
Devwudfw

Lq wklv zrun/ zh zloo irfxv rq wkh Jleev vdpsohu dqg zh zloo suhvhqw krz wr frpelqh

wkh lpsruwdqw vdpsolqj zlwklq wkh Jleev vdpsolqj/ hpsor|lqj dq dxjphqwlqj ixqfwlrq wr

prgli| wkh wdujhw glvwulexwlrq ri wkh vdpsohu1 Wkh doprvw vxuh frqyhujhqfh ri wkh hvwlpdwhv

xqghu wkh qhz phdvxuh zloo eh suryhg dqg lw zloo eh vkrzq wkdw zlwk uhvshfw wr qhz phdvxuh

wkh yduldqfh ri wkh prqwh fduor lqwhjudwlrq fdq eh uhgxfhg1 Pruh lqwhuhvwlqjo| wkh fkdqjh

ri phdvxuh zloo lqgxfh d prgl�fdwlrq ri wkh Pdunry fkdlq dqg iru d surshu fkrlfh ri wkh

lpsruwdqw vdpsolqj ixqfwlrq wkh qhz fkdlq zloo vkrz ehwwhu pl{lqj surshuwlhv wkdq wkh

ruljlqdo rqh1 Doo wkhvh zloo eh dssolhg wr wzr fdvhv ri lqwhuhvw/ wkh �uvw lv wkh vprrwklqj ri

wkh xqrevhuydeoh frqglwlrqdo yrodwlolw| lq d vwrfkdvwlf yrodwlolw| prgho dqg wkh vhfrqg lv wkh

vprrwklqj ri wkh xqrevhuydeoh vwdwh lq d vzlwfklqj vwdwh vsdfh prgho1
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41 Lqwurgxfwlrq

Wkh xvh ri vlpxodwlrq phwkrgv lv ehfrplqj zlgho| dssolhg lq hfrqrphwulfv dqg �qdqfh lq uhfhqw

|hduv1 Dprqj wkh ydulhw| ri phwkrgv sursrvhg/ Pdunry fkdlq prqwh fduor dqg/ lq sduwlfxodu/

Jleev vdpsolqj suryhg wr eh wkh prvw lqwhuhvwlqj dqg srzhuixo rqh1

Pdunry fkdlq prqwh fduor4 lv hvvhqwldoo| prqwh fduor lqwhjudwlrq xvlqj Pdunry fkdlq1 Ed|hvldqv

dqg dovr iuhtxhqwlvwv qhhg wr lqwhjudwh kljk glphqvlrqdo suredelolw| glvwulexwlrqv wr pdnh lq0

ihuhqfh derxw sdudphwhuv ri wkh prgho ru wr pdnh suhglfwlrq ru wr �owhu yduldeohv ri lqwhuhvw1

Lq sduwlfxodu/ Ed|hvldqv qhhg wr lqwhjudwh ryhu wkh srvwhulru glvwulexwlrq ri wkh prgho sdudp0

hwhuv dqg fodvvlfv pd| qhhg wr lqwhjudwh rxw xqrevhuydeoh yduldeohv lq wkh frpsxwdwlrq ri wkh

olnholkrrg1

Prqwh fduor phwkrgv ri lqwhjudwlrq uhod| xsrq vdpsohv iurp wkh remhfwlyh glvwulexwlrq wr

dyhudjh ryhu1 Pdunry fkdlq prqwh fduor gudzv wkrvh vdpsohv e| uxqqlqj d surshuo| frqvwuxfwhg

Pdunry fkdlq zklfk kdv wkh glvwulexwlrq wr vdpsoh iurp dv wkh lqyduldqw glvwulexwlrq1

Lqlwldoo|/ Pdunry fkdlq zdv h{wuhpho| dwwudfwlyh lq Ed|hvldq lqihuhqfh vlqfh wkdw prvw sure0

ohpv ri lqwhuhvw lq wkdw iudphzrun fdq eh vroyhg e| surshuo| vlpxodwlqj wkh srvwhulru glvwulexwlrq/

dqg wkh PFPF suryhg wr eh d srzhuixo wrro lq grlqj lw1

Odwho|/ qr Ed|hvldq dssolfdwlrq ri prqwh fduor Pdunry fkdlq phwkrgv duh ehfrplqj lqfuhdvo|

srsxodu> lq wkh jhqhudolw| ri fdvhv wkh| duh edvhg rq wkh srvvlelolw| ri xvlqj PFPF wr fdofxodwh

suredelolwlhv ru h{shfwdwlrqv zklfk rwkhuzlvh fdqqrw eh frpsxwhg dqdo|wlfdoo|1 Dssolfdwlrqv

ri wkrvh whfkqltxhv kdyh ehhq suhvhqwhg lq wkh olwhudwxuh wr olnholkrrg pd{lpl}dwlrq/ e| Jh|hu

dqg Wkrpsvrq +4<<5,/ wr vlpxodwhg HP/ e| Vkhsdug +4<<7,/ dqg wr �owudwlrq lq qrqolqhdu vwdwh

vsdfh prghov/ e| Fduwhu dqg Nrkq +4<<7, dqg Ghmrqj dqg Vkhsdug +4<<8,> d pxfk orqjhu olvw

fdq eh irxqg lq Jh|hu +4<<9,1

Lq pdq| ri wkh lqglfdwhg dssolfdwlrqv vwudljkw phwkrgv/ lq sduwlfxodu Jleev vdpsolqj/ zrun

vxusulvlqj zhoo/ krzhyhu/ dv wkh frpsoh{lw| ri wkh dssolfdwlrqv lqfuhdvhv wkh shuirupdqfh lq whup

ri vshhg dqg dffxudf| ri wkrvh phwkrgv lv olnho| wr eh d�hfwhg1

Lq idfw wkh suhvhqfh ri srru pl{lqj ri wkh fkdlq zklfk jhqhudwhv wkh vdpsohv/ fdq eh dq

h{wud vrxufh wr dgg rq wrs ri rwkhu vrxufhv ri srru shuirupdqfh ri prqwh fduor lqwhjudwlrq lq

4Pdunry Fkldq Prqwh Fduor zloo vrphwlphv eh uhihuhg dv PFPF/ khuh rq1
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wkh frpsxwdwlrq ri h{shfwdwlrq dqg suredelolwlhv1 D odujh olwhudwxuh kdv ghyhorshg uh�qlqj dqg

lpsurylqj wkh shuirupdqfh ri prqwh fduor lqwhjudwlrq wkurxjk yduldqfh uhgxfwlrq whfkqltxh dqg

lq sduwlfxodu wkurxjk lpsruwdqw vdpsolqj phwkrgv1 Krzhyhu wkh xvh ri wkh uhdol}dwlrqv iurp

d PFPF fkdlq wr shuirup prqwh fduor lqwhjudwlrq dggv wkh sureohp ri krz wr h{whqg wkrvh

whfkqltxhv wr wklv qhz iudphzrun dqg krz wkh sureohp ri wkh ghshqghqfh ri wkh uhdol}dwlrqv

lqgxfhg e| wkh fkdlq fdq d�hfw wkh uhvxow ri wkh frpsxwdwlrq1

Lq wklv zrun/ zh zloo irfxv rq wkh Jleev vdpsohu dqg zh zloo suhvhqw krz wr frpelqh wkh

lpsruwdqw vdpsolqj zlwklq wkh Jleev vdpsolqj/ hpsor|lqj dq dxjphqwlqj ixqfwlrq wr prgli|

wkh wdujhw glvwulexwlrq ri wkh vdpsohu1 Vlplodu wr wkh uhvxowv ri Jhzhnh +4<;<, lq wkh fdvh ri

lqghshqghqw prqwh fduor/ wkh doprvw vxuh frqyhujhqfh ri wkh hvwlpdwhv xqghu wkh qhz phdvxuh

zloo eh suryhg dqg lw zloo eh vkrzq wkdw zlwk uhvshfw wr qhz phdvxuh wkh yduldqfh ri wkh

prqwh fduor lqwhjudwlrq fdq eh uhgxfhg1 Pruh lqwhuhvwlqjo| wkh fkdqjh ri phdvxuh zloo lqgxfh

d prgl�fdwlrq ri wkh Pdunry fkdlq dqg iru d surshu fkrlfh ri wkh lpsruwdqw vdpsolqj ixqfwlrq

wkh qhz fkdlq zloo vkrz ehwwhu pl{lqj surshuwlhv wkdq wkh ruljlqdo rqh1 Zh zloo vshfldol}h wklv

wr wkh fdvh ri wkh gdwd dxjphqwdwlrq vkrzlqj wkdw wkh fkdlq fdq eh prgl�hg wr rewdlq rqh

lqghshqghqw lq lwv hohphqwv dqg wkh surshuw| ri uhyhuvdelolw| ri wkh gdwd dxjphqwdwlrq gholyhuv

d fulwhuld iru fkrrvlqj dprqj dxjphqwlqj ixqfwlrqv1

Doo wkhvh zloo eh dssolhg wr wzr fdvhv ri lqwhuhvw1 Iluvw lv wkh vprrwklqj ri wkh xqghuo|lqj

frqglwlrqdo yduldqfh lq d vwrfkdvwlf yrodwlolw| prgho> vwrfkdvwlf yrodwlolw| prghov dulvh qdwxudoo|

dv glvfuhwh dssur{lpdwlrq ri ydulrxv gl�xvlrq surfhvvhv lq wkh frqwlqxrxv dvvhw sulflqj olwhudwxuh

dqg uhfhqwo| wklv prgho kdv ehfrph d qdwxudo edwwohjurxqg iru wkh dssolfdwlrq ri gl�huhqw

PFPF whfkqltxhv gxh wr wkh lqwudfwdelolw| ri wkh olnholkrrg1 Vhfrqg lv wkh vprrwklqj ri wkh

xqrevhuydeoh vwdwh lq d vzlwfklqj vwdwh vsdfh prgho1

Wkh zrun lv rujdql}hg dv iroorzv1 Lq vhfwlrq 5 dqg 6 wkh lghdv ri prqwh fduor lqwhjudwlrq/

lpsruwdqw vdpsolqj dqg Jleev vdpsolqj duh lqwurgxfhg1 Vhfwlrq 7 lqwurgxfhv wkh lghd ri wkh

fkdqjh ri phdvxuh wkurxjk d vlpsoh h{dpsoh1 Vhfwlrq 8 suhvhqwv lq ghwdlov krz wr shuirup wkh

fkdqjh ri phdvxuh dqg vhfwlrq 9 vshfldol}hv lw wr wkh gdwd dxjphqwdwlrq1 Ilqdoo| lq vhfwlrq :

wkh surshuwlhv ri wkh phwkrgrorj| duh lqyhvwljdwhg e| phdqv ri wzr dssolfdwlrqv1
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51 Prqwh fduor lqwhjudwlrq dqg lpsruwdqw vdpsolqj

Lq pdq| hfrqrphwulfv sureohp/ lw lv qrw xqfrpprq wr zrun lq suhvhqfh ri odwhqw idfwruv +ru

plvvlqj revhuydwlrqv, zklfk kdyh wr eh lqwhjudwhg rxw lq wkh mrlqw glvwulexwlrq ri wkh revhuydeoh

dqg xqrevhuydeoh yduldeohv1 Lq wkh jhqhudolw| ri fdvhv/ wklv vwhs ri pdujlqdol}dwlrq uholhv xsrq

qxphulfdo lqwhjudwlrq ri wkh mrlqw ghqvlw|/ jlyhq wkh glphqvlrq dqg wkh dqdo|wlfdo lqwudfwdelolw| ri

wkrvh lqwhjudov1 Dprqj wkh ydulrxv phwkrgv/ wkh prqwh fduor lqwhjudwlrq kdv ehhq lqfuhdvlqjo|

xvhg iru lwv vlpsolflw| dqg iru lwv dffxudf| frpsduhg zlwk ghwhuplqlvwlf phwkrgv ri lqwhjudwlrq lq

wkh fdvh ri odujh glphqvlrqdo lqwhjudo/ dv riwhq rffxuv lq hfrqrplf prgho zkhq wkh xqrevhuydeoh

yduldeohv kdyh g|qdplf +Jhzhnh/ 4<<8,1

Wkh suhflvlrq ri wkh prqwh fduor phwkrgv ri lqwhjudwlrq ghshqgv xsrq wkh fkrlfh ri wkh

surshu zhljkwlqj ixqfwlrq/ xvhg wr vhohfw dqg zhljkw wkh srlqwv dw zklfk wkh ixqfwlrq ri lqwhuhvw

kdv wr eh hydoxdwhg1 Wkh zhljkwlqj ixqfwlrq lv fdoohg wkh lpsruwdqw vdpsolqj ghqvlw|/ d whup

gxh wr Kdpphuvo| dqg Kdqgvfrpe +4<97,1 Wkh qhfhvvlw| ri d surshu fkrlfh ri wkh lpsruwdqw

vdpsolqj ixqfwlrq ghulyhv iurp wkh idfw wkdw wkh qdwxudo lpsruwdqw vdpsolqj/ jlyhq gluhfwo| e|

wkh vshfl�fdwlrq ri wkh sureohp/ fdq eh kljko| lqh!flhqw lq whup ri yduldqfh ri wkh qxphulfdo

hydoxdwlrq ri wkh lqwhjudo ri lqwhuhvw1

Vxssrvh wkdw zh duh wu|lqj wr hydoxdwh wkh iroorzlqj lqwhjudo

L @

]
j +{, s +{, g{ +514,

zkhuh s +{, lv wkh suredelolw| ghqvlw| ri {= Xvlqj d euxwh irufh dssurdfk/ ohw i{�j��'� eh dq l=l=g=

vdpsoh iurp wkh sgi s +{, > wkhq wkh prqwh fduor hvwlpdwru ri L lv

hL @
4

Q

�[
�'�

j +{�, +515,

dqg e| d VOOQ lw zloo frqyhujh doprvw vxuho| wr L li vrph uhjxodulw| frqglwlrqv duh vdwlv�hg1

Wkh dv|pswrwlf yduldqfh ri wkh hvwlpdwru
s
Q
�hL � L

�
lv jlyhq e|

]
^j +{,� L`2 s +{, g{> +516,

lq prvw fdvhv wkh ydoxh ri +516, fdq eh vl}deoh1
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D zd| ri uhgxflqj wkh yduldqfh ri wkh prqwh fduor lqwhjudo lv wr surshuo| gh�qh d fkdqjh ri

phdvxuh wkurxjk dq lpsruwdqw vdpsolqj ixqfwlrq z +{, vxfk wkdw

L @

]
j +{,

s +{,

z +{,
z +{, g{ +517,

dqg wkh lpsruwdqw vdpsolqj hvwlpdwru ri wkh lqwhjudo lv jlyhq e|

eL @
4

Q

�[
�'�

j +{�,
s +{�,

z +{�,
+518,

zkhuh i{�j eh dq l=l=g= vdpsoh iurp wkh ghqvlw| z +{, = eL lv dq xqeldvhg hvwlpdwru ri L dqg lw zloo
frqyhujh wr lw e| d VOOQ uhvxow1 Wkh dv|pswrwlf yduldqfh ri wkh lpsruwdqw vdpsolqj hvwlpdwru

ri L lv ] �
j +{,

s +{,

z +{,
� L

�2
z +{, g{= +519,

Wkh lpsruwdqw vdpsolqj vfkhph kdv wzr dgydqwdjhv= �uvw lw fdq eh khosixo lq fdvhv lq zklfk

wkhuh duh qr vlpsoh phwkrgv iru frqvwuxfwlqj gudzv iurp wkh glvwulexwlrq s dqg/ pruh uhohydqw/

lw lv srvvleoh wkdw d surshu fkrlfh ri wkh zhljkw ixqfwlrq z zloo lqgxfh d uhgxfwlrq lq wkh yduldqfh

ri wkh hvwlpdwru ri wkh lqwhjudo/ l1h1 +519, lv vpdoohu wkdq +516,1

Wkh surshu fkrlfh ri wkh zhljkw ixqfwlrq lv dq rshq txhvwlrq zklfk kdv wr eh hydoxdwhg rq d

fdvh e| fdvh edvhv1 Jhzhnh +4<;<, srlqwhg rxw wkdw xqghu d vhw ri uhjxodulw| frqglwlrqv wkh lp0

sruwdqw vdpsolqj ghqvlw| zklfk plqlpl}hv +519, kdv nhuqho ghqvlw| htxdo +l1h1 lw lv sursruwlrqdo,

wr mj +{,� Lm s +{,1 Iurp wklv �qglqj/ kh ghulyhv wkh frpprq uxoh ri wkxpe zklfk vxjjhvwv wkdw

wkh lpsruwdqw vdpsolqj ixqfwlrq vkrxog kdyh wklfnhu wdlov wkhq wkh ruljlqdo ghqvlw| lwvhoi1

