BOSTON COLLEGE
Department of Economics

Microeconomics Theory Comprehensive Exam
August 20, 2010

Directions:  There are three parts to this exam. Part 2 has an answer sheet and for
Parts 1 and 3, you will need a bluebook. Please follow the instructions for each part
carefully. Write your Alias on the answer sheet for Part 2 and on Parts 1 and 3 write your
Alias, part number, question number(s) on the front of each blue book.

Please read the entire exam before writing anything.



Part I. This part consists of a single question that you are required to answer.

An individual has a utility function U = x,x,, where x, is the number of times per month
he travels downtown to attend a concert and x, is his monthly conéumption of bread.
Travelling downtown to attend a concert entails a monetary outlay of p; dollars and a
time outlay of t; hours. Consuming a unit of bread entails a monetary qutlay of a dollar
but no time outlay. The individual has T hours per month available for concerts and
work. Work pays an hourly wage of w and is the individual’s only source of income.
(é) Set out the individual’s utility maximization problem and derive his demand
functions for concerts aﬁd bread. |

(b) Initially, t, = 6, p; = 40, w =10 and T = 200. A transportation improvement is
possible which would lower t, to 3, but which would have to be paid for by imposing a
lump sum tax of $10 per month on every consumer. Calculate the compensating
variation that the individual would realize if the transportation improvement along with

the tax were put into effect.



PART II

Allocate about two hours for this part. Please answer all questions in this
section. Mark your answers on the special answer sheet provided.

Each of the following questions has several possible answers. Mark all the
correct answers or statements, and only the correct ones. Important: There
may be no correct answers, several correct answers, and it may even happen
that all answers are correct!

Your grade for this part (out of 100) will be

2r 4+ 6y + 2

where z is the number of correct answers you'll give in question 1 and y is
the number of correct answers you'll give in questions 2—4.

1. Society is composed of n individuals. For each of the following social
aggregation rules, check which properties of Transitivity, Unanimity,
ITA, and No Dictatorship they satisfy. Mark them with v in the ta-
ble. If a property is not always satisfied then don't mark it. In all
cases assume that no individual is indifferent between any two options
{although society may be indifferent). '

(a) For every x and y, x = y iff there is a person ¢ such that for all
ZF LY, T 2 Y '

{b) For every x and y, z » y iff exactly n—1 individuals strictly prefer
x to y. Otherwise, 2 ~ y.

(c) For every x and vy, x » y iff the majority prefers y to =z {assume
an odd number of individuals).

(d) For every z and y, = » y iff the majority strictly prefers z to y
and % =1 y (here too assume an odd number of individuals).

2. Which of the following statementis is correct? Mark them.

(a) If all preferences are homothetic, then WE is unigue.

(b) If uy{z?, z°) = min{z', z*} then there must be many different WE
price vectors. ‘

(¢) Suppose u; = u;. If in the WE price vector p*, p* - w; > p* - wy,
then it is possible that w;(w;) < us{w;), but it must still be the
case that u;(z}) > us{z}). (As always, the WE is denoted (z*, p*).
For “True” answer, both parts of the statement must hold).
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3.

(d)
(e)

(a)
(b)

If w™ = w¥, then in WE commodities m and £ have the same price.

Brouwer’s fixed point theorem is used in proving the equal treat-
ment in the core theorem.

The function u(x) = Inw satisfies CRRA {constant relative risk
aversion).

The preferences (100,1) = (0, 1,100, 3; 200, 1) > (0, 2;200, 1) are

IVE] FIOR]
inconsistent with expected utility theory.
Insurance markets require that not all clients of a company have
the same utility function. If this condition is not satisfied, the
market will collapse and no one will buy insurance.

Sellers may prefer first price auctions to second price auctions even
though in first price auction consumers offer less than their true
price.

If person ! is a fully discriminating monopolist and person 2 is
a price taker, then person 2 has an incentive to misrepresent his
preferences.

The decision maker is facing a probability » < 1 of lesing a prop-
erty of value L. There is a price ¢* < 1 such that if the price of
insurance (per dollar) is higher than ¢* the decision maker will
buy no insurance.



