of the mean of the surviving firms’ equity ratio (ar)and e. In other
terms, we define Q = Nepyry/N the share of the entrants and, like above,
we assume it is independent from the exit process. Moreover we assume
that () is normally distributed, with mean ¢, and variance 03. Therefore the

4Simulations show that output fluctuations are less persistent if entry is modelled as a
purely stochastic process.
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expected equity ratio is

E(@)=(1-q)ar+qe
and the variance
Var (a) =Var (1 —-Q)ar)+ Var (Qe) + Cov ((1 — Q) ar, Qe)

where

Var (1 - Q)ar) = (1 —q)° Vp + ajoy + Vroy
Var (Qe) = e’o;

Cov ((1 — Q) ar, Qe) = —qear

It is worthnoting the very different nature of () in the case of a fixed as
against a variable number of firms.
With a fixed number of firms N; = N =constant and

Nentry = iVexit — PI‘(’LL < ’L_L)N =_-N

N |

so that

Qt=

[N

which is a stable ratio.

In the case of a variable number of firms, instead, (Jmay be unstable and
the model behaves in a very different way. For example if the realizations
of @ are close to zero in a particular interval of time (recession), the overall
average equity ratio will approach the behavior of the truncated mean -
i.e. it increases - while if the realizations are high (boom) the mean equity
ratio fluctuates around a weighted average of the mean of the truncated
distribution and that of the distribution of the entrants. Therefore the model
behaves in an asymmetric way during recessions and booms.
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4 Simulations
Some dynamical characteristics of the model can be emphasized:

e the convergence to the steady state (if any) in the variable number
case is slower than in the case where firms’ population is constant. In
fact heterogeneity stabilizes the dynamics but it also produces path-
dependence, while dynamical adjustments have to trickle down the
whole distribution of agents’ positions before restoring equilibrium.
An impulse transmitted to the system propagates in a non-linear way.
Therefore, aggregate fluctuations are quite large while persistence is
much higher because of firms’ heterogeneity and turnover amplify the
effects of small shocks (see Fisher, 1996; Williamson, 1996).

o Steady states are distribution-dependent: the long run equilibrium
depends on the fundamentals and the mean and the variance of the
stochastic variables £ and (). The limit stochastic distribution depends
on the properties characterizing the entry stochastic process, not only
on the fundamental one. Long run equilibrium becomes a vague con-
cept in this framework; since the steady state is not a single value, but
rather a set, dynamics are not a trajectory but the evolution through
time of the set, in which the stochastic number and equity ratios of the
entrants affect long term values.

e The birth-death process modifies the financial fragility of the system
differently during expansions and contractions, determining an asym-
metric behavior of the cycle. Asymmetry derives from low probability
of bankruptcy during a boom (skewness near zero) and high in re-
cession (positive skewness). The pro-cyclical entry process (in levels)
emphasizes asymmetry because of low realizations during recessions.

In order to illustrate some qualitative properties of the model, we per-
formed several computer simulation.> The aggregate dynamics is non-standard
since the cyclical phases vary according to frequency, amplitude and timing.
Simulations show that the equity ratio is strongly anti-cyclical and leads

5We used the Gauss program to run the computer simulations: Gianfranco Giulioni
designed the program. Different parameter values (we used values producing convergence
in the model with fixed number of firms) have been applied without affecting the basic
qualitative results.
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the cycle, while its standard deviation is weakly pro-cyclical leading the cy-
cle. On the aggregate, the number of firms is strongly pro-cyclical while the
exit process is weakly pro-cyclical; even if the birth rate and the death rate
are comparable, during an expansion (contraction) the difference is positive
(negative).

When the rate of firms’ birth rises, and their share on the total population
of existing firms is small, the average equity ratio and its standard deviation
change. In particular, they rise (fall) when the net difference between entry
and exit is negative (positive) or the weighted ratio of the entrants is smaller
(greater) than the actual one, giving rise to an endogenous non-linear rela-
tionship between the birth-rate and the equity ratio.