Vrphwlphv wkh lqghshqghqw prqwh fduor phwkrg/ mxvw ghvfulehg/ fdqqrw eh lpsohphqwhg

hlwkhu iru wkh gl!fxowlhv lq �qglqj dq lpsruwdqw vdpsolqj ixqfwlrq z zlwk vdwlvidfwru| surshuwlhv

ru iru wkh lqfrpsohwh nqrzohgjh ri wkh irup ri wkh ghqvlw| s> lq wkrvh fdvhv d jhqhudol}dwlrq ri

wkh lqghshqghqw prqwh fduor/ wkdw kdv ehfrph nqrzq dv Pdunry fkdlq prqwh fduor/ fdq eh dq

xvhixo dowhuqdwlyh1

61 Wkh Jleev Vdpsohu

Pdunry fkdlq prqwh fduor phwkrgv duh vlpxodwlrq whfkqltxhv wkdw jhqhudwh d vdpsoh iurp d

wdujhw glvwulexwlrq wkurxjk wkh vshfl�fdwlrq ri d wudqvlwlrq nhuqho ri d Pdunry surfhvv zklfk
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kdv dv lqyduldqw glvwulexwlrq wkh wdujhw glvwulexwlrq lwvhoi51

Pdunry fkdlq prqwh fduor phwkrgv kdyh dq klvwru| lq pdwkhpdwlfdo sk|vlfv gdwlqj edfn

wr wkh dojrulwkp ri Phwursrolv hw do1 +4<86,1 Vxfk dojrulwkp lv qrz nqrzq zlwk wkh qdph

ri Phwursrolv0Kdvwlqjv dojrulwkp1 Lw doorzv wr vlpxodwh frpsoh{/ qrqvwdqgdug pxowlyduldwh

glvwulexwlrqv dqg lw grhv qrw uhtxluh wkh nqrzohgjh ri wkh qrupdol}lqj frqvwdqw ri wkh ghqvlw|

lwvhoi1 Lq wkh Phwursrolv dojrulwkp wkh fkdlq lv frqvwuxfwhg vr wkdw wkh iroorzlqj ydoxh ri wkh

fkdlq lv jhqhudwhg iurp d *sursrvdo* ghqvlw| +fdoohg dx{loldu| ghqvlw|, dqg wkhq dffhswhg ru

uhmhfwhg dffruglqj wr wkh ydoxh ri wkh wdujhw ghqvlw| dw wkh qhz ydoxh uhvshfw zlwk wkh suhvhqw

rqh1

D sduwlfxodu yhuvlrq ri Phwursrolv0Kdvwlqjv dojrulwkp6/ ruljlqdoo| vxlwhg iru lpdjh uhfrq0

vwuxfwlrq/ zdv sursrvhg e| Jhpdq dqg Jhpdq +4<;7,1 Wklv dojrulwkp/ nqrzq dv Jleev vdp0

sohu/ doorzv wr gudz d udqgrp yhfwru iurp wkh mrlqw glvwulexwlrq zlwkrxw lwv ixoo nqrzohgjh exw

nqrzlqj rqo| wkh vhtxhqfh ri ixoo frqglwlrqdo glvwulexwlrqv1 Wkh vxevhtxhqw hohphqwv ri wkh

Pdunry fkdlq duh rewdlqhg e| vdpsolqj hohphqwv ri wkh udqgrp yhfwru rqh dw wkh wlph iurp

wkh ixoo frqglwlrqdo glvwulexwlrqv1 Wklv phwkrg suryhg wr eh ri juhdw srwhqwldolw| lq Ed|hvldq

vwdwlvwlfv dqg odwho| lw suryhg wr eh yhu| vxffhvvixo lq wkh wuhdwphqw ri odwhqw dqg xqrevhuydeoh

yduldeohv lq wkh fodvvlfdo iudphzrun1 Ehlqj wkh irfxv ri wkh zrun/ wkh frqvwuxfwlrq ri wkh Jleev

dojrulwkp zloo eh ghvfulehg pruh fduhixoo|1

Frqvlghu d udqgrp yhfwru/ { 5 ?6> zlwk ghqvlw| s+{, dqg frqvlghu d eorfnlqj vfkhph ri wkh

yhfwru +{E��> ===> {E&�, vxfk wkdw {E�� @ +{��> ===> {�6E��, dqg
S
p+l, @ p= Wkh remhfw lv wr pdnh d

gudz ri { iurp s+{, exw wkh ixqfwlrq lv qrw nqrzq ru lw lv xqihdvleoh wr gudz irup lw1 Lqvwhdg

wkh frqglwlrqdo glvwulexwlrq ri wkh l eorfn uhvshfw wr wkh uhvw ri wkh yduldeohv/ s+{E��m{E3��,> lv
dydlodeoh dqg lw lv hdv| wr kdqgoh1

Wkh vdpsohu zrunv lq d vhtxhqwldo zd| dv iroorzv7=

4, Vshfli| d vwduwlqj ydoxh {f ri wkh fkdlq dqg vhw {� @ {f dqg l @ 4>

5D frpsuhkhqvlyh uhihuhqfh iru PFPF phwkrgv lv lq Jlonv/ Ulfkdugvrq dqg Vslhjhokdowhu +4<<9,1
6 Lw lv srvvleoh wr vkrz wkdw wkh Jleev vdpsohu fdq eh lqwhusuhwhg dv d vshfldo fdvh ri wkh Phwursrolv0Kdvwlqjv

dojrulwkp1
7Xqghu0vfruhv zloo phdq eorfnv ri wkh udqgrp yhfwru/ zkloh xsshu0vfruhv zloo lqglfdwh lwhudwlrqv ri wkh vdpsohu1
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5,

gudz {�n�
E�� iurp s+{�n�

E�� m{�E�� +m A 4,,>

===

gudz {�n�
E�� iurp s+{�n�

E�� m{�n�
E�� +m ? l, > {�E�� +m A l,,>

===

gudz {�n�
E&� iurp s+{�n�

E&� m{�n�
E�� +m ? n,,>

6, vhw l @ l. 4 dqg {� @ {�n� dqg jrwr vwhs 51

Wkh lwhudwlrq ri wklv dojrulwkp wkxv surylghv d Pdunry fkdlq zkrvh wudqvlwlrq suredelolw|

iurp { wr h{ lv jlyhq e|

NC7 +{> h{, @ &\
�'�

s+h{E��mh{E�� +m ? l, > {E�� +m A l,,= +614,

Lw lv hdv| wr vhh wkdw li {f lv gudzq iurp s+{, wkhq dovr {� iru l A 3 lv d gudz iurp s+{,= Li

lqvwhdg {f lv qrw d gudz iurp s+{, wkhq/ dv l$4> dqg li vrph uhjxodulw| frqglwlrqv duh vdwlv�hg

wkh glvwulexwlrq ri {� frqyhujhv wr s=

Pruh suhflvho|/ s lv dq lqyduldqw glvwulexwlrq wr wkh fkdlq jhqhudwhg e| wkh wudqvlwlrq nhuqho

NC7 dqg li wkh wudqvlwlrq nhuqho lv dovr s0luuhgxflelolw| dqg dshulrglf +Wlhuqh| 4<<7/ Urehuwv

dqg Vplwk 4<<7, wkhq iru doprvw hyhu| lqlwldo frqglwlrqv {f wkh frqglwlrqdo glvwulexwlrq s+{�m{f,
frqyhujhv wr wkh s lq wkh vhqvh ri wkh wrwdo yduldwlrq qrup8 dqg s lv wkh xqltxh lqyduldqw

glvwulexwlrq1 Urehuwv dqg Vplwk +4<<7, surylgh pruh sulplwlyh frqglwlrqv rq s zklfk dvvxuh

wkh uhvxow> uhfhqwo| Dwkuh|d/ Grvv dqg Vhwkxudpdq +4<<9, kdyh zhdnhqhg wkrvh frqglwlrqv dqg

suryhg wkdw wkh suredelolw| phdvxuh zlwk uhvshfw wr zklfk wkh luuhgxflelolw| qhhgv wr krog/ lv

qrw uhvwulfwhg wr eh wkh lqyduldqw phdvxuh lwvhoi> wklv lv xvhixo lq wkh fdvh lq zklfk wkhuh lv qr

nqrzohgjh ri wkh ixqfwlrqdo irup ri s1

Vr/ wkh lqwhuhvwlqj dqg xvhixo sduw ri wkh Jleev vdpsohu vfkhph lv wkdw zh gr qrw qhhg wr

nqrz s exw lw lv hqrxjk wkdw zh duh deoh wr frqvwuxfw d eorfnlqj vfkhph dqg d vhtxhqfh ri

frqglwlrqdo glvwulexwlrqv iurp zklfk zh fdq pdnh wkh gudzv lq vhtxhqfh1 Diwhu d vx!flhqw orqj

8Gh�qlwlrq ri luuhgxflelolw|/ dshulglflw| duh jlyhq lq dsshqgl{ 4> d jrrg uhihuhqfh rq wkh wrslfv lv Qxppholq

+4<;7,1

;



shulrg ri zduplqj xs zklfk lv ixqfwlrq ri wkh ghjuhh ri ghshqghqfh wkh eorfnv/ wkh fkdlq zloo

frqyhujh wr lwv lqyduldqw glvwulexwlrq1

Lq rshudwlqj wkh Jleev vdpsohu wkuhh dvshfwv ri lwv lpsohphqwdwlrq duh fuxfldo= wkh eorfnlqj

vfkhph/ wkh qxpehu ri vlpxodwlrq sdwkv dqg wkh ohqjwk ri wkh vlpxodwlrq sdwk1

Iluvw/ wkh fkrlfh ri wkh eorfnlqj vfkhph lv lq sduw frqvwudlqhg e| wkh nqrzohgjh ri wkh

frqglwlrqdo glvwulexwlrqv/ exw d surshu fkrlfh ri wkh eorfnlqj fdq eh fuxfldo iru wkh shuirupdqfh

ri wkh vdpsohu> lq idfw li vrph frpsrqhqwv ri wkh udqgrp yhfwru duh kljko| ghshqghqw/ jurxslqj

wkhp wrjhwkhu fdq lqfuhdvh wkh vshhg ri frqyhujhqfh dqg uhgxfh wkh ghshqghqfh ri wkh Pdunry

fkdlq lwvhoi +Oxl/ Zrqj dqg Nrqj/ 4<<7,1

Vhfrqg nh| idfwru lv wkh fkrlfh ehwzhhq vlqjoh ru pxowlsoh vlpxodwlrq sdwkv/ jlyhq wkdw lw lv

srvvleoh wr xvh d xqltxh orqj vlpxodwlrq ru wr uhvwduw wkh fkdlq iurp gl�huhqw lqlwldo frqglwlrqv1

Wkh pxowlsoh sdwkv duh pruh fxpehuvrph wr shuirup/ rq wkh rwkhu kdqg wkh uhdol}dwlrqv ri d

vlqjoh sdwk vlpxodwlrq fdq vkrz ghshqghqfh/ zkloh wklv lv qrw wkh fdvh iru uhdol}dwlrq frplqj

iurp gl�huhqw sdwkv li wkh lqlwldo frqglwlrqv duh fkrvhq lq dq lqghshqghqw pdqqhu1

Ilqdoo|/ erwk lq wkh vlqjoh dqg wkh pxowlsoh sdwkv vdpsohu wkhuh lv wkh sureohp ri fkrrvlqj

wkh ohqjwk ri wkh vlpxodwlrq dqg ghwhuplqlqj krz orqj wkh zduplqj0xs skdvh kdv wr eh/ ehiruh lw

lv srvvleoh wr frqvlghu wkdw wkh vdpsohu kdv uhdfkhg lwv lqyduldqw glvwulexwlrq1 Wkh ohqjwk ri wkh

vlpxodwlrq uhodwhv wr wkh ghjuhh ri suhflvlrq ghvluhg lq wkh frpsxwdwlrq ri wkh remhfw ri lqwhuhvw/

zkloh wkh ohqjwk ri wkh zduplqj0xs lv uhodwhg wr wkh ghshqghqfh rq wkh lqlwldo frqglwlrq1

Lq wklv zrun/ wkh vdpsohuv duh uxq lq d vlqjoh sdwk zd|/ jlyhq wkdw wklv lv frpprq sudfwlfh lq

wkh olwhudwxuh dqg wkh sureohp ri ghshqghqfh ri wkh fkdlq lv uhohydqw lq erwk zd|v ri vdpsolqj=

lq rqh fdvh/ lq whup ri odvwlqj ri wkh lqlwldo frqglwlrq dqg lq wkh rwkhu lq whup ri yduldqfh ri wkh

hvwlpdwhv1

Djdlq/ wkh Jleev vdpsohu jlyhv wkh srvvlelolw| ri vroylqj vlwxdwlrq lq zklfk zh qhhg wr pdnh

gudzv iurp d glvwulexwlrq ri zklfk zh kdyh olplwhg nqrzohgjh ru lw lv gl!fxow wr kdqgoh/ exw

zkrvh frqglwlrqdo glvwulexwlrqv duh hdv| wr zrun zlwk1 Wkh idfw wkdw zh fdq vlpxodwh iurp s/

grhv qrw phdq wkdw zh fdq pdnh dq h!flhqw gudz iurp wkh wdujhw glvwulexwlrq/ wklv frqvlghudwlrq

rshqv wkh zd| wr wkh frpelqdwlrq ri lpsruwdqw vdpsolqj dqg Jleev vdpsolqj1

<



71 D vlpsoh h{dpsoh

Wkh frpelqdwlrq ri Jleev vdpsolqj dqg prqwh fduor lqwhjudwlrq kdv suryhg wr eh d qhz h{0

wuhpho| vxffhvvixo wrro sduwlfxoduo| lq suhvhqfh ri udslg lpsuryhphqw ri frpsxwhu shuirupdqfh1

Krzhyhu wkh xvh ri uhdol}dwlrq ri wkh vdpsohu wr suhirup lqwhjudwlrq lqgxfhv wr vhh krz wkh

xvxdo yduldqfh uhgxfwlrq whfkqltxhv fdq eh h{whqghg wr wklv vhwwlqj dqg krz wkh ghshqghqfh ri

wkh uhdol}dwlrqv ri wkh fkdlq fdq d�hfw wkh suhflvlrq ri wkh frpsxwhg lqwhjudo1

Rxu dlp lv wr vkrz krz wkh lpsruwdqw vdpsolqj fdq eh frpelqhg zlwk wkh Jleev vdpsohu

wr gh�qh d fkdqjh ri phdvxuh wkdw lpsuryhv wkh ryhudoo shuirupdqfh ri wkh dojrulwkp lq ydulrxv

uhvshfwv1

Iluvw/ d surshu fkrlfh ri wkh lpsruwdqw vdpsolqj ixqfwlrq frxog eh xvhg wr uhgxfh wkh yduldqfh

ri wkh prqwh fduor lqwhjudwlrq iru zklfk wkh Jleev vdpsohu gudzv duh pdgh1

Vhfrqg/ wkh lpsruwdqw vdpsolqj ixqfwlrq fdq eh frqvwuxfwhg lq vxfk d zd| wkdw wkh qhz

Pdunry fkdlq xqghu wkh qhz phdvxuh vkrzv orzhu ghshqghqfh zlwk uhvshfw wr wkh ruljlqdo

vwuxfwxuh vr doorzlqj d idvwhu pl{lqj ri wkh fkdlq wr lwv lqyduldqw glvwulexwlrq1

