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Abstract

We consider nonparametric identification in models of differentiated products mar-
kets, using only market level observables. On the demand side we consider a non-
parametric random utility model nesting random coefficients discrete choice models
widely used in applied work. We allow for product/market-specific unobservables, en-
dogenous product characteristics (e.g., prices), and high-dimensional taste shocks with
arbitrary correlation and heteroskedasticity. On the supply side we specify marginal
costs nonparametrically, allow for unobserved firm heterogeneity, and nest a variety of
equilibrium oligopoly models. We pursue two approaches to identification. One relies
on instrumental variables conditions used previously to demonstrate identification in
a nonparametric regression framework. With this approach we can show identification
of the demand side without reference to a particular supply model. Adding the supply
side allows us to identify firms’ marginal costs as well. Our second approach, more
closely linked to classical identification arguments for supply and demand models, em-
ploys a change of variables approach. This leads to constructive identification results
relying on exclusion and support conditions. We also point to testable implications
that can discriminate between alternative models of oligopoly competition.
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1 Introduction

Discrete choice models of product differentiation play a central role in the modern empirical
literature in industrial organization (I0) and are widely used in a range of applied fields of
economics. Applications include studies of the sources of market power (e.g., Berry, Levin-
sohn, and Pakes (1995), Nevo (2001)), welfare gains from new goods or technologies (e.g.,
Petrin (2002), Eizenberg (2008)), mergers (e.g., Nevo (2000), Capps, Dranove, and Satterth-
waite (2003)), network effects (e.g., Rysman (2004), Nair, Chintagunta, and Dube (2004)),
product promotions (e.g., Chintagunta and Honoré (1996), Allenby and Rossi (1999)), envi-
ronmental policy (e.g., Goldberg (1998)), vertical contracting (e.g., Villas-Boas (2007), Ho
(2007)), market structure and product quality (e.g., Fan (2008)), media bias (e.g., Gentzkow
and Shapiro (2009)), asymmetric information and insurance (e.g., Cardon and Hendel (2001),
Bundorf, Levin, and Mahoney (2008), Lustig (2008)), trade policy (e.g., Goldberg (1995),
Berry, Levinsohn, and Pakes (1999), Goldberg and Verboven (2001)), residential sorting
(e.g., Bayer, Ferreira, and McMillan (2007)), and school choice (e.g., Hastings, Staiger, and
Kane (2007)).

This work typically employs random utility discrete choice models allowing for rich het-
erogeneity in preferences, product/market-level unobservables, and endogenous prices Often
the demand model is combined with a supply side involving an equilibrium oligopoly model
of multi-product firms, allowing unobserved heterogeneity.

In practice these models are estimated using econometric specifications incorporating
functional form restrictions and parametric distributional assumptions. Such restrictions
may be desirable in practice: estimation in finite samples always requires approximations
and, since the early work of McFadden (1974), an extensive literature has developed pro-
viding flexible discrete-choice models well suited to estimation and inference. Furthermore,
parametric structure is necessary for the extrapolation involved in many out-of-sample coun-
terfactuals. However, an important question is whether parametric specifications and dis-
tributional assumptions play a more fundamental role in determining what is learned from

the data. In particular, are such assumptions essential for identification?
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Here we explore nonparametric identification of this type of model, focusing on the com-
mon situation in which market level data are available, as in Berry, Levinsohn, and Pakes
(1995) (henceforth, “BLP”). In such a setting, one observes market shares, market charac-
teristics, product characteristics, and product/market level cost shifters, but not individual
choices.! As usual, we do not assume observability of firms’ marginal costs.

On the demand side, we consider a nonparametric generalization of random coefficients
discrete choice models widely used in practice. We rely on an important restriction on
the way product/market-specific unobservables enter preferences, but otherwise consider
a very general random utility specification allowing for market/choice-specific unobserv-
ables, endogenous choice characteristics, unknown heteroskedasticity, and high-dimensional
correlated taste shocks. We investigate identification of market-level demand as well as
identification of the full random utility model. Identification of demand naturally requires
instruments for prices (and/or any other endogenous choice characteristics), and we pro-
vide one result relying on standard nonparametric instrumental variables conditions (Newey
and Powell (2003)). This demonstrates that the essential requirement for identification of
demand in this type of model is the same as that for regression models: the availability of
instruments. Further, this result can be extended to full identification of the random utility
model by adding the same kind of separability and support conditions used to demonstrate
identifiability of even the simplest semiparametric discrete response models.

Given identification of demand, we show that a generalization of standard parametric
approaches to the estimation of oligopoly models leads us to nonparametric identification
of firms’ heterogeneous cost shocks and marginal cost functions, again relying on and index
restriction and standard nonparametric instrumental variables conditions. This nonpara-
metric identification of an oligopoly “supply side” provides a nonparametric foundation for
many equilibrium counterfactual analyses performed in applied work.

While we view these as strong positive results, nonparametric instrumental variables

conditions themselves can be difficult to interpret or verify. This is one reason we consider a

'We consider the case of “micro” (consumer-level) choice data in Berry and Haile (2009b).



second approach to identification, this time making simultaneous use of the demand model
and a partially specified model of oligopoly competition. The supply side includes a set
of generalized first-order conditions. Using the resulting system of “supply and demand”
equations, we show that one can “invert” equilibrium conditions to obtain identification of
demand and of an index that captures unobserved heterogeneity in marginal costs. If we
further commit to a particular oligopoly model (e.g., Nash equilibrium in prices) we also
recover firms’ marginal costs.

Finally, we show that our model leads to testable restrictions that can discriminate be-
tween alternative models of oligopoly competition using either of our two identification ap-
proaches. This provides a generalization of important early results in the modern empirical
IO literature on identifying the mode of competition (e.g., Bresnahan (1982, 1987)).

Together these results provide a positive message regarding the faith we may have in
a growing body of applied work on differentiated products markets allowing for rich con-
sumer and firm heterogeneity, choice-specific unobservables, and endogeneity. Such models
are identified without parametric or distributional assumptions under the same sorts of con-
ditions that identify simpler and more familiar models. Our results also shed light on the
key sources of variation one should look for in applications.

To our knowledge, we provide the first and only results on the nonparametric identi-
fication of market-level discrete-choice differentiated products models of the sort found in
BLP and other applications in 10. However, there is large related literature on the identifi-
cation and estimation of semi- and nonparametric discrete choice models. On the demand
side, our work is related to (and makes use of) much of this literature. Our work is also
related to a large parametric literature on the estimation of “supply and demand” models,
to a large literature on the estimation and testing of oligopoly models, and to work on the
nonparametric identification of simultaneous equations models. In the following section we
briefly place our work in the context of these and other prior literatures. We then set up the
model in section 3 and discuss a key preliminary result in section 4. We provide our two sets

of identification results in sections 5 and 6. Discrimination between alternative oligopoly



models is discussed in 7. We conclude in section 8.

2 Related Literature

We examine identification of discrete-choice differentiated products models that are in the
spirit of BLP and a large related applied literature. Two features are essential to these
models: (i) rich heterogeneity in preferences and (ii) explicit modeling of product/market-
level unobservables.? The former allows for flexible substitution patterns® (e.g., cross-price
elasticities), while the latter is essential if one is to fully account for the endogeneity of prices
implied by equilibrium pricing in oligopoly models.

This combination of factors has not been treated in the prior literature on identification.
Indeed, although there is a large and closely related literature on identification of discrete-
choice models,* there are no nonparametric or semiparametric identification results even for
the linear random utility models used in this extensive applied literature.

Much of the literature considering the identification of discrete-choice models with het-
erogeneous preferences focuses on random coefficients models, but without endogeneity.
Ichimura and Thompson (1998) studied a linear random coefficients binary choice model.
Briesch, Chintagunta, and Matzkin (2005) consider multinomial choice, allowing some gen-
eralization of a linear random coefficients model. Our work relaxes functional form and
distributional assumptions relied on in this earlier work, incorporates market /choice-specific

unobservables, and allows for endogeneity through market /choice-specific unobservables.

2While our work is motivated by IO applications, these models are relevant in in many other discrete-
choice contexts where there are unobservables at the level of a “group” (the analog of our “market”). For
example, employees’ choices among offered insurance plans may depend on unobservable characteristics of
the plans. A broad set of examples with “group level unobservables” is discussed in Berry and Haile (2009a)
for the case of binary choice and related models. Although an oligopoly supply side may not be appropriate
for all such examples, several results are obtained here without reference to a supply side, and the overall
approach may be useful in other cases as well.

3See, e.g., the discussions in Domencich and McFadden (1975), Hausman and Wise (1978) and Berry,
Levinsohn, and Pakes (1995). Early models of discrete choice with heterogeneous tastes for characteristics
include those in Quandt (1966), Quandt (1968), and Domencich and McFadden (1975).

