
Orfdo gxudelolw| dqg orqj0uxq kdelw

shuvlvwhqfh = Dq hydoxdwlrq ri wkh X1V

ulvn suhpld1

Rolylhu Doodlv�

Mdqxdu| 5333

Devwudfw

L vwxg| wkh hpslulfdo surshuwlhv ri d qrq0olqhdu vwrfkdvwlf g|qdplf uhsuhvhqwdwlyh0
djhqw prgho zlwk udwlrqdo h{shfwdwlrqv1 Wkh uhsuhvhqwdwlyh djhqw lv dvvxphg wr kdyh
wlph qrq vhsdudeoh suhihuhqfhv1 Wkh wlph qrqvhsdudelolw| lq suhihuhqfhv lv gxh wr
orfdo vxevwlwxwlrq ri frqvxpswlrq ryhu wlph dv zhoo dv wr orqj0uxq kdelw shuvlv0
whqfh1 Vshfl�fdoo|/ L lqyhvwljdwh zkhwkhu wkh g|qdplf prgho uhsolfdwhv wkh revhuyhg
phdq dqg wkh vwdqgdug ghyldwlrq ri wkh X1V uhdo uhwxuqv lq wkh 4<9804<;: shulrg1 L
xvh d surmhfwlrq phwkrg wr vroyh wkh prgho dqg wkhq L hydoxdwh wkh lqwhuwhpsrudo
pdujlqdo udwh ri vxevwlwxwlrq +LPUV, dv zhoo dv wkh dvvhw uhwxuqv lpsolhg e| wkh
g|qdplf prgho1 Iluvw/ L �qg wkdw wkh LPUV lpsolhg e| wkh prgho vwdwlvwlfdoo| �wv
wkh Kdqvhq dqg Mdjdqqdwkdq erxqg1 Vhfrqgo|/ L �qg wkdw frpelqhg h�hfwv ri vxe0
vwlwxlrq dqg frpsohphqwdulw| ryhu frqvxpswlrq qhduo| vroyh wkh htxlw| suhplxp
dqg wkh ulvn0iuhh udwh sx}}ohv1 Ilqdoo|/ wkh prgho grhv dovr uhvroyh wkh Fdpsehoo*v
vwrfn pdunhw yrodwlolw| sx}}oh1

Nh|zrugv = Kdelw irupdwlrq dqg gxudelolw|/ htxlw| suhpld/ yrodwlolw| ri wkh
lqwhuwhpsrudo pdujlqdo udwh ri vxevwlwxwlrq/ Kdqvhq dqg Mdjdqqdwkdq erxqg/ sur0
mhfwlrq phwkrg1

MHO = J45/ F961

�HXUHTxd0xqlyhuvlwì gh Sdulv L1
Pdlvrq ghv Vflhqfhv Hfrqrpltxhv/ 439�445 Eg1 gh o*K÷slwdo/ :897: Sdulv Fhgh{ 46/ Iudqfh1 H0pdlo =
rdfCxqly0sdulv41iu/ Who = 34 77 3: ;5 46/ Id{ = 34 77 3: ;5 641
L dp lqghewhg wr Ideulfh Froodug zkr surylghg ph khoixo frpphqwv derxw wkh frpsxwdwlrq ri wkh prgho1
L dovr wkdqn Wkhswlgd Vrsudvhxwk iru xvhixo vxjjhvwlrqv1
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4 Lqwurgxfwlrq

Wklv sdshu lv prwlydwhg e| wzr hpslulfdo lvvxhv = wkh htxlw| suhplxp sx}}oh dqg wkh ulvn0

iuhh udwh sx}}oh1 Phkud dqg Suhvfrww^48` vkrz wkdw Duurz0Gheuhx dvvhw sulflqj prgho

frxog qrw h{sodlq kljk htxlw| suhpld/ xqohvv djhqwv duh h{wuhpho| ulvn dyhuvh1 Rqh uh0

vsrqvh wr wkh htxlw| suhplxp sx}}oh lv wr dffhsw wkhvh kljk ydoxhv iru wkh frh!flhqwv

ri uhodwlyh ulvn dyhuvlrq1 Krzhyhu/ Zhlo^4;` dujxhv wkdw wklv ohdgv wr d vhfrqg sx}}oh1

Kh vkrzv wkdw d orz ulvnohvv lqwhuhvw udwh lv srvvleoh rqo| li djhqwv kdyh qhjdwlyh udwh

ri wlph suhihuhqfh/ lq d vwdqgdug frqvxpswlrq0edvhg dvvhw sulflqj prgho1 Wkxv/ wkh|

uhgxfh wkhlu ghvluh wr eruurz iurp wkh ixwxuh1 Zhlo fdoov wklv wkh ulvn0iuhh udwh sx}0

}oh1 Qxpehu ri dxwkruv kdyh vxjjhvwhg wkdw wlph qrqvhsdudelolw| frxog khos h{sodlq wkh

srru hpslulfdo shuirupdqfhv ri wkh vwdqgdug frqvxpswlrq0edvhg dvvhw sulflqj prgho41

Frqvwdqwlqlghv^9` dujxhg wkdw kdelw shuvlvwhqfh frxog vroyh wkh htxlw| suhplxp sx}}oh ri

Phkud dqg Suhvfrww1 Krzhyhu/ klv prgho rqo| glvsod|v frpsohphqwdulw| ryhu frqvxps0

wlrq1 Vr/ kh grhv qrw wdnh lqwr dffrxqw wkdw frqvxpswlrq dw gdwhv orfdo wr wlph | vkrxog

eh uhodwlyho| vxevwlwxwdeoh iru frqvxpswlrq dw wlph |1 L fkrrvh wr uhh{dplqh wkhvh sx}}ohv

e| lqwurgxflqj qrwlrqv ri vxevwlwxwlrq +gxudelolw|, dqg frpsohphqwdulw| +kdelw, ri frq0

vxpswlrq ryhu wlph/ dv Khdwrq^45`1 Wkh ghwdlov ri wkh prgho duh ghvfulehg lq vhfwlrq 51 L

xvh d surmhfwlrq phwkrg wr vroyh wklv qrq0olqhdu vwrfkdvwlf g|qdplf prgho zlwk udwlrqdo

h{shfwdwlrqv1 Wkhq/ L vwxg| zkhwkhu wkh g|qdplf prgho uhsolfdwhv wkh revhuyhg phdq

dqg wkh vwdqgdug ghyldwlrq ri wkh X1V uhdo uhwxuqv lq wkh 4<9804<;: shulrg1

Wkh frpsxwdwlrqdo dvshfwv ri p| dqdo|vlv duh frpsohphqwdu| wr wkh vwxg| ri Khdwrq^45`1

Khdwrq frqvlghuv dq hfrqrp| uhsuhvhqwhg e| vhyhq vwdwh yduldeohv1 Lq frqwudvw/ L ghulyh wkh

rswlpdo sruwirolr uxohv lpsolhg e| wkh prgho zlwk rqo| wzr vwdwh yduldeohv/ zklfk vxevwdq0

wldoo| lpsuryhv wkh dffxudf| ri wkh uhvxowv1 Wkxv/ wkh surmhfwlrq phwkrg lv lpsohphqwhg

zlwk d wzr vwdwh yduldeohv yhfwru dqg wkh glylghqg yduldeoh lv xvhg dv dq h{rjhqrxvo| jlyhq

vkrfn1 L dvvxph wkdw wkh jurzwk udwh ri glylghqg iroorzv d �uvw rughu Pdunry fkdlq1 Wkh

frpsxwdwlrqdo phwkrg lv ghvfulehg lq vhfwlrq 61 Wkh uhvroxwlrq ri wkh g|qdplf sureohp

lv grqh lq wzr vwhsv1 Lq wkh �uvw vwhs/ L frpsxwh wkh dssur{lpdwlrqv ri pdujlqdo xwlolw|

ri frqvxpswlrq dqg lqwhuwhpsrudo pdujlqdo udwh ri vxevwlwxwlrq lq frqvxpswlrq +LPUV,1

Wkhq/ L fdofxodwh wkh dssur{lpdwlrqv ri htxlw| sulfh dqg ulvn0iuhh dvvhw sulfh1 L �qdoo|

ghgxfh wkh uhwxuqv rq wkh htxlw| dqg wkh ulvn0iuhh vhfxulw| lpsolhg e| wkh g|qdplf1

Iurp wkhvh vlpxodwlrqv L fduu| rxw wzr frpsohphqwdu| h{shulphqwv wr vhh li wklv prgho

frxog h{sodlq wkh X1V ulvn suhpld lq wkh 4<9804<;: shulrg1 Iluvw/ L whvw li wkh prgho*v

lpsolfdwlrqv frqfhuqlqj wkh yrodwlolw| ri wkh LPUV duh vdwlv�hg1 L �qg wkdw wkh LPUV

lpsolhg e| wkh prgho vwdwlvwlfdoo| �wv wkh Kdqvhq dqg Mdjdqqdwkdq erxqg1 Vhfrqgo|/ L

dqdo|}h wkh wlph0vhulhv surshuwlhv ri wkh vlpxodwhg prgho1 Vshfl�fdoo|/ d frqvwudlqhg julg

4Zh frxog �qg rwkhu dqdo|vhv ri prghov zlwk kdelw shuvlvwhqfh lq Deho^4`/ Fdpsehoo dqg Frfkudqh
^6`/ Vxqgduhvdq^4:`/ iru h{dpsoh1
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vhdufk lv fduulhg rxw wr �qg wkh sdudphwhu ydoxhv wkdw �w wkh �uvw wzr revhuyhg prphqwv1

Wkh| duh fkrvhq lq rughu wr phhw wkh srvlwlylw| ri wkh pdujlqdo xwlolw| ri frqvxpswlrq1

Iru d vhw ri sdudphwhu ydoxhv/ L �qg d vlpxodwhg suhplxp htxdov wr e�.I shu dqqxp1

Wkrxjk p| hvwlpdwh lv ehorz wkh SI riwhq flwhg lq wkh olwhudwxuh rq wkh htxlw| suhplxp

sx}}oh/ wkh prgho gr d jrrg dssur{lpdwlrq frpsduhg wr wkh uhsuhvhqwdwlyh0djhqw prgho1