Ilqdoo|/ wkh prgl�fdwlrq ri wkh Jleev vdpsohu fkdlq fdq hdvh wkh mre ri uxqqlqj wkh vdpsohu

lwvhoi li wkh frqglwlrqdo glvwulexwlrq ri wkh prgl�hg prgho duh ohvv fxpehuvrph1

Wr frqyr| wkh lghd ri wkh phwkrg sursrvhg/ d vlpso| dqg dqdo|wlfdoo| iulhqgo| h{dpsoh lv

zrunhg rxw1 Frqvlghu d olqhdu uhjuhvvlrq prgho

|� @ �. �{� . %�> %� � QLG+3> �2,

zkhuh �2 lv dvvxphg nqrzq dqg d vdpsoh i|�> {�jA�'� lv jlyhq1 Wkh dlp lv wr frpsxwh wkh

srvwhulru h{shfwdwlrq ri � jlyhq wkh vdpsoh1 Lw lv dvvxphg d  dw sulru rq wkh sdudphwhuv1 Wkh

sureohp uhgxfhv wr wkh frpsxwdwlrq ri] ]
� s+�> �m|> {,g�g� +714,

zkhuh s+�> �m|> {, lv wkh mrlq srvwhulru ri wkh sdudphwhuv/ zklfk lv nqrzq wr eh qrupdo lq wklv

fdvh1

Dvvxph wkdw zh mxvw ohduqhg Jleev vdpsohu dqg zh zdqw wr xvh lw lq shuiruplqj wkh h{huflvh/

hyhq li pxfk hdvlhu dowhuqdwlyhv duh dydlodeoh1 Wkh fkdlq lv frqvwuxfwhg e| vdpsolqj wkh wzr
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sdudphwhuv vhtxhqwldoo| iurp s+�m�> |> {, dqg s+�m�> |> {, dqg wkh uhdol}dwlrqv ri � duh dyhudjhg/

dv

h� @
4

Q

�[
�'�

��=

Wkh vlpsolflw| ri wkh h{dpsoh doorzv wr zrun rxw wkh yduldqfh ri wkh hvwlpdwru1 Wkh ghshq0

ghqfh lq wkh fkdlq lv gulyhq e| wkh srvwhulru fruuhodwlrq ehwzhhq � dqg � lq wkh fkdlq zklfk

lv

�kq @ � {�S
%2�
A

� �
2

zkhuh { lv wkh vdpsoh phdq ri { dqg lw lv hdv| wr vhh/ xvlqj wkh uhvxowv ri Olx/ Zrqj dqg Nrqj

+4<<7,/ wkdw wkh fruuhodwlrq ehwzhhq uhdol}dwlrq ri � dw glvwdqfh � lq wkh fkdlq lv �2�kq= Vr lw

iroorzv wkdw wkh dv|pswrwlf yduldqfh ri
s
Q+h� � �, lv jlyhq e|

Y +h�, @
"[

�'3"
�q +�, @ �2q

#
4 . 5

"[
�'�

�2�kq

$
+715,

@ �2q

#
4 . �2kq
4� �2kq

$
=

zkhuh �2q lv wkh frqwhpsrudqhrxv yduldqfh ri �91

Fohduo|/ kljk srvwhulru fruuhodwlrq ri wkh sdudphwhuv lqgxfhv d odujh yduldqfh ri wkh hvwlpdwhv

dqg d odujh srvwhulru fruuhodwlrq lv ixqfwlrq ri wkh udwlr ri wkh phdq ri { zlwk uhvshfw wr lwv

vhfrqg prphqw1 Qrwh krz wkh sureohp ri vorz pl{lqj fdq rffxu lq wkh vlpsohvw ri wkh vwdwlvwlfdo

prgho1 Wkh mxvw ohduqhg vwudwhj| ri Jleev vdpsolqj grhv qrw suryh wr eh vxffhvvixo lq wkh fdvh

lq zklfk wkhuh lv kljk ghshqghqfh dprqj wkh hohphqwv ri wkh fkdlq1 Dq lghd wr lpsuryh wkh

shuirupdqfh zrxog eh wr gh�qh d fkdqjh ri phdvxuh vxfk wkdw xqghu wkh qhz phdvxuh wkh fkdlq

vkrzv orzhu ghshqghqfh1

Lq idfw lw fdq eh srvvleoh wr prgli| +714, dv

9Qrwh wkdw wkh forvh irup ri wkh yduldqfh ri wkh hvwlpdwhv ghulyhv e| wkh uhyhuvdelolw| surshuw| ri wkh Jleev

vdpsohu lq wkh fdvh lq zklfk wkhuh duh rqo| wzr eorfnv lq wkh fkdlq1 Wklv surshuw| lv qrw suhvhqw li wkh qxpehu

ri eorfn lv juhdwhu wkdq wzr1 D wudqvlwlrq nhuqho gE%c +� zlwk lqyduldqw glvwulexwlrq Z lv uhyhuvleoh li gE%c +� '

gE+c %��
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] ]
� s+�> �m|> {,g�g� @

] ]
�

i+�> �m|> {,i+�> �m|> {,s+�> �m|> {,g�g� +716,

zkhuh i+�> �m|> {, lv d surshu ixqfwlrq ri �> � vxfk wkdw i � s lv vwloo d nhuqho ghqvlw|1 Vr xqghu
wkh prgl�hg phdvxuh/ wkh qhz ghqvlw| zloo eh sursruwlrqdo wr i � s dqg wkh ixqfwlrq ri lqwhuhvw

zloo eh q
s =

Ehiruh jrlqj rq zlwk wkh h{dpsoh/ lw lv wkh fdvh wr qrwh wkh gl�huhqfh ehwzhhq zkdw mxvw

sursrvhg dqg wkh xvxdo lpsruwdqw vdpsolqj lqwurgxfhg lq vhfwlrq +5,1 Lq wkdw fdvh/ zh kdyh

d ixoo nqrzohgjh ri wkh s ixqfwlrq dqg zh gh�qh d ghqvlw| z vxfk wkdw zh gudz iurp lw dqg

zhljkw wkh uhdol}dwlrq e| wkh udwlr ri wkh ruljlqdo ghqvlw| dqg z1 Khuh lqvwhdg zh xvh d ixqfwlrq

i wr dxjphqw wkh ruljlqdo glvwulexwlrq vr wkdw wkh qhz ghqvlw| lv gh�qhg dv sursruwlrqdo wr wkh

surgxfw ri wkh ruljlqdo rqh dqg wkh dxjphqwlqj rqh1 Lw zloo eh vkrzq lq wkh iroorzlqj vhfwlrq

krz wr gudz iurp wklv qhz ghqvlw|1

Jrlqj edfn wr wkh sureohp/ lw lv srvvleoh wr �qg d ixqfwlrq i vxfk wkdw wkh qhz fkdlq zklfk

kdv dv lqyduldqw glvwulexwlrq i � s kdv d orzhu ghshqghqfh ri wkh ruljlqdo rqh dqg vxfk wkdw wkh

yduldqfh ri wkh hvwlpdwhv ri � xqghu wkh qhz phdvxuh

e� @
4

Q

�[
�'�

��
i+��> ��m|> {,

+717,

lv orzhu frpsduhg wr +715,1 Iru wkh vhpsolflw| ri wkh h{dpsoh lw kdv ehhq dvvxphg wkdw wkh

frqvwdqw ri lqwhjudwlrq lv nqrzq dqg
U U

i � sg�g� @ 41

Dqwlflsdwlqj ixwxuh dujxphqwv/ wkh fkrlfh ri wkh ixqfwlrq i zloo eh gulyhq e| wzr frqvlghud0

wlrq/ �uvw wkh srvvlelolw| wkdw xqghu i wkh sdudphwhuv suhvhqw rssrvlwh fruuhodwlrq zlwk uhvshfw

wr wkh rqh xqghu s dqg vhfrqg wkdw i kdv vx!flhqw pdvv rq wkh grpdlq ri s= Lq rxu h{dpsoh

wkh qdwxudo fkrlfh lv jlyhq e| d i sursruwlrqdo wr d pxowlyduldwh w ghqvlw| zlwk ihz ghjuhhv ri

iuhhgrp dqg fryduldqfh ehwzhhq wkh sdudphwhuv ri rssrvlwh vljq uhvshfw wr s=

Wr frqfoxgh wkh h{dpsoh lq wkh iroorzlqj slfwxuh/ wkh yduldqfh ri wkh hvwlpdwhv ri wkh srvwhulru

dyhudjh ri � wkurxjk Jleev vdpsohu xqghu wkh ruljlqdo phdvxuh/ dv lq +715,/ dqg xqghu wkh qhz

phdvxuh duh sorwwhg lq Ilj1 +714, iru gl�huhqw ydoxhv ri �kq udqjlqj lq +�3=<8> 3=<8,> lq wkh fdvh
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lq zklfk � @ =8/ � @ 4/ H+{2, @ 4 dqg lq zklfk wkh i ixqfwlrq lv d pxowlyduldwh w zlwk �yh

ghjuhhv ri iuhhgrp dqg htxdo yduldqfh dqg fryduldqfh ri rssrvlwh vljq uhvshfw wr s1
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Iljxuh 714= Yduldqfh ri � xqghu wkh ruljlqdo dqg wkh qhz phdvxuh

Wkh X0vkdshg fxuyh lv wkh yduldqfh xqghu wkh ruljlqdo phdvxuh dqg lw lv juhdwhu wkdq wkh

yduldqfh xqghu wkh prgl�hg phdvxuh iru ydoxh ri wkh fruuhodwlrq ri wkh frh!flhqwv juhdwhu wkdq =8/

zkloh iru orzhu ydoxh wkh qhz phdvxuh vx�hu ri wkh odujhu yduldqfh lqgxfhg e| wkh w glvwulexwlrq1

Wkh vlpsolflw| ri wkh sursrvhg h{dpsoh khosv wr vkrz wkdw uxqqlqj wkh fkdlq xqghu wkh ruljlqdo

phdvxuh fdq eh dq xqvxffhvvixo vwudwhj| li wkh hohphqwv ri wkh fkdlq duh kljko| ghshqghqw dqg

wklv fdq hqg xs lq d odujh yduldqfh ri hvwlpdwhv iru zklfk wkh gudzv duh pdgh1

81 Fkdqjh ri phdvxuh dqg wkh prgl�fdwlrq ri Jleev vdpsohu

Jlyhq wkh uhvxow ri wkh deryh h{dpsoh/ ohw xv wu| wr ghvljq d jhqhudo iudphzrun iru shuiruplqj

fkdqjh ri phdvxuh lq PFPF1 Wkh sureohp lv wr hydoxdwh wkh iroorzlqj lqwhjudo

L @ HR+j +{,, @

]
j +{, s +{, g{> +814,

lq wkh fdvh lq zklfk wkh glvwulexwlrq ri lqwhuhvw s kdv dq dqdo|wlfdoo| lqwudfwdeoh irup dqg dovr lw

lv qrw ihdvleoh wr vdpsoh gluhfwo|/ vr d PFPF dojrulwkp lv fdoohg iru1 Wkh sureohp ri lqwhuhvw lv

fohduo| d vwdqgdug rqh lq hfrqrphwulfv dqdo|vlv zklfk uhjxoduo| dulvhv lq frpsxwlqj wkh olnholkrrg

ixqfwlrq lq suhvhqfh ri odwhqw yduldeohv ru lq �owhulqj vrph xqrevhuydeoh yduldeohv1 Wkh srlqw lv

wkdw lqvwhdg ri zrunlqj xqghu wkh phdvxuh s iru wkh uhdvrqv suhylrxvo| kljkoljkwhg/ lw frxog eh
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�xvhixo� wr gh�qh d fkdqjh ri phdvxuh e| dq dxjphqwlqj ghqvlw| ixqfwlrq i vxfk wkdw

L @ HsR+
j +{,

i +{,
, @

]
j +{,

i +{,
i +{, s +{, g{> +815,

zkhuh wkh qhz phdvxuh lv jlyhq e| i +{, s +{, dqg wkh ixqfwlrq i lv wkh Udgrq0Qlnrg p ghulydwlyh

ri wkh qhz phdvxuh zlwk uhvshfw wr wkh ruljlqdo rqh1 Zkhuh wkh whup �xvhixo� phdqv wkdw wkh

yduldqfh ri wkh vdpsoh hvwlpdwhv +815, zloo eh orzhu wkdq wkh rqh ri +814, dqg dovr wkdw wkh fkdlq

kdylqj s dv lqyduldqw glvwulexwlrq fdq kdyh zruvw pl{lqj uhvshfw wr wkh fkdlq gh�qh xqghu wkh

qhz phdvxuh1

Qrwh wkdw wkh qhz phdvxuh lv wkh surgxfw ri wkh dxjphqwlqj dqg wkh ruljlqdo ghqvlw| dqg

vr wkhuh duh wkuhh wklqjv zklfk kdyh wr eh yhul�hg lq shuiruplqj wkh fkdqjh ri yduldeoh= �uvw

wkdw wkh ixqfwlrq i +{, s +{, lv lwvhoi d ghqvlw| ixqfwlrq +ru sursruwlrqdo wr lw,/ vhfrqg wkdw zh

duh deoh wr pdnh gudzv iurp wkh qhz lqyduldqw glvwulexwlrq prgli|lqj surshuo| wkh wudqvlwlrq

nhuqho ri wkh fkdlq dqg �qdoo| wkdw wkh lpsruwdqw vdpsolqj hvwlpdwh ri eL dfwxdoo| frqyhujhv wr

wkh ghvluhg ydoxh1

Li erwk i dqg s duh ghqvlwlhv/ wkh qhfhvvlw| ri dvvxulqj wkdw i +{, s +{, lv dfwxdoo| wkh nhuqho

ri d ghqvlw|/ pdlqo| uhgxfhv wr fkhfn wkh idfw wkdw wkh ixqfwlrqv kdyh d frpprq vxssruw zlwk

srvlwlyh phdvxuh lq zklfk wkh| duh erwk vwulfwo| srvlwlyh1 Lw phdqv wkdw G � Gs _ GR 9@ >
zkhuh Gs @ i{mi+{, A 3j dqg GR @ i{ms+{, A 3j1 Krzhyhu wkh suhvhqfh ri d frpprq vxssruw

ri i dqg s zloo qrw eh vx!flhqw wr jxdudqwhh wkh frqyhujhqfh ri wkh vdpsoh hvwlpdwhv xqghu

wkh qhz phdvxuh wr L vr wkh uhtxluhphqw zloo eh vwuhqjwkhqhg e| dvvxplqj wkdw GR � Gs =

Wklv dvvxpswlrq lv d uhjxodulw| frqglwlrq zklfk lv lqwhqghg wr hqvxuh wkdw wkh qhz phdvxuh kdv

srvlwlyh pdvv rq wkh vdph grpdlq dv wkh ruljlqdo rqh1

Wkh fkdqjh ri phdvxuh lqgxfhv dovr d prgl�fdwlrq ri wkh wdujhw glvwulexwlrq iurp zklfk lw lv

qhfhvvdu| wr vdpsoh iurp dqg frqvhtxhqwo| lw lv qhfhvvdu| d prgl�fdwlrq ri wkh wudqvlwlrq nhuqho

jhqhudwlqj wkh fkdlq1 Khuh lw lv sursrvhg dq dojrulwkp zklfk vdpsoh iurp wkh qhz phdvxuh

s+{,i+{,> frqvlghu wkh vdph eorfnlqj vwuxfwxuh dv ehiruh dqg lwhudwh wkh iroorzlqj dojrulwkp=

4, Vshfli| d vwduwlqj ydoxh {f ri wkh fkdlq dqg vhw {� @ {f dqg l @ 4>
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Wkh ghqvlwlhv lq vwhs +5, ri wkh dojrulwkp duh dfwxdoo| nhuqhov ri ghqvlwlhv dqg wkh| duh wkh

uhvxow ri wkh surgxfw ri wzr frqglwlrqdov s+�m�, dqg i+�m�,= Lw lv srvvleoh wkdw lq d ydulhw| ri fdvhv

wkh surgxfw ri wkh pdujlqdov kdv nqrzq irup wkdw fdq eh vdpsohg gluhfwo|> exw lq jhqhudo wklv

lv qrw wkh fdvh dqg rwkhu phwkrgv kdyh wr eh dssolhg1 Khuh wkuhh phwkrgv duh suhvhqwhg zklfk

fdq eh lpsohphqwhg lq shuiruplqj udqgrp gudzlqj iurp wkh nhuqho ghqvlwlhv lq vwhs +5,1

