Wooldridge, Introductory Econometrics, 2d ed.

Chapter 2: The simple regression model

Most of this course will be concerned with use of a regression
model: a structure in which one or more explanatory variables
are considered to generate an outcome variable, or dependent
variable.We begin by considering the simple regression model, in
which a single explanatory, or independent, variable is involved.
We often speak of this as ‘two-variable’ regression, or ‘Y on X
regression’. Algebraically,

Yi = Bo + 012 + w (1)
1s the relationship presumed to hold in the population for each
observation 7. The values of y are expected to lie on a straight
line, depending on the corresponding values of x. Their values
will differ from those predicted by that line by the amount of
the error term, or disturbance, u, which expresses the net effect
of all factors other than x on the outcome y—that is, it reflects
the assumption of ceteris paribus. We often speak of x as the
‘regressor’ in this relationship; less commonly we speak of ¥y as
the ‘regressand.” The coefficients of the relationship, 3, and 3,
are the regression parameters, to be estimated from a sample.
They are presumed constant in the population, so that the effect
of a one-unit change in x on y i1s assumed constant for all values
of x.

As long as we include an intercept in the relationship, we
can always assume that E' (u) = 0, since a nonzero mean for u
could be absorbed by the intercept term.

The crucial assumption in this regression model involves
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the relationship between x and u. We consider x a random
variable, as is u, and concern ourselves with the conditional
distribution of w given x. If that distribution is equivalent to the
unconditional distribution of u, then we can conclude that there
1s no relationship between x and u—which, as we will see, makes
the estimation problem much more straightforward. To state this
formally, we assume that
Eu|x)=F(u) =0 (2)

or that the u process has a zero conditional mean. This
assumption states that the unobserved factors involved in the
regression function are not related in any systematic manner
to the observed factors. For instance, consider a regression of
individuals’ hourly wage on the number of years of education
they have completed. There are, of course, many factors
influencing the hourly wage earned beyond the number of years
of formal schooling. In working with this regression function,
we are assuming that the unobserved factors—excluded from the
regression we estimate, and thus relegated to the u term—are
not systematically related to years of formal schooling. This
may not be a tenable assumption; we might consider “innate
ability” as such a factor, and it is probably related to success in
both the educational process and the workplace. Thus, innate
ability—which we cannot measure without some proxies—may
be positively correlated to the education variable, which would
invalidate assumption (2).

The population regression function, given the zero



conditional mean assumption, is

E(y|x)= B+ bz (3)
This allows us to separate y into two parts: the systematic part,
related to x, and the unsystematic part, which is related to u.
As long as assumption (2) holds, those two components are
independent in the statistical sense. Let us now derive the least
squares estimates of the regression parameters.

Let [(x;,y;) : i = 1,...,n] denote a random sample of size n
from the population, where y; and x; are presumed to obey the
relation (1). The assumption (2) allows us to state that F'(u) = 0,
and given that assumption, that Cov(z,u) = E(xu) = 0, where
C'ov(-) denotes the covariance between the random variables.
These assumptions can be written in terms of the regression
error:

E(yi — By — Brzi) = 0 (4)
Elz; (yi — By — Byzi)] = 0

These two equations place two restrictions on the joint
probability distribution of x and w. Since there are two unknown
parameters to be estimated, we might look upon these equations
to provide solutions for those two parameters. We choose
estimators by and by to solve the sample counterparts of these
equations, making use of the principle of the method of moments:

nt Z (y; — bp — byz;) = 0 (5)



nt Z x; (y; — by — bix;) = 0
i=1

the so-called normal equations of least squares. Why is this
method said to be “least squares”? Because as we shall see, it
1s equivalent to minimizing the sum of squares of the regression
residuals. How do we arrive at the solution? The first “normal
equation” can be seen to be

bo =9y — T (6)

where y and T are the sample averages of those variables.
This implies that the regression line passes through the point
of means of the sample data. Substituting this solution into
the second normal equation, we now have one equation in one
unknown, by :

Y wi(yi— (= i) — buzi) = 0 (7
i—1

in(yi—ﬁ) = blzﬂ%‘(i’?z‘—f)