Lq dgglwlrq/ L �qg wkdw wkh lqwurgxfwlrq ri orfdo vxevwlwxwlrq vxevwdqwldoo| lpsuryhv wkh

prgho*v delolw| wr �w wkh yrodwlolw| ri ulvn0iuhh udwh/ frpsduhg wr wkh sxuh kdelw shuvlvwhqfh

prgho dqg lw vroyh wkh Fdpsehoo*v vwrfn pdunhw yrodwlolw| sx}}oh^5`1 Ilqdoo|/ L frqfoxgh

wkdw wkh frpelqhg h�hfwv ri vxevwlwxwlrq dqg frpsohphqwdulw| ryhu frqvxpswlrq qhduo|

vroyh wkh htxlw| suhplxp dqg wkh ulvn iuhh udwh sx}}ohv1 Wkhvh uhvxowv duh suhvhqwhg lq

vhfwlrq 7/ dqg vhfwlrq 8 frqfoxghv wkh sdshu zlwk vrph uhpdunv derxw srwhqwldo h{whqvlrqv1

5 Wkh prgho1

L frqvlghu d vlqjoh0djhqw hfrqrp| zlwk iulfwlrqohvv pdunhwv dqg qr wd{hv1 Wkh dvvxpswlrq

ri d vlqjoh0djhqw hfrqrp| lv vwdqgdug dqg lv pdgh lq wkh vslulw ri Oxfdv^47` dqg Fr{/

Lqjhuvroo dqg Urvv^:`1 Wkh uhsuhvhqwdwlyh djhqw kdv suhihuhqfhv ryhu d jrrg 7|/ zklfk duh

uhsuhvhqwhg e| wkh frqvwdqw uhodwlyh ulvn dyhuvlrq +FUUD, xwlolw| ixqfwlrq

LE7� ' .f

"[
|'f

q|7
�3�
| � �

�� �
c � : fc 7 � i7| G | ' fc �c 2c ���j � +4,

zkhuh q lv wkh djhqw*v vxemhfwlyh wlph glvfrxqw idfwru/ .fE�� lv wkh pdwkhpdwlfdo h{shf0

wdwlrq rshudwru frqglwlrqdo rq lqirupdwlrq lq shulrg }hur1

L dvvxph wlph qrqvhsdudelolw| lq suhihuhqfhv ryhu wkh frqvxpswlrq jrrgv �|/ lqwurgxflqj

l, orfdo vxevwlwxwlrq ri frqvxpswlrq ryhu wlph/

ll, kdelw shuvlvwhqfh/

dv lq Ihuvrq dqg Frqvwdqwlqlghv^43` dqg Khdwrq^45`1

Wkh| dvvxph wkdw lq dqg hyhu| shulrg wkh qhz h{shqglwxuhv �| surgxfh d  rz ri

frqvxpswlrqv �8
| jlyhq e|

�8
| '

"[
�'f

B��|3� c zkhuh f � B � � dqg
"[
�'f

B� ' � +5,

Wkh sdudphwhu B phdvxuhv wkh ghjuhh wr zklfk frqvxpswlrq lv vxevwlwxwdeoh ryhu wlph1

Ilqdoo|/ vxevwlwxwlrq h�hfwv dqg kdelw shuvlvwhqfh duh uhodwhg dffruglqj wr =

7| ' �8
| � kE�� w�

"[
�'f

w��8
|3�3�c f � k � �c f � w � �c dqg

"[
�'f

w� ' � +6,
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Wkh jrrg 7| lv frpsrvhg ri wzr hohphqwv1 Wkh �uvw hohphqw uhsuhvhqwv wkh vxevwlwxwlrq

h�hfw ryhu wkh frqvxpswlrq jrrg �|/ dqg wkh zhljkwhg vxp ri odjjhg frqvxpswlrq  rzv

E� � w�
S

"

�'f w
��8

|3�3� phdvxuhv wkh kdelw vwrfn1 Wkh sdudphwhu k jlyhv wkh sursruwlrq

ri kdelw vwrfn wkdw hqwhuv wkh suhihuhqfhv1 Wkh lqwurgxfwlrq ri kdelw shuvlvwhqfh h�hfwv

pdnhv frqvxpswlrq frpsohphqwdu| ryhu wlph1 Li w ' f/ wkhq wkh prgho lv mxvw d rqh0

shulrg kdelw prgho/ dv lw zdv vwxglhg e| Ihuvrq dqg Frqvwdqwlqlghv^43`1 Vr/ zkhq k ' f

wkh xwlolw| ixqfwlrq lv wlph0vhsdudeoh lq frqvxpswlrq  rz/ dqg wkh prgho uh hfwv rqo|

vxevwlwxwlrq ri frqvxpswlrq ryhu wlph1 Zkhq k ' B ' w ' fc wkh prgho uhgxfhv wr wkh

fdvh ri wkh wlph0vhsdudeoh suhihuhqfhv1

Frpelqlqj +5, dqg +6, lpsolhv wkdw 7| lv jlyhq e|

7| '
�� �u

E�� Bu� E�� wu�
�| ' �Eu��|c +7,

zkhuh � ' w n kE� � w�/ dqg u lv wkh odj rshudwru1 Zh fdq zulwh 7| dv 7| ' �E5��|/

iru 5 5 ?1 Dv vkrzq e| Ihuvrq dqg Frqvwdqwlqlghv/ dqg Khdwrq/ wklv prgho glvsod|v

vxevwlwxwdelolw| iru orz 5 dqg kdelw shuvlvwhqfh iru kljk 51 Wkxv/ li B 	 wc dqg li k lv qrw

wrr odujh/ �3�u
E�3Bu�E�3wu�

zloo eh srvlwlyh iru orz 5 dqg dv idu dv 5 zloo ehfrph kljkhu kdelw

shuvlvwhqfh zloo grplqdwh gxudelolw|1 Wkdw lv wkh uhdvrq zk| wkhvh dxwkruv suhvhqw wkh

prgho dv d prgho zklfk h{klelwv orfdo vxevwlwxwlrq dqg orqj0uxq kdelw shuvlvwhqfh1

Qrz/ L vxssrvh dq hqylurqphqw lq zklfk wkh uhsuhvhqwdwlyh djhqw wudghv rq vhfxulwlhv

pdunhwv1 Wzr nlqgv ri dvvhwv duh wudghg = d ulvn0iuhh dvvhw/ dqg d ulvn| dvvhw1 Wkxv/ wkh

uhsuhvhqwdwlyh djhqw lv idfhg zlwk wkh iroorzlqj exgjhw frqvwudlqw

Rsc|s| n Rec|e| n �| ' E_| n Rec|� e|3� n s|3�c +8,

zkhuh e|/ s| duh uhvshfwlyho| wkh qxpehu ri vkduhv ri htxlw| dqg ulvn0iuhh dvvhw sxufkdvhg

e| wkh djhqw dw wlph |� � dqg khog xqwlo shulrg |c Rec|c Rsc| duh uhvshfwlyho| wkh sulfh ri d

xqlw ri wkh fruuhvsrqglqj dvvhwv dw wlph |/ dqg _| lv wkh vwrfkdvwlf glylghqg sdlg iru hdfk

xqlw ri htxlw| khog ehwzhhq shulrgv |� � dqg |�

Wkh uhsuhvhqwdwlyh djhqw pd{lpl}hv klv lqwhuwhpsrudo xwlolw| ixqfwlrq vxemhfw wr wkh

htxdwlrqv +7, dqg +8,1 Wkh djhqw vroyhv wkh pd{lpl}dwlrq sureohp e| ghwhuplqlqj frq0

wlqjhqf| sodqv iru �|c 7|c e|c s|� Wkh Hxohu htxdwlrq jryhuqlqj wkh htxlw| sulfh lv jlyhq

e|

b| ' q.|

�
b|n�E

Rec|n� n _|n�
Rec|

�

�
� +9,

Wkh ohiw kdqg vlgh ri +9, lv wkh pdujlqdo xwlolw| frvw ri frqvxplqj rqh xqlw ri qxphudluh

jrrg ohvv dw wlph | > wkh uljk0kdqg vlgh lv wkh h{shfwhg pdujlqdo xwlolw| ehqh�w iurp

lqyhvwlqj wkh xqlw lq wkh ulvn| dvvhw dw wlph |/ vhoolqj lw dw wlph |n� iru E
Rec|n�n_|n�

Rec|
� xqlwv/
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dqg frqvxplqj wkh surfhhgv1 Wkh djhqw htxdwhv pdujlqdo frvw dqg pdujlqdo ehqh�w/ vxfk

dv +9, ghvfulehv wkh rswpxp1 Li zh glylgh erwk wkh ohiw dqg wkh uljkw kdqg vlghv ri +9, e|

b|/ zh jhw wkh idploldu irup

� ' .|

�
q
b|n�
b|

�E
Rec|n� n _|n�

Rec|
�

�
' .| d6|n��-ec|n�o c +:,

zkhuh 6|n� lv wkh lqwhuwhpsrudo pdujlqdo udwh ri vxevwlwxwlrq +LPUV, ru wkh vwrfkdvwlf

glvfrxqw idfwru/ dqg -ec|n� lv wkh jurvv uhdo udwh ri htxlw| uhwxuq1Wkh �uvw0rughu frqglwlrq

ghvfulelqj wkh ulvn0iuhh udwh sulfh lv

b| ' q.|

�
b|n�

�

Rsc|

�
c +;,

dqg wkh lqwhusuhwdwlrq lv wkh vdph dv wkh Hxohu*v ulvn| dvvhw htxdwlrq1

Lq wklv prgho wkh pdujlqdo xwlolw| ri frqvxpswlrq lv d ixqfwlrq ri wkh pdujlqdo xwlolw|

dqg wkh h{shfwhg pdujlqdo xwlolwlw| ri 7|1 Zh jhw wkh iroorzlqj Hxohu htxdwlrq

b| ' >| � q�.|

�
>|n�

�
c +<,

zkhuh >|/ wkh pdujlqdo xwlolwlw| ri 7|c lv d ixqfwlrq ri >|n� dqg >|n2 vxfk dv

>| ' 73�| n q EB n w�.|

�
>|n�

�
� q2 EB�w�.|

�
>|n2

�
� +43,

Pdunhw fohdulqj ixuwkhu lpsrvhv �| ' _|c ;|1

Wr hpslulfdoo| lqyhvwljdwh wkh surshuwlhv ri wklv prgho/ L pxvw dvvhvv wkh pdujlqdo xwlo0

lw| ri �|c dqg wkh sulfh ri htxlw|1 Xqiruwxqdwho|/ L fdqqrw dqdo|wlfdoo| vroyh wkh prgho1 L

kdyh wr vlpxodwh wkh g|qdplf prgho1 Wkh qhz phwkrgv iru vlpxodwlqj qrqolqhdu udwlrqdo0

h{shfwdwlrqv htxloleulxp prghov pdnh wkh h{sorudwlrq ri wkhvh lvvxhv ihdvleoh1 Qrqhwkh0

ohvv/ wkh pdujlqdo xwlolw| ri frqvxpswlrq ghshqgv rq fxuuhqw h{shfwdwlrqv ri pdujlqdo

xwlolw| ri 7| pruh wkdq rqh shulrg dkhdg/ zklfk gr qrw pdnh wkh frpsxwdwlrqdo uhvrox0

wlrq hdvlhu1 Lq wkh qh{w vhfwlrq L suhvhqw wkh frpsxwdwlrqdo phwkrg wkdw L xvh wr dvvhvv

wkh X1V uhdo dvvhw uhwxuqv1

6 Vroylqj phwkrg

Lq wklv vhfwlrq/ L suhvhqw krz L vroyh wkh qrq0olqhdu vwrfkdvwlf g|qdplf prgho suhvhqwhg

lq wkh suhylrxv vhfwlrq1 Wkh hfrqrp| lv ghvfulehg e| d yhfwru ri wzr vwdwh yduldeohv