Wkh �uvw rqh lv d vwudljkw dffhswdqfh2uhmhfwlrq phwkrg edvhg rq �qglqj dq dx{loldu| ixqfwlrq

k+�, dqg d frqvwdqw P vxfk wkdw REu�u�sEu�u�
�Eu� � P ? 4= Wkh jrrgqhvv ri wkh phwkrgv lv edvhg

rq wkh delolw| ri wkh dx{loldu| ixqfwlrq k wr plplf s+�m�,i+�m�,> rshudwlyho|/ wkh dojrulwkp vkrxog

zrun dv iroorzv=

d, pdnh d gudz {E�� irup k+{E��,>

e, gudz x iurp d xqlirup glvwulexwlrq gh�qhg rq wkh lqwhuydo }hur0rqh>

f, dffhsw {E�� li x lv ohvv wkhq
RE%E���%E3���sE%E���%E3���

��E%E���
> rwkhuzlvh jrwr +d,1

Wkh fkrlfh ri wkh ixqfwlrq k ehfrphv fulwlfdo/ krzhyhu d vhqvleoh dqg hdv| fkrlfh iru k lv

jlyhq e| i vr wkdw wkh dffhswdqfh suredelolw| uhgxfhv wr R
� 1

Vhfrqg dowhuqdwlyh vwudwhj|/ zklfk fdq eh lpsohphqwhg/ lv wkh dgdswlyh2uhmhfwlrq phwkrg

sursrvhg e| Jlonv dqg Zlog +4<<7, iru orj0frqfdyh ghqvlw| ixqfwlrq1 Wkh phwkrg lv vlplodu

wr wkh dffhswdqfh2uhmhfwlrq rqh zlwk wkh gl�huhqfh wkdw wkh ixqfwlrq k lv surshuo| frqvwuxfwhg

xvlqj wdqjhqw phwkrg vr wr irup d wljkw hqyhorsh ri wkh ruljlqdo ixqfwlrq1 Wkh phwkrg dssolhv

wr orj0frqfdyh ghqvlwlhv dqg li erwk s dqg i duh orj0frqfdyh/ wkhq wkhlu surgxfw lv orj0frqfdyh

wrr dqg wkh dgdswlyh2uhmhfwlrq surfhgxuh fdq eh dssolhg wr wkh qhz phdvxuh1
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Wkh wklug phwkrg lv jlyhq e| frpelqlqj wkh ruljlqdo Jleev vdpsohu zlwk d Phwursrolv0

Kdvwlqjv lqghshqghqw vwhs/ lq zklfk wkh wudqvlwlrq suredelolw| ri wkh eorfn m grhv qrw ghshqg rq

lwv suhylrxv uhdol}dwlrq1 Wklv fdq eh shuiruphg dw hdfk vwhs ri +5, e| gudzlqj iurp d wudqvlwlrqdo

nhuqho t+{�n�
E�� m{E3��, dqg wkhq dffhsw {�n�

E�� zlwk suredelolw| �
�
{�n�
E�� > {

�
E��m{E3��

�
zkhuh

�
�
{�n�
E�� > {

�
E��m{E3��

�
@ plq

;?=s+{�n�
E�� m{E3��,i+{�n�E�� m{E3��,t+{�E��m{E3��,

s+{�E��m{E3��,i+{�E��m{E3��,t+{�n�
E�� m{E3��,

> 4

<@> >

li wkh {�n�
E�� hohphqw lv dffhswhg wkhq wkh fkdlq pryhv wr gudz wkh eorfn +m . 4, kdylqj lq eorfn

+m, wkh hohphqw {�n�
E�� > rq wkh frqwudu| kdylqj lq +m, wkh hohphqw {�E��> vr dw hdfk orrs ri wkh Jleev

vdpsohu/ lw lv srvvleoh wkdw vrph hohphqwv ri { duh xsgdwhg zkloh rwkhuv duh qrw1 Djdlq wkh

qdwxudo fkrlfh iru wkh wudqvlwlrq suredelolw| lv wr xvh i+�m�, vr wkh dffhswdqfh suredelolw| uhgxfhv
wr wkh udwlr ri wkh s dw wkh qhz dqg rog uhdol}dwlrq ri wkh fkdlq/ l1h1

�
�
{�n�
E�� > {

�
E��m{E3��

�
@ plq

;?=s+{�n�
E�� m{E3��,

s+{�E��m{E3��,
> 4

<@> =

Wkh lwhudwlrq ri vwhsv +406, ri wkh deryh dojrulwkp jhqhudwh d vdpsoh i{�j ri d vwrfkdvwlf

surfhvv zklfk kdv wudqvlwlrq nhuqho iurp { wr h{ htxdo wr

NUC7 +{> h{, @T&
�'�

�
S�
s+h{E��mh{E�� +m ? l, > {E�� +m A l, ,i+h{E��mh{E�� +m ? l, > {E�� +m A l,,

+816,

zkhuh f� �
U
s+{E��m{�n�

E�� +m ? l, > {�E�� +m A l,,i+{�m{�n�
E�� +m ? l, > {�E�� +m A l,,g{E��> li wkh gudz

lq vwhs +5, duh shuiruphg zlwkrxw xvlqj wkh Phwursrolv vwhsv> lq wkh suhvhqfh ri wkh Phwursrolv

vwhs wkh wudqvlwlrq nhuqho zloo eh htxdo wr

NUC7� +{> gh{, @T&
�'� it+h{E��mh{E�� +m ? l, > {E�� +m A l, ,�

�h{E��> {E��mh{E�� +m ? l, > {E�� +m A l,
�
,gh{�

.+4� U t+h{E��m�,�+h{E��>{E��m�,gh{�,�% +gh{, j
+817,

zkhuh �% lv d Glhudfkw ixqfwlrq wr dffrxqw wkh fdvh lq zklfk wkh hohphqw ri wkh fkdlq grhv qrw

pryh1

Lw lv fohdu iurp wkh deryh ghvfulswlrq/ wkdw wkh prgl�fdwlrq ri wkh wdujhw ghqvlw| grhv qrw

lpso| dq lqfuhdvh lq wkh gl!fxowlhv dqg frpsxwdwlrqdo wlph ri uxqqlqj wkh vdpsohu jlyhq wkdw
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doo ghvfulehg vwudwhjlhv duh txlfno| lpsohphqwhg dqg hdv| wr shuirup1 Lq sduwlfxodu/ li wkh

dffhswdqfh2uhmhfwlrq phwkrg ru wkh Phwursrolv vwhs duh xvhg zlwk dx{loldu| ixqfwlrq k+�, ru

wudqvlwlrq suredelolw| t+�, zklfk fdq eh urxwlqho| vdpsohg/ wkhq wkh dojrulwkp vlpso| frqvlvwv

lq vdpsolqj iurp k+�, ru t+�, dqg wkhq wkh gudz pxvw eh dffhswhg ru uhmhfwhg lq ixqfwlrq ri d

surshu zhljkwlqj dv lqglfdwhg deryh1

Wkh suryh wkdw wkh wzr dojrulwkpv gholyhu wkh ghvluhg uhvxow/ lv jlyhq lq wkh iroorzlqj fruroodu|

lq zklfk lw lv vkrzq wkdw wkh wudqvlwlrq nhuqhov ri wkh wzr dojrulwkpv kdyh wkh qhz phdvxuh

i +{, s +{, dv lqyduldqw glvwulexwlrq1

Sursrvlwlrq 4

Li wkh wudqvlwlrq nhuqho NUC7 +h{> {, dqg NUC7� +h{> {, duh uhvshfwlyho| dv lq +816, dqg +817,

wkhq i+{,s+{, lv sursruwlrqdo wr dq lqyduldqw glvwulexwlrq ri wkrvh wudqvlwlrq nhuqhov1

Wkh surri ri wkh sursrvlwlrq lv vwudljkw dqg lw lv jlyhq lq wkh dsshqgl{ 41 Wkh qhz phdvxuh

lv dq lqyduldqw glvwulexwlrq ri wkh frqvwuxfwhg fkdlq/ krzhyhu lw lv fohduo| ghvludeoh wkdw xqghu

wkh qhz phdvxuh/ wkh fkdlq vwloo frqyhujhv wr lwv lqyduldqw glvwulexwlrq dqg wkdw wkh hvwlpdwhv

vwloo vdwlvi| dq hujrglf wkhruhp1 Ydulrxv zrun lq wkh olwhudwxuh surylghg frqglwlrqv zklfk dvvxuhv

wkh hujrglflw| +Urehuwv dqg Vplwk 4<<7/ Wlhuqh| 4<<7/ Dwkuh|d/ Grvv dqg Vhwkxudpdq 4<<9, ru

jhrphwulf hujrglflw| +Fkdq/ 4<<6, ri wkh Jleev vdpsohu dqg wkh vdph lv wuxh iru wkh Phwursrolv0

Kdvwlqjv dojrulwkp +Phujhuvhq dqg Wzhhglh/ 4<<9,1

Qrz zh zloo vkrz wkdw li wkh dxjphqwlqj ixqfwlrq lv vx!flhqwo| zhoo ehkdylqj/ wkh prgl�0

fdwlrq ri wkh fkdlq zloo qrw suhyhqw lwv frqyhujhqfh xqghu plog uhjxodulw| frqglwlrqv1 Jlyhq wkh

ghvfulswlrq ri wkh dojrulwkpv dqg jlyhq d vdpsoh i{�j��'�/ lw lv qrz srvvleoh wr vwdwh wkh iroorzlqj

vwurqj odz ri odujh qxpehu uhvxow

Sursrvlwlrq 5

d, Li GR � Gs > HR mjm ? 4 dqg li i{�j lv dq si�luuhgxfleoh Pdunry fkdlq zlwk wudqvlwlrq

nhuqhov NUC7 ru NUC7� wkhq

eL @

S�
�'�

}E%��
sE%�cw�S�

�'�
�

sE%�cw�

@�r�$ L

dqg

4:



4

Q

�[
�'�

4

i+{�> �,
@�r�$ 4

f
=

zkhuh f � U
i+{,s+{,g{1

e, Li wkh ghqvlw| s dqg i duh orzhu vhpl frqwlqxrxv dw }hur/ li
U
i+{,g{� dqg

U
s+{,g{� ;l

duh orfdoo| erxqghg dqg GR lv d frqqhfwhg vhw zlwk GR � Gs wkhq NUC7 lv si�luuhgxfleoh dqg
dshulrglf1

f, Li wkh fkdlq zlwk wudqvlwlrq
T&
�'� t+h{E��mh{E�� +m ? l, > {E�� +m A l,, lv si�luuhgxfleoh dqg wkh

suredelolw|
T&
�'� �

�h{�> {�mh{E�� +m ? l, > {E�� +m A l,
�
lv srvlwlyh iru hyhu| h{> { 5 GR wkhq NUC7�

lv si�luuhgxfleoh1

Wkh surri ri wkh sursrvlwlrq dqg wkh gh�qlwlrqv duh surylghg lq wkh dsshqgl{ 41 Wkuhh

wklqjv ghvhuyh wr eh qrwhg1 Iluvw/ lq srlqw +d, wkhuh lv wkh qhfhvvlw| ri frpsxwlqj wkh frqvwdqw

ri lqwhjudwlrq ri wkh qhz phdvxuh zklfk lv xqnqrzq gxh wr wkh idfw wkdw lw lv frqvwuxfwhg lq d

pxowlsolfdwlyh zd|1 Wkh frqglwlrqv ri srlqw +e, duh h{wuhpho| zhdn/ wkh orzhu vhpl frqwlqxlw|

lv dq h{wuhpho| zhdn frqglwlrq zklfk lv phdqw wr dvvxuh suredelolw| pdvv durxqg frpsrqhqw

srlqwv dqg durxqg srlqwv lq wkh grpdlq G> zkloh frqqhfwhgqhvv uxohv rxw shfxoldu fdvhv lq zklfk

wkh ghqvlw| kdv srvlwlyh pdvv rq wzr vhsdudwh uhjlrqv ri wkh grpdlq1 Lq srlqw +f,/ lqvwhdg/ wkh

luuhgxflelolw| ri wkh fkdlq ri lqwhuhvw iroorzv iurp wkh luuhgxflelolw| ri wkh fkdlq jhqhudwhg e|

wkh wudqvlwlrq suredelolw| t/ exw jlyhq wkdw wkh wudqvlwlrq t lv fkrvhq wklv surshuw| fdq eh hdvlo|

yhul�hg1

Wkh frqglwlrqv ri sursrvlwlrq +5, duh lqghhg frpsohwho| rshudwlyh rqo| lq wkh fdvh lq zklfk

wkh ixqfwlrqdo irup ri s lv nqrzq dqg wklv lv qrw dozd|v wuxh/ exw wkh| jlyh wkh lghd wkdw wkh

prgl�fdwlrq ri wkh fkdlq kdv jhqhudoo| qr h�hfw rq wkh frqyhujhqfh surshuw| ri wkh fkdlq lwvhoi

li wkh dxjphqwlqj ixqfwlrq i lv zhoo ehkdylqj1 Krzhyhu lw lv srvvleoh wkdw wkh prgl�hg fkdlq

kdv ehwwhu surshuwlhv wkdq wkh ruljlqdo rqh lq whup ri udwh ri frqyhujhqfh1 Wklv lv rqh ri wkh

pdlq prwlydwlrq ri rxu zrun dqg zh zloo vkrz odwhu lq vrph h{dpsohv wkdw d surshu fkrlfh ri

wkh dxjphqwlqj ixqfwlrq fdq lqfuhdvh wkh vshhg wr frqyhujhqfh ri wkh vdpsohu dqg lq vrph fdvhv

lw zloo doorz hyhq dq lpphgldwh frqyhujhqfh1

Wkh uhvxow ri sursrvlwlrq +5, vkrzv wkdw xqghu wkh qhz phdvxuh wkh hvwlpdwhv zloo vwloo vdwlvi|

d vwurqj odz ri odujh qxpehu/ krzhyhu wkh uhvxow grhv qrw surylgh d fohdu fxw fulwhuld wr fkrrvh wkh
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ixqfwlrq i 1 Wkh odfn ri d fulwhulrq iru fkrrvlqj wkh dxjphqwlqj ixqfwlrq iroorzv e| wkh idfw wkdw

wkh Jleev nhuqho lv qr uhyhuvleoh1: Lq wkh devhqfh ri uhyhuvdelolw|/ nqrzq vx!flhqw frqglwlrqv

iru fhqwudo olplw wkhruhpv duh vwurqj dqg gl!fxow wr hvwdeolvk iurp yhul�deoh ixqgdphqwdov1 Lq

idfw lq wkh devhqfh ri uhyhuvdelolw| wkh hvwlpdwhv ri wkh yduldqfh lv srvvleoh xqghu wkh xqlirup

hujrglflw| ri wkh fkldq zklfk lv lpsolhg e| wkh xqlirup erxqghgqhvv ehorz ri wkh wudqvlwlrq

nhuqho dqg wklv frqglwlrq lv h{wuhphoo| kdug wr krog1 Wkhuhiruh wkhuh lv qrw d nqrz vx!flhqw

frqglwlrq iru dssur{lpdwlrq ri wkh yduldqfh whup ri wkh fhqwudo olplw wkhruhp dqg wklv lpsolhv

wkdw wkh yduldqfh fdqqrw eh xvhg dv fulwhulrq iru wkh surshu fkrlfh ri i=

Krzhyhu wzr lqwxlwlyh fulwhuld kdyh wr eh xvhg dv jxlgholqh1 Iluvw hohphqw lv jlyhq e| wkh

idfw wkdw i kdv wr kdyh vx!flhqw pdvv rq wkh grpdlq ri lqwhuhvw/ rwkhuzlvh wklv zloo eh uh hfwhg

lq wkh yduldqfh ri wkh hvwlpdwhv1 Vhfrqg frqvlghudwlrq/ wkh ixqfwlrq i kdv wr eh wdloruhg wr wkh

ixqfwlrq s wr xqgr wkh fruuhodwlrq dprqj wkh eorfn ri wkh fkdlq> wklv jhqhudo uxohv kdyh wr eh

vshfldol}hg rq d fdvh e| fdvh edvh1

91 Gdwd Dxjphqwdwlrq

Lq wkh suhylrxv vhfwlrq wkh lghd ri uxqqlqj wkh fkdlq zlwk uhvshfw wr d prgl�hg phdvxuh kdv ehhq

sursrvhg exw wkh vhfwlrq frqfoxghv zlwkrxw d fohdu fulwhulrq iru glvfulplqdwlqj dprqj gl�huhqw

dxjphqwlqj ixqfwlrq i= D vwhs ixuwkhu fdq eh grqh lq wkh fdvh ri wkh gdwd dxjphqwdwlrq dv

fdoohg e| Wdqqhu dqg Zrqj +4<;:,/ zklfk hvvhqwldoo| uhihuv wr wkh fdvh lq zklfk wkhuh duh rqo|

wzr eorfnv lq wkh Jleev fkdlq1

Wkh gdwd dxjphqwdwlrq lv ri vrph lqwhuhvw ehfdxvh rq rqh vlgh lw doorzv wr vwuhqjwk wkh

uhvxow ri wkh suhylrxv vhfwlrq dqg/ rq wkh rwkhu vlgh/ lw fryhuv d ydulhw| ri lqwhuhvwlqj prghov

uhfhqwo| sursrvhg lq wkh hfrqrphwulf olwhudwxuh vxfk dv wkh pl{wxuh prghov dqg wkh Sduwldoo|