4Important early work includes Manski (1985), Manski (1988), Matzkin (1992), and Matzkin (1993),
which examine semiparametric models with exogenous regressors.



A number of papers address the identification of discrete-choice models with endogeneity—
sometimes only in a binary context, sometimes without consumer heterogeneity, and usually
without the kind of endogeneity considered in the applied literature that motivates our work.
Examples include Lewbel (2000), Honoré and Lewbel (2002), Hong and Tamer (2004), Blun-
dell and Powell (2004), Lewbel (2005), and Magnac and Maurin (2007). These all consider
linear semiparametric models, allowing for a single additive scalar shock (analogous to the
extreme value or normal shock in logit and probit models) that may be correlated with some
observables. Among these, Lewbel (2000) and Lewbel (2005) consider multinomial choice.
Extensions to non-additive shocks are considered in Matzkin (2007a) and Matzkin (2007b).

Compared to these papers, we relax functional form restrictions and, more fundamental,
add the important distinction between market/choice-specific unobservables and individ-
ual heterogeneity in preferences. This distinction allows the model to define comparative
statics (e.g., responses of market shares to exogenous changes in price) that account for
both heteroskedasticity (e.g., heterogeneity across in consumers’ marginal rates of substitu-
tion between income and other characteristics) and endogeneity (e.g., correlation between

>  For example, defining demand elasticities re-

a good’s price and its unobserved quality).
quires characterizing changes in market shares in response to a change in price, allowing the
price change to affect the variance (and other moments) of utilities but holding fixed the
market /choice-specific unobservables. Such comparative statics are essential to empirical
work in the literatures that motivate our analysis, but cannot be defined in models with a
single unobservable shock for each product.

Blundell and Powell (2004), Matzkin (2004), and Hoderlein (2008) have considered binary
choice with endogeneity in semiparametric triangular models, leading to the applicability of
control function methods or the related idea of “unobserved instruments” (see also Petrin

and Train (2009), Altonji and Matzkin (2005), Gautier and Kitamura (2007), and Fox and

Gandhi (2009)). However, standard models of oligopoly pricing in differentiated products

SMatzkin (2004) (section 5.1) makes a distinction between choice-specific unobservables and an addi-
tive preference shock, but in a model without random coefficients or other sources of heteroskedastic-
ity /heterogeneous tastes for product characteristics. See also Matzkin (2007a) and Matzkin (2007b).



markets imply that each equilibrium price depends on the entire vector of demand and
cost shocks. This rules out a triangular structure. Nonetheless, our “change of variables”
approach uses a related strategy of inverting a multiproduct supply and demand system
to recover the entire vector of shocks to costs and demand. This can be interpreted as a
generalization of the control function approach.

On the supply side, Rosse (1970) introduced the idea of using first-order conditions for
imperfectly competitive firms to infer their marginal costs from prices and demand para-
meters. Our approach to identification of the oligopoly supply model is a nonparametric
extension of that idea. Our insights regarding discrimination between alternative oligopoly
models are closely related to the ideas in of Bresnahan (1982) and Lau (1982) (see also Bres-
nahan (1989) and references therein). They restricted attention to the class of conjectural
variations models without structural errors, but a generalization of their idea of “rotations
of demand” reappears in our framework. An insight from our results is that demand itself
need not change to identify the correct oligopoly model: any change in the market that
causes a firm’s “residual marginal revenue function” to rotate can suffice.

Our change-of-variables approach, which exploits the simultaneous determination of prices
and market shares, has links to the prior literature on the nonparametric identification of
simultaneous equations models (e.g., Brown (1983), Roehrig (1988), Matzkin (2005), and
Matzkin (2008)). A standard strategy in this literature is to relate the joint density of latent
variables to that of the observables using restrictions from theory and a standard change of
variables. A complication, emphasized in Benkard and Berry (2006), is that the change of
variables involves the Jacobian of the transformation. This introduces substantial challenges
and has limited the set of models for which identifiability has been shown using the change
of variables approach. However, in our context the same index restriction that enables us
to use the nonparametric instrumental variables approach enables us to use a new change

of variables argument to obtain a constructive proof of identification. Here our work is

6Bresnahan (1989) provides a review of the early literature on oligopoly estimation that followed. BLP
inverted the multiproduct oligopoly first-order conditions to solve for unobserved shocks to marginal cost.



closely related to that of Matzkin (2005, 2008), who has explored identification in a variety
of nonparametric simultaneous equations models. Although she does not explicitly address
discrete choice models, for our change of variable argument we transform our model to a
form equivalent to one she considers. This transformation maps our index restriction to a
separability condition whose advantages she emphasizes in a variety of other contexts. Even
starting from the transformed model, however, our assumptions and proof differ from hers
in important ways.” Our formal results may therefore complement those in Matzkin (2008)
for applications of simultaneous equations even outside the application to discrete choice.

For a critical preliminary result, we rely heavily on insights in Gandhi (2008), which
recently showed how to extend a key invertibility result of Berry (1994) and Berry and Pakes
(2007) to a more general class of discrete choice demand models. We reinterpret Ghandi’s
key assumption graphically as an intuitive “connected substitutes” condition on the elements
of the choice set. Although Gandhi (2008) focused on invertibility of demand, we show that
the same demand-side assumption plays an important role in ensuring invertibility of the
oligopoly supply side.

Turning to other recent unpublished papers, Berry and Haile (2009b) explores the iden-
tification of discrete choice models in the case of “micro data” relying in part on ideas
similar to those used here. The distinction between “market data” and “micro data” has
been emphasized in the recent industrial organization literature (e.g., Berry, Levinsohn, and
Pakes (2004)), but not the econometrics literature on identification. A key insight in Berry
and Haile (2009b) is that within a market all market/choice-specific unobservables are held
fixed. One can therefore learn a great deal about the distribution of utilities from “vari-
ation in choice sets” created by within-market heterogeneity in consumer /choice-specific
covariates—variation that is not confounded by variation in the market/choice-specific un-
observables. That strategy is exploited throughout Berry and Haile (2009b), but cannot be

applied to market level data.® In Berry and Haile (2009a) we have explored related ideas

"For example, we use the same independence and support assumptions she uses in discussing supply and
demand, but we do not require any conditions on (even existence of) derivatives of densities.

8Berry and Haile (2009b) includes an example in which what appears to be a “market data” environment
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in the context of a “generalized regression framework” (Han (1987)), which nests the binary
choice model.  For that class of models, the index restriction we require throughout the
present paper can be dropped. Unfortunately, many applications fall outside the binary
choice setting.

Concurrent work by Fox and Gandhi (2009) explores identifiability of several related
models, including a flexible model of polychotomous choice in which consumer types are
themselves multinomial and the conditional indirect utility functions are analytic. They do
not consider our case with market-level data and endogenous prices set in a (non-triangular)

9

system of equations.” Concurrent work by Chiappori and Komunjer (2009) considers a

related change of variables approach in a “micro data” context.

3 Demand Model

3.1 Consumers, Products and Markets

Each consumer i in market ¢ chooses from a set J; of available products. We use the
terms “good,” “product,” and “choice” interchangeably. The term “market” is synonymous
with the choice set. In practice, markets will typically be defined geographically and/or
temporally. The choice set always includes the option not to purchase, i.e., to choose the
“outside good,” which we index as choice j = 0. We denote the number of “inside goods” by
Jy=|J| — 1.1

Each inside good/market has observable (to us) characteristics z;; € R®* and price p;; €

R. We treat z;; and p;; differently because we will allow p;; to be endogenous. The restriction

is actually isomorphic to the “micro data” environment. In that example one has a continuum of observations
for which choice-specific unobservables are held fixed while observables vary. In general this is not the case.

9A recent paper by Bajari, Fox, Kim, and Ryan (2009) considers identification in a linear random coef-
ficients model without endogeneity, assuming that the distribution of an additive i.i.d. preference shock is
known.

10Tn applications with no “outside choice” our approach can be adapted by normalizing preferences relative
to those for a given choice. The same adjustment applies when characteristics of the outside good vary across
markets in observable ways.



to a single endogenous characteristic reflects the usual practice, but is not essential.!! We
allow z;; to include product dummies. Likewise, z;; can include components that vary only
with the market ¢ or only with the product j. Unobservables at the level of the product
and market are represented by an index {;, € R. In applications this is typically motivated
by the presence of unobserved product characteristics and/or variation in unobserved tastes

across markets. A market ¢ is thus characterized by <$, {:Ejt, Pjt, § jt} ieq ) We let y =

supp (@, ji, €51) and x7* =supp{wje. pje. €0} 5 -

3.2 Preferences

We consider preferences represented by a random utility model. Each consumer 7 in market ¢
has conditional indirect utilities v;;; for each product j determined by a function w; : x — R.
Consumers have heterogeneous tastes, even conditional on all observables. This is modeled
by specifying each consumer i’s utility function u; as a random draw from a set U/. We
discuss restrictions on U/ below.