5| ' E7|c t|�c zkhuh t|n� ' 7|/ dqg d yduldeoh ri dq h{rjhqrxvo| jlyhq vkrfn _|1 Wkh

vwrfkdvwlf glylghqg hyroyhv wkurxjk wlph dffruglqj wr

_|n� ' %|n�_|
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zkhuh %| lv wkh jurvv jurzwk udwh ri glylghqg1 Lw iroorzv d �uvw rughu Pdunry vwuxfwxuh

zkrvh ghqvlw| ri %|n� frqglwlrqdo rq %| lv jlyhq e| R%�E%|n� m %|�1 Wklv surfhvv doorzv wkh

dssduhqw qrq0vwdwlrqdulw| L revhuyh lq wkh shu fdslwd frqvxpswlrq vwuhdp ryhu wkh vdpsoh

shulrg1 L dvvxph wzr vwdwhv iru wkh Pdunry fkdlq vxfk dv =

%� ' � n �n jc %6 ' � n �� j

R66 ' R�� ' Rc R6� ' R6� ' �� R

zkhuh � lv wkh dyhudjh uhdo jurzwk udwh ri shu fdslwd frqvxpswlrq/ j lv wkh vwdqgdug

ghyldwlrq ri wkh uhdo jurzwk udwh ri shu fdslwd frqvxpswlrq dqg R ' E�34�
2

c zkhuh 4 lv wkh

�uvw0rughu vhuldo fruuhodwlrq ri wklv jurzwk udwh1 Wkh XV hfrqrplf gdwd lq wkh 4<9804<;:

shulrg lpsrvhv wkh iroorzlqj sdudphwhu ydoxhv = � ' f�ff�Hc j ' f�f�Sc dqg R ' f�e�1

Wkh prgho lv d ixqfwlrq ri wkh qrq vwdwlrqqdu| yduldeoh _|/ lq wkh suhylrxv vhfwlrq1

Vr wkh prgho lv �uvw gh dwhg iru glylghqg jurzwk wr h{suhvv wkh prgho dv d ixqfwlrq ri

wkh vwdwlrqqdu| yduldeoh %1 Vshfl�fdoo|/ wkh pdujlqdo xwlolwlhv ri 7 dqg � duh gh dwhg e|

_3�/ dqg wkh vwdwh yduldeohv duh gh dwhg e| wkh glylghqg51 Wkh gh dwhg yduldeohv duh lq

orzhufdvh ohwwhuv1 L �qg wkh iroorzlqj �uvw0rughuv htxdwlrqv =

�b| ' �>| � q�.|

�
%3�|n���>|n�

�
c +44,

�>| ' r3�| n q EB n w�.|

�
%3�|n��>|n�

�
� q EB�w�.|

�
%3�|n2�>|n2

�
c +45,

zkhuh �b| dqg �>| uhsuhvhqw wkh gh dwhg srolf| yduldeohv1 Wkh uhfxuvlyh htxdwlrq ri 7| lv

dovr wudqviruphg vxfk dv wkhuh duh rqo| vwdwlrqqdu| yduldeohv lq lwv h{suhvvlrq1 Dsso|lqj

wkh pdunhw fohdulqj uhvwulfwlrq/ wklv htxdwlrq lv dfwxdoo| ri rughu 5 vlqfh lw lqfoxghv r|c r|3�/

dqg lw ghshqgv dovr rq %|n�dqg %|1 Vshfl�fdoo|/ wkh uhfxuvlyh sursruwlhv ri r| duh jryhuqhg

e| wkh iroorzlqj ixqfwlrqv

r|n� ' EB n w�%3�|n�r| � EB�w�+|E%|n�%|�
3� � �%3�|n� n � ' sErc +c %c �%�

+|n� ' r| +46,

L vwloo kdyh wr wudqvirup wkh dvvhw sulfhv1 Lq idfw/ wkh htxlw| sulfh dorqh lv frqfhuqhg e|

wkh prgl�fdwlrq/ dv idu dv d erqg sd|v qr glylghqg1 Wkh htxlw| sulfh lv gh dwhg e| wkh

glylghqg1 Wkh qhz Hxohu htxdwlrqv duh qrz lq ixqfwlrq ri %|n� dqg duh jlyhq e| =

�Rec| ' q.|

%#
�b|n�
�b|

$
%3�n�|n� E�Rec|n� n ��

&
+47,

5Dqdo|wlfdoo|/ wkh gh dwlrqv duh vxfk dv vw @
Vw

gw
/ |w @

\w
gw�4

/ ��w @
�w
g
��

w

/ ��w @
�w
g
��

w

/ dqg �sh>w @
sh>w
gw

1

9



Rsc| ' q.|

%#
�b|n�
�b|

$
%3�|n�

&
+48,

Wkh prgho lv vroyhg uho|lqj rq d phwkrg ri zhljkwhg uhvlgxdov +vhh Mxgg^46`/ dqg Fkulv0

wldqr/ Ilvkhu ^8`,1 L qrz ghvfuleh wkh ghwdlov ri wkh phwkrg1 Wkh grpdlq ri dssur{lpdwlrq

lv uhvwulfwhg wr dr6c r� o� dr6c r� o� d%6c %� o � Wkh lpsohphqwdwlrq ri wkh frpsxwdwlrqdo

phwkrg pxvw frqvlghu wkdw wkh pdujlqdo xwlolw| ri r| ghshqgv rq wkh h{shfwhg �>|n� dqg

�>|n21 Wklv frpsxwdwlrqdo lvvxh lv xqghuwdnhq xvlqj wkh zhljkwhg uhvlgxdov surmhfwlrq

phwkrg wzlfh wlph1 Wkh uhvroxwlrq ri wkh g|qdplf sureohp lv grqh lq wzr vwhsv1 Lq wkh

�uvw vwhs/ L frpsxwh dq dssur{lpdwlrq ri �>|/ lq rughu wr uhvwulfw rxu dwwhqwlrq sduwlfxoduo|

rq wkh grxeoh surmhfwlrq1 Wkh dssur{lpdwlrq ri �>| lv ghqrwhg e| 	�>1 Wkhq/ L frpsxwh wkh

ixoo prgho1 L dssur{lpdwh �Rec| e| wdnlqj lqwr dffrxqw 	�>c dqg ghgxfh dq dssur{lpdwlrq ri

Rsc|1

Iluvw/ zh kdyh wr dssur{lpdwh wkh pdujlqdo xwlolw| ri r1 Lw lv jlyhq e| wkh iroorzlqj

htxdwlrq

�> Erc +c %� r 	�> Erc +c %(@%� '
?r[
�'�

?+[
�'�

@��c%��� Erc +� c iru % ' %6c %� +49,

zkhuh ��� Erc +� � A�3� E2 EEr� r6� * Er� � r6��� ��A�3� E2 EE+ � r6� * Er� � r6��� �� c

A�E�� dqg A�E�� G d��c �o $ d��c �o c duh Fkhe|fkhy sro|qrpldov/ dqg ?r � ?+ lv wkh rughu

ri dssur{lpdwlrq1 L xvh wkh olqhdu wudqvirupdwlrq 2 EEr� r6� * Er� � r6�� � � lq rughu

wr wdnh lqwr dffrxqw wkdw Fkhelfkhy sro|qrpldov duh gh�qhg lq d��c �o1 L ghqrwh @% wkh

?r � ?+ glphqvlrqdo froxpq yhfwru wkdw kdv wr eh vroyhg iru wkh wzr vwdwhv %6c dqg %� �

Wkhvh ixqfwlrqv pxvw vdwlvi| wkh iroorzlqj uhvlgxdo ixqfwlrq =

- Erc +c %( �>� ' fc iru doo rc +c % 5 dr6c r� o� dr6c r� o� d%6c %� o

zkhuh wkh uhvlgxdo ixqfwlrq lv mxvw gh�qhg e| wkh uhvlgxdov ri wkh Hxohu htxdwlrq +45,61 Zh

irup surmhfwlrq ixqfwlrqv wr dssur{lpdwh - Erc +c %( �>�1 L lpsohphqw wkh Jdohunlq phwkrg

wr frpsxwh wkh yhfwru @%1 Wkh Jdohunlq phwkrg frpsxwhv wkh 2 � ?r � ?+ iroorzlqj

surmhfwlrqv =

���E@%� �

] r�

r6

] r�

r6

-
�
rc +c %( 	�>

@%

�
��� Erc +� _r_+c % ' %6c %� c +4:,

dqg fkrrvh @% vr wkdw ���E@%� ' f iru doo � ' �c ���c ?r dqg � ' �c ���c ?+� Khuh wkh gl!0

fxow| lv wkdw hdfk ���E@%� lv dq lqwhjudo zklfk qhhg wr eh qxphulfdoo| frpsxwhg1 Vlqfh

wkh ��� duh Fkhelfkhy sro|qrpldov/ zh qxphulfdoo| frpsxwh wkh ���E@%� xvlqj E6r �6+�0

srlqwv Jdxvv0Fkhe|vfkhy txdgudwxuh1 Wr gr wklv/ zh qhhg wkh E6r �6+� A E?r � ?+�

6Wkh uhvlgxdo ixqfwlrqv duh uhsruwhg lq wkh dsshqgl{ D1

:



julg srlqwv/ zklfk duh wkh ? urrwv ri wkh ?|� rughu Fkhe|fkhy sro|qrpldov1 Wkh ds0

sur{lpdwlrq lv grqh iru hdfk vwdwh %1 Wr hydoxdwh wkh ���E@%� lq pdwul{ whupv/ zh irup

wkh E6r �6+c ?r � ?+� pdwul{ f/ zklfk duh frpsrvhg ri Fkhe|vfkhy sro|qrpldov1 Wkh

pdwul{ f lv jlyhq e|

f '
k
��� Erc +� c ��2 Erc +� c ���c ��?+ Erc +� c ���c �?r?+

Erc +�
l

zkhuh

��� Erc +� '