Qrq Jdxvvldq Vwdwh Vsdfh +SQJVV, prghov1 Wklv whuplqrorj| kdv ehhq lqwurgxfhg e| Vkhsdug

+4<<7, dqg lw uhsuhvhqwv d fodvv ri qrqolqhdu vwdwh vsdfh prghov zklfk kdyh wkh surshuw| wkdw

frqglwlrqdo rq wkh uhdol}dwlrq ri d odwhqw uhjlph yduldeoh/ wkh prgho lv vwloo olqhdu dqg jdxvvldq1

Ydulrxv lqwhuhvwlqj vshfl�fdwlrqv uhfhqwo| sursrvhg ehorqj wr wklv fodvv/ vxfk dv= wkh g|qdplf

idfwru prgho zlwk uhjlph vzlwfklqj iru phdvxulqj exvlqhvv f|foh sursrvhg e| Glherog dqg Uxgh0

:D uhyhduvleoh yhuvlrq ri wkh Jleev fkldq kdv ehhq sursrvhg e| Urehuwv +4<<8,1

4<



exvfk +4<<7,/ wkh prgho zlwk vzlwfklqj yrodwlolw| e| Nlp +4<<7, dqg wkh rqh dqdo|}hg e| Eloolr

dqg Prqiruw +4<<8,1 Vhfwlrq +:15, surylhg vrph dssolfdwlrqv1

Lq wkh gdwd dxjphqwdwlrq wkh lqwhjudo ri lqwhuhvw lq +814, uhgxfhv wr wkh]
j
�
{E��> {E2�

�
s
�
{E��> {E2�

�
g{E��g{E2�

zkhuh {E��> {E2� duh wkh wzr eorfnv zklfk zloo eh vdpsohg1 Iroorzlqj wkh uhvxow ri wkh suhylrxv

vhfwlrq/ d fkdqjh ri phdvxuh wkurxjk dq dxjphqwlqj ixqfwlrq i+{E��> {E2�, lv rshudwhg vxfk wkdw

] j
�
{E��> {E2�

�
i+{E��> {E2�,

i+{E��> {E2�,s
�
{E��> {E2�

�
g{E��g{E2�=

Wkh lqwhuhvwlqj dvshfw ri wkh gdwd dxjphqwdwlrq lv wkdw wkh jhqhudo uhvxowv ri wkh suhylrxv

vhfwlrq dvvxph d sduwlfxodu vwuhqjwk khuh1 Lq idfw lw lv srvvleoh wr gh�qh d fkdqjh ri phdvxuh

vxfk wkdw xqghu wkh qhz phdvxuh wkh udqgrp yduldeohv {E��> {E2� duh lqghshqghqw dqg vr wkh

vxevhtxhqw gudzv ri wkh eorfn ri wkh fkdlq duh lqghhg lqghshqghqw> wklv lv hvwdeolvkhg lq wkh

iroorzlqj>

Sursrvlwlrq 6

Ohw i+{E��> {E2�, @
s�E%E���s2E%E2��

R+%E���%E2�,
zkhuh i�+{E��,> i2+{E2�, duh wzr jlyhq ghqvlwlhv wkhq/ uhvshfw

wr wkh phdvxuh i+{E��> {E2�,s+{E��> {E2�,> wkh yduldeoh {E��> {E2� duh lqghshqghqw/ dqg wkh frqgl0

wlrqdo glvwulexwlrq duh i+{E��m{E2�,s+{E��m{E2�, 2 i�+{E��, dqg i+{E2�m{E��,s+{E��m{E2�, 2 i2+{E2�,
R+%E2��%E��,
R+%E���%E2�,

=

Wkh suryh lv gholyhuhg lq wkh dsshqgl{ 41 Wkh uhvxow suryhv wkdw wkhuh lv d ihdvleoh fkdqjh ri

phdvxuh vxfk wkdw xqghu wkh qhz phdvxuh wkh hohphqw ri wkh fkdlq duh lqghhg lqghshqghqw dqg

vhfrqg lw surylgh d zd| ri vlpxodwlqj iurp wkh pdujlqdo ri wkh qhz phdvxuh1 Lq idfw iru rqh ri

wkh wzr eorfnv/ qdpho| {E��/ lw frqvlvwv rqo| lq vdpsolqj rxw ri wkh vhohfwhg ixqfwlrq i�+{E��,>

zkloh iru wkh vhfrqg eorfn lw lv qhfhvvdu| wr vlpxodwh iurp i2+{E2�,
R+%E2��%E��,
R+%E���%E2�,

1 Wklv odvw vwhs

fdq eh shuiruphg erwk wkrxjkw dq dffhswdqfh2uhmhfwlrq dqg dq dgdswlyh2uhmhfwlrq phwkrgv/ dv

ghvfulehg lq wkh suhylrxv vhfwlrq1 Li wkrvh phwkrgv fdqqrw eh lpsohphqwhg/ lw lv srvvleoh wr

xvh d Phwursrolv Kdvwlqj vwhs exw lq wklv fdvh wkh fkdlq lv qrw dq| pruh lqghshqghqw/ hyhq li

ghshqghqfh lqwurgxfhg e| d Phwursrolv vwhs fdq eh ohvv vl}deoh wkhq wkh rqh jhqhudoo| jhqhudwhg

e| wkh Jleev fkdlq1
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Vr lw kdv ehhq hvwdeolvkhg d wudqvirupdwlrq ri wkh ruljlqdo sureohp wkurxjk d fkdqjh ri

phdvxuh/ xqghu zklfk wkh hohphqwv ri wkh fkdlq duh lqghshqghqw/ vr lw kdv ehhq srvvleoh wr jdlq

pruh vwuhqjwk wr wkh uhvxow ri suhylrxv vhfwlrq1 Ihz frqvlghudwlrqv duh zruwk|1

Wkh srvvlelolw| ri jdlqlqj djdlq lqghshqghqfh ri wkh eorfnv ru hyhq ri uhgxflqj wkh ghshq0

ghqfh ri wkh eorfnv zrxog eh fuxfldo zkhq wkh prqwh fduor lqwhjudwlrq lv d vwhs ri d sdudphwhu

hvwlpdwlrq1 Lq idfw fulwlfdo hohphqw wr suryh frqvlvwhqf| ri wkh sdudphwhu hvwlpdwhv lq suhvhqfh

rq prqwh fduor lqwhjudwlrq wr hydoxdwh wkh remhfwlyh ixqfwlrq lv wkh xqlirup frqyhujhqfh ri wkh

prqwh fduor hvwlpdwhv ri wkh remhfwlyh ixqfwlrq uhvshfw wkh sdudphwhuv ri lqwhuhvw1 Exw li wkh

prqwh fduor lqwhjudwlrq lv shuiruphg dyhudjlqj vdpsohv frplqj iurp d Jleev vdpsohu wkhq wkrvh

gudzv vkrz ghshqghqfh dqg wkh ghjuhh ri ghshqghqfh lv olnho| wr eh ixqfwlrq ri wkh vdph sdudp0

hwhuv zklfk duh vxssrvhg wr eh hvwlpdwhg1 Wklv idfw fdq srvvleo| suhfoxgh xqlirup frqyhujhqfh

dqg vr wkh frqvlvwhqf| ri wkh hvwlpdwhv1 Vr lq wkdw fdvh wkh srvvlelolw| ri wudqviruplqj wkh

lqwhjudo lq dq lqwhjudwlrq uhvshfw lqghshqghqw gudzv fdq eh h{wuhpho| khosixo1

Vhfrqg/ wkh lqghshqghqfh ri wkh eorfnv ri wkh fkdlq xqghu wkh qhz phdvxuh eulqjv edfnv

wkh sureohp lqwr wkh iudphzrun ri Jhzhnh +4<;<, dqg klv uhvxowv vwloo dsso|1 Wkh dv|pswrwlf

yduldqfh ri
s
Q
�eL � L

�
zloo eh jlyhq e|

�2 � HsR

#�
j +{,

i +{,
� L

�2$
@ f

]
+j +{,� L,2

s +{,

i +{,
g{ +914,

zkhuh { @
�
{E��> {E2�

�
> f @

U
s +{, i +{, g{ dqg jlyhq d vdpsoh

�
{�
��
�'� iurp wkh qhz phdvxuh

wkh yduldqfh fdq eh hvwlpdwhg dv

e�2 @
S
�

�
j +{�,� eL�2 �

sE%��
2�

�I
�

S
�

�
sE%��

�2 = +915,

Wkh hvwlpdwh ri wkh yduldqfh gholyhuv dovr d uhdg| wr dsso| fulwhuld iru wkh surshu fkrlfh dqg

sdudphwul}dwlrq ri wkh ixqfwlrq i� dqg i2/ lq idfw wkh sdudphwul}dwlrq ri wkh ixqfwlrqv zloo eh

fkrrvh vxfk wkdw +914, zloo eh plqlpl}hg1 Krzhyhu/ dv Jhzhnh srlqwhg rxw/ d ixoo plqlpl}dwlrq

fdq eh hyhq pruh fxpehuvrph ri wkh ruljlqdo sureohp zh duh wu|lqj wr vroyh> d pruh ihdvleoh

vwudwhj| zrxog eh wr �qg d i� dqg i2 vxfk wkdw yduldqfh ri wkh prqwh fduor lqwhjudo xqghu wkh
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qhz phdvxuh lv uhgxfhg frpsduh wr wkh rqh ri
s
Q
�hL � L

�
xqghu wkh ruljlqdo phdvxuh wkdw lw

lv jlyhq e|

�2 @ HR +jf+{,� L,2 . 5
"[
�'�

HR +jf+{,� L, +j� +{,� L,

zkhuh � lq j� phdqv wkh glvwdqfh ri gl�huhqw uhdol}dwlrqv lq wkh fkdlq1;

Krzhyhu hyhq li wkh fkrlfh ri wkh rswlpdo i� dqg i2 lv lpsruwdqw/ zh vkduh wkh ylhz ri Jlonv

dqg Urehuwv +4<<9, zklfk uhjdugv udslg pl{lqj dv d kljkhu lghdo wkdq vpdoo vwdqgdug huuruv dqg

vr wkh vhdufk iru wkh rswlpdo i� dqg i2 fdq eh qrw zruwk|/ lq sduwlfxodu qrz wkdw xqghu wkh qhz

phdvxuh wkh eorfnv ri wkh fkdlq duh lqghhg lqghshqghqw1

Ilqdoo| qrwh lv wkdw wklv dssurdfk lv lq vrph vhqvh vlplodu wr wkh uhfhqw zrun ri Hoolrw hw do1

+4<<9, rq fkdqjh ri phdvxuh wr vroyh qrqolqhdu dqg qrq jdxvvldq vwdwh vsdfh prgho1 Vr lw lv

edvhg rq gh�qlqj d qhz phdvxuh xqghu zklfk wkh prgho lv llg dqg wkh �owhulqj fdq eh hdvlo|

shuiruphg dqg wkhq wkh �owhuhg uhvxow lv djdlq wudqviruphg lqwr wkh ruljlqdo rqh1 Khuh wkh lghd

lv vrphkrz vlplodu/ jlyhq wkdw zh shuirup d fkdqjh ri phdvxuh wr uxq wkh vdpsohu lq d pruh

h!flhqw zd|1

:1 Dssolfdwlrq

Lq wkh suhylrxv vhfwlrq/ lw kdv ehhq sursrvhg wkh lghd wkdw d surshu uhsdudphwul}dwlrq ri wkh

Jleev vdpsohu fkdlq fdq eh zruwk|1 Wkh lghd kdv ehhq prwlydwhg lq whup ri jdlqlqj ehwwhu

pl{lqj surshuwlhv dqg lq whup ri orzhu yduldqfh ri wkh vdpsoh hvwlpdwhv1 Khuh wzr dssolfdwlrqv

ri wkh phwkrg duh suhvhqwhg1 Wkh �uvw rqh lv wkh vprrwklqj ri wkh xqrevhuydeoh frqglwlrqdo

yduldqfh lq d vwrfkdvwlf yrodwlolw| prgho dv dq dssolfdwlrq ri wkh jhqhudo phwkrg ri vhfwlrq +8,1

Zkloh wkh vhfrqg dssolfdwlrq lv wkh vprrwklqj ri wkh odwhqw yduldeoh lq d Sduwldoo| Qrq Jdxvvldq

Vwdwh Vsdfh prgho1

;Wkh hvwlpdwlrq ri wkh yduldqfh xqghu wkh ruljlqdo phdvxuh lv srvvleoh gxh wr wkh uhyhuvdeolw| surshuw| ri wkh

gdwd dxjphqwdwlrq/ surshuw| zklfk lv qrw vkduh lq jhqhudo e| wkh Jleev vdpsohu1
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:141 Vwrfkdvwlf yrodwlolw| prghov

Khuh zh dlp wr vkrz dq dssolfdwlrq ri wkh fkdqjh ri phdvxuh lq wkh vprrwklqj ri wkh xqghuo|lqj

yduldqfh lq vwrfkdvwlf yrodwlolw| prghov +VY khuh rq,1 Vwrfkdvwlf yrodwlolw| prghov dulvh qdwxudoo|

dv glvfuhwh dssur{lpdwlrq ri ydulrxv gl�xvlrq surfhvvhv ri lqwhuhvw lq wkh frqwlqxrxv dvvhw sulflqj

olwhudwxuh1 Exw wkh| irxqg olplwhg dssolfdwlrq pdlqo| gxh wr wkh gl!fxowlhv lq kdqgolqj wkhp

zlwk uhvshfw wr dowhuqdwlyh zd|v ri prghoolqj wkh frqglwlrqdo yrodwlolw| +vhh Jk|vho/ Kduyh|

dqg Uhqdxow +4<<8, iru d vxuyh|,1 Krzhyhu edvlf JDUFK prghov gr qrw kdyh vrph ri wkh

lqwhuhvwlqj ihdwxuhv zklfk duh suhvhqw lq wkh VY prghov vxfk dv ehwwhu pdwfklqj ri wkh vhfrqg

prphqw surshuwlhv ri gdwd rq uhwxuqv/ wkh kljkhu ghjuhh ri h{fhvv nxuwrvlv dqg wkh srvvlelolw|

ri ohyhudjh h�hfw1

Uhfhqwo| wkh lvvxh ri suhglfwlrq dqg lqihuhqfh lq wkhvh prghov kdv irxqg odujh dwwhqwlrq dv

d qdwxudo dssolfdwlrq ri Pdunry fkdlq phwkrgv1 Wkh vwrfkdvwlf yrodwlolw| prghov kdv ehfrph d

edwwohjurxqg iru wkh dssolfdwlrq ri gl�huhqw PFPF whfkqltxhv> dprqj wkh rwkhuv Mdftxlhu/ Sro0

vrq dqg Urvvl +4<<7, +MSU/ khuh rq,/ Nlp dqg Vkhskdug +4<<7, dqg Vkhskdug +4<<7,1 Mdftxlhu/