PART III

Micro Theory Comprehensive Exam - Summer 2010
M. Utku Unver
Suggested Time: 60 minutes

An object will be auctioned among n > 2 bidders. Fach bidder ¢ = 1, ...,n has a private
signal v; that is the value of the object to the bidder. Other bidders j 5 4, who do not observe
v;, believe that ¢’s value is distributed with respect to the distribution function F'(v;) = v,
which has full support on {0,1]. The auction method is the first-price sealed bid auction
(i.e., the bidders simultaneously submit their bids; an even lottery determines the winner
among the highest hidders; and winner gets the object paying the price he submitted, while
all other bidders have payofl 0). Tach bidder has a payoff function that is quasi-linear in
value and price when he wins (i.e., v; — b; is the payoff of bidder i, if he wins and pays b;).

(1) 75 pt. Find a symmetric Bayesian-Nash equilibrium of this game; show your steps of
calculation. [HINT: Each bidder ¢’s equilibrium strategy is linear in v;.|

(2) 25 pt. If, instead of the first-price format, the object were auctioned through a second-
price auction or an ascending-price English auction (i.e., an open dynamic auction where
price publicly increases continuously starting from 0 and each bidder’s strategy at each point
in time is to drop out or continue at the current level of price; once a bidder drops out he
cannot continue to the game; the winner is the agent who stays in while all others drop out
and he pays the price at which the last agent drops out), which of the three auction formats
would raise more (ex-ante) expected revenue for the auctioneer at a symmetric monotonic
Bayesian-Nash equilibrium? Why? Briefly explain.
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Please read the entire exam before writing anything.



PART I

Part 1. This part consists of a single question that you are required to answer.

A consumer maximizes the utility function I/ = x]U Zxéfzxg. Prices and income are given by

P1=350,p; =35, p3 =land I = 400. The individual has a manufacturer’s coupon for $40 off the
purchase of 4 units of commodity 1. The individual has only one coupon; use of the coupon
requires purchasing 4 units; and the $40 cost reduction is off of the total cost, as opposed to a
reduction per unit of commodity 1.

(a) Determine whether or not the individual will choose to use the coupon (Note: In this

and the following part of the problem, certain roots, such as square roots, may arise

which are best not rounded off until the final step of your computations).

(b) Calculate the individual’s compensating and equivalent variations (CV and EV) for

having the coupon.



PART 11

Allocate about two hours for this part. Please answer all questions in this
section. Mark your answers on the special answer sheet provided.

Each of the following questions has several possible answers. Mark all the
correct answers or statements, and only the correct ones. Important; There
may be no correct answers, several correct answers, and it may even happen
that all answers are correct!

Your grade for this part (out of 100) will be

2r + 6y + 4

where z is the number of correct answers yowll give in question 1 and y is
the number of correct angwers you'll give in questions 2-4.

1. The production cost of a public good z is given by o{x) = 2. There
are 7 individuals in society, and they announce the differentiable (but
not necesarily monotonic) utility fonctions m + ui(x), ..., m + u, (2,
where /m is money. The functions u, ..., u, are defined over the range
[0, Z] (society cannot produce more than Z). Also, society has m > 72
dollars to pay for the production of = and to be allocated between the
n individuals.

For each of the following production /allocaton mechanism, decide whet-
her it is Pareto efficient, symmetric (in the senge that identical individ-
uals will receive the same outcome), and incentive compatible. In the
table provided, mark by v only those properties that are satisfied. A
property is satisfied if it is satisfied for all possible utility profiles. In
all cases, society will produce z* units of the public good and will give
person i m; dollars.

(8) z*=%/2, m; =m/n,i=1,...,n
(b) =™ solves 20" = Y wj(z™), m; = (M — (")) /0, i=1,...,n.

{c) =" solves (z")? = S wi{x*), m; =0,4=1,...,n

(d) z* solves Y ul{z*) =0, ma=m — ("), m; =0,i=2,...,n.



2. Which of the following statements is correct?

(a) If the economy has no Walrasian equilibrium, then its core is
empty.

(b) If two individuals have the same utility function and the same
initial endowments, then in all efficient allocations they receive
the same outcome.

(c) There are economies with more than 2 individuals where the set
of WE allocation is equal to the core.

(d} If all individuals have the same strictly quasi concave and differ-
entiable utility functions, then the economy has only one WE.

3. (a) Therearen > 3individuals numbered 1, ... n, and all have single-
peaked preferences over . The social ranking z = y iff a majority
of the individuals {1,2,3} weakly prefers z to y satisfies all of
Arrow’s axioms except for universal domain.