D » N1y

n —\2
D i1 (T — T)
Cov(z,
Var(x)
where the slope estimate is merely the ratio of the sample
covariance of the two variables to the variance of x—which, of

course, must be nonzero for the estimates to be computed. This
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merely implies that not all of the sample values of x can take on
the same value. There must be diversity in the observed values of
x. These estimates—b, and b; —are said to be the ordinary least

squares (OLS) estimates of the regression parameters, since they
can be derived by solving the least squares problem:

minS =3 e? =3 (g, — by — bz, 9

Here we minimize the sum of squared residuals, or dif-
ferences between the regression line and the values of y, by
choosing by and b;. If we take the derivatives 0.5/9by and
05/0b, and set the resulting first order conditions to zero, the
two equations that result are exactly the OLS solutions for the es-
timated parameters shown above. The “least squares” estimates
minimize the sum of squared residuals, in the sense that any
other line drawn through the scatter of (z, y) points would yield
a larger sum of squared residuals. The OLS estimates provide
the unique solution to this problem, and can always be computed
if G) Var(z) > 0 and (ii) n > 2. The estimated OLS regression
line is then

Y; = by + b1 (10)
where the “hat” denotes the predicted value of y correspond-
ing to that value of . This is the sample regression function
(SRF), corresponding to the population regression function, or
PRF (3). The population regression function is fixed, but un-
known, in the population; the SRF is a function of the particular
sample that we have used to derive it, and a different SRF will
be forthcoming from a different sample. The primary interest
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in these estimates usually involves by = 0y /dx = Ay/Ax, the
amount by which vy is predicted to change from a unit change in
the level of x. This slope is often of economic interest, whereas
the constant term in many regressions is devoid of economic
meaning. For instance, a regression of major companies’ CEO
salaries on the firms’ return on equity—a measure of economic
performance—yields the regression estimates

S = 963.191 + 18.501r (11)

where S is the CEQ’s annual salary, in thousands of 1990 dollars,
and r is average return on equity over the prior three years, in
per cent. This implies that a one percent increase in ROE over
the past three years is worth $18,501 to a CEQO, on average. The
average annual salary for the 209 CEOs in the sample is $1.28
million, so the increment is about 1.4% of that average salary.
The SRF can also be used to predict what a CEO will earn for
any level of ROE; points on the estimated regression function are
such predictions.

Mechanics of OLS

Some algebraic properties of the OLS regression line:

(1) The sum (and average) of the OLS residuals is zero:

Z e, =0 (12)
i=1
which follows from the first normal equation, which specifies
that the estimated regression line goes through the point of means
(%, 9), so that the mean residual must be zero.

(2) By construction, the sample covariance between the OLS
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residuals and the regressor is ZerO'
Cov(e,x) = Za:e =0 (13)

This 1s not an assumption, but follows directly from the second
normal equation. The estimated coefficients, which give rise to
the residuals, are chosen to make it so.

(3) Each value of the dependent variable may be written in
terms of its prediction and its error, or regression residual:

Yi = Ui + €

so that OLS decomposes each y; into two parts: a fitted value,
and a residual. Property (13) also implies that Cov(e, y) = 0,
since g/ is a linear transformation of x, and linear transformations
have linear effects on covariances. Thus, the fitted values and
residuals are uncorrelated in the sample. Taking this property and
applying it to the entire sample, we define

SST = 3 (wi—a)

SSE = Y (4~ 9)°

1=1

n
2
=1
as the Total sum of squares, Explained sum of squares, and
Residual sum of squares, respectively. Note that SST" expresses

the total variation in y around its mean (and we do not strive
to “explain” its mean; only how it varies about its mean). The
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second quantity, SSSE, expresses the variation of the predicted
values of y around the mean value of y (and it is trivial to show
that ¢ has the same mean as ). The third quantity, SSR, is the
same as the least squares criterion S from (9). (Note that some
textbooks interchange the definitions of SSE and SSR, since
both “explained” and “error” start with E, and “regression” and
“residual” start with R). Given these sums of squares, we can
generalize the decomposition mentioned above into

SST =SSE + SSR (14)

or, the total variation in y may be divided into that explained and
that unexplained, i.e. left in the residual category. To prove the
validity of (14), note that

n n

Y =9 = > (wi—9)+ @i —9)