Srovrq dqg Urvvl xvhg d frpelqdwlrq ri Jleev vdpsolqj dqg Phwursrolv lqghshqghqw fkdlq wr

shuirup Ed|hvldq dqdo|vlv rq wkh sdudphwhuv dqg wkh xqghuolqj vwrfkdvwlf yrodwlolw|1 Nlp dqg

Vkhskdug dujxh wkdw wkh pxowl vwhsv dojrulwkp ri Mdftxlhu/ Srovrq dqg Urvvl fdq eh yhu| vorz iru

vrph sdudphwul}dwlrq dqg wkh| sursrvhg d julgg| Jleev vdpsohu zklfk frqvlvwv lq dssur{lpdw0

lqj wkh qrq qrupdo glvwulexwlrq ri wkh glvwxuedqfh lq wkh phdvxuhphqw htxdwlrq e| d pl{wxuh

ri qrupdo zklfk doorzv wr shuirup wkh vdpsohu lq d vlqjoh pryh<1

Ohw frqvlghu wkh vdph vlpsoh vwrfkdvwlf yrodwlolw| prgho ri MSU dqg Vkhskdug/ zklfk lv jlyhq

e|

%| @ k
�*2
| x| +:14,

oqk| @ �. � oqk|3� . ��y|#
x|
y|

$
� QLG+3> L2,>

wkh vdpsoh lv ri glphqvlrq W / kA lqglfdwhv wkh zkroh yhfwru ri xqrevhuydeoh yrodwlolw| dqg

<Pdklhx dqg Vfkrwpdq +4<<7, h{whqghg wklv dssurdfk e| lqwurgxflqj pruh ghjuhh ri iuhhgrp lq wkh pl{wxuh

ri qrupdov zkhuh wkh sdudphwhuv duh hvwlpdwhg udwkhu wkhq �{hg d sulrul1
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� @ i�> �> ��j duh wkh sdudphwhuv wkdw duh frqvlghuhg jlyhq iru wkh sxusrvh ri wkh h{huflvh1 Wkh

wzr lqqrydwlrqv duh dvvxphg lqghshqghqw1 Frqvlghu wkh sureohp ri vprrwklqj wkh xqrevhuydeoh

yrodwlolw| jlyhq wkh revhuyhg lqqrydwlrq %A > vr wkh sureohp frqvlvwv lq frpsxwlqj wkh iroorzlqj

lqwhjudo

H+kA m%A > �, @
]
kAs+kA m%A > �,gk= +:15,

Wkh gl!fxowlhv dulvh e| wkh idfw wkdw wkh ghqvlw| s+kA m%A > �, lv nqrzq rqo| xs wr d frqvwdqw

dqg wkhuh duh qr reylrxv phwkrgv wr vdpsoh gluhfwo| irup lw1 Lq idfw

s+kA m%A > �, @
s+kA > %A m�,
s+%A m�, @

s+%A mkA > �,s+kA m�,
s+%A m�, +:16,

2 s+%A mkA > �,s+kA m�,

2
A\
|'�

k
3�*2
| h{s+�

AS
|'�

%2|

5k|
, h{s+�

AS
|'�

+oqk| � �� � oqk|3�,2

5�2�
,

D vroxwlrq sursrvhg lq wkh olwhudwxuh lv wr frqvlghu d Pdunry Fkdlq phwkrg zklfk gudzv

hdfk hohphqw ri kA rqh dw wkh wlph +pxowl vwhsv vdpsohu, dqg vr lw frqvwuxfwv d vhtxhqfh ri�
k�A
��
�'� > zkhuh Q lv wkh qxpehu ri lwhudwlrq ri wkh vdpsohu1 Wr lpsohphqw wklv vwudwhj|/ wkh

vwduwlqj srlqw lv wkh frqglwlrqdo ghqvlw| ri wkh lqglylgxdo hohphqw ri wkh yhfwru kA zklfk/ iru

w @ 5> ===> W � 4/ lv jlyhq dv

s+k|mkE3|�> %A > �, 2 k
3�*2
| h{s+� %2|

5k|
, h{s+�+oqk| � �,2

5�2
, +:17,

zkhuh � @ kE�3B�nBE*?�|3�n*?�|n��

�nB2
dqg �2 @ j2�

�nB2
=

Wr gudz iurp wkh deryh ghqvlw| nhuqho wzr dowhuqdwlyh duh ihdvleoh1 Wkh �uvw rqh lv wr xvh d

wudqvirupdwlrq ri yduldeohv dqg wr zrun gluhfwo| zlwk wkh frqglwlrqdo glvwulexwlrq riK| @ oq+k|,/

dv

s+K|mKE3|�> %A > �, 2 h{s+�%
2
|

5
h{s+�K|,, h{s+�+K| � �W,2

5�2
, +:18,

zkhuh �W @ � � =8�2> dqg wr vdpsoh K| hlwkhu e| dffhswdqfh2uhmhfwlrq ru e| wkh dgdswlyh

uhmhfwlrq phwkrgv ri Jlonv dqg Zlqg +4<<5,1 Dowhuqdwlyho|/ lw lv srvvleoh wr dsso| wkh MSU

dojrulwkp frqvlvwlqj lq lqwurgxflqj d Phwursrolv lqghshqghqfh vwhs lqwr wkh pxowl pryh Jleev

vdpsohu1 Doo wkhvh gl�huhqw phwkrgv ri vdpsolqj zloo surgxfh d pxowl vwhsv vdpsohu zkrvh

lwhudwlrq zloo jhqhudwh d fkdlq kdylqj dv lqyduldqw wkh glvwulexwlrq ri lqwhuhvw +:16,1
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Vkhskdug dqg Nlp/ iroorzlqj wkh uhvxow ri Oxl/ Nrqj dqg Zrqj +4<<7,/ dujxhg wkdw gxh wr

wkh kljk fruuhodwlrq ri wkh hohphqwv ri kA > lw lv olnho| wkdw vdpsolqj wkh hohphqwv vhsdudwho| zloo

lqgxfh d vorz pl{lqj dqg lw zloo d�hfw wkh fdofxodwlrq ri wkh vprrwkhg ydoxh ri k1 Wr dyrlg

wklv wkh| lqwurgxfhg wkh pl{wxuh dssur{lpdwlrq iru wkh glvwulexwlrq ri oq+%2| , zklfk doorzv wr

vshhg xs wkh vdpsohu e| gudzlqj doo wkh hohphqwv ri kA yhfwru doo dw rqfh1 Wkh gudzedfnv ri

wklv phwkrg lv wzrirog> rq rqh vlgh lw lv dq dssur{lpdwlrq dqg lw lv olnho| wkdw/ dv srlqwhg rxw

e| MSU/ wkh pl{wxuh ri qrupdo lv qrw d jrrg sur{|/ lq sduwlfxodu lq whup ri wdlo ehkdylru/ dqg/

rq wkh rwkhu vlgh/ wkh sursrvhg phwkrg lqfuhdvhv wkh glphqvlrq ri wkh lqwhjudo dqg lw lv fohduo|

qhfhvvdu| wkdw doo wkh vwdwhv ri wkh pl{wxuh duh ylvlwhg d vx!flhqw qxpehu ri wlph e| wkh vdpsohu

wr dvvxuh d jrrg shuirupdqfh ri wkh dojrulwkp1

Krzhyhu lw lv d idfw wkdw wkh kljk ghshqghqfh ri wkh eorfnv fdq mhrsdugl}h wkh shuirupdqfh

ri wkh vdpsohu1 Lq wkh vwrfkdvwlf yrodwlolw|/ kljk ghshqghqfh ri wkh eorfnv lv dvvrfldwhg zlwk

ydoxhv ri � forvh wr xqlw| dqg �� forvh wr }hur dqg lq pdq| dssolfdwlrqv ri lqwhuhvw wkh hvwlpdwhg

ydoxhv ri wkh sdudphwhuv hqg xs lq wkrvh uhjlrqv1

Wr uhdfk d ehwwhu xqghuvwdqglqj ri wkh h�hfw ri vorz frqyhujhqfh/ wzr h{shulphqwv duh

uhsruwhg e| uxqqlqj wkh pxowl vwhsv vdpsohu xvlqj dq dffhswdqfh2uhmhfwlrq dojrulwkp wr gudz

iurp wkh frqglwlrqdo glvwulexwlrqv lq +:18, zlwk d qrupdo ghqvlw| dv hqyhorsh ghqvlw| zlwk phdq

dqg yduldqfh vhw wr pd{lpl}h wkh dffhswdqfh suredelolw|431 Wkh �uvw h{shulphqw uhsruwv wkh

dyhudjh ri 4333 lqghshqghqw vdpsohu hdfk zlwk lqlwldo frqglwlrq kfA @ 4 +W @ 433, dqg lwv dlp

lv wr vkrz wkh odvw ri wkh lqlwldo frqglwlrqv lq wkh vdpsohu1 Wkh vhfrqg lv edvhg rq d vlqjoh pxowl

vwhsv vdpsohu dqg wkh uhdol}dwlrqv ri wkh gudz ri kDf duh xvhg wr frpsxwh lwv DFI ixqfwlrq

+83=333 uhsolfdwlrq duh xvhg/ diwhu glvfduglqj wkh �uvw 43=333,1 Iljxuh +:14, dqg +:15, uhsruwv wkh

wzr vhw ri h{shulphqwv iru wzr gl�huhqw sdudphwhuv= � @ =<> �� @ =5> � @ 3> � @ =<<> �� @ =4>

� @ 3=

43Wkh dojrulwkp lv d prgl�fdwlrq ri wkh rqh jlyhq e| Jhzhnh +4<<8, dqg e| Nlp/ Vkhskdug dqg Fkle +4<<9,/ lq

zklfk gl�huhqw phdq dqg yduldqfh ri wkh qrupdo hqyhorsh kdyh ehhq vhwwhg1 Nlp/ Vkhskdug dqg Fkle prwlydwhg

wkhlu fkrlfh lq whup ri jdlqlqj kljkhu dffhswdqfh udwh iru wdlo revhuydwlrqv1
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Iljxuh :1415= Dxwrfruuhodwlrq ixqfwlrq1
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Iljxuh :1515= Dxwrfruuhodwlrq ixqfwlrq1

Dv srlqwhg e| Vkhskdug dqg dv lw lv fohduo| hylghqw iurp wkh deryh �jxuhv/ wkh ghshqghqfh

lq wkh vdpsohu lv odujh dqg shuvlvwhqw dv wkh odvw ri wkh lqlwldo frqglwlrqv dqg wkh DFI ixqfwlrq

vkrz1 Wklv fdq d�hfw wkh shuirupdqfh ri wkh xvh ri wkh vdpsohu lq ydulrxv gluhfwlrqv/ dprqj wkh

rwkhuv/ wkh vwdqgdug ghyldwlrq ri wkh vdpsoh hvwlpdwhv dqg wkh dssolfdelolw| lq wkh sdudphwhuv

hvwlpdwlrq1

Khuh wkh fkdqjh ri phdvxuh phwkrg sursrvhg lq vhfwlrq +8, lv dssolhg wr wkh deryh h{dpsoh

dv dq rwkhu zd| ri kdqgolqj wkh sureohp ri wkh ghshqghqfh1 Frqvlghu wkh h{shfwdwlrq lq +:15,
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uhvshfw wr KA @ oq+kA ,/ wkh h{suhvvlrq xqghu wkh fkdqjh ri phdvxuh fdq eh zulwwhq dv

H+kA m%A > �, @
]

h{s+KA ,

i+KA m�f,s+KA m%A > �,i+KA m�f,gK= +:19,

Lq wkh fkrlfh ri wkh dxjphqwlqj ixqfwlrq/ lw kdv ehhq orrnhg iru d ghqvlw| zlwk vx!flhqw

pdvv rq wkh grpdlq ri s dqg vxfk wkdw wkh frqglwlrqdo ri wkh i zrxog eh xvhixo lq xqgrlqj wkh

ghshqghqfh suhvhqw lq wkh frqglwlrqdo glvwulexwlrqv xqghu wkh ruljlqdo phdvxuh1 Iru wklv uhdvrq/

d pxowlyduldwh vwxghqw w zlwk ghjuhh ri iuhhgrp �f kdv ehhq fkrvhq dv dxjphqwlqj ixqfwlrq zlwk

sdudphwhuv �f @ +�f> �
2
f, dv

44

i+KA m�f> �f, 2 +4 .
K

�
AY KA

�f
,3

AnDf
2 +:1:,

zkhuh Y @ �
j2f
UU

�
dqg U lv d W � W pdwul{ dv

U @

5999999999997

t
4� �2f 3 � � � � � � 3

��f 4 3
111

3 ��f 4 3
111

111 3 ��f 4 3

3 � � � 3 ��f 4

6:::::::::::8
Wkh qlfh surshuw| ri wkh pxowlyduldwh w lv wkdw wkh frqglwlrqdo glvwulexwlrq i+K|mKE3|�> �f> �f, lv

xqlyduldwh vwxghqw w zlwk +W . �f� 4, ghjuhhv ri iuhhgrp dqg phdq htxdo wr p| @
Bf

�nB2f
+K|n� .

K|3�, dqg yduldqfh v2 @ Df
AnDf3�

E�n^�j2f
�nB2f

zkhuh t @ K
�
AY KA � j2f

�nB2f
+K|�p|,

21 Wkh idfw wkdw wkh

frqglwlrqdo phdq ri wkh ixqfwlrq i lv ri wkh vdph irup ri wkh phdq ri wkh frqglwlrqdo ghqvlw|

xqghu wkh ruljlqdo phdvxuh/ lv wkh uhdvrq zk| wklv vshfl�fdwlrq kdv ehhq fkrvhq1

Xqghu wkh qhz phdvxuh/ wkh vdpsohu zloo kdyh lqyduldqw glvwulexwlrq s � i dqg lw zloo eh uxq

e| gudzlqj iurp wkh glvwulexwlrq ri K| frqglwlrqdo KE3|� rq uhvshfw wr wkh qhz phdvxuh/

s+K|mKE3|�> %A > �,i+K|mKE3|�> �f, 2
h{s+�02|

2 h{s+�K|,, h{s+� EM|3>W�2
2j2 ,+4 . �

EAnDf3��r2 +K| �p|,,
3AnDf

2 =
+:1;,

Wkh gudzv iurp wkh deryh glvwulexwlrq fdq eh shuiruphg e| d Phwursrolv lqghshqghqfh vwhs

xvlqj dv dx{loldu| ixqfwlrq d vwxghqw w glvwulexwlrq zlwk ghjuhhv ri iuhhgrp �^> �{hg phdq �^

dqg yduldqfh �^/ dv lqglfdwhg lq vhfwlrq +8,1

44D jrrg uhihuhqfh rq pxowlyduldwh | lv dsshqgl{ E lq ]hooqhu +4<:4,1
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Wr frpsduh wkh surshuw| ri wkh ghvfulehg fkdqjh ri phdvxuh/ wkh h{shulphqwv shuiruphg

ehiruh duh uhshdwhg zlwk wkh iroorzlqj sdudphwhuv vshfl�fdwlrq= lq wkh �uvw fdvh �f @ �=<>
�f @ =5> �f @ 8> �^ @ 8> �^ @ 3 dqg �^ @ =8> lq wkh vhfrqg rqh �f @ �=<<> �f @ =4> �f @ 8>

�^ @ 8> �^ @ 3 dqg �^ @ =8= Wkh sdudphwhuv ydoxh kdv ehhq fkrvhq vr wr xqgr wkh ghshqghqfh

suhvhqw xqghu wkh ruljlqdo phdvxuh ehwzhhq wkh hohphqwv ri wkh fkdlq dqg wkhuhiruh wkh phdqv

ri wkh ghqvlwlhv s+�m�, dqg i+�m�, kdyh ehhq vhwwohg htxdo lq devroxwh ydoxh exw rssrvlwh lq vljq1