6r[
,r'�

6+[
,+'�

���

�
r,rc +,+

�
c iru � ' �c ���c ?r dqg � ' �c ���c ?+

Wkhq/ iru wkh vwdwh %c zh irup wkh Jdxvv0Fkhe|vfkhy txdgudwxuh dssur{lpdwlrq ri wkh

E6r �6+c �� yhfwru ri wkh uhvlgxdo ixqfwlrqv vxfk dv =

-
�
rc +c %( 	�>

@%

�
'
k
-
�
r�c +�c %( 	�>@%

�
c ���c -

�
r�c +6+

c %( 	�>
@%

�
c ���c -

�
r6r

c +6+
c %( 	�>

@%

�l
�

Ilqdoo|/ wkh dssur{lpdwlrq ri wkh htxdwlrq +4:, kdv wkh iroorzlqj irup =

	���E@%� ' f ��-
�
rc +c %( 	�>@%

�
' fc iru % ' %6c %� � +4;,

+4;, uhsuhvhqwv d qrqolqhdu v|vwhp ri 2�?r�?+ htxdwlrqv lq wkh 2�?r�?+ xqnqrzqv @ ' d@%6c@%� o
�1

Wklv v|vwhp fdq eh vroyhg xvlqj wkh yhuvlrqv ri Qhzwrq0Udskvrq phwkrg lpsohphqwhg lq

wkh JDXVV urxwlqh/ �u7t 71 L ghqrwh 	@fc% wkh vroxwlrq ri wkh v|vwhp/ lq wkh �uvw vwhs/

zkhq wkh vwdwh % lv frqvlghuhg1 Wklv yhfwru ri vroxwlrqv lv xvhg dv d yhfwru ri lqlwldo ydoxhv

lq wkh vhfrqg vwhs1

Vhfrqgo|/ L gh�qh dq rwkhu uhvlgxdo ixqfwlrq wr ghwhuplqh dq dssur{lpdwlrq ri wkh

sulfh glylghqg udwlr/ �Rec|1 Dv suhylrxvo|/ wkh dssur{lpdwlrq ri �Rec| lv jlyhq e| =

�Re Erc +c %� r 	�Re Erc +c %(M%� '
?r[
�'�

?+[
�'�

K��c%��� Erc +� c iru % ' %6c %� +4<,

dqg wkh dssur{lpdwlrq kdv wr vdwlvi| +47,/ dqg wkh uhvlgxdo ixqfwlrq ? lv mxvw gh�qhg e|

wkh uhvlgxdov ri +47,71 Wkhq/ dv suhylrxvo|/ L vroyh wkh v|vwhp ri e�?r�?+ htxdwlrqv lq wkh

e�?r�?+ xqnqrzqv @ dqg M;?= f ��-
�
rc +c %( 	�>	@%

�
' f

f ��?
�
rc +c %( 	�>

@%
c 	�RecM%

�
' f

c iru % ' %6c %�

7Wkh uhvlgxdo ixqfwlrqv duh uhsruwhg lq wkh dsshqgl{ D1
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L ghqrwh 	@c dqg 	M wkh vroxwlrqv ri wkh suhylrxv v|vwhp1 Wkhq/ L ghgxfh wkh dssur{lpdwlrq

ri wkh sulfh ri wkh ulvn0iuhh dvvhw iru wkh vwdwh %

	Rs Erc +c %(	@%� ' q.

%#
	�b Es Erc +c %c �%� c rc �%(	@%�

	�b Erc +c %(	@%�

$
�%3� m %

&
+53,

Li wkh fxuuhqw vwdwh lv %/ wkh htxlw| dqg wkh ulvn0iuhh uhwxuqv duh uhvshfwlyho|

-ec% ' .

573C�%�

3C �Re
�
s Erc +c %c �%� c rc �%( 	M%

�
	�Re

�
rc +c %( 	M%

�
4D4D m %

68� � +54,

-sc% ' .

��
�

	Rs Es Erc +c %c �%� c rc �%(	@%�

�
m %

�
� � +55,

dqg wkh h{shfwhg uhwxuqv duh

-� ' Z�-�c%� n E�� Z��-�c%6c iru � ' ec s�

Lq wklv sdshu/ zh vxssrvh d v|phwulf pdwul{1 Vr Z lv htxdo wr f�D1

7 Wkh uhvxowv

Lq wklv vhfwlrq/ L fduu| rxw wzr frpsohphqwdu| vwxglhv wr vhh li wkh suhylrxv prgho frxog

h{sodlq wkh X1V ulvn suhpld lq wkh shulrg 4<9804<;:1 Iluvw/ L whvw li wkh prgho*v lpsolfd0

wlrqv frqfhuqlqj wkh yrodwlolw| ri wkh LPUV duh vdwlv�hg1 Vhfrqg/ L dqdo|}h wkh wlph0vhulhv

surshuwlhv ri wkh vlpxodwhg prgho1 Vshfl�fdoo|/ L frpsxwh wkh �uvw dqg wkh vhfrqg hp0

slulfdo prphqwv iru d sduwlfxodu vhw ri sdudphwhu ydoxhv/ dqg L frpsduh wkhvh prphqwv

zlwk wkhlu hpslulfdo frxqwhusduw1 Wkhq/ L fkrrvh wkh vhw ri sdudphwhu ydoxhv wkdw ehwwhu

uhsolfdwh wkh revhuyhg prphqwv1 L frpsxwh wkh prphqwv zlwk d vlpxodwhg gudz ri DDff

revhuydwlrqv/ glvfduglqj wkh �uvw Dff vlpxodwlrqv1 L vhw ?r ' ?+ ' 2/ dqg 6r ' 6+ ' H1

L xvh wkh dqqxdo X1V FUVS ydoxh zhljkwhg uhdo uhwxuq dqg wkh dqqxdo X1V uhdo uhwxuq rq

Wuhdvxu| Eloov zlwk rqh prqwkv wr pdwxulw| iru wkh shulrg 4<9804<;:1 Lq wkh �uvw sduw ri

wklv vhfwlrq/ L suhvhqw wkh uhvxowv ri xvlqj wkh phwkrgrorj| ri Kdqvhq dqg Mdjdqqdwkdq

dqg wkh whvwv ri wkh yrodwlolw| erxqg uhvwulfwlrqv1 Lq wkh vhfrqg sduw ri wkh vhfwlrq/ L

suhvhqw wkh uhvxowv ri wkh frqvwudlqhg julg vhdufk1

714 Wkh Kdqvhq dqg Mdjdqqdwkdq erxqg1

Kdqvhq dqg Mdjdqqdwkdq^44` ghulyhg d orzhu erxqg rq wkh yrodwlolw| ri wkh lqwhuwhpsrudo

pdujlqdo udwh ri vxevwlwxwlrq +LPUV, wkdw fruuhfwo| sulfhv wkh dvvhwv1 Wkh| frpsxwh

<



wkhlu erxqg e| wdnlqj d vwdqgdug irup ri wkh Hxohu htxdwlrqv ri frqvxpswlrq0edvhg dvvhw

sulflqj prghov1 Rqh dgydqwdjh ri wkhlu surfhgxuh lv wkdw wkh erxqg wkh| frqvwuxfw pdnhv

qr uhihuhqfh wr d sduwlfxodu prgho1 Lw lv vroho| fdofxodwhg iurp uhwxuqv gdwd1 Lq wklv sdshu/

L rqo| frqvlghu wkh erxqg wkdw grhv qrw lpsrvh wkh srvlwlylw| uhvwulfwlrq rq wkh LPUV1 Wr

hvwlpdwh wkh erxqg/ L xvh wkh XV wuhdvxu| Eloov/ osc| c dqg wkh X1V FUVS ydoxh zhljkwhg

uhwxuq/ oec|c dqg wzr dgglwlrqdo duwl�fldo uhwxuqv/ vxfk dv oec|3��osc| c osc|3��oec| c zklfk

sulfhv duh uhvshfwlyho| oec|3�c osc|3�� Zh ghqrwhg e| %| ' Eoec|c osc| c oec|3��osc| c osc|3��oec| �

wkh yhfwru ri dvvhw uhwxuqv dqg ^| ' E�c �c oec|3�c osc|3�� wkh yhfwru ri dvvhw sulfhv1 L h{whqg

wklv ylvxdo phwkrg e| lpsohphqwlqj d vwdwlvwlfdo surfhgxuh iru mxgjlqj zkhwkhu wkh prgho

ri vhfwlrq 4 lv deoh wr �w wklv orzhu erxqg1 Wkh whvw dovr surylghv rqh phdqv ri wdnlqj lqwr

dffrxqw wkh vdpsolqj huuru1 L xvh khuh wkh phwkrgrorj| ri Fhffkhwwl/ Odp dqg Pdun^7`

wr shuirup wkh vwdwlvwlfdo lqihuhqfh1 Wkhlu vwdwlvwlf phdvxuhv wkh yhuwlfdo glvwdqfh/ odehohg

{c ehwzhhq d vdpsoh sdlu E>�c j�� dqg wkh orzhu erxqg j%/ zkhuh >� dqg j� uhvshfwlyho|

uhsuhvhqw wkh hpslulfdo phdq dqg vwdqgdug huuru ri d sduwlfxodu U�-71 Wkh fdqglgdwh

LPUV lv uhmhfwhg li lwv vdpsoh sdlu vljql�fdqwo| olhv ehorz wkh erxqg1 Lq rughu/ wr hydoxdwh

zkhwkhu wkh gl�huhqfh lv odujh/ wkh| frpsxwh wkh iroorzlqj vwdwlvwlf =

Mf G { � f
{

	j{
'

�
	j� � 	j%
	j{

�
	j{ '