(b) Harsanyi utilitarianism violates ITA.
(c) Sen’s liberalism violates ITA.

(d} Arrow, Sen, Harsanyi, and Diamond won the Nobel prize in eco-
nomics.

4. {a) John holds a ticket for lottery X. Jane paid him y doliars, and he
gave her the ticket. Both are happy. If y > E[X], then they are
not all risk loving.



(b) w{z) =e "% 0 < o < 1 represents CARA.

{c} If the two strictly concave functions v and v represent CARA,
then so does uw.

(d} If X dominates ¥ by both FOSD and SOSD, then X =Y.



PART III
Micro Theory Comprehensive Exam - Spring 2010
Utku Unver
60 minutes
Suggestion: Divide your time according to the worth of each question.

1. 25 pts Consider & two player game played on a rectangular array of m x n cells
numbered (7, ), where 1 <4 <m and 1 < j < n, and m and n are finite integers exceeding
1. All cells are initiaily unoccupied. Players take turns to occupy an additional cell, with
the rule that if cell (4, j) has heen previously cccupied by either player, then neither player
can subsequently occapy any cell (4g, jo) for which both 4y > 7 and 75 > j. The player forced
to occupy (1,1) is the loser. '

[s there a player with a winning sirategy? If so, is it the first mover or the second mover?
Prove or disprove.

HINT: Do not try to construct a winning strategy

2. 50 pts

Consider an n firm homogeneous product industry where firm ¢ produces output g; at
cost ¢; (g:) = cg; for some constant ¢ > 0. Price is: p = « — Q) where Q = ¢ + ... + ¢, and
a > 0, § > 0 are constants. Suppose that o — ¢ > 0.

25 pts (a) What are the firms’ outputs in the Cournot equlhbmum‘?

25 pts (b) Suppose that there are n = 2 firms, and each firm 4 has cost ¢; (g;) = ¢;q; where
¢ Is private information to firm 1, while ¢; is common knowledge to both firms. Suppose that
c1 is distributed in {0, 1] with a continuous density that has a p.df. f(e) = 2—25:1—6/12 and this
is common knowledge. Pirst firm 1 finds out ¢; and ¢ is announced to both players. Then
each firm announces some quantity to produce. Find the Cournot Bayesian-Nash equilibria
of this game.

3. 25 pts The following mechanisms always satisfy which of given properties? Only
write in your answer sheet the correct properties, no explanation is needed.

(a) Groves Mechanism in the quasi-linear domain:

Strategy-proof, Efficient, Individually rational, Coalitionally strategy-proof, Nonbossy

(b) Serial Dictatorship in the indivisible resource allocation without transfers domain
under strict preferences

Strategy-proof, Pareto efficient, Individually rational, Coalitionally strategy-proof, Non-
hossy

(¢) Uniform Rule in the allocation of a perfectly divisible good with single-peaked pref-
erences

Strategy-proof, Pareto efficient, Individually rational, Coahtxonaﬂy strategy-proof, Non-
bossy

(d} First-Price Auction in the quasi-linear domain:

Bayesian incentive-compatible, Efficient, Individually rational, Non-bossy, Strategy-proof
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PART 1

Allocate about three hours for this part. Answer all questions in this
section. Mark your answers on the special answer sheet provided.

In all questions you have to fill in a table. Check carefully the instructions
provided.

Your grade for this part {out of 100} will be

44+ 4

where z is the number of correct answers in all questions together.



1. Society needs to allocated the bundle z = {z', ..., z%) between n indi-
viduals. Fach of these individuals has no other resources and each of
them will declare his preferences over §Rf“|_ which must be strictly convex.
For mechanisms (a)—(d), check which of properties 1-4 are satisfied. In
the table on the last page, mark + is this property must be satisfied,
o if it may be satisfied but it may also not be satisfied, and x if this
property is never satisfied.

Mechanisms

{a) Give everything to person 1, zero to everyone else.

{b) Give everyone the same share, that is, Z.

{c) Allocate z to z1,...,Z, such that the allocation is efficient and
w{z1) = ... = un(z,). Remark: Such an allocation exists, and it
is unique.

(d) Divide it equally between all individuals ¢ who satisfy for all j,
ui{z) = w;(z).