Wkh fkrlfh ri wkh phdq dqg yduldqfh ri wkh wudqvlwlrq glvwulexwlrq duh eh fkrvhq vr wr kdyh d

surshu hqyhorsh ri wkh surgxfw ri wkh wzr frqglwlrqdo glvwulexwlrqv lq +:1;,1

Wkh uhvxow ri wkh h{shulphqw duh uhsruwhg lq wkh iroorzlqj �jxuhv +:16, dqg +:17,1
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Iljxuh :1614= Dyhudjh ri 4333 lqghshqghqw vdpsohu1
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Iljxuh :1615= Dxwrfruuhodwlrq ixqfwlrq1
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Iljxuh :1715= Dxwrfruuhodwlrq ixqfwlrq1

E| frpsdulqj wkhvh uhvxowv wr wkrvh ri �jxuh :14 dqg :15/ lw lv hylghqw wkdw wkh fkdlq xqghu wkh

qhz phdvxuh kdv pxfk orzhu ghshqghqfh dqg wkh lqlwldo frqglwlrq odvwv ohvv1 Wkhvh surshuwlhv

doorz wr frpsxwh wkh lqwhjudo lq +:19, e| uxqqlqj wkh fkdlq lq d pxowl vwhs prgh exw zlwk

kljkhu suhflvlrq dqg orzhu ghjuhh ri ghshqghqfh wkdq wkh ruljlqdo rqh dqg zlwkrxw xvlqj dq|

dssur{lpdwlrq ru lqfuhdvlqj wkh glphqvlrq ri wkh lqwhjudo1
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:151 Sduwldoo| Qrq Jdxvvldq Vwdwh Vsdfh Prgho

Wklv gh�qlwlrq lv gxh wr Vkhskdug +4<<7, dqg lw uhihuv wr d fodvv ri vwdwh vsdfh prghov lq zklfk

lw lv srvvleoh wr lqwurgxfh qrqolqhdulw| dg qrq jdxvvldqlw|/ zkloh vwloo suhvhuylqj vrph hdvh lq wkh

dqdo|vlv1 Wkh prgho fdq eh uhsuhvhqw dv

|| @ �+v|, .D+v|,}| .E+v|,%|

}| @ �+v|, . F+v|,}|3� .G+v|,�|

+:1<,

zkhuh | lv wkh revhuydeoh yduldeoh ri glphqvlrq p/ } lv dq xqrevhuydeoh vwdwh +q � 4, dqg v

lv d vfdodu Pdunry fkdlq surfhvv gh�qlqj wkh uhjlph1 Wkh lqqrydwlrq % dqg � duh lqghshqghqw

vwdqgdug jdxvvldq1 Wkh lqwhuhvwlqj dvshfw ri wkh prgho lv wkdw frqglwlrqdo rq wkh uhdol}dwlrqv ri

wkh uhjlph yduldeoh/ v/ wkh prgho lv vwloo olqhdu dqg jdxvvldq zkloh wklv lv qrw wuxh xqfrqglwlrqdo

ri wkh uhjlph1

Gl�huhqw vshfl�fdwlrq uhfhqwo| sursrvhg lq wkh olwhudwxuh fdq eh uhfrqqhfwhg wr wkh deryh

iudphzrun/ dprqj wkh rwkhuv= wkh qrqolqhdu g|qdplf idfwru prgho iru phdvxulqj exvlqhvv f|foh

ri Glherog dqg Uxghexvfk +4<<7,/ wkh prgho ri frqglwlrqdo vzlwfklqj yduldqfh ri Nlp +4<<7, ru

wkh glvfuhwh dqdorj ri wkh frqwlqxrxv prghov iru wudglqj wlph ghirupdwlrq lq �qdqfh e| Jk|vho/

Jrxulhurx{ dqg Mdvldn +4<<9,1

Wkh gl!fxowlhv lq wkh hvwlpdwlrq dqg �owhulqj ri wklv prgho lv gxh wr wkh idfw wkdw wkh mrlqw

glvwulexwlrq ri wkh vwdwhv ] dqg wkh uhjlphv V frqglwlrqdo rq wkh revhuydeohv lv ri xqnqrzq

irup1 Lq wkh olwhudwxuh/ gl�huhqw hvwlpdwlrq dqg �owudwlrq vfkhph kdyh ehhq sursrvhg1 Nlp

+4<<7, lqwurgxfhg dq dssur{lpdwlrq �owhu edvhg rq fxwwlqj wkh phpru| ri wkh �owhu lwvhoi derxw

wkh sdvw klvwru| ri wkh uhjlph diwhu d �{hg qxpehu ri odjv1 Nlp*v �owhu suryhg wr zrun zhoo lq

prghov lq zklfk wkh vwdwh lq wlph w ghshqgv rqo| rq d �qlwh qxpehu ri sdvw uhdol}dwlrq ri wkh

uhjlph1 Eloolr dqg Prqiruw +4<<8, ghulyhg d �owhulqj dqg vprrwklqj dojrulwkp edvhg rq �qglqj

d vhtxhqfh ri lpsruwdqw vdpsolqj ixqfwlrqv zklfk rswlpl}h wkh shuirupdqfh ri wkh lqwhjudwlrq

ri wkh olnholkrrg uhvshfw wr wkh xqrevhuydeoh dw rqh dqg wzr vwhsv dkhdg> krzhyhu wkhlu phwkrg

suryhg wr zrun rqo| lq wkh fdvh lq zklfk wkh uhjlph yduldeoh grhv qrw fdxvh wkh vwdwh yduldeoh

lq d Judqjhu vhqvh1

Ghvslwh wkh lqwudfwdelolw| ri wkh mrlqw ghqvlw| ri wkh vwdwhv dqg wkh uhjlphv/ lw kdv wr eh

qrwhg wkdw wkh frqglwlrqdo glvwulexwlrq ri wkh vwdwhv z1u1w1 wkh uhjlph dqg wkh revhuydeoh dqg
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wkh frqglwlrqdo ri wkh uhjlph z1u1w1 wkh vwdwhv dqg wkh revhuydeoh kdyh d pxfk iulhqgo| irup dqg

lw lv ihdvleoh wr vlpxodwh wkhp1 Vr lw lv hylghqw wkdw dqrwkhu srvvleoh phwkrgv wr dssurdfk wkh

sureohp ri hvwlpdwlrq dqg lqihuhqfh lq wklv fodvv ri prghov lv wr xvh d Jleev vdpsohu/ dv lw kdv

ehhq vxjjhvwhg e| Vkhskdug +4<<7, dqg Fduwhu dqg Nrkq +4<<7,1 Lq idfw wkh Jleev vdpsohu fdq

jhqhudwh gudzv iurp wkh mrlq glvwulexwlrq s +]A > VA m\A , > zklfk fdq eh xvhg lq wkh frpsxwdwlrq

ri wkh olnholkrrg dqg lq wkh vprrwklqj ri wkh vwdwh1 Wkh vdpsohu frqvlvwv lq shuiruplqj vhtxhqwldo

gudzv iurp s +]A mVA > \A , dqg s +]A mVA > \A ,1
Iluvw/ wkh ghqvlw| ri wkh vwdwhv frqglwlrqdo rq wkh uhjlphv dqg wkh revhuydeoh lv jlyhq e|

s +]A m\A > VA , @ s +}A m\A > VA ,
A3�\
|'�

s +}|m\A > V|> }|n�, +:143,

zkhuh wkh fdslwdo ohwwhu phdqv doo wkh klvwru| xs wr wlph w= Wkh ghqvlw| s +}A m\A > VA , lv jlyhq e|

uxqqlqj wkh Ndopdq �owhu xs wr wlph W / zkloh s +}|m\A > V|> }|n�, fdq eh zrunhg rxw e| uxqqlqj wkh

�owhu edfnzdug> vr doo wkh ghqvlwlhv lq +:143, duh qrupdov dqg fdq eh urxwlqho| vdpsohg1 Krzhyhu

wkh edfnzdug �owhu lpsolhv wkh frpsxwdwlrq ri wkh lqyhuvh pdwul{ ri wkh iruhfdvw yduldqfh ri wkh

vwdwhv zklfk fdq eh frpsxwdwlrqdoo| sureohpdwlf li wkh gudzv duh uhshdwhg h{whqvlyho|> Ghmrqj

dqg Vkhskdug +4<<7, sursrvhg d vlpxodwlrq vprrwkhu zklfk doorzv wr vdpsoh iurp +:143, zlwkrxw

xvlqj pdwul{ lqyhuvlrq1 Wkh vlpxodwlrq vprrwkhu ri Ghmrqj dqg Vkhskdug zloo eh xvhg lq wkh

h{dpsoh sursrvhg1

Wkh vhfrqg vwhs frqvlvwv lq vlpxodwlqj iurp wkh ghqvlw| ri wkh uhjlph frqglwlrqdo wr wkh

vwdwhv dqg wkh revhuydeohv/ s +VA m\A > ]A ,1 Lq jhqhudo/ wklv lv qrw dq hdv| wdvn exw lq wkh fdvh lq

zklfk v| lv d vfdodu Pdunry fkdlq wkh dojrulwkp ghvfulehg e| Fduwhu dqg Nrkq +4<<7, doorzv wr

vdpsoh gluhfwo| doo wkh yhfwru VA iurp wkh frqglwlrqdo s +VA m\A > ]A ,451
Vr jlyhq wkh vwuxfwxuh ri wkh prgho/ wkh vdpsohu lv d gdwd dxjphqwdwlrq rqh edvhg rq gudzlqj

vhtxhqwldoo| wkh uhjlph yhfwru iurp s +VA m\A > ]A , dqg wkh vwdwh yhfwru iurp s +]A m\A > VA , =
Qrwh wkdw khuh zh frq�qh rxuvhoi wr zrun lq wkh fdvh ri txdolwdwlyh uhjlph zklfk lv dovr wkh

fdvh frqvlghuhg lq doo dssolfdwlrqv ri wkh SQJVV prghov suhylrxvo| lqglfdwhg> krzhyhu wklv grhv

qrw phdq wkdw wkh iudphzrun lv qrw dssolfdeoh wr pruh jhqhudo vshfl�fdwlrq> exw lq wkrvh fdvhv

wkh vdpsolqj ri wkh vwdwh V zloo qrw eh srvvleoh lq d vlqjoh pryh/ dv wkh dojrulwkp ri Fduwhu dqg

Nrkq doorzv/ dqg wkh vdpsohu zrxog qrw uhgxfh wr d gdwd dxjphqwdwlrq vfkhph1
45Wklv dojrulwkp lv ghvfulehg lq dsshqgl{ 51
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Kdylqj rewdlqhg udqgrp vdpsohv iurp s +]A > VA m\A , > wkhvh vdpsohv fdq eh xvhg wr frpsxwh
wkh vprrwkhg h{shfwdwlrq ri wkh vwdwhv ru wkh uhdol}dwlrq fdq eh xvhg lq wkh h{shfwdwlrq vwhs ri

wkh Vlpxodwhg HP dojrulwkp lq wkh hvwlpdwlrq ri wkh sdudphwhuv dv lqglfdwhg e| Vkhskdug dqg

Fduwhu dqg Nrkq1 Vxssrvh wkdw wkh dlp lv wr frpsxwh wkh vprrwkhg ydoxh ri wkh vwdwh

}|�A @

] ]
}|s +]A > VA m\A , g]gV +:144,

@

]
H+}|mVA > \A ,s +VA m\A , gV

wkhq wkh uhdol}dwlrqv
�
]�
A > V

�
A

��
�'� ri wkh vdpsohu fdq eh xvhg wr hvwlpdwh +:144, hlwkhu e| wkh

hpslulfdo hvwlpdwru

h}|�A @
4

Q

[
}�| +:145,

ru/ pruh h!flhqwo|/ e| wkh Udr0Eodfnzhoo irup

h}-�|�A @
4

Q

[
H+}|m\A > V�A ,= +:146,

Iroorzlqj wkh frqvlghudwlrq lq wkh suhylrxv vhfwlrq/ wkh fkdlq jhqhudwhg e| vdpsolqj vhtxhq0

wldoo| wkh vwdwhv dqg wkh uhjlphv yhfwru zloo vkrz ghshqghqfh1 Dv vwuhvvhg lq ydulrxv rffdvlrq

wkh ghshqghqfh lv qrw ghvludeoh dqg lw fdq lqgxfh odujh yduldqfh ri wkh hvwlpdwhv1 Iroorzlqj wkh

uhvxow ri vhfwlrq +9,/ lw lv srvvleoh wr gh�qh d fkdqjh ri phdvxuh vxfk wkdw xqghu lw wkh vwdwh dqg

wkh uhjlph yduldeoh duh lqghhg lqghshqghqw1 Vr frqvlghu dq dxjphqwlqj ixqfwlrq ri wkh w|sh

i +]A > VA m\A , @ i� +]A m\A , i2 +VA m\A ,
s +]A mVA > \A ,

zkhuh wkh ixqfwlrq i� dqg i2 duh surshuo| fkrvhq11 Dssolqj wkh deryh fkdqjh ri phdvxuh lqwr

+:144,/ lw iroorzv wkdw

}|�A @

]
H+}mVA > \A ,
i2 +VA m\A , i2 +VA m\A , s +VA m\A , gV>

wkh vdpsoh iurp i2 +VA m\A , s +VA m\A , fdq eh gudzq e| d Phwursrolv lqghshqghqw vwhs jlyhq wkdw

i2 +VA m\A , s +VA m\A , 2
i2 +VA m\A , s

�
VA m]Ac\A

�
s
�
]A m\A > VA

�
zkhuh ] lv dq| jlyhq klvwru| dqg wkh lqghshqghqw vwhs fdq eh shuiruphg e| xvlqj dv dx{lo0

ldu| ixqfwlrq wkh s
�
VA m]Ac\A

�
lwvhoi1 Lq wklv fdvh wkh l lwhudwlrq ri wkh dojrulwkp frqvlvwv lq
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vlpxodwlqj V�A iurp s
�
VA m]Ac\A

�
dqg wkhq dffhswlqj wkh gudz zlwk suredelolw|

�+V�A > V
�3�
A , @ plq+

s2+7�
A �tA ,

R+~A �tA c7�
A ,

s2+7�3�
A �tA ,

R+~A �tA c7�3�
A ,

> 4,=

Wkh lwhudwlrq ri wkh Phwursrolv vwhs zloo jhqhudwh d vdpsoh
�
V�A
��
�'� ri uhjlph yhfwru iurp zklfk

wkh vprrwkhg uhdol}dwlrqv duh frpsxwhg dv

e}|�A @
4

Q

[ H+}|m\A > V�A ,
i2
�
V�A m\A

� > +:147,

lw lv olnho| wkdw wkh hvwlpdwhg e}|�A zloo vkrz orzhu yduldqfh dqg wkh gudzv ri V�A orzhu ghshqghqfh

wkdq wkh rqh lq +:145, dqg +:146,1

Wkh deryh phwkrgrorjlhv duh suhvhqw lq wkh iroorzlqj frqwhvw> frqvlghu wkh xqlyduldwh vshfl0

�fdwlrq ri wkh prgho lq +:143,

|| @ �. �}| . �%|

}| @ ��v| . f}|3� . +gf . g�v|,�|

zkhuh %|> �| duh lqghshqghqw vwdqgdug qrupdo lqqrydwlrqv dqg v| lv d }hur0rqh wzr vwdwh pdunry

surfhvv zlwk wudqvlwlrq suredelolw| S +v| @ 3mv|3� @ 3, @ s dqg S +v| @ 4mv|3� @ 4, @ t= Wkh

sdudphwul}dwlrq lv wkh iroorzlqj1 Wkh wudqvlwlrq suredelolwlhv duh s @ =< dqg t @ =:/ vr wkhuh lv

d kljk shuvlvwhqw vwdwh dqg d orz shuvlvwhqw vwdwh1 Lq wkh revhuydwlrq htxdwlrq � @ =8> � @ =:

dqg � @ =6> zkloh lq wkh vwdwh htxdwlrq �� @ =7> f @ =;> gf @ =9 dqg g� @ =5=

Jlyhq wkh sdudphwhuv wkh vprrwkhg ydoxh ri wkh vwdwh lv frpsxwhg dv deryh/ krzhyhu dw wklv

vwdjh wkh dxjphqwlqj ixqfwlrq i kdv dvvxphg frqvwdqw dlplqj wr kljkoljkw rqo| wkh jdlq frplqj

iurp d orzhu ghshqghqfh ri wkh fkdlq li wkh vdpsohu lv uxq iroorzlqj wkh uhvxow ri sursrvlwlrq