The increase of the equity ratio reduces the number of bankruptcies, so
that the death rate decreases and the number of operating firms rises. A
self-reinforcing process takes place: as the number of firms rises, the birth
rate increases, negatively affecting the equity ratio and its standard deviation
while, at the same time, output is booming. The ensuing increase of financial
fragility makes the death rate to increase: both the standard deviation and
the average equity ratio decrease, while the total number of firms goes down.
The birth rate goes down, further deteriorating the financial conditions and
output: only after a further depression the financial conditions improve, in-
verting the trajectory. Because of the stochastic nature of firms’ turnover and
the composition effect, the cyclical phases change in length, deepness, and
timing, and the relationships between aggregate output changes and financial
fragility changes from cycle to cycle t00.%

Figures 1-3 show the paths of aggregate output, the average equity ra-
tio and the standard deviation. The changes in financial fragility lead the
output dynamics, i.e. the number and the market composition of various
financially characterized firms. We borrow from Minsky, the taxonomy of
industrial units according to their degree of financial fragility and adapt it
to our context. A hedge unit has an equity ratio high enough to rule out
any risk of bankruptcy. A speculative unit is more financially fragile (has a
lower equity ratio) than a hedge unit but is still lingering on the threshold
of survival. A Ponzi unit is postponing bankruptcy as long as it can access
credit in order to reimburse the preexisting debt. A “normal” shock - to be

6This self-reinforcing mechanism gives rise to a non-linear relationship which exacer-
bates the amplitude of the fluctuations. Let’s note that stochastic entry does not change
the qualitative behaviour of the model, but persistence and amplitude of fluctuations are
less evident.
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defined more precisely later - leads a hedge unit to become speculative, a
speculative unit to become Ponzi and a Ponzi unit to go bankrupt. In line
with the empirical evidence, speculative firms are more likely to enter the
market than hedge ones. As figure 4 shows, the percentage of firms with
respect to the financial position changes during the cycle.

In particular, the ratio of the number of financially fragile (speculative and
Ponzi) firms to the number of hedge firms increases (decreases) during the
upswing (downswing). Figures 5, 6, 7 and 8 show that large-size (medium-
size) (small-size) firms are generally financially hedge (fragile) (Ponzi) and
their investment activity is generally a-cyclical or moderately pro-cyclical
(strongly pro-cyclical) (weakly pro-cyclical).

We may also note that the birth and the death rate are strongly correlated
(see figures 9-10, the variance of the firms’ growth rate decreases with age
(similar evidence for the US manufacturing sector has been found by Dunne
et al., 1989), while the bankruptcy rate also declines with the age.

For the sake of exposition, we identify six phases of the business cycle
from trough to peak: tranquil era, financially hedge phase, financially fragile
boom, speculative recession, safe recession and hedge depression. Even if
their periodicity, amplitude and frequency are irregular, and expansions last
longer than contraction, each phase is led by a change in financial fragility
which determines output behavior (see table 1). Business cycles are all alike
in the sense that they are financially-determined: impulses of different nature
cumulate with the heterogeneous setting, giving rise to erratic and complex
dynamical behavior.

output | equity ratio | variance | birth | death | popul.

tranquil e. up up down(up) | low high | const.
hedge p. up stable stable mod. | mod. | incr.
fragile b. up down down v.high | high | boom

specul.r. | down | (up)down up high | v.high | falling

safe r. down stable stable mod. | mod. | falling

hedge d. | down up up low low | falling

Table 1

Let’s describe the endogenous dynamics of a “business cycle”. At the bottom
of the cycle (tranquil era), the number of existing firms reaches a minimum
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since the death process clears up the market by eliminating the more finan-
cially fragile firms: therefore, the equity ratio rises and its variance decreases
reinforcing the financial stabilization (see firms’ distribution in figure 11).
This process is characterized by large fluctuations of the financial indicators
because of the very high turnover which follows a downturn. Since firms’
balance sheet become more robust, output and profits increase, while debt
commitments become lighter. This scenario describes a virtuous circle in
which the growth of investment and profits is paralleled by a decline in the
stock of debt. Phases of “financially hedge” expansion coincide with the in-
termediate phases of a business cycle, since there are not sensitive changes
in either the equity ratio and its standard deviation (see figure 12). In this
phase, profits increase more than or in line with debt commitments, so that
the equity ratio fluctuates around a stable value while its standard devia-
tion is more heavily affected by firms’ entry and fluctuates to a considerable
extent.