�
Y{

Yw
�

�
ew

ePw

�
Y{

Yw

�
ew

zkhuh { kdv dv|pswrwlfdoo| jdxvvldq glvwulexwlrq zlwk phdq f dqg yduldqfh j2{/ dqg ePw

lv wkh hvwlpdwhg fryduldqfh pdwul{ ri wkh sdudphwhu w/ vxfk dv w '
�
>^c >%cP%

�
�

� Khuh/ >^
lv wkh phdq yhfwru ri wkh irxu dvvhw sulfhv/ dqg >%cP% duh uhvshfwlyho| wkh phdq yhfwru

dqg fryduldqfh pdwul{ ri wkh 2 � 2 dvvhwv sd|r�v1 Lq sudfwlfh/ L frpsxwh 	w/ dqg 	Pw e|

jhqhudol}hg phwkrg ri prphqwv xvlqj wkh �uvw wzr prphqwv ri dvvhw uhwxuqv dqg wkh �uvw

prphqw ri dvvhw sulfhv81 Wkh fryduldqfh pdwul{ 	Pw lv wkh Qhzh| dqg Zhvw^49` fryduldqfh

pdwul{ hvwlpdwru1

8Wkh prphqw frqglwlrqv xvhg lq hvwlpdwlrq duh H ^{w � �{` @ 3>

H
�
tw � �t

�
@ 3>

H
k
yhf

�
{w{
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�
� yhf +	{, . yhf

�
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Iljxuh 4 = KM erxqg dqg wkh vlpxodwhg phdq0vwdqgdug ghyldwlrq sdluv1

Qrwh = Wkhvh prphqwv duh frpsxwhg zlwk d vlpxodwhg gudz ri 8833 revhuydwlrqv/ glvfduglqj wkh �uvw 833

vlpxodwlrqv dqg zlwk �> �> � uhvshfwlyho| htxdo wr 4> 3=;> dqg 3=9>

iru � htxdo wr 3=5/13=7/ 3=9/ dqg � udqjlqj iurp 5 wr 7=8 e| 3=81

Iljxuh � sorwv wkh Kdqvhq dqg Mdjdqqdwkdq erxqg/ ghqrwhg e| KM dqg uhsuhvhqwhg

e| wkh fxs vkdshg uhjlrq lq wkh grpdlq E.EU�-7�c r|_EU�-7��1 Lw lv d ixqfwlrq ri

>�1 Wkh �jxuh � dovr sorwv wkh vlpxodwhg phdq0vwdqgdug ghyldwlrq sdluv ri wkh U�-7/

iru gl�huhqw ydoxhv ri qc �c Bc wc k� Wkhvh prphqwv duh frpsxwhg zlwk d vlpxodwhg gudz

ri DDff revhuydwlrqv/ glvfduglqj wkh �uvw Dff vlpxodwlrqv dqg zlwk qc wc k uhvshfwlyho|

htxdo wr �c f�Hc dqg f�Sc iru B htxdo wr f�2/1f�e/ f�S/ dqg � udqjlqj iurp 2 wr e�D e| f�D1

Wkh �jxuh � vkrzv wkdw wkh yrodwlolw| ri wkh U�-7 lqfuhdvhv/ exw wkh phdq ghfuhdvhv

dv � lqfuhdvhv/ iru B htxdov wr f�e/ f�S� Wkhuhiruh/ wkh wuldqjohv dqg wkh vwduv pryh dzd|

iurp wkh dgplvvleoh uhjlrq� Zkhuhdv/ iru B htxdov wr f�2c wkh soxv jhw qhduhu wr wkh KM

erxqg1 Qhyhuwkhohvv/ wkh prgho iru wklv vshfl�fdwlrq gr qrw jhqhudwh hqrxjk yrodwlolw| lq

wkh U�-7/ ljqrulqj vdpsolqj huuru1 Wkh wdeohv �c 2c � uhsruw wkh uhvxowv ri wkh yrodwlolw|

erxqg whvw/ iru gl�huhqw ydoxhv ri �/ dqg B1 Wkhvh wdeohv duh uhsruwhg lq wkh dsshqgl{

E41 Wkh uhvxowv ri wkhvh wdeohv duh vxppdul}hg lq wkh �jxuh 21 Iljxuh 2 sorwv wkh w0udwlr

ri wkh KM erxqg whvw iru B htxdov wr fc f�2c f�e/f�S/ dqg iru gl�huhqwv ydoxhv ri �1 L rqo|

glvsod| wkh w0udwlr zkrvh hvwlpdwhg ydoxhv ri >� duh ehorz xqlw|1 Dv idu dv zh nqrz wkdw

wkh ulvn iuhh udwh sx}}oh lv qrw vroyh iru >� ydoxhv xsshu wkdq rqh1
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Iljxuh 5 = Kdqvhq dqg Mdjdqqdwkdq erxqg whvw iru gl�huhqw B1

Qrwh = Iljxuh 5 sorwv wkh w0udwlr ri wkh KM erxqg whvw iru � htxdov wr 3> 3=5> 3=7/3=9/ dqg iru gl�huhqwv ydoxhv ri �1

L rqo| glvsod| wkh w0udwlr zkrvh hvwlpdwhg ydoxhv ri �y duh ehorz xqlw|1

Lq wkh �jxuh 2/ zh vhh wkdw wkh qxoo k|srwkhvlv lv qhyhu uhmhfwhg e| wkh sxuh kdelw

shuvlvwhqfh prgho +B ' f,1 Lq dgglwlrq/ iru B htxdov wr f�2/ L dffhsw wkh k|srwkhvlv wkdw

wkh vlpxodwhg srlqwv duh lq wkh KM uhjlrq/ iru doo wkh �1 Dowkrxjk/ wkhvh srlqwv gr olh ehorz

wkh erxqg/ wkh glvwdqfh lv qrw vljql�fdqw1 Rq wkh frqwudu|/ dv wkh ohyho ri vxevwlwxdelolw|

jurzv/ Mf lv hdvlhu uhmhfwhg e| wkh KM erxqg whvw/ h{fhsw iru � htxdov wr ��D dqg 21

Wkhuhiruh/ dv qrwhg e| Kdqvhq dqg Mdjdqqdwkdq^44`/ wkh gxudelolw| vxevwdqwldoo| uhgxfhv

wkh yrodwlolw| ri wkh LPUV1 Lq dgglwlrq/ d orz ghjuhh ri gxudelolw| frxog �w wkh Kdqvhq

Mdjdqqdwkdq erxqg1

Vhfrqgo|/ L fkrrvh wr �{ B wr f�2/ dqg wr frpsxwh phdq0vwdqgdug ghyldwlrq sdluv iru

gl�huhqw ydoxhv ri w� L uhvshfwlyho| vhw q dqg k wr � dqg f�S� L uhfdoo wkdw w phdvxuhv

wkh shuvlvwhqfh ri wkh kdelw h�hfw dqg zkhq w ' f/ wkh prgho lv mxvw d rqh0shulrg kdelw

prgho1 Wkh �jxuh � uhsuhvhqwv wkh vlpxodwhg prphqwv ri wkh glvfrxqw idfwru/ iru w htxdo

wr f�ec f�Sc f�H1 Lq idfw/ wkhuh duh qr vljql�fdqw fkdqjhv iru wkh gl�huhqw ydoxhv ri w1
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Iljxuh 6 = KM erxqg dqg wkh vlpxodwhg phdq0vwdqgdug ghyldwlrq sdluv

Qrwh = Wkhvh prphqwv duh frpsxwhg zlwk d vlpxodwhg gudz ri 8833 revhuydwlrqv/ glvfduglqj wkh �uvw 833

vlpxodwlrqv dqg zlwk �> �> � uhvshfwlyho| htxdo wr 4> 3=5> dqg 3=9>

iru � htxdo wr 3=7/13=9/ 3=;/ dqg � udqjlqj iurp 5 wr 7=8 e| 3=81

L kdyh wkh vdph uhvxowv zkhq L frpsduh wkh wdeohv ec Dc S1 Wkhvh wdeohv duh uhsruwhg lq

wkh dsshqgl{ E51 Wkh uhvxowv ri wkhvh wdeohv duh vxppdul}hg lq �jxuh e1 L frqvlghu irxu

fdvhv1 Zh vhh wkdw iru d prgho zlwkrxw kdelw shuvlvwhqfh wkh Kdqvhq dqg Mdjdqqdwkdq

erxqg lv vwdwlvwlfdoo| dffhswhg/ hyhq iru orz ohyho ri frxuedwxuh1 Iru wkh wkuhh ryhu fdvhv/

wkh KM erxqg whvw grhv qrw vhhp yhu| vhqvlwlyh wr w1 Qrqhwkhohvv/ wklv �jxuh vkrzv wkdw

dv idu dv w lv kljk/ wkh qxoo k|srwkhvlv lv orqjhu dffhswhg1 Rqh ri wkh ihdwxuhv ri wkh

rqh0shulrg kdelw shuvlwhqfh prgho lv lwv orz ohyho iru �1 Ihuvrq dqg Frqvwdqwlqlghv^43`

irxqg d ydoxh xqghu xqlw| iru �1 Krzhyhu/ wklv ydoxh grhv qrw vhhp yhu| uhdolvwlf iru

Ghdwrq^;`1 Vr/ zh qhhg d plqlpxp ohyho ri kdelw shuvlvwhqfh wr kdyh d frkhuhqw ydoxh ri

�1 Wr vxppdul}hg wkhvh wzr �jxuhv/ zh �qg wkdw wkh uhvxowv gr qrw vhhp yhu| vhqvlwlyh wr

wkh shuvlvwhqfh ri wkh kdelw h�hfw1 Qrqhwkhohvv/ zh qhhg d plqlpxp ohyho ri kdelw vwrfn

wr �w wkh Kdqvhq dqg Mdjdqqdwkdq erxqg iru dq kljk ohyho ri �1

Lq wkh �jxuh D/ L sorw wkh vlpxodwhg phdqv dqg wkh vwdqgdug ghyldwlrqv ri wkh U�-7/

zlwk qc Bc w uhvshfwlyho| htxdo wr �c f�2c dqg f�H� Wkh sdudphwhu k fdq wdnh wkuhh ydoxhv =

f�ec f�Sc f�.� Zh uhfdoo wkdw wkh sdudphwhu k jlyhv wkh sursruwlrq ri wkh kdelw vwrfn wkdw

lv frpsduhg wr wkh fxuuhqw ohyho ri wkh jrrg r1 L vhh wkdw iru d orz ohyho ri k/ k ' f�ec wkh

soxv pryh dzd| iurp wkh KM erxqg1 Zkhuhdv dv k lqfuhdvhv/ L qhhg d orzhu ohyho ri � wr
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eh forvhu wr wkh dgplvvleoh uhjlrq1 Wkhuhiruh/ lw vhhpv wkdw L qhhg d kljk ohyho ri k wr �w

wkh erxqg1

Iljxuh 7 = Kdqvhq dqg Mdjdqqdwkdq erxqg whvw iru gl�huhqw w1
Qrwh = Iljxuh 7 sorwv wkh w0udwlr ri wkh KM erxqg whvw iru � htxdov wr 3> 3=7> 3=9/3=;/ dqg iru gl�huhqwv ydoxhv ri �1