More formally, let (£, F,P) denote a probability space. Given any (:rjt,pjt,éjt) € X,

consumer 7’s conditional indirect utility from good j is given by
Vijt = Uit (xjtapjhgjt) =Uu (xjtapjbgjtawit) (1)

where u is measurable in wy, and u (-, -,-,w) € U for all w € Q. Without loss, each

consumer’s draw w;; from €2 is independent of {xjt, Pjt, § jt} ; Ejt'IQ
This formulation superficially resembles models in which randomness in utilities is cap-
tured by a scalar random variable (e.g., Lewbel (2000), Matzkin (2007a), Matzkin (2007b));

however, here w;; is not a random variable but an elementary event in {2 that can determine

an arbitrary number of random variables. The following example illustrates.

1The modifications required to allow higher dimensional pj¢ are straightforward, although the usual
challenge of finding adequate instruments for more than one endogenous product characteristic would remain.

12This is standard for defining a random function. It is without loss because the function u already allows
the distribution of v;;; to depend freely on ¢, pjt, § ;-



Example 1. A special case of the class of preferences we consider is generated by the linear

random coefficients random utility model
u (-Tjt7pjta &jts wz‘t) = zjiBy — Qupje + e + €t (2)
where (v, By, €1ty - - -, €igt) are defined on the probability space (2, F,P) as

(a (wit) ,8W (Wit) 5 - - , 3K (wWit), €1 (Wig) 5. €5 (M‘t)) 13

This structure permits (g, By, €itts - - -, €ige) to have an arbitrary joint distribution but could
be relazed further. For example specifying €, = €; (T, pji, wir) would allow richer prefer-
ence heterogeneity.  If we relax the model further by specifying € = €; (:cjt,pjt,ﬁjt,wit),
the terms 13, — aupji + &, in (2) become redundant and we obtain our original model

U (xjtapjt7€jtawit) =€ (xjtvpjta gjtawit) .

Note that there is no market subscript ¢ on the probability measure P. This reflects our
assumption that the ¢, captures all unobserved heterogeneity at the market and /or product
level. This is standard in the literature but is an important restriction.!* Aside from this
restriction, however, our representation of preferences is so far fully general. For example, it
allows arbitrary correlation of consumer-specific tastes for different goods or characteristics.
It also allows arbitrary heteroskedasticity in utilities across different products, or in utilities
for a given product as its characteristics (xjt, 19 jt) vary.

We will, however, rely on the following important restriction on preferences

13The fact that we allow product dummies as components of z j; enables us to write choice-specific functions
like €; here. Note also that this structure permits variation in J; across markets. The realization of w;;
should be thought of as generating values of €;;; = €; (w;;) for all possible choices j, not just those in the
current choice set. Thus, the utility function defines preferences even over products not available.

4 An exception is Athey and Imbens (2007), although they do not address identifiability of their model.
Athey and Imbens (2007) and Berry and Haile (2009b) point out testable restrictions in “micro data” settings
if one assumes that the same scalar product/market-level unobservable applies to multiple subpopulations
of consumers. The model of binary choice nested in the generalized regression model of Berry and Haile
(2009a) permits a different unobservable for every vector of consumer-level observables.
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Assumption la. U is the set of all functions u; : x — R such that, (i) for any J;, any

distinct k,¢ € J;, and any {xjt, pjt,ﬁjt} the random differences @ (Txs, Prt, Ep) —

je{k.y’
Wit (Tot, Dt Ep) are continuously distributed with convex support; (ii) @ (:L‘jt,pjt,fjt) =

i (xﬁ) + &t xﬁ), pjt> for some function p,;, that is strictly increasing in its first argument.

Part (i) simplifies the analysis by enabling us to ignore both ties and choice probabil-
ities that are invariant to a strict (stochastic) increase in v;;; for some j.  Part (ii) is
the more substantive restriction and limits attention to random utility functions admitting

representations of the form

Vijt = U (a:ﬁ) + &t xﬁ),pﬁ,wit> . (3)
There are two parts to this restriction.  The first is a linear index restriction, requiring
perfect substitutability between &, and xﬁ) inside the function u. As mentioned already,
this plays a key role in both of our identification approaches. The second is a restriction to a
“vertical” unobservable ¢ ;;: all else equal, an increase in §;, makes product j more attractive
to all consumers in market ¢t. This is standard in the applied literature but is a restriction
we rely on to allow recovery of £, for every product.'® In the the linear random coefficients
model of Example 1, Assumption la holds if one covariate enters with a fixed coefficient.®
With the structure on preferences in Assumption la we will be able to show identification
of demand, identification of marginal costs, and the testability of a given oligopoly model.
For our results on full identification of the random utility model (defined below) we will rely

on a more restrictive specification.

Assumption 1b. U is the set of all functions @; : x — R such that (i) for any J;, any

distinct k,¢ € J;, and any {z, pjt,fjt} the random differences w;; (Txe, Prt, Ep) —

Jje{k, L}’

5Berry and Haile (2009b) discuss testable implications in the case of micro data.

1670 relate this to models like those in Ichimura and Thompson (1998), Lewbel (2000), Briesch, Chinta-
gunta, and Matzkin (2005), or Gautier and Kitamura (2007) that exclude the market/choice-specific unob-
servable £, note that without £, part (ii) of Assumption la is satisfied as long as v;;; is strictly increasing
in some xy:) € z;¢ with probability one.
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Uit (Tot, pat, €g) are continuously distributed with convex support; (ii) for all i and ¢ there is
a monotonic function I';; such that I';; (fm (Ijt, Djt, § jt)) = xﬁ) + &+ it (xﬁ), pjt> for some

function ;.

This assumption differs from Assumption la in requiring conditional indirect utilities

with representations of the form
1 2
Vije = x;’t) + &+ (xg-t),pjt, Wit) : (4)

As is standard, we rely on additive separability in an exogenous observable to provide a
mapping between the observe units of probability and the latent units of utility. In addition,
(4) provides a specification of cardinal utility that, under standard conditions, could be used
to characterize a variety of welfare measures (in aggregate or across subpopulations defined
by observables).!”

Finally, two types of normalizations will be needed to obtain a unique representation of
preferences. Such normalizations are without loss of generality. One is a normalization of
utilities, which have no natural location or units (scale). Throughout the paper we normalize
the location of utilities by setting the utility from the outside good to zero: v,y = 0. We
will require a scale normalization of utilities only for the results using Assumption 1b, which

already normalizes the scale of utility. The second type of normalization involves the choice-
(1

specific unobservables ¢;;. Linear substitutability between xjt) and ¢, (Assumption la)
already defines the scale of each ;. Because it will be convenient to use a different location

normalization of {;, for each of our two identification approaches, we will provide these below.

1"For example, this model could be used to define aggregate compensating/equivalent variation in units

of the normalized marginal utility for the numeraire characteristic xﬁ)

characterization of Pareto improvements, since marginal utility from xgi) will not be transferable. Adding
an assumption of quasilinearity in wealth (price) would enable calculations in units of money.

This typically will not allow

12



3.3 Market Shares

Given the choice set, each consumer maximizes her utility, choosing product j whenever
1 2 1 2 .
U <$§t) + gjt: J’é‘t)vpjtv wit) > U (l'](gt) + gkta xg't)vpkty wit) Vk S \775 - {.]} (5)
We denote consumer ¢’s choice by
Yit = argmax u (%‘t, Ejts Zijts Wz‘t)
JjeJt
and market shares (choice probabilities) by

sjg = Ep [1 {yie = ]}]
= Ep [1{u ()i, pjt, §j1rwit) > w (Tht, Prts Eper wir) Yk € To — {5} }]

8 (Tts {@kts Pits gt bres) - (6)

We will assume that all goods observed in equilibrium have positive market shares.

Assumption 2. For all J; and {, pre, Eiebred € X7 85 (T {Thts Prts €t frer,) > 0 for all

7 with probability one.

Market shares are positive for all goods at any {k, prt, Eit tres, in models for which the
support of {vij},. ;. is always R”t. In a parametric context this includes multinomial probit
or logit models. Of course, Assumption 2 requires only that market shares be positive at

equilibrium values of Ji, {Txs, Prt, Epy res,-o This requirement is, of course, directly testable.

18For example, in the usual price-setting oligopoly model an inside good can have zero market share only
if a good is offered by a firm even though it cannot be sold at any positive price. A necessary condition for
the outside good to have zero market share is that the there be no downward distortion in market output
due to imperfect competition. This can arise in some simple oligopoly models like that of Hotelling (1929)
if preferences and locations are such that the market is “covered.”
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3.4 Observables and Primitives of Interest

We let M, denote the measure of consumers in market ¢ (the “market size”), and let
Z; denote instruments excludable from the utility function. The observables consist of
(t, My, Ji, Ze, {Sjt it Djt }jes,)- To discuss identification, for every (¢, My, J;) we treat the
population distribution of (Z;, {sjt, Tjt, pjt}jes) as known.