This scenario does not go on forever. Positive profit opportunities attract
new firms whose investment policy is very aggressive, their recourse to exter-
nal funding is massive and this drives up aggregate debt, which eventually
determines the transition to the following period: the “financially fragile”
expansion. In this period, debt commitments become greater than profits,
balance sheet deteriorate and this leads the endogenous downturn of the
business cycle. Firms’ balance sheets keep deteriorating, since debt accumu-
lation rises faster than profits, which still continue to rise while the equity
ratio collapses (figure 13). 7

The financial crisis which follows is characterized by a fall in the flow of
profits (firms invest to a lesser degree than during the previous period) while
the stock of debt still rises. Right after the upper turning point, during the
“speculative recession”, the equity ratio increases, while the standard devia-
tion has mixed behavior.. The decline of profits increases the firms’ mortality
rate, thus depressing output, so that external finance demand goes down.
The flow of profits still shrinks more rapidly than the need for finance but at

If euphoria comes in, then the dynamics become unstable and policy intervention has
to be adopted (Minsky, 1986). Euphoria sets in as a contagious phenomenon which may
affect system stability. It is not, per se, the causa causans of fluctuations but if it hits
the system when the financial environment is fragile, the balance sheet position of most of
the firms keep on deteriorating. Firms’ bankruptcies may spread over the system (Fisher,
1933), and when the banking system is involved (Keynes, 1931), a massive collapse of
output follows.
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a reduced pace with respect to the previous phase. Firms’ balance sheets are
still unbalanced and speculative financing situations are widespread (figure
14). Investment demand has to fall further to increase the financial sound-
ness. A vicious circle of debt depression sets in: the decline in investment
expenditure is a virtue for each single firm since its balance sheet was de-
teriorating, but if each firm reduces the demand for investment, aggregate
demand and profits collapse (Keynes, 1931) rising the stock of debt to avoid
bankruptcy (they run into Ponzi financing).> When bankruptcies become less
pervasive and the turnover is still negative, the equity ratio and its standard
deviation stabilize (at a lower level with respect to the analogous intermedi-
ate stage of the expansion) during the period of “safe recession” (figure 15).
The lower turning point of a cycle is led by a rise of the equity ratio and its
standard deviation (which reaches a maximum). This costly process (which
is faster than the expansion since the different birth-death rate) comes to an
end when the ratio of debt commitments to profits starts decreasing in the
hedge depression. Balance sheet configuration becomes hedge, even if profits
and income continue to fall but still to a lesser degree than debt whose fall is
very steep. At the end of the robust depression investment becomes greater
than saving, a turning point in the business cycle occurs and a new recovery
sets in; during the downturn, the average age and size of firms increase, while
the financial positions become more robust (figure 16).

8To prevent the collapse, fiscal policy may act in an expansionary way, setting a floor
(Delli Gatti et al., 1996) to sustain profits. The efficacy of monetary and fiscal policies is
asymmetric: a tight (expansive) monetary policy immediately (slowly) prevent unstable
behaviour (helps economy to recover) during a booming phase (via the lender of last resort
mechanism).
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It is worth emphasizing the effect of monetary policy (and of nominal
shocks in general) on fluctuations. In particular, tight (cheap) money rises
(lowers) the rate of interest, affecting the firms’ surviving rates (see the
bankruptcy condition). Since there is not any more a one-to-one replace-
ment of defaulted firm and entry is stochastic, the turnover of firms has a
permanent effect. Furthermore, let’s note that policy has path dependent
effects: policy interventions which affect the balance sheets of the agents,
cannot be reversed by opposite policy measure. Agents who have suffered
losses because of increased debt burdens are not going to restore their previ-
ous balance sheet position because of open market operation.

Business cycle amplitude may change because policy sets in, thus avoid-
ing large fluctuations to happen (as Hicks, 1950). In this context, each and
every policy intervention affects initial conditions and changes the dynam-
ical behavior (see Minsky, 1954, 1957; Delli Gatti et al.,, 1996), i.e. their
frequency, because of its inner non-linearity. In this paper, with firms’s
turnover, a policy intervention may affect the death-birth process by affect-
ing fluctuations and the steady state positions. Each cycle may be read as
unique phenomenon with respect to its amplitude and frequency, as well as
the sequence of different phases. Nevertheless, we believe a common aspect
may be pointed out in the balance sheet position of the agents which lead
and affect the dynamical behavior of the economy: fluctuations and cycles
may emerge as the result of changes in the distribution of agents rather than
the consequence of exogenous shocks to which a “representative” individual
reacts, as in the standard literature on the business cycle.