L rqo| glvsod| wkh w0udwlr zkrvh hvwlpdwhg ydoxhv ri �y duh ehorz xqlw|1

Iljxuh 8 = KM erxqg dqg wkh vlpxodwhg phdq0vwdqgdug ghyldwlrq sdluv
Qrwh = Wkhvh prphqwv duh frpsxwhg zlwk d vlpxodwhg gudz ri 8833 revhuydwlrqv/ glvfduglqj wkh �uvw 833

vlpxodwlrqv/ dqg zlwk �> �> � uhvshfwlyho| htxdo wr 4> 3=5> dqg 3=;>

iru � htxdo wr 3=7/13=9/ 3=;/ dqg gl�huhqw ydoxhv ri �1
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Wkh wdeohv .c Hc b uhsruw wkh uhvxowv ri wkh yrodwlolw| erxqg whvw1 Wkhvh wdeohv duh

uhsruwhg lq wkh dsshqgl{ E61 Wkh uhvxowv ri wkhvh wdeohv duh vxppdul}hg lq wkh �jxuh 91

Iljxuh 9 = Kdqvhq dqg Mdjdqqdwkdq erxqg iru gl�huhqw ydoxh ri k1

Qrwh = Iljxuh 9 sorwv wkh w0udwlr ri wkh KM erxqg whvw iru � htxdov wr 3> 3=7> 3=9/3=:/ dqg iru gl�huhqwv ydoxhv ri �1

L rqo| glvsod| wkh w0udwlr zkrvh hvwlpdwhg ydoxhv ri �y duh ehorz xqlw|1

Iljxuh 9 sorwv wkh w0udwlr ri wkh KM erxqg whvw iru k htxdov wr fc f�ec f�S/f�./ dqg

iru gl�huhqwv ydoxhv ri �1 Iru k htxdov wr f/ wkh prgho uh hfwv rqo| wkh gxudelolw| ru

vxevwlwxdelolw| ri frqvxpswlrq ryhu wlph1 Wkh KM erxqg whvw uhmhfw wklv prgho1 Lq

dgglwlrq/ iru k htxdov wr f�e/ wkh yhuwlfdo glvwdqfhv ehwzhhq wkh vdpsoh sdluv E>�c j��/ iru

wkh vhw ri sdudphwhuv frqvlghuhg/ dqg wkh orzhu erxqg j% duh vljql�fdqw/ hyhq iru d kljk

ydoxh ri �� Wkh glvwdqfh lv vwloo vljql�fdqw iru d � htxdo wr �21 Zkloh iru kljkhu ohyho ri k/

wkh qxoo k|srwkhvlv lv dffhswhg1 Vr/ L qhhg d kljk sursruwlrq ri kdelw vwrfn wr phhw wkh

Kdqvhq dqg Mdjdqqdwkdq uhvwulfwlrqv1

Wklv vhfwlrq doorzv xv wr kdyh dq lghd ri sdudphwhu ydoxhv iru wkh vhqvlwlylw| dqdo|vlv1

Wkxv/ d prgho zklfk �wv wkh Kdqvhq dqg Mdjdqqdwkdq erxqg lv d prgho zlwk d uhodwlyho|

orz ghjuhh ri vxevwlwxwdelolw| dqg d kljk sursruwlrq ri kdelw vwrfn1
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715 Wkh htxlw| suhplxp dqg wkh ulvn0iuhh udwh sx}}ohv1

L lpsohphqwhg d julg vhdufk vxemhfw wr wkh frqvwudlqwv wkdw wkh ulvn0iuhh uhwxuq phdq lv

ehwzhhq 3 dqg 6 shufhqw/ lwv yrodwlolw| lv vpdoohu wkdq 6 shufhqw dqg wkh htxlw| uhwxuq lv

odujhu wkdq 8 wr �qg wkh ydoxhv ri wkh sdudphwhuv ri lqwhuhvw1 Ixwkhupruh/ wkh sdudphwhu

ydoxhv duh fkrvhq lq rughu wr phhw wkh srvlwlylw| ri wkh pdujlqdo xwlolw| ri frqvxpswlrq1

L �qg wkdw �/ B/ k dqg w duh uhvshfwlyho| htxdo wr 2�b/ f��./ f�H2 dqg f�S�/ iru d glvfrxqw

idfwru vhwv wr xqlw|1 Wkhvh sdudphwhu ydoxhv lpso| d kljk sursruwlrq ri kdelw vwrfn dqg

d orz vxevwlwxwlrq h�hfw/ dv lw zdv vkrzq lq wkh suhylrxv vhfwlrq1 Wkh kdelw shuvlvwhqfh

h�hfw lv dovr vwurqj zklfk lpsolhv d uhodwlyho| kljk frxuedwxuh ohyho +vhh �jxuh 7,1 Wkh

�uvw wzr prphqwv lpsolhg e| wkhvh sdudphwhu ydoxhv duh uhsruwhg lq wkh wdeoh �21 Lq

wklv wdeoh/ L uhvshfwlyho| ghqrwh e| oJKr� dqg or�6� wkh revhuyhg dqg wkh vlpxodwhg dvvhw �

uhwxuq1 Wkh phdq dqg vwdqgdug ghyldwlrq ri wkh uhdo uhwxuqv duh uhsruwhg rq dqqxdol}hg

edvlv1 Iluvw/ iru wkhvh sdudphwhu ydoxhv wkh yhuwlfdo glvwdqfh ehwzhhq wkh vdpsoh sdlu

E>� ' f�bH�c j� ' f�fe�� dqg wkh orzhu erxqg j% lv qrw vljql�fdqw1 L rewdlq d | � o@|�J

htxdov wr �f�HDe�1 Vr/ wkh dgplvvleoh uhjlrq lv �wwhg iru wkhvh sdudphwhuv ydoxhv1 Wkhuh0

iruh/ wklv frqvxpswlrq0edvhg dvvhw sulflqj prgho jhqhudwhv hqrxjk yrodwlolw| iru wkh LPUV

wr fruuhfwo| sulfh wkh dvvhwv1 Wkh prgho lv qrw uhmhfwhg e| wklv qrqsdudphwulf phwkrg1

Vhfrqg/ wkh vlpxodwhg phdq uhdo uhwxuqv rq htxlw| dqg erqg duh frkhuhqw frpsduh wr wkh

vdpsoh phdq1 Phkud dqg Suhvfrww^48` kdyh dujxhg wkdw wkh uhsuhvhqwdwlyh0djhqw prghov

|lhog dyhudjh htxlw| uhwxuqv wkdw duh pxfk wrr orz uhodwlyh wr klvwrulfdo revhuyhg uhwxuqv1

Rxu prgho vwloo xqghuydoxhv phdq htxlw| uhwxuq1 Exw wkh vlpxodwhg phdq htxlw| uhwxuq

lv qrz frpsdudeoh wr lwv revhuyhg uhwxuq1 Lq dgglwlrq/ wkh vlpxodwhg phdq ulvn0iuhh udwh

lv yhu| forvh wr revhuyhg phdq erqg uhwxuq1

Wdeoh 45 = Wkh prphqwv lpsolhg e| wkh julg vhdufk1

phdq
vwg

oJKre or�6e

313:; f�fSD
314;9 f��e

oJKre or�6e

31353 f�f�H
31385 f�fe.

Eoe � os�
JKr Eoe � os�

r�6

3138; f�fe.
314;78 f�f�.�

Qrwh = Wklv wdeoh glvsod|v wkh vdpsoh dqg wkh vlpxodwhg phdqv dqg vhfrqg prphqwv ri wkh dvvhw uhwxuqv

dqg ulvn suhpld1 Wkh vlpxodwhg prphqwv duh rewdlqhg iru �/ �/ � dqg � uhvshfwlyho| vhw wr 5=</ 3=4:/ 3=;5

dqg 3=94/dqg iru d glvfrxqw idfwru vhwv wr xqlw|1 8333 revhuydwlrqv ri wkh vlpxodwhg vhulhv duh xvhg

wr fdofxodwh wkh vlpxodwhg prphqwv ri LPUV1

Wkh wklug froxpq ri wdeoh �2 glvsod|v wkh dyhudjh htxlw| suhplxp/ ghqrwhg e| Eoe � os�
JKr

iru wkh revhuyhg dqg Eoe � os�
r�6 iru wkh vlpxodwhg1 Vlpxodwhg suhplxp lv e�.I shu dq0

qxp lq wkh prgho/ frpsduhg wr f��bI lq wkh vwdqgdug uhsuhvhqwdwlyh0djhqw prgho/ zklfk

lv wkh odujhu suhplxp rewdlqdeoh dffruglqj wr wkh vlpxodwlrqv ri Phkud dqg Suhvfrww^48`1

Wkrxjk p| hvwlpdwh lv ehorz wkh SI riwhq flwhg lq wkh olwhudwxuh rq wkh htxlw| suhplxp
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sx}}oh/ p| prgho gr d jrrg mre frpsduhg wr wkh vwdqgdug uhsuhvhqwdwlyh0djhqw prgho1