n

= Z e+ (9 — 9)I°

:Ze +2Z V> (-
1=1 1=1
SST = SSR+ S S E
given that the middle term in this expression is equal to zero. But
this term is the sample covariance of e and y, given a zero mean
for e, and by (13) we have established that this is zero.
How good a job does this SRF do? Does the regression
function explain a great deal of the variation of y, or not very
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much? That can now be answered by making use of these sums
of squares:
R [ = gom = 1~ oop
SST SST
The R? measure (sometimes termed the coefficient of determi-
nation) expresses the percent of variation in y around its mean
“explained” by the regression function. It is an r, or simple cor-
relation coefficient, squared, in this case of simple regression
on a single x variable. Since the correlation between two vari-
ables ranges between -1 and +1, the squared correlation ranges
between 0 and 1. In that sense, 122 is like a batting average. In
the case where R? = 0, the model we have built fails to explain
any of the variation in the y values around their mean—unlikely,
but it is certainly possible to have a very low value of R?. In the
case where R? = 1, all of the points lie on the SRF. That is un-
likely when n > 2, but it may be the case that all points lie close
to the line, in which case R? will approach 1. We cannot make
any statistical judgment based directly on R?, or even say that a
model with a higher R? and the same dependent variable is nec-
essarily a better model; but other things equal, a higher R? will
be forthcoming from a model that captures more of y’s behavior.
In cross-sectional analyses, where we are trying to uinderstand
the idiosyncracies of individual behavior, very low R? values are
common, and do not necessarily denote a failure to build a useful
model.
Important issues in evaluating applied work: how do
the quantities we have estimated change when the units of
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measurement are changed? In the estimated model of CEO
salaries, since the y variable was measured in thousands of
dollars, the intercept and slope coefficient refer to those units
as well. If we measured salaries in dollars, the intercept and
slope would be multiplied by 1000, but nothing would change.
The correlation between y and x is not affected by linear
transformations, so we would not alter the 2 of this equation
by changing its units of measurement. Likewise, if ROE was
measured in decimals rather than per cent, it would merely change
the units of measurement of the slope coefficient. Dividing 7 by
100 would cause the slope to be multiplied by 100. In the original
(11), with r in percent, the slope is 18.501 (thousands of dollars
per one unit change in 7). If we expressed r in decimal form,
the slope would be 1850.1. A change in r from 0.10 to 0.11 —a
one per cent increase in ROE—would be associated with a change
in salary of (0.01)(1850.1)=18.501 thousand dollars. Again,
the correlation between salary and ROE would not be altered.
This also applies for a transformation such as F' = 32 + %C’ 1t
would not matter whether we viewed temperature in degrees F' or
degrees (' as a causal factor in estimating the demand for heating
oil, since the correlation between the dependent variable and
temperature would be unchanged by switching from Fahrenheit
to Celsius degrees.

Functional form

Simple linear regression would seem to be a workable tool
if we have a presumed linear relationship between y and x, but
what if theory suggests that the relation should be nonlinear?
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It turns out that the “linearity” of regression refers to y being
expressed as a linear function of x—but neither y nor x need
be the “raw data” of our analysis. For instance, regressing ¥y
on ¢ (a time trend) would allow us to analyse a linear trend,

or constant growth, in the data. What if we expect the data to
exhibit exponential growth, as would population, or sums earning
compound interest? If the underlying model is

y = Aexp(rt) (15)
logy = log A+ rt
yt = A" +rt (16)

so that the “single-log” transformation may be used to
express a constant-growth relationship, in which 7 is the
regression slope coefficient that directly estimates dlogy/0t.
Likewise, the “double-log” transformation can be used to express
a constant-elasticity relationship, such as that of a Cobb-Douglas
function:

y = Az“ (17)
logy = log A+ alogx
In this context, the slope coefficient « is an estimate of the
elasticity of y with respect to z, given that 1), , = dlogy/dlogx
by the definition of elasticity. The original equation is nonlinear,
but the transformed equation is a linear function which may be
estimated by OLS regression.
Likewise, a model in which y is thought to depend on 1/x
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(the reciprocal model) may be estimated by linear regression by
just defining a new variable, z, equal to 1/z (presuming z > 0).
That model has an interesting interpretation if you work out its
algebra.

Properties of OLS estimators

Now let us consider the properties of the regression estima-
tors we have derived, considering by and b; as estimators of their
respective population quantities. To establish the unbiasedness of
these estimators, we must make several assumptions:

Proposition 1 SLRI: in the population, the dependent variable
y is related to the independent variable x and the error u as

y=0y+0ix+u (18)

Proposition 2 SLR2: we can estimate the population parameters
from a sample of size n, {(x;,y;),i =1,...,n}.