Properties

1. Efficiency
2. Individual rationality
3. Symmetry

4. Dominant strategy



2. For each of the utility functions (a)—-(d), decide which of the properties
1-4 it satisfies. In the table on the last page, mark + is this property
must be satisfied, o if it may be satisfied but it may also not be satisfied,
and x if this property is never satisfied. All functions are defined {only)
on ol

Utilities
(a) u(zl,...,z") =Y aflna?, o). . 0 > 0.
(b) u(axl,...,a%) =S uw/(27) where u!,... u* are strictly concave.
(@) ulz,y) = o7
(d) u(zl,...,2%) =3 (=%) (sum 2 to the power of 7).
Properties

1. Homotheticity
2. Strict quasi concavity
3. Quasi linearity

4. Strict monotonicity {that is, ¥4, ¥ > 7/ and there exists 7 such
that 27 > ¥ imply u(z) > u(y)).



3. For each of the preferences over lotteries that are represented by the
functions (a}—(d), decide which of the properties 1-4 it satisfies. In the
table on the last page, mark 4+ ig this property must be satisfied, o if it
may be satisfied but it may also not be satisfied, and x if this property
is never satisfied. All functions are defined (only) on R%. As usual,

X =(21,p1- -3 T, Pu)-
Representation functions

(a) Expected utility with the vINM function

u(z) = T z < 10
T15+2% 2210

(b) Expected utility with the vNM function u(z) = %, a € (0,1).
(¢) Mean variance: V(X) = flpx,ox).
(d) Quadratic utility:

V(X) = ZZ%Z%‘W(%%)

whete (z,) = ©(y, 7).
Properties

1. Risk aversion
2. Constant absolute risk aversion

3. The decision maker will buy full insurance if and only. if the price
of dollar insurance equals the probability of loss.

4. The decision maker’s preferences are consistent with the paradox
of Allais (that is, (5,0.1;0,0.9) > (1,0.11;0.0.89) but (1,1) >~
(5,0.1;1,0.89;0,0.01)).



PART 2

Micro Theory Comprehensive Exam
Utku Unver
60 minutes
Total 100 pts.
Suggestion: Divide your time according to the worth of each question.

1.50 pts. Consider an n firm homogeneous product industry where firm ¢ produces
output ¢; at cost ¢ {g;) = cg; for some constant ¢ > 0. Price is: p = a — BQ where
@=qg1+ ...+ gy, and o > 0, § > 0 are constants. Suppose that o — ¢ > 0.

25 pts (a) What are the firms’ outputs, prices and profits in the Cournot equilibrium?

‘What happens as n — co? Comment,.

25 pts (b} If two firms merge, then the merged firm has marginal cost of ¢, just as before,
and they share their merged firm profit using some divigion rule which is common knowledge.
Consider the following extensive game: Firm 1 proposes a merger to one of the other n — 1
firms or does not offer merger to any other firm. All firms observe firm 1’s action. Then in
the second stage the firm which receives an offer (if there is one) accepts or declines a merger
with firm 1. All other firms observe this action. Then they play a Cournot game in the third
stage. If at a subgame perfect equilibrium of this game, we observe a merger between firm
1 and one of the other n — 1 firms, then what does n satisfy (i.e., what is the range of n)?
Show your work.

2. 50 pts. Show your work:

15 pts (a) Find all subgame-perfect Nash equilibria of the following game.

15 pts (b) Find all perfect-Bayesian equilibria of the following game.

10 pts (c) Find all sequential equilibria of the following game.

10 pts (d) Which of the above equilibria satisfy the intuitive criterion?

(0.0) xduel due~ (1.0)
quiche T beer /

19| MOt @3,1)
+ 0 52
1| w duel, (0.1)

guiche beer

(2,0)




ALTAS:

Mark your answers below.

[ 1[2]3]4
a
1 b
C
d
| J1]2]3 ][4
a
2 b
C
d
L J1i2]3]4]

ool o
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PARTS 1, 2, dnd 3

Allocate about three hours for this part. Please answer all questions in
this section. Mark your answers on the special answer sheet provided.

Each of the following questions has several possible answers, Mark all the
correct answers or statements, and only the correct ones. Important: There
may be no correct answers, several correct answers, and it may even happen
that all answers are correct!

Your grade for this part {out of 100} will be

4 +4x + 8y

where z is the number of correct answers in question 1-4 and ¥ is the number
of correct answers in question 5.