On the demand side of the market, we will consider two types of identification results.
One is identification of demand; i.e., identification of each {;, and the functions s; defined
in (6). These primitives fully characterize the demand system: they describe how product
characteristics (observed and unobserved, endogenous and exogenous) determine the market
shares of all goods, including the outside good.

Identification of demand is sufficient for many purposes motivating demand estimation.
This includes analysis of consumer surplus and the use of the demand structure with a supply
model to infer markups. However, we also consider identification of the joint distribution
of indirect utilities conditional on the choice set (J;, {xxs, Prts Epr fres).  These conditional
distributions are the primitives determining all quantities defined by our model.!? We refer
to this as full identification of the random utility model.

Henceforth we will condition on J; = J with |J| = J. We also condition on a value

of x§2) = (x(li), e ,IS?) and suppress x§2) in the notation. For simplicity we then let x;

represent xﬁ) Conditioning on x,gz)requires that rewrite

Vijt = Uj (%‘t + &is Dits wit) (7)

and

Vije = Tje + i + 1y (Dje, War) (8)

9However, they do not define individual utilities. It should not be surprising the market level observables
cannot be used to identify Pareto improvements. But in fact, only functional form restrictions that link
each consumer to a realization of a random parameter can enable a random utility model to define changes
in individual utilities, even in a micro data setting. = We discuss this issue further in Berry and Haile
(2009b), where we also point to conditions that can be used to extend identification of the conditional joint
distribution of utilities to to identification of linear random coefficients models, which do impose structure
sufficient to define changes in individual utilities.
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to represent, respectively, (3) and (4) above, since the utility functions will generally be
evaluated at different xﬁ) for each j.  We will work with these two representations of

preferences in what follows.

4 Connected Substitutes

Central to our identification arguments is the inversion of equilibrium conditions—of choice
probabilities implied by utility maximization on the demand side and of first-order conditions
for oligopoly equilibrium the supply side. A key condition that the choice set 7 be comprised
of substitute goods that “belong” (in a sense defined below) in the same choice problem for
at least some consumers. To state this “connected substitutes” assumption, we first need a

definition.

Definition 1. Product k substitutes to product { at {xj, pji, & jt}je] if, for any variable w;;
such that v, is strictly stochastically increasing in wj, s, (j Az, it fjt}jej ) rises when

wy falls.?’

Our initial use of this definition involves the case wy; = xp + &, although we also
consider wy; = —pps When we discuss identification of supply. Definition 1 provides a
directional notion of one product being a substitute for another. For example, if v;j; is
strictly decreasing in p;;, we would say that product % substitutes to product ¢ if a rise in
pie leads (all else equal) to a larger market share for product /.

Given a value of {x;¢,pji, ;i }jes, let ¥ (J) denote the (J + 1) x (J + 1) matrix of zeros

and ones, with the (r, ¢) element equal to one if product (r—1) substitutes to product (c—1).

Assumption 3 (“Connected Substitutes”). For all {z;:, p;i, &, }jes € x7, the directed

graph of 3 (J) is strongly connected.

20Because we introduce this assumption after normalizing the utility of the outside good to zero, we define
a fall in wp; to mean equal increases in w;; for all § > 0. Thus product 0 substitutes to product j if the
market share of product j increases whenever wy; increases by an equal amount for all k£ > 0.
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Figure 1: Graphs of ¥ (J) at generic {w;,pji, € }jes for standard models. All edges are
bi-directional, so for simplicity we show undirected graphs. Panel a: multinomial logit,
multinomial probit, mixed logit, etc.; Panel b: pure vertical models e.g., (, Mussa and Rosen
(1978), Bresnahan (1981), etc.); Panel c: Salop (1979) (with an outside good); Panel d:
Rochet and Stole (2002); Panel e: independent goods and an outside good.
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The directed graph of ¥ () has nodes (vertices) representing each product and an edge
from product k to product ¢ whenever product k substitutes to product ¢.2! The connected
substitutes condition requires that for any distinct products j and j', there be a path of
substitution, possibly indirect, from j to j'. If this condition fails, then there is some subset of
products that substitute only among themselves for at least some values of {xjt, Djt; & jt}je 7
It is natural to rule this out,?? and Assumption 3 is indeed satisfied in standard models.
For example, in multinomial probit and logit models (with or without random coefficients),
every product substitutes to every other product. Figure 1 illustrates the directed graphs
of ¥ (J) for a variety of models. Panel e of this figure demonstrates that even a market

comprised of two independent goods satisfies this condition as long as each substitutes to

and from the outside good.

5 Identification with General IV Conditions

5.1 Identification of Demand

Let

Oje = Tje + &y

Let z; = (v14, - - Tgt), Pt = (Pre, -+, Pat), and &y = (1, -, 01).
The key implication of Assumption la is that choice probabilities depend on the indices

d; rather than separately on its components zj and {;,. In particular, for any vector d;,

21Tn standard examples ¥ (J) is symmetric, so its directed graph can be represented with bi-directional
edges. See the additional discussion in Appendix D.

22Gandhi (2008) used an equivalent assumption (with wy; = &,;) to show the invertibility of demand,
a result we utilize below. We show that the same condition plays an important role in the invertibility
of the supply side as well. See Lemma 3 in Appendix A for the equivalence of our connected substitutes
assumption and Gandhi’s condition.
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market shares are given by

sip = Ep[1{u; (81, pjt, wit) > g (Ope, Dji, wir) Yk € T}

= / dFv (’U’(Stapt)
v > Vk

a5 (0¢,pr) (9)

where v is a J-vector and F, (vy|ds, py) is the joint distribution of vy = (v, - .., viy) condi-
tional on (&, py).

Using the connected substitutes assumption, we can follow the argument in Theorem 2
of Gandhi (2008) to show the following lemma, which generalizes well-known invertibility

results for linear discrete choice models in Berry (1994) and Berry and Pakes (2007).%

. . !/
Lemma 1. Consider any price vector p and any market share vector s = (sq,...,55) on

the interior of A?. Under Assumptions 1a and 3, there is at most one vector & such that
oj(d,p) =s;Vj.
Proof. See Appendix B.

Using this result, we have

dji = Uj_l ($t:p1)  Vj (10)

which we can rewrite as

Tj+ &5 = Uj_l (st:p1) V. (11)

To state the instrumental variables conditions, recall that Z; represents instruments for
p; excluded from the determinants of {Uijt}je 7+ Standard excluded instruments include

cost shifters or prices of the same good in other markets (Hausman (1996), Nevo (2001)).

ZBerry (1994) and Berry and Pakes (2007) show existence and uniqueness of an inverse choice probability
in models with an additively separable §;;. Gandhi (2008) relaxes the separability requirement. Our lemma
addresses only uniqueness conditional on existence. Under our maintained assumption that the model is
correctly specified, given any observed choice probability vector, there must exist a vector (d1,...,0;) that
rationalizes it. Gandhi (2008) provides conditions guaranteeing that an inverse exists for every choice
probability vector in A7. Our uniqueness result differs from his only slightly, mainly in recognizing that
the argument applies to a somewhat more general model of preferences.
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With the exogenous condition variables (Z;, x;), we take the following instrumental variables

assumptions from Newey and Powell (2003).
Assumption 4. E[{;,|Z, ;] = 0 almost surely.

Assumption 5. For any function B (s, p;) with finite expectation, if E [B (s, p¢) |2, 2] =0

almost surely then B (s, p;) = 0 almost surely.

Assumption 4 is a standard exclusion restriction, requiring mean independence between
the instruments and the structural error §,,. Note that setting E[¢;|Z, v;] equal to zero
rather than another constant provides the required normalization of the location of &;.
Assumption 5 is a “completeness” condition, which is the nonparametric analog of the stan-
dard rank condition for linear models. This condition requires that the instruments move
the endogenous variables (s, p;) sufficiently to ensure that any function of these variables
can be distinguished from other functions through the exogenous variation in the instru-
ments. Lehman and Romano (2005) gives standard sufficient conditions for completeness,
and additional discussion is provided in Newey and Powell (2003) and Severini and Tripathi
(2006).

Newey and Powell (2003) used analogs of Assumptions 4 and 5 to show the identifiability
of a separable nonparametric regression model. The following result shows that the same

argument can be applied to show identification of demand in our discrete choice setting.?!

Theorem 1. Under Assumptions 1a and 2-5, for all j (i) &, is identified for all t, and (ii)

the function s; (T, {Tks, Prt» Ee bres) is identified on x7.