Proposition 3 SLR3: the error process has a zero conditional
mean:

E(u|x)=0. (19)

Proposition 4 SLR4: the independent variable x has a positive
variance:

(n—17"> (z;—7)° >0 (20)
1=1

Given these four assumptions, we may proceed, considering
the intercept and slope estimators as random variables. For
the slope estimator; we may express the estimator in terms of
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population coefficients and errors:

by — izl (;Uz‘ — 7) (?{z' . ¥) _ 2im (33@‘2— DY o
2 i1 (T — I) 5z

where we have defined s as the total variation in x (not the
variance of x). Substituting, we can write the slope estimator as:

b Z?zl (xz - 53) Yi
1

S3
_ >ic (i =) (By + Byzi + wi)
S;
60 Z?zl (:CZ — *T) - 61 ZZ—; (:L"Z — 53) x; + Z?:l (CL"Z — 5}) U,

52
We can show that the first term in thexnumerator 1s algebraically
zero, given that the deviations around the mean sum to zero.
The second term can be written as » ., (z; — Z)° = s2, 50
that the second term is merely /3; when divided by s2. Thus this

expression can be rewritten as:
n
1 Z _
b1261—|——2 (CL"Z—ZL")”LLZ
82 “
1=1

showing that any randomness in the estimates of b; is derived
from the errors in the sample, weighted by the deviations of their
respective x values. Given the assumed independence of the
distributions of x and v implied by (19), this expression implies
that:

L (b1> = 04,

or that b; is an unbiased estimate of 3, given the propositions
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above. The four propositions listed above are all crucial for this
result, but the key assumption is the independence of x and u.

We are also concerned about the precision of the OLS
estimators. To derive an estimator of the precision, we must add
an assumption on the distribution of the error u :

Proposition 5 SLR5: (homoskedasticity ):
Var (u| ) = Var(u) = o>

This assumption states that the variance of the error term is
constant over the population, and thus within the sample. Given
(19), the conditional variance is also the unconditional variance.
The errors are considered drawn from a fixed distribution, with a
mean of zero and a constant variance of 2. If this assumption is
violated, we have the condition of heteroskedasticity, which will
often involve the magnitude of the error variance relating to the
magnitude of x, or to some other measurable factor.

Given this additional assumption—but no further assumptions
on the nature of the distribution of u— we may demonstrate that:

o o?
Var (b)) = S j})Q =2
i=1 \Li — x

so that the precision of our estimate of the slope is dependent
upon the overall error variance, and is inversely related to the
variation in the x variable. The magnitude of x does not matter,
but its variability in the sample does matter. If we are conducting
a controlled experiment (quite unlikely in economic analysis) we
would want to choose widely spread values of x to generate the
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most precise estimate of 0y /0x.
We can likewise prove that b is an unbiased estimator of the
population intercept, with sampling variance:

Vafl“ (b()) — n—l (2'12 Z;’lzl :Ez2 : _ 0'2 Z;l;l 5622 (23)
D izt (Ti — ) NSy

so that the precision of the intercept depends, as well, upon the
sample size, and the magnitude of the x values. These formulas
for the sampling variances will be invalid in the presence of
heteroskedasticity—that is, when proposition SLRS is violated.

These formulas are not operational, since they include the
unknown parameter o2. To calculate estimates of the variances,
we must first replace o> with a consistent estimate, s, derives
from the least squares residuals:

ei:yi—bo—blazi, 1= 1,...,77, (24)
We cannot observe the error u; for a given observation, but we
can generate a consistent estimate of the i observation’s error
with the i'" observation’s least squares residual, ;. Likewise, a
sample quantity corresponding to the population variance o2 can

be derived from the residuals:

iy @)

where the numerator is just the least squares criterion, SSR,
divided by the appropriate degrees of freedom. Here, two degrees
of freedom are lost, since each residual is calculated by replacing
two population coefficients with their sample counterparts. This
now makes it possible to generate the estimated variances and,
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more usefully, the estimated standard error of the regression
slope:
S
Sp, = 5
where s 1s the standard deviation, or standard error, of the
disturbance process (that is, \/?), and s, 18 \/% It 1s this
estimated standard error that will be displayed on the computer
printout when you run a regression, and used to construct
confidence intervals and hypothesis tests about the slope
coefficient. We can calculate the estimated standard error of the
intercept term by the same means.
Regression through the origin
We could also consider a special case of the model above
where we impose a constraint that 3, = 0, so that y is taken to be
proportional to x. This will often be inappropriate; it is generally
more sensible to let the data calculate the appropriate intercept
term, and reestimate the model subject to that constraint only if
that 1s a reasonable course of action. Otherwise, the resulting
estimate of the slope coefficient will be biased. Unless theory
suggests that a strictly proportional relationship 1s appropriate,

the intercept should be included in the model.
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