According to the impulse-propagation approach to fluctuations small shocks
may lead to large fluctuations once a sufficiently large amplification mecha-
nism is activated. If agents are heterogeneous, the propagation mechanism is
affected by changes in the distribution of agents. Whatever is the nature of
the impulse, what really matters is the propagation mechanism. According
to such a view, equilibrium is not a “natural” state but a distribution of
states over time. Fluctuations must be conceived as the result of the interac-
tion of different individuals, rather than the result of the reaction of identical
individuals to an exogenous shock. In our setting a shock will trickle down
across the whole distribution of agents modifying in such a way aggregate
behavior.. If composition effects are large enough, they may produce very
different effects depending on their size, i.e. the response of the system to
the same shock changes over the business cycle. Different variances should
in fact imply different response to the same impulse.
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5 Conclusions

In this paper, extending the framework originally put forward by Greenwald
and Stiglitz (1988, 1990, 1993), we have developed a theoretical framework
in which the financial conditions affect the capital accumulation decisions of
the firm. Greenwald and Stiglitz explicitly allow for bankruptcy but they
implicitly assume that in case of bankruptcy the defaulted firm which exit
the market is replaced by a newly born firm with the same features. In this
paper we relax this assumption and allow for an unconstrained turnover of
firms. In particular we will allow for an endogenously determined flow of
exiting firms (through bankruptcy) and a stochastic flow of entrant firms.

This entry-exit process will affect the dynamics of the distribution of firms
which are differentiated by the equity ratio, i.e. the ratio of net worth to the
capital stock. Aggregate variables (the capital stock, the equity base and
aggregate output) can be interpreted as the outcome of a dynamic process
which involves persistent financial heterogeneity and firms’ turnover. All in
all, changes in the mean and the variance of the firms’ are affected by the
entry and exit of business units.

We perform numerical simulations to study the interaction of changes in
financial fragility and output dynamics. It turns out that changes in finan-
cial conditions play an important role in determining output fluctuations.
The ratio of financially fragile (Ponzi and speculative) firms to hedge units
increases during the ascending phase of the business cycle as predicted in
Minsky’s financial instability hypothesis. We may also note that the entry
and exit rates are strongly correlated, a prediction which is broadly consistent
with the empirical evidence for advanced market economies.

A Appendix

In this appendix we describe briefly the simulation.

First of all, it’s necessary to specify the way a firm enter the market. We
give a new firm its own equity ratio drawing from a normal distribution with
mean 0.5 and standard deviation 0.1. We recover the levels of nominal equity
base and Capital in the following way. For the equity base we assume that
a firm entering the market is small. We classify firms with respect to their
size according to the level of their nominal equity base: less or equal to 30
the firm is small, between 30 and 60 the firm is medium and more than 60
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the firm is big. Thus we set the nominal equity base of a new firm to 30 and
A¢

we get the nominal capital using Ky = ¢*.

In the first period all the firms are new, thus we set all the nominal equity
base equal to 30. Given the nominal interest rate, we are able to get the cost
of the financing using (2), and we calculate the nominal capital the firm
chooses and the production using (3) and the production function. Knowing
the production we calculate the critical threshold of the relative price for
each firm ;.

Now we get the relative price the firm take on the market by drawing
from a uniform distribution U[0,2]. We drop the firm if its realization is
less than its critical threshold. Using the value of u; we step the nominal
equity base according to equation (4). Now we are ready to enter new firms.
For determine the number we count the number of surviving firms and we
multiply it for a number we draw from a normal distribution with mean 0.122
and standard deviation 0.03. The variable for the new entry are set in the
way we described at the beginning of the appendix.

Now that firms exit and entry we perform the calculation: we determine
the distribution of the equity ratio its mean and standard deviation. At
this level we classify the firm with respect to their financial position in the
following way. We set the level of a mean shock to u = 0.3. We calculate 4;
and than we classify a firm to be ponzi if its threshold is greater than 0.3.
Among the ponzi firms we check if their nominal equity base is less or equal
to 30, between 30 and 60 or grater than 60 to determine wether a ponzi firm
is small, medium or big. Than we determine the nominal equity base each
firm will have if it will be beaten by a mean shock using

2
Aip = A1 +03Y, —rK; - gw
now we implement again the model and determine the hypothetical threshold
for next period. We check again this value against the mean shock 0.3 if it’s
grater than this we classify a firm speculative and if it’s less we classify the
firm hedge. Like for the ponzi firms we analyze the firms’ nominal equity
base to classify them with respect to the size.
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