1. {a) The following choice function ¢ satisfies the weak axiom of revealed
preferences: X = {1,...,100}, for @ # A C X,

max{z:x € A} |A] is odd
o(A) =
min{z 'z € A} |A] is even
where | 4| is the number of items in A.

(b) X = [0,60) (the set of numbers z such that 0 € z < 60). For
x,y € X, x > y iff one of the following happens:

Lzzyand z—y < 30
ii. z<yandy—2 > 30
The relation = is transitive.
{¢) X = {1,...,100}. Define = > y iff # — y is a positive prime
number. Then > is a complete relation.
(d) X = {(z,y) : z,y are integers}. Define (z,y) = («,v) if z > 2/,
orz = 7' and y = 3. Then = cannot be represented by a real
function. That is, there is no function v : X — $ such that

(z,y) = (/) il u(z,y) > ulz’,y/).
2. Consider the utility function w{z,y) =z +zy + vy

(a) This function is quasi concave.



(b)

{0)
(d)

The demand function for z is given by
Py —Ps +m
2Py

where p, and p, are the prices of 2 and y and m is the consumer’s
income (all in dollars).

If m = 50, p, = 10, and p, = 60, then D¥{p,, p,,m) = 0.

By Walras law, such utility functions cannot be used in the anal-
ysis of Walrasian equilibrium.

Dm(pw:py: m) =

3. In all parts, assume weak quasi concave utility functions.

(a)
(b)
(c)
(d)
4 (a)
(b)
(c)
(&)

If an outcome in the core is efficient, then it must be Walrasian
equilibrium.

In Walrasian equilibrium, identical consumers receive the same
outcome.

Walrasian equilibrium satisfies the No Envy condition: For all 4
and j, ¢ weakly prefers his equilibrium outcome to that of j.

Walrasian equilibrium satisfies the following condition: There are
no ¢ and j such that z} =; z} and x} »; z7.

The relation 7~ defined by “F#' = G iff ¥ weakly dominates G by
FOSD” is transitive.

The relation 77 defined by “#' = G iff ¥ weakly dominates G by
FOSD” is complete.

If F' dominates H by FOSD and G dominates H by FOSD, then
%F + %G dominates H by FOSD.

If F' does not dominate H by FOSD and & does not dominate H
by FOSD, then %F + %G does not dominate H by FOSD.

A risk averse expected utility decision maker has $m which he
wants to allocate between two assets, 4 and B. Each unit of
asset A vyields $o if event £ happens, 0 otherwise, while each
unit of asset B yields $3 if E does not happen, 0 otherwise. The
probability of F is p. The prices of units of A and B are $r and
$s, respectively. If aps = §(1 — p)r, then after optimizing, the
decision maker doesn’t care whether £ happens or not.

2



{b) The following is known about an expected utility decision maker.
i. His vNM utility function is

{ﬁ z < 100

E+1vZ z 32100

u(z) =

ii. His wealth is w, and he is facing the risk of losing L of it with
probability p > 0. (With probability 1 — p, nothing will be
lost).

iii. The price of insurance, per unit, is ¢ > p.

iv. He buys full insurance.

Then w — L < 100 < w.

(¢) If u and v are CRRA (constant relative risk aversion) vNM func-
tions, then so is wv.

{d) Let v and v be vNM functions. Define X > V" iff
min{Efu(X)], Blo(X)]} > min{E[u(Y)], Eu(Y)]}

Then = satisfies the independence axiom.



Micro Theory Comprehensive Exam - Spring 2009
Part 4 - Game Theory and Information Economics
60 minutes

1.50 pts In many markets, consumers have switching costs. Consider the following
simple model of such a market: Two firms A and B simultaneously and non-cooperatively
set prices in a single period for a commodity that they can each produce at zero cost. Fach
consumer has at most demand of 1 for this indivisible good. There are n + s customers,
where n > 0 and s > 0 all with reservation price R, i.e., they do not buy the commodity,
if the price exceeds K. Because of switching costs, s/2 customers can only buy from A and
§/2 can only buy from B. The n “new” customers buy from the cheapest firm, if at all.

25 pts (a) Show that there are no pure strategy equilibria.

25 pts (b) Find a symmetric mixed-strategy Nash equilibrium in which each firm i =A.B
chooses price p; according to a common cumulative distribution function £ (p;). (Hint: F
is continuous, with no atoms, and supported over an interval of prices. Now, for a given p;,
calculate expected profit of firm ¢. What can you say about all prices in the support of the
mix? What value does p; take when F(p;) = 1?7 You should now be able to find F. Over
what interval of prices do the firms mix?)