Proof. For any j, rewriting (11) and taking expectations conditional on z;;, we obtain

E &7 2] = B [o5" (s1,0)| 2 0] —

241f we assumed a bounded support for & ;¢ and zj; we could replace the completeness condition with
bounded completeness to show identification of demand.
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so that by Assumption 4,

E [a;l (st,pt)| Z, xt} — x5 =0 a.s.
Suppose there is another function 6;1 satisfying

E [(7;1 (st,pt)| Z, xt} — x5 =0 a.s.
Letting B (s, pr) = 0 ' (st,p¢) — G, ' (s¢,pe), this implies

E B (s, p¢) |2, 2] =0 a.s.

1 -1 1

But by Assumption 5 this requires ;" = o, almost surely, implying that o

is iden-
tified. Repeating for all j, each &;; is then uniquely determined by (11), proving part
(i). Because choice probabilities are observed and all arguments of the demand functions

$i (T, {@kt, Prts €t fres) are now known, part (ii) follows immediately. O

The proof is very similar to that given by Newey and Powell (2003) in the context of
nonparametric regression. A difference is that we have, in addition to the nonparametric
function 0;1 (st,p1), the additive xj,. This drops out in the proof, which is important
because it allows use to use x;; as an instrument. This is in fact the reason we require that

Tjt + &, enter utility as an index.

5.2 Full Identification of the Random Utility Model

To obtain full identification, we rely on the quasilinear model of preferences and add a large

support assumption:
Assumption 6. supp z; = R”.

This support condition is strong. However, it is also standard in the literature because it

provides a natural benchmark for evaluating identification under ideal conditions on observ-
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ables. It is intuitive that in order to trace out the full CDF of the random part of a random
utility model, extreme values of observables will be needed.?® As the proof of the following
result makes clear, we use the large support condition only for this role; in particular, we do
not use the common “identification at infinity” argument that takes observables for all but
one choice to extreme values in order to reduce a multinomial choice problem to a binary

choice problem.

Theorem 2. Under Assumptions 1b and 2-6, the joint distribution of (viy, ..., Vi) condi-

tional on any { Ty, Pre, Exe bues € X7 is identified.

Proof. The market share of the outside good, conditional on p;, z;, and (£, ...,& ), is

Pr(py (piswie) < —=1p = Eqpo oo by ey wie) < =g — ) -

By Theorem 1 each &, is identified. Thus, under Assumption 6, variation in the vector ;

identifies the entire joint distribution of

(Ml (plta Wz’t) yeees by (th,Wit))

for any {pg:}res in their support. Identification of the joint distribution of utilities condi-

tional on any {Zs, Pres Exe fresr € X7 then follows. O

5.3 Adding A Supply Side

If we are willing to add a specification of the supply model, we can obtain identification of
firms’ marginal costs as well, although here we can return to the less restrictive specification
of preferences in (3).  Our approach generalizes arguments from the parametric literature

on the estimation of static oligopoly models, which utilize first-order conditions for firms

25To our knowledge, all results showing semiparametric or nonparametric identification of a full random
utility model rely on a similar condition (e.g., Matzkin (1992), Matzkin (1993), Ichimura and Thompson
(1998), Lewbel (2000), Fox and Gandhi (2009)).
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to solve for marginal costs in terms of demand parameters. Use of first-order conditions
requires that the market share function o; (6, p;) be differentiable with respect to prices. It

is easy to confirm that this holds in standard models, and we will assume it directly.
Assumption 7. oy (64, p;) is continuously differentiable with respect to p, Vk, ¢ € J.

We consider a nonparametric specification of costs, but require sufficient structure to
ensure that behavior be characterized by first-order conditions that can be inverted to solve
for the latent cost shocks. As with the demand model, the most restrictive assumption we
require is an index restriction on how unobservables enter. We assume the marginal cost
associated with product j depends on its output quantity, a “cost index,” and other cost

shifters:
me; (a2 + 0 257) (12)

2D 2(2)> are observed cost shifters, with z](;) €

Here 7, is an unobserved cost shock and < it Zjt

R. We permit z](.f) to include components of z? although x(i) is excluded. We will be

Jt o J
explicit below about the independent variation required of zﬁ), ey zglt) Output quantity

for product j is gy = Mo (pt,0;). Parallel to our model of demand, (12) assumes perfect

substitution between the unobserved cost shock 7, and the cost shifter z](tl) This is an

important restriction, but one that is satisfied in many standard models.?® We denote the

cost index by (;; = Zj(tl) + M-

We continue to condition on (and suppress) x§2). We now also condition on a value of

2) _ (2)
t

zt( = (zg), 2 ), likewise suppressing it in the notation and letting z;; denote zj(»tl) for

simplicity. We will show invertibility of the supply model under the following conditions.

Assumption 8. For all j
(i) mc;(qje, C;¢) is strictly monotonic in (;

(ii) w; (81, pje, wir) is strictly decreasing in pjq;

(iii) there exists a function ¢; (possibly unknown) such that for any equilibrium value of

26Note that zj(} ) and n;: could be any known transformations of some other observed and unobserved cost
shifters.
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(St7pt) with Sjt > OVJ,

me;(M;sji, i) = ¥ (S, My, Dy (51, 0e) 5 D)

where Dy (s, p;) is the J x J matrix of partial derivatives {%ﬁ?m} )
k.0

Given the index restriction, part (i) of Assumption 8 is fairly weak: weak monotonicity
in an unobservable could be assumed without loss, since that would merely define an order
on the unobservable. Part (ii) requires strictly downward sloping demand. Part (iii) is a
high-level condition and is more opaque. It requires that it be possible to rewrite first-order
conditions to express marginal cost for each product as a function of equilibrium quantities
(market shares), prices, and derivatives of demand at these prices and quantities. We show
in Appendix C that this holds for a variety of standard oligopoly models, including the
multi-product price-setting oligopoly model most often used in empirical work. By relying
on Assumption 8 we provide results for a class of models rather than just one. This will be
particularly useful when we discuss discrimination between alternative models.

The following lemma shows that, given the demand structure, Assumption 8 is sufficient
to ensure that first-order conditions provide an invertible map from the cost indices ¢, to

equilibrium prices.

Lemma 2. For any market size M, there is exactly one ((yy, - .., ;) € R? consistent with

Assumption 8.

Proof. By part (i) of Assumption 8, the function mc; in part (iii) can be inverted, yielding

Cjr = ij_l (Mtsjta Y (8t, My, Dy (81, 1), 7pt)) . (13)

Given M, and the fact that s;; = 0; (0;, p), the right-hand side is a function of d;, p. [

Henceforth we will fix a value of M; and suppress it in the notation. We can then re-write
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(13) as?”

Zjt + Ny = 7rj_1 (s¢,pe) V7. (14)

This provides a key set of equations for what follows.
Note that equation (14) takes the same form as (11). We will use this relation in the
same way. Let Z; = (z14,...,2); i.e., the excluded instruments on the demand side are the

exogenous cost shifters from the supply model. We can then show the following result.

Theorem 3. Suppose that Assumptions 1a, 2-5, 7 and 8 hold. Then for all j (i) n; is
identified for all t, and (ii) if each 1; is known, the function mc;(q;i, () is identified on the

support of (g, Cjr)-

Proof. Part (i) follows by observing that the argument used in the proof of Theorem 1 can
be repeated with trivial modification to recover the inverse pricing relations 7rj_1 and the cost

shocks (;, using the instrumental variables (7, %) . Now observe that

me; (e, Cjt) =1, (86, Dy (S¢,p1) s 1) - (15)

Theorem 1 ensures that Dy (s, p;) is known. Thus all arguments of ¢, are known. Since 1,
is itself known, the right side of (15) is known. Since ¢j; = M;s;:, by part (i) both arguments
of the left side of (15) are known. Part (ii) then follows. O

6 A Change of Variables Approach

The preceding analysis yields encouraging results. A flexible model of demand (and sup-
ply) for differentiated products is identified under the same kind of instrumental variables
conditions required for identification of regression models. Full identification holds as well

if we add the kind of separability and support conditions used to show identification of even

2"The function 7rj_1 involves the composition of mcj_1 and 9;. Although we do not define a function

mj, we use the notation 7rj_1 as a reminder that this represents an “inversion” of supply side equilibrium
conditions.
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the simplest semiparametric models of multinomial choice. = However, a limitation of the
results above is the abstract nature of the completeness condition, which can be difficult
to interpret or verify. Here we consider an alternative approach that treats the demand
and supply models as a system. This enables us to pursue a change of variables argument
often useful for simultaneous equations models (e.g., Brown (1983), Roehrig (1988), Matzkin
(2005), and Matzkin (2008)).

This approach has advantages and disadvantages relative to the previous approach. The
main disadvantages are the need to place some structure on the supply side even to identify
demand, and the need for additional conditions ensuring that we can relate a joint density
of the latent structural errors to a joint density of observables. These involve regularity
conditions as well as a high level assumption to avoid problems that can be created by
multiple equilibria. An advantage is that we will be able to replace the abstract completeness
condition with a support condition on demand and cost shifters. This leads to constructive
arguments with close connections to classical identification arguments for models of demand
and supply.