Wkhuhiruh/ L fdq frqfoxgh wkdw frpelqhg h�hfwv ri vxevwlwxwlrq dqg frpsohphqwdulw| ryhu

frqvxpswlrq qhduo| vroyh wkh htxlw| suhplxp dqg wkh ulvn iuhh udwh sx}}ohv1

Krzhyhu/ wkh vhfrqg rughu prphqwv duh xqghuydoxhg lq wkh erwk fdvhv1 Qhyhuwkhohvv/

wkh vwdqgdug ghyldwlrq ri wkh ulvn0iuhh udwh vhhpv lq olqh zlwk wkh gdwd1 Lw lv d jrrg uhvxow

frpsduhg wr wkh sxuh kdelw shuvlvwhqfh prgho1 Lq idfw/ wklv prgho lpsolhv h{wuhpho|

yrodwloh vwrfkdvwlf glvfrxqw idfwru wr h{sodlq wkh htxlw| suhplxp sx}}oh1 Wkhuhiruh/ lw

jhqhudwhv d yhu| yrodwloh ulvn iuhh udwh1 Iru h{dpsoh/ Fhffkhwwl/ Odp dqg Pdun^7` irxqg

d vwdqgdug ghyldwlrq iru ulvn0iuhh udwh ri ���DI/ xvlqj prqwko| gdwd/ iru � htxdov wr D

dqg dq kdelw sdudphwhu ydoxh vhwv wr f�D1 Rxu hvwlpdwhv ri wkh vwdqgdug ghyldwlrq iru

wkh erqg lv pxfk orzhu dqg lv htxdo wr e�.I/ xvlqj dqqxdo gdwd1 L fdq frqfoxgh wkdw

wkh lqwurgxfwlrq ri orfdo vxevwlwxwlrq vxevwdqwldoo| lpsuryhv wkh prgho*v delolw| wr �w wkh

yrodwlolw| ri ulvn0iuhh udwh1 \hw/ lw lv qrw wkh fdvh iru wkh uhdo htxlw| uhwxuqv1 Rxu prgho lv

qrw deoh wr jhqhudwh hqrxjk yrodwlolw| iru wkh htxlw| uhwxuq1 Fdpsehoo^5` fdoov wklv wkh vwrfn

pdunhw yrodwlolw| sx}}oh91 Qrqhwkhohvv/ p| uhvxowv duh ehwwhu wkdq wkrvh ri Khdwrq^45`1 P|

yrodwlolw| hvwlpdwh lv htxdo wr �eI frpsduhv wr e�2I iru Khdwrq1 Wkhuhiruh/ L vxevwdqwldoo|

lpsuryh wkh dffxudf| ri wkh prgho*v uhvxowv/ zlwk wklv frpsxwdwlrq phwkrg1

8 Frqfoxvlrq

Wkh sxusrvh ri wklv sdshu zdv wr h{dplqh wkh hpslulfdo surshuwlhv ri d qrq0olqhdu vwrfkdv0

wlf g|qdplf prgho zlwk udwlrqdo h{shfwdwlrqv/ lq zklfk wkh uhsuhvhqwdwlyh djhqw lv dvvxphg

wr glvsod| wlph qrq vhsdudeoh suhihuhqfhv1 Vshfl�fdoo|/ L fduulhg rxw wzr frpsohphqwdu|

vwxglhv wr fkhfn wkh hpslulfdo uhohydqfh ri wkh prgho1 Iluvw/ L xvhg wkh Kdqvhq dqg

Mdjdqqdwkdq erxqg wr fkhfn li wkh frqvxpswlrq edvhg dvvhw0sulflqj prgho zlwk orfdo

vxevwlwxwlrq dqg orqj uxq kdelw shuvlvwhqfh ryhu frqvxpswlrq fruuhfwo| sulfhv wkh dvvhwv1

L irxqg wkdw wkh LPUV lpsolhg e| wkh prgho vwdwlvwlfdoo| �wv wkh Kdqvhq dqg Mdjdqqdwkdq

erxqg li wkh ghjuhh ri vxevwlwxwdelolw| lv uhodwlyho| orz dqg wkh sursruwlrq ri kdelw vwrfn

lv kljk1 Vhfrqgo|/ L frpsduhg wkh vlpxodwhg wzr �uvw rughu prphqwv zlwk wkrvh revhuyhg1

L frqfoxghg wkdw frpelqhg h�hfwv ri vxevwlwxwlrq dqg frpsohphqwdulw| ryhu frqvxpswlrq

qhduo| vroyh wkh htxlw| suhplxp dqg wkh ulvn iuhh udwh sx}}ohv1 Lq dgglwlrq/ L irxqg wkdw

wkh lqwurgxfwlrq ri orfdo vxevwlwxwlrq vxevwdqwldoo| lpsuryhv wkh prgho*v delolw| wr �w wkh

yrodwlolw| ri ulvn0iuhh udwh/ frpsduhg wr wkh sxuh kdelw shuvlvwhqfh prgho1 Ilqdoo|/ wkh

prgho grhv uhvroyh wkh Fdpsehoo*v vwrfn pdunhw yrodwlolw| sx}}oh/ zlwk rxu frpsxwdwlrqdo

9Fdpsehoo vkrzv wkdw wkh yrodwlolw| ri vwrfn uhwxuqv lv wrr kljk wr eh uhdglo| h{sodlqhg e| wkh
frqvxpswlrq0edvhg dvvhw sulflqj zlwk srzhu xwlolw|1 Vlqfh wkh vwrfn uhwxuq vkrxog htxdo fxuuhqw frqvxps0
wlrq jurzwk lq wklv prgho1 Wkh uhvxow lv wuxh li zh vxssrvh wkdw orj glylghqg htxdov orj frqvxpswlrq/ dqg
orjqrupdolw| dqg krprvnhgdvwlflw| ri dvvhw uhwxuqv dqg frqvxpswlrq1 Kh dovr vkrzv wkdw wkh Hsvwhlq/
]lq^<` dqg Zhlo ^4;` xwlolw| grhv qrw surylgh d vroxwlrq wr wklv sx}}oh1
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phwkrg ri dvvhw uhwxuqv1 Wkhuhiruh/ L irxqg wkdw L vxevwdqwldoo| lpsuryh wkh dffxudf| ri

wkh prgho*v uhvxowv/ frpsduhv wr Khdwrq*v uhvxowv1

Qrqhwkhohvv/ wkhvh uhvxowv pd| eh lpsuryhg lq wkuhh zd|v1 Iluvw/ L vwxglhg d sdu0

wldo htxloleulxp uhsuhvhqwdwlyh0djhqw prgho1 Lw zrxog eh lqwhuhvwlqj wr frqvlghu wkh vdph

suhihuhqfhv lq d jhqhudo htxloleulxp prgho1 Vhfrqgo|/ L dovr pdlqwdlq wkh dvvxpswlrq ri

krprjhqhrxv djhqwv1 Rqh rwkhu srvvlelolw| zrxog eh wr lqyhvwljdwh d qrq0olqhdu vwrfkdvwlf

g|qdplf prgho zlwk khwhurjhqhrxv djhqwv1 Wklugo|/ L vxssrvh d frpsohwh0pdunhw hfrq0

rp|1 Krzhyhu/ wkh lpsolfdwlrqv ri htxloleulxp lqfrpsohwh0pdunhw hfrqrp| ghvhuyh wr eh

vwxglhg/ ehfdxvh djhqwv zloo eh olplwhg lq wkhlu delolw| wr vprrwk frqvxpswlrq1

4;



Uhihuhqfhv

^4` D Deho1 Dvvhw sulfhv xqghu kdelw irupdwlrq dqg fdwfklqj xs zlwk wkh mrqhvhv1 D H

U sdshuv dqg surfhhglqjv/ ;3=6;�75/ 4<<31

^5` M Fdpsehoo1 Dvvhw Sulfhv/ Frqvxpswlrq/ dqg wkh Exvlqhvv F|foh1 Wd|oru/ M dqg

Zrrgirug/ P/ 4<<<1

^6` M Fdpsehoo dqg M Frfkudqh1 E| irufh ri kdelw = D frqvxpswlrq0edvhg h{sodqdwlrq

ri djjuhjdwh vwrfn pdunhw ehkdylru1 Whfkqlfdo uhsruw/ Kduydug Xqlyhuvlw| hw QEHU/

4<<:1

^7` V Fhffkhwwl/ S Odp/ dqg Q Pdun1 Whvwlqj yrodwlolw| uhvwulfwlrqv rq lqwhuwhpsrudo

pdujlqdo udwhv ri vxvwlwxwlrq lpsolhg e| hxohu htxdwlrqv dqg dvvhwv uhwxuqv1 Wkh

Mrxuqdo ri Ilqdqfh/ [OL[+4,=456�485/ pduv 4<<71

^8` O Fkulvwldqr dqg M Ilvkhu1 Dojrulwkpv iru vroylqj g|qdplf prghov zlwk rffdvlrqdoo|

elqglqj frqvwudlqwv1 Whfkqlfdo Uhsruw 54;/ QEHU/ 4<<:1

^9` J Frqvwdqwlqlghv1 Kdelw irupdwlrq = d uhvroxwlrq ri htxlw| suhplxp sx}}oh1 Mrxuqdo

ri Srolwlfdo Hfrqrp|/ <3+6,=84<�876/ 4<<31

^:` M Fr{ M/ dqg Lqjhuvroo dqg V Urvv1 Dq lqwhuwhpsrudo jhqhudo htxloleuxp prgho ri

dvvhw sulfhv1 Hfrqrphwulfd/ 86+5,=6;8�73:/ 4<;81

^;` D Ghdwrq1 Xqghuvwdqglqj Frqvxpswlrq1 R{irug Xqlyhuvlw| Suhvv = Qhz \run/ Q\/

4<<51

^<` ]lq V Hsvwhlq/ O1 Vxevwlwxwlrq/ ulvn dyhuvlr hqg wkh whpsrudo ehkdylru ri frqvxpswlrq

dqg dvvhw uhwxuq = Dq hpslulfdo dqdo|vlv1 Mrxuqdo ri Srolwlfdo Hfrqrp|/ <<+5,=594�

5;9/ 4<<41

^43` Z Ihuvrq dqg J Frqvwdqwlqlghv1 Kdelw shuvlvwhqfh dqg gxudelolw| lq djjuhjdwh frq0

vxpswlrq1 Mrxuqdo ri Ilqdqfldo Hfrqrplfv/ 5<=4<<�573/ 4<<41

^44` O Kdqvhq dqg U Mdjdqqdwkdq1 Lpsolfdwlrqv ri vhfxulw| pdunhw gdwd iru prghov ri

g|qdplf hfrqrplhv1 Mrxuqdo ri Srolwlfdo Hfrqrp|/ <<+5,=558�595/ 4<<41

^45` M1 Khdwrq1 Dq hpslulfdo lqyhvwljdwlrq ri dvvhw sulflqj zlwk whpsrudoo| ghshqghqw

suhihuhqfh vshfl�fdwlrqv1 Hfrqrphwulfd/ 96+6,=9;4�:4:/ Pd| 4<<81

^46` N Mxgg1 Qxphulfdo Phwkrgv lq Hfrqrplfv1 PLW Suhvv/ 4<<;1

^47` U Oxfdv1 Dvvhw sulfhv lq dq h{fkdqjh hfrqrp|1 Hfrqrphwulfd/ 67+9,=475<�4778/ 4<:;1
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^48` U Phkud dqg H Suhvfrww1 Wkh htxlw| suhplxp = d sx}}oh1 Mrxuqdo ri Prqhwdu|

Hfrqrplfv/ 48=478�494/ 4<;81

^49` Z Qhzh| dqg N Zhvw1 D vlpsoh/ srvlwlyh gh�qlwh/ khwhurvfhgdvwlflw| dqg dxwrfruuh0

odwlrq frqvlvwhqw fryduldqfh pdwul{1 Hfrqrphwulfd/ 88+6,=:36�:3;/ 4<;:1

^4:` V Vxqgduhvdq1 Lqwhuwhpsrudoo| ghshqghqw suhihuhqfhv dqg wkh yrodwlolw| ri frqvxps0

wlrq dqg zhdowk1 Uhzlhz ri Ilqdqfldo Vwxglhv/ 5=:6�;</ 4<;<1

^4;` SZhlo1 Wkh htxlw| suhplxp sx}}oh dqg wkh ulvn0iuhh udwh sx}}oh1 Mrxuqdo ri Prqhwdu|

Hfrqrplfv/ 57+5,=734�754/ 4<;<1
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D Wkh uhvlgxdo ixqfwlrqv

D14 Wkh uhvlgxdo ixqfwlrq ri wkh pdujlqdo xwlolw| ri 7

Wkh uhvlgxdo ixqfwlrq lv jlyhq e| wkh Hxohu htxdwlrq +45, dqg dv wkh iroorzlqj irup
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D15 Wkh uhvlgxdo ixqfwlrq ri wkh htxlw| sulfh

Wkh uhvlgxdo ixqfwlrq lv jlyhq e| wkh Hxohu htxdwlrq +47, dqg dv wkh iroorzlqj irup
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q.