2. 50 pts Consider an infinitely repeated game where the stage game is:

LR
U169 1,10
D|10,1] 7,7

Players discount the future using the common discount factor 4.

9 pts (a) What outcomes in the stage-game are consistent with Nash equilibrium play?

9 pts (b) Let vy and v, be the average repeated game payoffs to Row Player (Player 1)
and Column Player (Player 2) respectively. Draw the set of feasible (average) payoffs from
the repeated game, explaining any normalization you use.

9 pts (c) Are all the payoffs in the feasible set obtainable from mixed-strategy combina-
tions in the stage-game? (That is, for every point in the feasible set, can you find a p such
that p € [0,1] and a ¢ such that ¢ € [0, 1] that will give those expected payoffs from a single
play?)

9 pts (d) What are the players’ minmax values? Show the individually rational feasible
set.

14 pts (e) Find a subgame-perfect Nash equilibrium in which the players obtain the (9,9)
payoff each period forever. What restrictions on § are necessary?



ALTAS:

Mark your answers below._£or parts 1, 2, and 3
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PART T

Allocate about three hours for this part. Please answer all questions in
this section. All questions have the same value.

1. For each of the following statements decided whether it is true or false.
Explain your answers. Answers without an explanation will receive no
points.

(a) In WE, two individuals with different utility functions and differ-
ent initial endowments cannot receive the same allocation.

(b) If the functions v : R — RN, and v : X7 — R represent homo-
thetic preferences, then so does u - v.

(c¢) Under utilitarianism, two individuals with the same utility func-
tion will receive the same outcome.
2. (a) Write the axioms and the statement of Arrow’s impossibility the-
Oreln.

(b) Write no more than one page on the meaning and importance of
this theorem.

3. w(z,y) = zy, va(z,y) = min{z,y}, us(z,y) =z +v.
W = (10, 0), Wy = (0, 10), Wy = (10, 10)

(a) What is the set of efficient allocations?
(b) What is the core?
(¢) What is the set of WE?

)

(d) Suppose 3 is a monopolist, what prices will he set for z and y7
(He cannot discriminate between 1 and 2).

4. For each of the following statements decided whether it is true or false.
Explain your answers. Answers without an explanation will receive no
points.

{a) There are vNM utilities « and v, and there is o > 0 such that
for all w, RY(w) = aR%(w). Then for all lotteries X and Y,
Eu(X)] 2 Elu(Y)] iff Elp(X)] > E[o(Y)].



(b) A decision maker has the following preferences: (200,1) > (300, 3;
200, 3; 100, 3) and (—300, 5; —200, £; —100, ) > (—200,1). Then
he must violate at least one of the axioms of expected utility
theory.

(c) It follows from the independence axiom that if X »= Y (X and Y
are lotteries), then for all p € (0,1}, X = (X,p; Y, 1—p) = Y.



PART T1I

Allocate about 60 minutes for this part (Garme Theory).
Answer the following two questions.

1. Consider a symmetric Bertand duopoly problem with heterogeneous
commodities. Suppose that firm 4,7 € {1,2} with ¢ # § has following
demand functions:

1
Di(ps,p;) =1 —pi + 5Pis

where p; and p; are prices of firms 7 and 7, respectively. Marginal cost

of production is ¢ = 3.

(1) Write down firm 4’s profit function. {5 points)
Static Game

(i) Supposing two firms choose prices simultaneously, formally write down
the Bertand duopoly problem as a strategic form game. (5 points)

(iii) Draw best response curves and iso-profit curves of firms in a figure
clearly. (12 points)

(iv) Calculate a Bertand equilibrium. (8 points)

Sequential Move Game

(v) Now, suppose that firm 1 chooses p; first, then by observing it firm 2
chooses py. Draw a game tree of this sequential move game. (5 points)

(vi) Point out an equilibrium allocation of the sequential move game in the
best-response figure. Which firm’s price is higher? Which firm’s profit
is higher? Discuss. (20 points)

Repeated Game

(vii) Find joint profit maximizing allocation (cartel strategy profile). (7
points}



(viil) Consider a infinitely repeated game of the above with a common dis-
count factor § € (0,1). Find a condition on § that supports the joint
profit maximizing allocation (repeatedly forever). (8 points)