We begin with results on identification of demand, which we can show without fully
specifying the supply side. We then address identification of marginal costs under a complete

specification of the supply model.

6.1 Identification of Demand and the Random Utility Model

Because we treat demand and supply as a system here, the change of variables approach
requires that the map (14) between (s, p;) and the cost indices (; be one-to-one. We will

assume this directly.
Assumption 9. There is a unique vector of equilibrium prices associated with any (4, ().

This assumption is satisfied if the equilibrium first-order conditions have a unique solution
in price for any (9,(), conditional on given marginal cost and demand functions. This is

often difficult to verify in models of product differentiation (see, for example, Caplin and
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Nalebuff (1991)), and it is not hard to construct examples in which multiple equilibria do
exist. If there are multiple equilibria, Assumption 9 requires an equilibrium selection rule
such that the same prices p; arise whenever (9, ;) is the same. This this rules out random
equilibrium selection or equilibrium selection based on z;; or £, instead of their sum d; (and
similarly for ().

From the analysis above we repeat the two equations (11) and (14):

i +& = 0 “(se,p) Vi
Zjg t Ny = 7Tj_1 (56,00) V.
We will considered these 2.J equations as a system.
As in the preceding sections, the linear structure of the indices normalizes the scale of the
unobservables £, and 7;,. To normalize locations, instead of setting means to zero, without

loss we take any (2, 2°) and any (s%, p%) in the support of (ss, p;) | (29, 2°) and let

We now assume the regularity conditions that enable us to relate the joint density of the

structural errors (£14, .-, &4, Mgy - - - M) tO the joint density of the observables (s, p;).

Assumption 10. The random variables (¢,,...,&;, 7y, ..,n;) have a positive joint density

fm on R?/,

. . _ _ _ —1\/ . .
Assumption 11. The vector function (01 L ,ajl, . ,7TJ1) has continuous partial

derivatives and nonzero Jacobian determinant.

Finally, we add assumptions on the excluded demand and cost shifters.  Assumption
12 requires full independence from the structural errors, while Assumption 13 ensures that

these instruments have sufficient variation to trace out the demand and cost curves.
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Assumption 12. (x4, z) 1L (&, n,).

Assumption 13. supp(z;, 2;) = R?.

With these assumptions, we can now show the identifiability of demand.

Theorem 4. Suppose Assumptions 1a, 2, 3, and 813 hold. Then for all j (i) &, is identified

for all t, and (i) the function s; (T ,{ Tk, Prts Ee bres) is identified on x7

Proof. We observe the joint density of market shares and prices, conditional on the vectors x;
and z;. Under Assumptions 812 this joint density is related to that of (£, ..., s Mgy -+ -5 Myt
by

fs,p (Stvpt|'rt7 Zt) =

ff’r] ( (Stapt) — L1ty - - - 7031 (Stapt) — T jt, 7T1_1 (St7pt) — 21ty .- aﬂ-;l (St7pt) - ZJt) |J(Stapt)|

where |J (s¢, pt)| is the absolute value of the Jacobian determinant for the vector function

(01_1, e ,a;l,ﬂfl, e ,ﬂjl), evaluated at the point (s;,p;). Therefore, for any observed

(8,p, %, 2,x,2) we can construct the ratio

fé,n( 1 (§ ﬁ) "77T}1 (gaﬁ)_ZJ) ’J(‘é?ﬁ)’
fen (017" (3,D) — a% s (8,9) — 20) 13 (5.9))

<
~~
\.CIJ>
=
>
N>

i, 2) =

The Jacobian determinants cancel.?® Thus, fixing (8,9, %, 2), ¢ (8,p, %, 2, 7, 2) is equal to the
joint density fe, (o7 (8,p) — x1,..., 7" z;) rescaled by the constant denominator

n (17). Since this density must integrate (over ( z) € R?7) to one, the constant is uniquely

28This “trick” of using ratios of densities to cancel the Jacobian determinant is a critical step and was used
by Matzkin (2005) (section 6) to sketch a constructive identification argument for a simultaneous equations
model with the same form that we obtain after inverting the market share and pricing equations. The sketch
uses the trick in a different way and requires, in addition to our location and scale normalizations, knowledge
of the Jacobian determinant at one point. Completing the sketch would require showing that a particular
system of nonlinear simultaneous equations has a unique solution; this appears to require further conditions
on the density of unobservables. The formal results in Matzkin (2008) and Matzkin (2005) likewise rely on
conditions we do not require.
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determined and the value of

fﬁ,n (Ufl (‘iﬁ) — Ty 7731 (§7ﬁ) - ZJ)

is identified for any ($,p,x, z). Since
/ fen (071 (5.5) — 1, 77 (3.9) — 57) dids = Fr, (07 (3.0) — ;) (18)
B>,0 g,

the value of I, (0, (3,p) — x;) is then known for any (3,p,z;). By the normalization

(16), Iy, ( L(s0, 80) —x?) = [y, (0). For any (s;,p;) we can then find z* such that
Fe, ( Y(spp) — %) = F¢ (0), which reveals aj_l (s¢,p¢) = x*.  This identifies the func-
tion o' (s, p). With equation (11) this identifies &, for all t. Repeating for all j, all £,

are identified. Part (ii) then follows directly (see the proof of Theorem 2). O

This provides a constructive proof of the identification of demand. As with our analy-
sis using general IV conditions, we can extend the identification of demand to obtain full
identification of the random utility model under the additional restriction that utility is

quasi-linear in the index ¢ ;.

Theorem 5. Suppose Assumptions 1b, 2, 3, and 8-13 hold. Then the joint distribution of

(Vitgs - - -, Vigt) conditional on any { Tk, Pre, € Jreg € X 1S identified.

Proof. Under the specification (4), the outside good has market share

Pr (@ + &y 4 1y (P wine) <0, o + &gy + poy (Paes wie) < 0)

which is

F( Tt — 511&7"‘7 t_th)' (19)

Theorem 4 showed that each ¢, was identified. Under the full support assumption (Assump-
tion 13), (19) determines F), on its full support. Since w;j; = x5 + &;; + ; (pjs, wie), this

gives the result. 0
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6.2 Identification of Marginal Costs

We obtained identification of demand and of the full random utility model without a full
model of supply. Without any additional assumption we can use the same argument to
show identification of the cost shocks 7;,. We can then show identification of marginal cost

if we are willing to assume a particular model of oligopoly competition.

Theorem 6. Suppose that Assumptions 1a, 2, 3, and 8-13 hold. Then, for all j (i) each
n; 8 identified and (ii) if each 1; is known, the function mc;(q;,C;,) is identified on the

support of (qje, ) -

Proof. Part (i) follows by observing that the argument used in the proof of Theorem 4 can
be repeated with trivial modification to recover the inverse pricing relations 7rj_1 and the cost

shocks ;. Now observe that

me; (e, Cie) = 5 (86, My, Dy (84,p1) s pt) - (20)

Theorem 4 ensures that D, (s, p;) is known. Thus all arguments of 1, are known. Since 1),
is itself known, the right side of (20) is known. Since ¢;; = M,s;;, by part (i) both arguments

of the left side of (20) are known. Part (ii) then follows. O

Combining this result with those in section 6.1, we have provided conditions for identi-
fication of costs and demand. The overall argument is analogous to classical identification
arguments for supply and demand models, which involve excluded demand shifters and cost

shifters with sufficient support to trace out the supply and demand functions.

7 Discriminating Between Oligopoly Models

A remaining question is whether the correct model of competition can be distinguished from

others. Bresnahan (1982) and Lau (1982) showed that this was possible for homogeneous

2Starting with equation (18), integrate instead over {,Z_;,Z; > z;} and then use the normalization

7T;1 (so,po) — zg-) = 0.
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goods markets within the context of deterministic conjectural variations models.>® The
following shows that the same is true in our environment, which allows for product differ-
entiation, structural errors (our §;, and 7;,), and models outside the conjectural variations

framework.

Remark 1. Consider any two markets t and t' such that (Qijjt) = (qjt/,(’jt,). Under
Assumption 8, 1, (8¢, Dy (Se,01) ,01) = Y, (8¢, Dy (Sgry0¢r)  prr) -

This remark provides a testable restriction that can be used to distinguish between al-
ternative models of supply as long is the conditions for part (i) of Theorem 3 or part (i)
of Theorem 6 hold for both models. To illustrate this, consider first the simple case of
homogeneous goods/firms when one has a null hypothesis of perfect competition and an
alternative hypothesis of monopoly. Suppose the truth is monopoly and consider Figure 2.
Here the market demand curve is D; and the true marginal revenue curve is M R;. Thus in
the monopoly model, the function 1; in Assumption 8 is the curve M R;. We label this curve
zﬁjl-t, indicating the alternative hypothesis. Under the null of perfect competition, however,
it is the demand curve that is the function ¢;. We label this wgt. The observed equilibrium
outcome FE,; in market ¢ maps to two possible values of marginal cost at the quantity ¢,
depending on the model.