61 Doo wkh wkuhh srvvleoh phwkrgrorjlhv kdv ehhq shuiruphg dv lqglfdwhg lq +:145,/ +:146, dqg lq

+:147,> dv d ehqfkpdun dovr wkh vprrwkhg ydoxh wkurxjk wkh Nlp*v �owhu kdv ehhq shuiruphg1

Wkh uhvxow ri wkh h{shulphqw ryhu d vdpsoh ri 433 revhuydwlrqv duh uhsruwhg lq wkh iroorzlqj

wdeohv1 Lq wdeoh 414 wkh dyhudjh UPVH ri wkh wkuhh hvwlpdwruv ryhu wkh jhqhudwhg vdpsohv duh

uhsruwhg wrjhwkhu zlwk wkh UPVH ri wkh Nlp*v �owhuhg ydoxh

lq wkh fdvh lq zklfk wkh vdpsohu kdv uxq iru 8333 uhsolfdwlrq diwhu rwkhu 5333 ri zduplqj xs1

Qrwh wkdw iru wkh Phwursrolv lqghshqghqfh vwhs wkh dffhswdqfh udwh kdv ehhq durxqg 93 shu fhqw1
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UPVH

h}|�A 31:35

h}-�|�A 31839

e}|�A 31688

Nlp*v �owhu 316;<

Wdeoh :14= Urrw Phdq Vtxduhg Huuru

Jleev Phwursrolv

w @ 58 314:< 31476

w @ 83 31598 31535

w @ :8 31466 31448

w @ 433 314;6 31485

Wdeoh :15= Dv|pswrwlf Yduldqfh

Zkloh wdeoh 415 uhsruwv wkh hvwlpdwhv ri wkh dv|pswrwlf yduldqfh ri v|�A iru w @ 58> 83> :8> 433

ryhu wkh uhdol}dwlrq ri wkh vdpsohu lq wkh fdvh ri wkh sodlq Jleev vdpsohu dqg lq wkh fdvh ri wkh

Phwursrolv dojrulwkp

Wkh sursrvhg phwkrg fohduo| rxwshuirup wkh Jleev rqh erwk lq whup ri UPVH dqg lq whup

ri orzhu ghshqghqfh lq wkh vlpxodwhg yduldeohv> krzhyhu wkh uhvxow iroorzv mxvw e| wkh xvh ri d

Phwursrolv vwhs dqg pruh lpsuryhphqw duh srvvleoh ghvljqlqj d surshu dx{loldu| ixqfwlrq i=

;1 Frqfoxvlrqv

Lq wklv zrun wkh lghd ri fkdqjh ri phdvxuh lq shuiruplqj Pdunry fkdlq prqwh fduor lqwhjudwlrq

lv lqyhvwljdwhg1 Lq sduwlfxodu wkh irfxv kdv ehhq srvhg rq wkh Jleev vdpsohu dqg krz wkh fkdqjh

ri phdvxuh prgl�hv wkh dojrulwkp wr vlpxodwh iurp wkh wdujhw ghqvlw|1

Lq wkh Pdunry fkdlq prqwh fduor wkh fkdqjh ri phdvxuh kdv d wzrirog lpsruwdqfh1 Rq rqh

vlgh/ dv lq wkh lqghshqghqw prqwh fduor/ wkh fkdqjh ri phdvxuh fdq lqgxfh d orzhu frqwhpsr0

udqhrxv yduldqfh ri wkh hvwlpdwhv li wkhuh lv d surshu fkrlfh ri wkh dxjphqwlqj ixqfwlrq1 Rq

wkh rwkhu vlgh/ wkh prgl�fdwlrq ri wkh wdujhw ghqvlw| fdq lpsuryh wkh pl{lqj surshuwlhv ri wkh
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Pdunry fkdlq zlwk uhvshfw wr wkh fkdlq xqghu wkh ruljlqdo phdvxuh1

Wkh lghd kdv ehhq vshfldol}hg wr wzr fdvhv ri lqwhuhvw/ wkh vwrfkdvwlf yrodwlolw| dqg wkh

qrqolqhdu vwdwh vsdfh prgho/ zklfk looxvwudwh wkh srvvleoh jdlq lq zrunlqj xqghu wkh fkdqjh ri

phdvxuh1 Krzhyhu/ hyhq li wkh sursrvhg phwkrgv kdyh vkrzq wr kdyh frpsdudwlyh dgydqwdjh

frpsduhg ri zrunlqj xqghu wkh ruljlqdo phdvxuh/ wkh sureohp ri wkh fkrlfh ri wkh dxjphqwlqj

ixqfwlrq lv vwloo dq rshq rqh dqg wkh ixqfwlrq i kdv wr eh wdloruhg rq d fdvh e| fdvh edvlv1

69



<1 Dsshqgl{ 4

Surri ri sursrvlwlrq 41

Wr vkruw wkh qrwdwlrq gh�qh k+{, @ sE%�RE%�
S > s�+�m�, @ t+�m�,� +�m�, dqg u+�m�, @ +4�U t+�m�,�+�m�,gh{�,=

Frqvlghu �uvw wkh fdvh ri NUC7 dqg zlwkrxw orvh ri jhqhudolw| vhw n @ 61 Wkh surri iroorzv e|

wkh idfw wkdw k+{, @
REh%��h%E3���sEh%��h%E3���

S�
k+{E3��, zkhuh k+{E3��, lv wkh pdujlqdo ri wkh vxeyhfwru

{E3��1 Lq idfw

U
NUC7 +{> h{,k+{,g{ @

U T�
�'�

�
S�
s+h{E��mh{E�� +m ? l, > {E�� +m A l,,i+h{E��mh{E�� +m ? l, > {E�� +m A l,,k+{,g{ @

REh%E���h%E3���sEh%E���h%E3���

S�

U REh%E2��h%E��c%E���sEh%E2��h%E��c%E���
S2

U REh%E���%E�� �:��sEh%E���%E�� �:��
S�

U
k+{E��m{E�� m A 4,g{E��k+{E2�m{E��,g{E2�k+{E��,g{E�� @

REh%E���h%E3���sEh%E���h%E3���

S�

U REh%E2��h%E��c%E���sEh%E2��h%E��c%E���
S2

U
k+h{E��m{E�� m A 5,k+{E2�m{E��,g{E2�

k+{E��,g{E�� @

REh%E���h%E3���sEh%E���h%E3���

S�

U
k+h{E��> h{E2�m{E��,k+{E��,g{E�� @ REh%E���h%E3���sEh%E���h%E3���

S�
k+h{E3��, @ k+h{,

Lq wkh fdvh ri NUC7� wkh suryh zloo eh jlyhq iru n @ 5 wr dyrlg h{fhvv ri qrwdwlrq> wkh nhuqho

lv
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U
NUC7� +{> h{,k+{,g{ @

U T2
�'�

q
s�+h{�> {�mh{E�� +m ? l, > {E�� +m A l, , . u+{�mh{E�� +m ? l, > {E�� +m A l, ,�% +gh{,rk+{,g{ @

@
U
s�+h{�>{�m{2,s�+h{2>{2mh{�,k+{,g{.

U
u+{�m{2,u+{2mh{�,�% +gh{2, �% +gh{�,k+{,g{

U
u+{�m{2,s�+h{2> {2m{�,k+{,�% +gh{�, g{.

U
s�+h{�> {�m{2,u+{2mh{�,�% +gh{2,k+{,g{ @

@
U
s�+{�> h{�m{2,k+h{� m{2,s�+h{2> {2mh{�,k+{2,g{. u+h{�mh{2,u+h{2mh{�,k+h{,.

U
u+{�m{2,s�+{2> h{2m{�,k+h{2 m{�,k+{�,�% +gh{�, g{.

U
s�+{�> h{�m{2,u+{2mh{�,k+h{� m{2,k+{2,�% +gh{2, g{ @

@ k+h{, U s�+{�> h{�m{2,s�+{2> h{2mh{�,g{. u+h{�mh{2,u+h{2mh{�,k+h{,.
k+h{, U u+h{�m{2,s�+{2> h{2m{�,g{. k+h{, U s�+{�> h{�m{2,u+h{2mh{�,g{ @ k+h{,
Wkh irxuwk htxdolw| krogv iru wkh uhyhuvdelolw| surshuw| ri hdfk ri wkh vlqjoh phwursrolv vwhsv

s�+{�> h{�m{2,k+h{� m{2, @ s�+h{�> {�m{2,k+{� m{2,> zkloh wkh odvw htxdolw| ghulyh e| wkh gh�qlwlrq

ri u=

Ehiruh surri ri sursrvlwlrq 5/ vrph gh�qlwlrqv duh qhhghg1

D nhuqho N lv �0luuhgxfleoh li/ iru doo { 5 G @ i{ = �+{, A 3j/ �+D, A 3 lpsolhv wkdw iru

vrph w � 4 S +{| 5 Dm{f @ {, A 3=

Dq p0f|foh iru dq luuhgxfleoh fkdlq zlwk wudqvlwlrq nhuqho N lv d froohfwlrq ri glvmrlqw vhwv

iHf> H�> ===> H63�j vxfk wkdw Su+{>H�, @ 4 iru m @ +l. 4,prg+p, dqg doo { 5 H�= Wkh shulrg g

lv wkh odujhvw p iru zklfk dq p0f|foh h{lvwv1 Wkh fkdlq lv dshulrglf li g @ 41

D ixqfwlrq i = ?? $ ? lv orzhu vhplfrqwlqxrv dw 3 li/ iru doo { zlwk k+{, A 3/ wkhuh h{lvwv dq

rshq qhljkerukrrg Q% 6 { dqg % A 3 vxfk wkdw iru doo | 5 Q% k+|, � % A 3=
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d, Jlyhq fruroodu| +4, dqg wkh si�luuhglelolw|/ wkh uhvxow iroorzv e| wkhruhp +716, lq Wlhuqh|

+4<<9, dqg e| wkh idfw wkdw li d j+{, lv frqwlqxrxv dqg {?
@r$ { wkhq j+{?,

@r$ j+{,1

e, Wkh idfw wkdw wkh ruljlqdo ghqvlw| dqg wkh dxjphqwlqj rqh duh orzhu vhplfrqwlqxrxv

lpsolhv wkdw dovr si lv orzhu vhplfrqwlqxrxv1 Wkh orfdoo| erxqghgqhvv ri
U
s+{,i+{,g{� ;l

iroorzv e| wkh erxqghgqhvv ri wkh vlqjoh ixqfwlrqv dqg e| wkh idfw wkdw s+{,i+{, @ s+{�m{E3��,
i+{�m{E3��,s+{E3��,i+{E3��,= Ilqdoo| jlyhq wkdw GR � Gs wkhq wkh frqglwlrq ri wkhruhp +5, ri

Urehuwv dqg Vplwk +4<<7, duh vdwlv�hg dqg wkh nhuqho NUC7 lv si�luuhgxfleoh dqg dshulrglf1

f, Ohw N^ wkh wudqvlwlrq nhuqho uhodwlyh wr wkh ixqfwlrqv t dqg ohw �+h{> {, @ T&
�'� �+h{�> {�mh{E��

+m ? l, > {E�� +m A l,, eh wkh suredelolw| wkdw doo wkh eorfnv ri wkh fkdlq pryh1 Wkh suryh lv

vlplodu wr wkhruhp +6, ri Urehuwv dqg Vplwk dqg lw lv edvhg rq vkrzlqj wkdw wkh luuhgxfxelolw|

surshuw| ri N^ lpsolhv wkh luuhgxflelolw| ri NUC7�� Ohw gh�qh Y
E|�
% @

qh{ = N
E|�
^ +{> h{, A 3

r
dqg

X
E|�
% @

qh{ = N
E|�
UC7�+{> h{, A 3

r
= Dvvxph wkdw X E|�

% � Y
E|�
% dqg ohw } 5 Y

E|n��
% / vr]

L
E|�
%

NE|�
^ +{> |,N^+|> }, A 3= +d14,

Vxssrvh wkdw } @5 X
E|n��
% > wkhq wkh vxssruw ri wkh ixqfwlrq N

E|�
^ +{> �,NUC7�+�> }, kdv phdvxuh

}hur1 Jlyhq wkdw �+h{> {, lv srvlwlyh iru hyhu| h{> { 5 GR> wkhq lw lpsolhv wkdw dovr wkh vxssruw ri

N
E|�
UC7�+{> �,N^+�> }, kdv phdvxuh }hur/ zklfk lv lq frqwudglfwlrq zlwk +d14,1 Vr lw pxvw eh wkdw

X
E|n��
% � Y

E|n��
% dqg jlyhq wkdw X E��

% � Y
E��
% wkhq wkh si�luuhgxflelolw| ri NUC7� iroorzv1

Surri ri sursrvlwlrq 61

Wkh qhz phdvxuh zloo eh i+{E��> {E2�,s+{E��> {E2�, @
s�E%E���s2E%E2��

R+%E���%E2�,
s+{E��> {E2�, @ i�+{E��,

i2+{E2�,s+{E2�,> vr wkh wzr eorfnv ri wkh yhfwru duh lqghshqghqw1 Wkh frqglwlrqdo glvwulexwlrq

i+{E��m{E2�, lv sursruwlrqdo wr s�E%E���

R+%E���%E2�,
dqg wkh frqglwlrqdo dqg wkh pdujlqdo ri {� xqghu wkh

qhz phdvxuh zloo eh i�+{E��,> zkloh wkh frqglwlrqdo i+{E2�m{E��, lv sursruwlrqdo wr
s2E%E2��

R+%E���%E2�,

dqg vr wkh frqglwlrqdo dqg wkh pdujlqdo ri {2 xqghu wkh qhz phdvxuh lv i2+{E2�,
R+%E2��%E��,
R+%E���%E2�,

@

i2+{E2�,
R+%E2�,
R+%E��,

2 i2+{E2�,s+{E2�,=
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Khuh lw lv looxvwudwhg krz wr jhqhudwh VA iurp wkh frqglwlrqdo ghqvlw| s+VA m]A > \A , xvlqj wkh

dojrulwkp ri Fduwhu dqg Nrkq +4<<7,1

Wkh �uvw vwhs ri wkh dojrulwkp frqvlvwv lq xvlqj uhfxuvlyh �owhulqj htxdwlrq wr fdofxodwh

s+v|m]|> \|,= Jlyhq wkh revhuydeoh yduldeohv \A > lw lv wuxh wkdw

s+v|m]|> \|, 2 s+||m}|> v|,s+}|m}|3�> v|,s+v|m]|3�> \|3�,

dqg/ vxpplqj ryhu wkh uhdol}dwlrq ri v|> wkh qrupdol}lqj frvwdqw lv frpsxwhg vr wkh suredelolw|

lv jlyhq e|

s+v|m]|> \|, @ s+||m}|> v|,s+}|m}|3�> v|,s+v|m]|3�> \|3�,S
r|
s+||m}|> v|,s+}|m}|3�> v|,s+v|m]|3�> \|3�, = +d15,

Jlyhq wkh wudqvlwlrq suredelolw| s+v|mv|3�,> lw iroorzv wkdw

s+v|m]|3�> \|3�, @
[
r|3�

s+v|mv|3�,s+v|3�m]|3�> \|3�,= +d16,

dqg vr/ iru w @ 4===W> wkh orrs ri +d15, dqg +d16, surylghv wkh ghvluhg suredelolw| iru hyhu| w1

Wr vdpsoh iurp s+VA m]A > \A ,> qrwh wkdw

s+VA m]A > \A , @ s+vA m]A > \A ,
A3�\
|'�

s+v|m]|> \|> v|n�,

dqg

s+v|m]|> \|> v|n�, @
s+v|n�mv|> ]|> \|,s+v|m]|> \|,

s+v|n�m]|> \|, = +d17,

Vr wkh odvw revhuydwlrq lv vdpsohg iurp s+vA m]A > \A , dqg diwhuzdug wkh rwkhu uhdol}dwlrqv iru

w ? W duh vdpsohg edfnzdug irup +d17,1
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