2. A city office is planning to build a bridge, and is trying to choose
a construction company that builds it. There are two construction
companies {1,2} that can build the bridge. Company’s building cost
of the bridge is a random variable ¢ that is independently distributed
over the interval [0, 1] with density f(c¢), which is a common knowledge.
Company i’s actual (realized) building cost of the bridge is denoted by
¢;. Each company’s building cost is a private information. The two
firms submit asking price to the city office simultaneously. The lower
price company gets the job and builds the bridge at its building cost
by receiving its asking price. Before firms submit their asking prices,
the city office announces the cut-off cost ¢ € (0,1) to the firms: the
city gives the job to one of the firms only if it submits its asking price
less than or equal to ¢.

(a) Calculate a symmetric Bayesian equilibrium strategy. {15 points)

(b) What is the counterpart of the second price sealed bid auction?
Is the truth-telling strategy a weakly dominant strategy in this
particular problem? (8 points)

(¢) What is the counterpart of the revenue-equivalence theorem? (7
points)
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PART 1

Allocate about 60 minutes for this part.
Answer all three questions.

1. (Bayesian Nash Equilibrium) Everybody knows that truth-telling is
the equilibrium in the second price sealed-bid auction. Is there any
direct relationship between the above fact and the revelation principle?
Explain clearly.

2. (Nash equilibrium) Consider the following two player game: N =
{1, 2}, S]_ = Sg == [0,6], and

52

u:(51,82) = —s2(s51— 5~ 1)%,
8
’U;2(81, 82) = —81(82 - 51 - 1)2

Answer the following questions.

(a) Does this game satisfy the conditions required in Debreu § exis-
tence theorem for Nash equilibrium?

(b) Find all pure strategy Nash equilibria by drawing the best re-
sponse curves in a diagram.

3. (subgame perfect equilibrium) Consider the following two-person game.
There are multi-periods (t = 1,2, 3, ...), and players 1 and 2 play alter-
nately. Player 1 gets her turn in odd periods, player 2 gets her turn in
even periods. There are two urns A and B with rewards inside. In pe-
riod 1, urns A and B have $4 and $1, respectively, and every period the
amount of money in each urn is doubled. That is, in period %, urns A
and B have $2¢11 and $2¢-1, respectively. In each period, the player who
has turn can end the game by taking urn A or can pass her turn. In the
former case (the player chooses "end"), the other player can take urn
B, and the game ends. In the latter case (the player chooses "pass"),
then the rewards are doubled and the next period comes. Answer the
following questions.

(a) Suppose that t € {1,2,...,10}, and in period 10, there is no option
of "pass." What is subgame perfect equilibrium?

1



(b) Now, the main problem. Suppose that there is no definite end-
ing period in this game, but the game ends stochastically. In the
beginning of each period, with a constant probability p > %, the
option of passing disappears (which means that the game has to
end in that period, and the player who has her turn in that period
takes urn A and the other takes urn B). Consider the following
strategy: Whenever a player gets her turn, she passes unless the
option of "pass" disappears. Under what value of p, is the sym-
metric strategy profile of the above strategy a subgame perfect
Nash equilibrium?



PART I1I

Allocate about three hours for this part. Please answer all questions in
this section. Mark your answers on the special answer sheet provided.

Each of the following questions has several possible answers. Mark all
the correct answers, and only the correct answers. Important: There may be
no correct answers, several correct answers, and it may even happen that all
answers are correct!

All XX questions have the same value of Y points.

1. Which of the following preference relations can be represented by a real
function? In all cases, the preferences are over a set A.

(a) A=RE, o =(z1,...,21) my = (y1,...,y1) iff 2122 > patp, or
T1Ty = Y1ye and x3 + x4 = Y3 + Yy
(b) A=R2, 2= (z1,22) =y = (y1,%2) Ff 31 — 32 = 31 — 5.

(¢) A=R, x> yiff x is rational and v is irrational. If z and y are
both rational or both irrational, then z ~ .

(d) A=R. x> yiff [z] = [y], where for € R, [x] is largest integer
z such that z < .

2. Which of the following functions is quasi concave?! Mark them in the
answer sheet.

(a) w: ?Ri — R is given by u(x1, T2, T3) = T129 + 123 + 2273.
(b) w: R — R is given by

min {z;} min {z;} < 1
Ty, o, Ty) =
L4+ {z—1) x...x (z, —1) min{x;} >1

(¢) u: R — RNis given by u(z) = z + z°.