Now hold the cost shocks fixed—remember that these are identified without knowledge
of the true model—and consider a change in market conditions that “rotates” the marginal
revenue curve w}t around the point (g;, mc}). This is illustrated in Figure 3 with the curve
¢;t/. Associated with this new marginal revenue curve is a market demand curve 7,0%. Since
the true model is monopoly, the new equilibrium point is Ey. Under the alternative, the
implied marginal cost at quantity ¢; is again mc}, consistent with the restriction Remark 1.
However, under the null, the implied marginal cost is mc),, which is different from mc. So
the restriction is violated and the false null is ruled out.

This describes a general “recipe” for ruling out false models using Remark 1: any exoge-

nous changes in market conditions that rotate the true ¢; will lead to a violation that rejects

30See also Bresnahan (1989).

30



1 =
me; D, = @Y%

0 \ Q
MR, = l|’1jt

Figure 2: Market outcome F; maps to different marginal costs under the null and alternative.
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Figure 3: A rotation of the true 1; rules out the false null.
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a false null. Indeed, the heuristic illustration in Figure 3 applies to any null and alternative
oligopoly models. Any false null can be ruled out as long as there exist changes in the
market environment that induce rotations under the true model that are not also rotations
under the false null. This is easy to see analytically as well. Consider two markets ¢ and
t'with ¢;;, = (;» = ¢ and qj; = qj» = q. Since mc; (qjt,Cjt) = mc; (th',Cjt/) = mc; (¢, ),
we can use (20) to rationalize ¢;; = ¢;» = ¢ under the null only if ¢, is the same in both
markets under the null, as it is under the true model.

This observation falls directly out of our identification analysis but is very closely related
to well known insights of for the class of conjectural variations models (e.g., Bresnahan
(1982), Lau (1982)). Our graphical illustration is closely related to that given by Bresnahan
(1982) in particular, but makes explicit the key role of the “residual marginal revenue”
function, 1; (-). The basic insight is the same: one can distinguish between competing models
as long as there are changes in the market environment that can shift equilibrium quantities
and markups independently, at least for some firms. Precise conditions guaranteeing such
variation will depend on the model; however, the changes in the environment that alter ;
may form a much larger set than the changes in demand considered in the formal results of
Lau (1982) or the intuitive notion of “rotations in demand” described by Bresnahan (1982,
1989).  For example, even if preferences are identical in markets ¢ and ¢’ (i.e., there is no

change in demand), ¢;, and 9;, can differ due to variation in the number of competitors,

Jt

the characteristics of competitors’ products, or the costs of competing firms.3!

8 Conclusion

We have considered nonparametric identification in a class of differentiated products models
used in a growing body of empirical work in IO and other fields of economics. These models
feature rich heterogeneity in preferences and make explicit account for endogeneity arising

through market/choice-specific unobservables. Often, prices and/or other product charac-

31 Although we have conditioned on values of x§2) and M, if any of these varies exogenously this variation
can also be exploited.
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teristics are chosen by profit-maximizing firms with unknown cost functions. Despite the
wide empirical application, the sources of identification in such models has not been fully
understood, leaving questions about the extent to which empirical results are fundamentally
dependent on functional form and/or distributional assumptions.

We considered a nonparametric generalization of parametric random utility models used
in applied work and provided positive identification results for demand, the full random util-
ity model, and for marginal costs, using two alternative types of arguments. One argument
links identification of these models to the same kinds of conditions used to show identifica-
tion of regression models, while the other has close connections to parallels to identification
arguments for supply and demand models. We also pointed to testable implications that
can be used to discriminate between alternative models of oligopoly competition.

Our hope is that our results will be useful to both producers and consumers of empirical
work on differentiated products markets. The results should help practitioners focus on
the essential sources of variation. For applications in which identification of demand is
sufficient, the critical issue is the availability of instruments. It should be no surprise that
there is no getting around the need for instruments, but it should be comforting that this
is essentially all that is needed.?? Likewise our work should help policy makers, managers,
and others who might rely on discrete choice demand estimates for making decisions. Our
results demonstrate that the nonparametric foundation for empirical work based on these
models is really no different from that for simpler, more familiar models. We hope this will
aid critical readers in focusing on the key sources of variation in particular applications and

ultimately lead to more informed decision making.

32 An important caveat is that commonly used instruments—exogenous characteristics of competiting prod-
ucts (Berry, Levinsohn, and Pakes (1995)) may not be sufficient on their own without additional restrictions.
A point emphasized in Berry and Haile (2009b) is that with micro data, natural instruments will often
be more readily available. Combined with the stronger identification results available in the micro data
environment, this provides a powerful motivation for researchers to seek individual-level data to replace or
complement market level data when possible.
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Appendix A

Here state an elementary result in matrix theory (see, e.g., Horn and Johnson (1990), section

6.2) that will be useful in the two appendices that follow.

Lemma 3. Consider an n x n matriz A. The following conditions are equivalent:
(i) the directed graph of A is strongly connected;
(ii) for any strict subset I C {1,...,n}, there exists { € K and £ ¢ K such that agy, # 0;

(111) A is irreducible.’

Appendix B

Proof of Lemma 1. Suppose that for some 6 # &', o (6, p) = 0, (6',p) = s; for all j. Since
we have normalized the utility of the outside good to zero for all choice sets, we can define
0g = 5:) = 0 as a notational convention without loss. Because u; is strictly increasing in
dt, Assumption 3 and Lemma 3 (part ii) from Appendix B imply that for any ¢ such that
oj(0,p) > 0forall j € J and for any strict subset K C 7, there exists k € K and ¢ ¢ K such
that oy (9, p) is strictly decreasing in d. If 0% < d; Vj > 0, we must have o (&', p) > 0; (0, p)
(let K = J —{0}). Thus, we must have §,, > §,, for some m > 0. Because 0 € J, there
must then exist a nonempty strict subset of choices L C J such that 5;» > 0; Vj € K and
(5;- <; Vj € J — K. For this subset K let k € K be the index of a product referred to as

“k” above. Now define a new vector §* by

!

5Z:5k

5t = 6; Vj#k.

33 A matrix is reducible if and only if it can be placed into block upper triangular form by permutations of
rows and columns. A matrix that is not reducible is irreducible.
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Monotonicity of v;;; in d,, implies that o; (6*,p) < 0, (0,p) for all j € J — K. Furthermore,

Assumption 3 implies

Y ot p) < Y 0;(5.p)

jeJ-K jeT-K

so that, since probabilities must sum to one,

> (6% p)>> o (0.p).

JjeK jex

But then by monotonicity of v;;; in ¢, we have

> oi(dp) = 0 (8%p) > > 0;(8,p)

jek jek jek

contradicting the hypothesis o; (6,p) = 0, (§',p) = s; for all j. O

Appendix C

In the text we provided a high-level condition—part (iii) of Assumption 8—ensuring that
oligopoly first-order conditions can be inverted to solve for marginal cost, given the demand
system.  Here we show that, under assumptions already maintained in our analysis, this
high-level assumption is satisfied in standard oligopoly models, including the multi-product
price or quantity setting models widely used in applications. ~ As emphasized in the text,
the strategy of solving first-order conditions for marginal costs has a long history in the 10
literature (e.g., Rosse (1970), Bresnahan (1981), Bresnahan (1987), and Berry, Levinsohn,
and Pakes (1995)). The innovation in this appendix is the demonstration, under general
nonparametric conditions, of the invertibility of particular substitution matrices. A key
condition used below is the same “connected substitutes” condition we relied on to show the
invertibility of the demand side of the models in Lemma 3.

We first discuss several standard models, noting the invertibility conditions that will

ensure a solution for marginal cost. We then show that the structure already assumed is suf-
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ficient to ensure this invertibility in all the examples. Thus, for any of the models discussed
here, part (iii) of Assumption 8 could be viewed as a lemma (proved in this appendix) rather

than an assumption.

Examples of First-Order Conditions

The simplest case is the perfectly competitive model, where firms are symmetric and

¢j (St, Dy (St,pt) ;pt) = Djt-

This provides a solution for marginal cost (marginal cost equals price) with no assumptions
on demand. Of course, perfect competition is seldom a natural assumption for differentiated
products markets. We therefore turn to a set of standard oligopoly models. We consider
both the case of single-product firms and the more general case of multi-product firms, which
also nests the case of monopoly (perfect collusion).