%#
	�b Es Erc +c %c �%� c rc �%(	@fc%�

	�b Erc +c %(	@fc%�

$
�%3�n�E�Re Es Erc +c %c �%� c rc �%(M%� n �� m %

&

zkhuh wkh dssur{lpdwlrq ri wkh pdujlqdo xwlolw| ri frqvxpswlrq lv vxfk dv /jlyhq +44,

	�b Erc +c %(	@fc%� ' 	�> Erc +c %(	@fc%�� q�.
k
�%3��	�> Es Erc +c %c �%� c rc �%(	@fc%� m %

l
+56,

E Wkh Kdqvhq dqg Mdjdqqdwkdq erxqg whvw

Lq wklv dsshqgl{/ L suhvhqw wkh uhvxowv ri wkh KM erxqg whvw1 Zh frqvlghu 6 fdvhv1 Lq wkhvh

wdeohv/ wkh yhuwlfdo glvwdqfh ehwzhhq d vdpsoh sdlu E>�c j�� dqg wkh orzhu erxqg j%/ dqg

wkh vwdwlvwlf ri wkh whvw duh uhvshfwlyho| odehohg _e� dqg |o@|�J1

E14 Fkdqjhv lq vxevwlwxdelolw|

Wkh wdeohv �c 2c � uhsruw wkh uhvxowv ri wkh yrodwlolw| erxqg whvw/ iru gl�huhqw ydoxhv ri �/

dqg B1

Wdeoh 4 =Uhvxowv ri whvwv ri wkh yrodwlolw| erxqg uhvwulfwlrqv1q'�c B'f�2c w'f�Hc k'f�S

� >� j� j% _e� |o@|�J
5 31<:< 31358: 317579 0316<;< 031<93
518 31<:97 3136:: 318679 0317<9< 0413938
6 31<::6 313753 317<93 0317873 041336;
618 31<;83 3137;3 3154<7 0314:47 0417<6<
7 31<;<3 3138<< 315486 0314887 0317;4;
718 31<<74 3139:3 316:<; 031645; 0319;;:
Qrwhv = 8333 revhuydwlrqv r i wkh vlpxodwhg vhulh v duh xvhg wr fdofx odwh wkh prphqwv ri LPUV1
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Wdeoh 5 =Uhvxowv ri wkh whvwv ri wkh yrodwlolw| erxqg uhvwulfwlrqv q'�c B'f�ec w'f�Hc k'f�S

� >� j� j% _e� |o@|�J
5 31<:53 3135;: 31:5;9 0319<<< 04164:9
518 31<973 313693 413<44 0413884 041:3<6
6 31<956 313753 4149;; 041459; 041:::8
618 31<954 313839 414:;3 04145:7 041::63
7 31<883 3138;3 418375 0417795 0513889
718 31<8;3 313983 416995 0416345 041<5:4
Qrwhv = 8333 revhuydwlrqv r i wkh vlpxodwhg vhulh v duh xvhg wr fdofx odwh wkh prphqwv ri LPUV1

Wdeoh 6 =Uhvxowv ri whvwv ri wkh yrodwlolw| erxqg uhvwulfwlrqv1q'�c B'f�Sc w'f�Hc k'f�S

� >� j� j% _e� |o@|�J
5 31<9<3 3135;3 31;969 031;689 0417::5
518 31<953 313693 414;59 0414799 041;337
6 31<89< 313743 41749: 0416:8: 0513399
618 31<844 3137:3 419;73 04196:3 051544:
7 31<773 313853 51344< 041<8<< 05175<7
718 31<73; 313933 5148<< 0513<<< 05183<6
Qrwhv = 8333 revhuydwlrqv r i wkh vlpxodwhg vhulh v duh xvhg wr fdofx odwh wkh prphqwv ri LPUV1

E15 Fkdqjhv lq kdelw vwrfn

Wdeohv ec Dc Sc . glsod| wkh uhvxowv ri wkh yrodwlolw| erxqg whvw/ iru gl�huhqw ydoxhv ri �/ dqg

w1

Wdeoh 7 =Uhvxowv ri wkh whvwv ri wkh yrodwlolw| erxqg uhvwulfwlrqv q'�c B'f�ec w'fc k'f�S

� >� j� j% _e� |o@|�J
314 31<<;7 31339945 318936 031886: 041566
316 31<<87 3135454 317659 0317447 031<363
318 31<<45 31368<9 315:68 03156:9 031896<
31: 31<<55 31383<3 3163:: 031589; 0318;69
31< 31<;:7 3139677 314<:3 0314668 031:768
414 31<;;< 313::56 315464 031468; 031765<
416 31<<:< 313<465 3186;< 03177:8 031<<64
418 31<<8: 314378 31778; 0316746 031:7<8
41: 41334 3144<9 319977 031877; 041568
Qrwhv = 8333 revhuydwlrqv r i wkh vlpxodwhg vhulh v duh xvhg wr fdofx odwh wkh prphqwv ri LPUV1
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Wdeoh 8 =Uhvxowv ri whvwv ri wkh yrodwlolw| erxqg uhvwulfwlrqvq'�c B'f�2c w'f�ec k'f�S

� >� j� j% _e� |o@|�J
5 31<:<3 313:55 317579 0316857 031;7;4
518 31<;83 313<43 3154<7 03145;7 04144<5
6 31<<43 314393 3159:5 0314945 0316;:6
618 413363 3145;3 31:974 0319694 04179;9
7 413393 3147:3 31;<<8 031:858 041::8:
718 4134<3 314993 417<7: 04165;: 06157;3
Qrwhv = 8333 revhuydwlrqv r i wkh vlpxodwhg vhulh v duh xvhg wr fdofx odwh wkh prphqwv ri LPUV1

Wdeoh 9 =Uhvxowv ri whvwv ri wkh yrodwlolw| erxqg uhvwulfwlrqvq'�c B'f�2c w'f�Sc k'f�S

� >� j� j% _e� |o@|�J
5 31<;6: 3137;3 315855 0315375 031<6;8
518 31<;5< 313943 315::3 0315493 031;37:
6 31<;53 313:53 3163:< 031568< 031:7<6
618 31<;56 313;6; 315<:6 0315468 031:438
7 31<;6; 313<93 3157<6 0314866 031:5;6
718 413363 314433 31:974 0319874 0418434
Qrwhv = 8333 revhuydwlrqv r i wkh vlpxodwhg vhulh v duh xvhg wr fdofx odwh wkh prphqwv ri LPUV1

Wdeoh ; =Uhvxowv ri whvwv ri wkh yrodwlolw| erxqg uhvwulfwlrqvq'�c B'f�2c w'f�Hc k'f�S

� >� j� j% _e� |o@|�J
5 31<:;3 3135:3 317996 03176<6 0413357
518 31<:98 313693 318636 0317<76 04138;<
6 31<:9< 31375: 318464 0317:37 0413565
618 31<:<7 3137:6 3173;5 031693< 031;<37
7 31<<98 313893 317:;: 031755: 031<639
718 31<<3; 313993 31593< 0314<7< 0317:85
Qrwhv = 8333 revhuydwlrqv r i wkh vlpxodwhg vhulh v duh xvhg wr fdofx odwh wkh prphqwv ri LPUV1

E16 Fkdqjhv lq wkh sursruwlrq ri kdelw vwrfn

Wdeohv Hc bc �f glsod| wkh uhvxowv ri wkh yrodwlolw| erxqg whvw/ iru gl�huhqw ydoxhv ri �/ dqg

w1
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Wdeoh ; =Uhvxowv ri whvwv ri wkh yrodwlolw| erxqg uhvwulfwlrqvq'�c B'f�2c w'f�Hc k'f�e

� >� j� j% _e� |o@|�J
5 31<9<3 3133<9 31;969 031;873 04183<:
7 31<7<3 3134<3 41:;3< 041:94< 05164;;
9 31<6<3 313533 515765 0515565 051936<
; 31<634 313698 519886 05194;; 051:<48
43 31<746 313793 51469; 0513<3; 0518459
45 31<8;3 313963 416995 0416365 041<634
Qrwhv = 8333 revhuydwlrqv r i wkh vlpxodwhg vhulh v duh xvhg wr fdofx odwh wkh prphqwv ri LPUV1

Wdeoh < =Uhvxowv ri whvwv ri wkh yrodwlolw| erxqg uhvwulfwlrqv1q'�c B'f�2c w'f�Hc k'f�S

� >� j� j% _e� |o@|�J
5 31<;58 3135;3 315<37 0315957 031<36;
6 31<;4< 3136<3 316448 0315:58 031;865
7 31<<47 313893 315;34 0315574 0318594
8 413367 313:;3 31:;54 031:374 0419638
Qrwhv = 8333 revhuydwlrqv r i wkh vlpxodwhg vhulh v duh xvhg wr fdofx odwh wkh prphqwv ri LPUV1

Wdeoh 43 =Uhvxowv ri whvwv ri wkh yrodwlolw| erxqg uhvwulfwlrqv1q'�c B'f�2c w'f�Hc k'f�.

� >� j� j% _e� |o@|�J
418 31<;9: 313773 314<:7 0314867 04175;5
5 31<<43 313873 3159:5 0315465 0318456
Qrwhv = 8333 revhuydwlrqv r i wkh vlpxodwhg vhulh v duh xvhg wr fdofx odwh wkh prphqwv ri LPUV1
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