(d) w:RL — Ris given by u(z1, 22) = —af — 23

1A function is quasi concave if for all z, the set {y : u(y) = u(z) is concave,



3. Mark the correct statements.
(a) The function u: R3 - R, given by

x? + z2 + 22 T1 = Ty = Ty
u(m1,$2,$3) =
T1Ts + T1%3 + xexs otherwise
is homothetic.
(b) Let X =z < ... < 2. The median of X, m(X), is given by
Tr/o k is even
m(X) =

Tk+1)/2 k is odd

Let A = {1,...,100}. Define a choice function ¢ over all subsets
of A such that for X C A, ¢(X) = m(X). This function cannot
be rationalized by a preference relation over A.

(c) The utility function u{zy,...,z,) implies nondifferentiable de-
mand functions.

(d) A preference relation satisfying: “If x = y and y = 2 then z > 2”
is transitive.

4. Mark the correct statements.

(a) WE C Core C PE.
(b

)

) The set of WE allocations is convex.
(c) The core is convex.

)

(d) The set of efficient allocations is convex.



5. Below is the proof of the equal-treatment-in-the-core theorem we had
in class. The lines, alas, are not in the right order. What is the right
order of the lines?

{(a) We show that the coalition S consisting of all agents # 1 in the n
types can be improved upon x.

(b) Z Z?ml% i= 1$7, =

(¢) If not all of type 1 agents receive the same outcome,

(d) + 20w = Yo wi

(e) Let 2l,i=1,...,n,j =1,...,r be the outcome of agent j in type

(f) =2 Zj 1 f
(g) then ) = x1
(h) For each type, assume, wlg, that =} is a worst of its type.
(i) which is the average basket of type 1.
(j) That is, for all §, 2/ =; «l.
(k)

)

)

)

)

(1) Assume that agents of type 1 do not all receive the same outcome.

Hence feagibility.

(m) and if Vja? = ol
(n) We'll do it through {7, ..., %,} where
(0) 2o ZJ =1 z‘ = %Zi:l 22:1 Wf =

6. Bach of n individuals announces his utility function from a costless pub-
lic good a € [0, 1]. Which of the following mechanisms is DS (dominant
strategy)?

(a} Choose an allocation that maximizes the sum of utilities. If there
are several such points, pick one at random.

(b) Let person n be a dictator.
{c) Produce 0.37 units of the public good.

(d) Produce a = min{a}}, where o is the minimal quantity of the
public good person ¢ finds to be optimal (assume utility functions
have to be continuous).



7. Which of the following statement is true?

(a) Define the following preference relation over lotteries: X = V iff
Fx(5) < Fy(5).? Then > satisfies the independence axiom.

(b) The condition “If X > Y then for all @ € [0,1), X = (X, a; Y, 1 —
a) = Y” ig equivalent to the independence axiom.

(c) Expected utility is the only theory to satisfy the independence
axiom.

(d) By the independence axiom, if X ~ Y, then for all « & [0,1],
(X, 05V, 1—a)~(X,1—-a;Y,a).

8. Mark the correct statements.

(a) If the vNM utility u represents risk aversion and % is an increasing
concave function, then v = h o u too represents risk aversion.

(b) If the vINM functions w and v represent risk loving, then so does
the function w(x) = min{u(z),v(z)}.

(¢} An expected utility maximizer cannot buy both insurance and a
lottery ticket.

(d) The vNM function u(z) = 1 — e~** represents CARA (constant
absolute risk aversion).

9. Mark the correct statements.

(a) Harsanyi’s axioms are consistent with the social welfare function

Wi(p) = > [wi(p)]?, where v;(p) = [> pjui(z;)]*/®. In this question,
p is a lottery over all possible social policies.

{(b) Arrow’s impossibility theorem fails when the domain of prefer-
ences are lotteries and all individuals are expected utility maxi-
mizers.

(¢) The social ranking = > y iff for the lowest i such that z ~; ¥,  >;
y violates IIA (Independence of Irrelevant Alternatives axiom)

(d) Arrow, Harsanyi, and Sen won the Nobel prize in Economics.

2Fx and Fy are the distribution functions of the lotteries X and Y, respectively.

4



ANSWER SHEET FOR PART II

ALTAS:

Mark your answers below.