The most common assumption for empirical work on differentiated products markets is
Nash equilibrium in a complete information simultaneous price-setting game. For single-

product firms, the first-order condition is (letting o;; = o (s¢, pt) as shorthand)

do it
ji + (pjr — mejr) = =0
j j 7 O
which is easily solved for marginal cost:
O jt
mc Pt +
gt 7t 00jt/8pjt

As long as the demand derivative 0o j;/0p;; is non-zero, the right-hand side provides the
required function 9; (s, Dy (¢, pt) , D)

The condition needed for the multi-product price-setting case is slightly more compli-
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cated. The first-order condition for the price of good j, produced by firm f, is

Jdo
Ot + Z(pkt - mckt) p ]'ﬁt =0
keJy Pjt

where J is the subset of products in J produced by f. Asin the empirical work of Bresnahan

(1981) and Bresnahan (1987), the vector of first-order conditions can then be written as
ot + At (pt - mct) =0 (21)

where the (k,j) element of the square matrix A, is equal to Joy:/Opj: if products k and j
are produced by the same firm and equal to zero otherwise. Following BLP, the supply-side

“inversion” for marginal cost is then
—1
me, = pr + Ay Sy

In this multi-product price-setting case, to satisfy part (iii) of Assumption 8 the matrix A,
must be invertible.
Turning to quantity-setting models, we first require existence of an inverse demand func-
tion
pr = p(st,04).
Consider first the case of single-product firms. Given inverse demand, the first-order condi-

tion for the simultaneous quantity setting game equates marginal cost and marginal revenue:

Pj
Mmcjt = Pjr + 5 Sjt-

8Sjt

Thus we require that the derivative ng_jt exist. With multi-product firms (which nests multi-
J
product monopoly/perfect collusion), a change in the quantity of product j can change the

market-clearing price for the firm’s other products as well. Thus, rearranging the multi-
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product firm’s first-order conditions gives

Ip
M =pje+ Y 5 s
keJy gt

This solution requires existence of the derivatives of the inverse demand function.

Solutions for Marginal Costs
Price-Setting

For the price-setting models, we need invertibility of the within-firm substitution matrix A,
which is a diagonal matrix in the case of single-product firms. We will show that invertibility
is guaranteed by conditions already assumed in the text.

In the single-product price-setting case, we need existence of a nonzero derivative 0o j;/Op;q
for all j. This is guaranteed by Assumption 7 and part (ii) of Assumption 8.

To show invertibility of the matrix A; for the multi-product case, we rely on “Taussky’s
theorem” which shows that an irreducibly diagonally dominant matrix is invertible.?* A

matrix A is diagonally dominant if

Jail > Jagl.
J#i
An drreducibly diagonally dominant matrix is a square matrix that is irreducible (see footnote

3) and diagonally dominant, with at least one of the diagonals being strictly dominant, i.e.

with at least one row such that

|ai;| > Z |ai;. (22)

i
Proposition 1. For any strict subset of products IC C J, re-index the products in IC from 1 to
IIC| and let D(IC) be the |K| by |KC| matriz with (k, j) element 0oy /Opji. Given Assumptions
3, 7and 8, D(K) is invertible.

34See Horn and Johnson (1990), p. 363. For further background on irreducibility and dominant diagonal
conditions, see chapter 6 in that text.
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To show this, we begin with the following lemma:

Lemma 4. For any strict subset K C J, D(K) is a diagonally dominant matriz, with at

least one strictly dominant diagonal.

Proof. Recall that because ), ,on = 1, Zkej% = 0. For any product j € K, this
J

implies that the associated diagonal element of D(K) satisfies

0o ; 0 0
Tjt | _ Z Okt n Z Uﬁt' (23)
Opjt kek—{j} Opjt 1gK Opjt
This implies
80jt 8akt (24)
8pjt B apjt

keK—{s}
since we have required in part (ii) of Assumption 8 that v;;. Furthermore, by the connected
substitutes assumption, Lemma 3, and the strict monotonicity of v;;; in pj, the second sum
in (23) is strictly positive for at least one product j € K. For that j the inequality in (24)

is strict. O

Proof of Proposition 1. We argue that D(K) must be either (i) an irreducibly diagonally
dominant matrix, or (ii) block-diagonal with each block being an irreducibly diagonally
dominant matrix. Therefore, by Taussky’s theorem, D(K) is invertible. By Lemma 3 D(K)
is irreducible if and only if the directed graph of D (K) is strongly connected. If the directed
graph of D (K) is strongly connected then by Lemma 4 D(K) is an irreducibly diagonally
dominant matrix and is therefore invertible. So now consider the case in which the directed
graph of D (K) is not strongly connected. By Corollary 1 and Lemma 6 (both in Appendix
D) the directed graph of D (K) can be partitioned into isolated strongly connected subgraphs.
The nodes in each isolated subgraph correspond to a subset of products that do not substitute
outside of the subset. We can therefore rearrange the order of products, with the products
in the first strongly connected subset coming first, the next subset following and so on.
The resulting permutation of D(K) is block diagonal, with each block being irreducible by

Lemma 3. Further, by Lemma 4, each block is diagonally dominant with at least one strictly
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dominant diagonal. Therefore, by Taussky’s theorem, each block is invertible. This implies

that the entire D(K) matrix is invertible. O

We can now use Proposition 1 to prove that the matrix of within-firm derivatives, A,
is invertible. First note that A, is itself block diagonal with each block consisting of the
Joky/Opjy terms for the product j and k produced by a given firm. Due to the outside
good, even in the case of monopoly, the set of products produced by one firm will be a strict
subset of 7. Thus, by Proposition 1, each of these blocks is invertible and so the matrix A;

is invertible.

Quantity setting.

In the quantity setting example, the key condition is the existence of the inverse demand
function, and its derivatives. ~We have assumed (part (ii) of Assumption 8) that v;; is
strictly decreasing in pj. Thus, the same argument used to prove Lemma 1 (swapping the
roles of p; and ;) implies that, due to the connected substitutes property, for every (s, d;),
there is a unique price vector p; that solves s; = o(py, d¢). This implies existence of an inverse
demand function, which we write in vector form as p; = p(s, 0¢).

Proposition 1 guarantees the invertibility of the matrix of own- and cross-price derivatives
of market shares. So by the inverse function theorem, derivatives of the inverse demand
function exist and are (as usual) equal to the elements of the inverse D(K) matrix, i.e.,

Op _ -1
D5y [D(K)]

kj*

Appendix D

Here we present two results referenced in Appendix C. The first provides sufficient conditions
for the substitution incidence matrix X (.J;) to be symmetric, so that all edges of its directed
graph are bidirectional. The second concerns a simple property of a strongly connected

graph with bidirectional edges.
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Lemma 5. Suppose Assumptions 1a and 2 hold and that for all j € J; Pr (vijt < v|zji, Djt, £jt)
is strictly decreasing and continuous inwj;.>> Then good k substitutes to good ¢ at {(Ijt, Djt, € jt) } jeh

if and only if good ¢ substitutes to good k at {(:th,pju fjt)}

jeJs’

Proof. For good k to substitute to good ¢, it must be the case that
Pr(vgy—e<v<wv)>0 Ve>0
i.e., (recalling that dixs = vier — Vikt)
Pr{dy € (—¢,0)} >0 Ve > 0.

Thus, arguing by contradiction, suppose Pr (dy, € (—¢,0)) > 0 for some € > 0 but Pr (dg, € (0,7)) =
0 for some i > 0. Then we must have either (a) Pr{dy > 0} = 0, violating Assumption 2,

or (b) Pr(deg > 0) > 0 when suppdy excludes (0,7), violating Assumption la. O

Symmetry of ¥ (.J;) was not required by our results, but this demonstrates why in stan-
dard models (where v;;; is everywhere continuos in w;;) the directed graph of ¥ (.J;) is bidi-

rectional (recall Figure 1). Further, the following Corollary 1 is utilized in Appendix C.

Corollary 1. Consider any K C J, re-index the goods in KC from 1 to |K|, and let D(K) be
the |K| by |KC| matriz with (k,j) element 0oy /Opji. Under Assumptions la, 2, and 8 part
(i1), the directed graph of D(K) is bidirectional.

Finally, we provide the following result, referenced in Appendix C.

Lemma 6. Suppose the directed graph G is strongly connected and consider any nonempty
subset N of its nodes. If all edges of G are bidirectional, N can be partitioned into isolated

strongly connected subgraphs.

35 As in Definition 1, w;; may be an element of (xjt7pjt, fjt) or and index derived from (a:jt,pjt7§ ) The

jt
: _ _ (1) _
relevant cases in the text are wj = dj; = z; + fjt and w;; = —pji.
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Proof. Define C' (ng) = (), Ny = N, and consider an iterative argument. Begin with iteration
t = 1. For iteration t, let N, = N, 1\C (n;_1) and take any node n, € N;. Let C (n;)
be the set of nodes consisting of n; and all nodes in N, that communicate with n;. By
bidirectionality, the subgraph comprised of nodes C' (n;) is strongly connected. If N,\C (n;) =
(), the argument is complete. Otherwise, add 1 to ¢ and iterate. The argument will be

complete in at most | N| iterations. O
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