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Lq d vhulhv ri lqwhuhvwlqj sdshuv Edqhumhh +4<<5, dqg Elnkfkdqgdql/ Kluvkohlihu dqg

Zhofk +4<<5, ghyhors vw|ol}hg prghov ri khug0olnh ehkdylru lq devwudfw vhwxs1 Lq wkh prgho

hdfk djhqw uhfhlyhv d sulydwh vljqdo derxw wkh vwdwh/ revhuyhv wkh sdvw ghflvlrqv ri rwkhu djhqwv

dqg wdnhv vrph dfwlrq1 Wkhvh hduo| prghov duh txlwh vwdun lq wkhlu dvvxpswlrqv= djhqwv pryh

lq dq h{rjhqrxvo| vshfl�hg vhtxhqfh/ djhqwv pdnh vlpsoh }hur0rqh ghflvlrqv/ dqg djhqwv duh

qrw doorzhg wr vkduh lqirupdwlrq hyhq wkrxjk wkh| pd| kdyh dq lqfhqwlyh wr gr vr1 Wklv

olwhudwxuh uhfrjql}hv wkdw wkhvh dvvxpswlrqv duh vwdun1 Iru h{dpsoh/ Edqhumhh dujxhv wkdw lw

zrxog eh pruh qdwxudo wr ohw wkh rughu ri fkrlfh eh hqgrjhqrxv/ exw wkdw wklv prgl�fdwlrq lv

udwkhu frpsolfdwhg1 Wkh vwdunqhvv ri wkhvh dvvxpswlrqv kdyh ohg hfrqrplvwv wr erwk txhvwlrq

wkh urexvwqhvv ri wkh uhvxowv dqg wkh uhohydqfh ri khug ehkdylru lq dssolhg frqwh{wv +Ohh

4<<8,1 Lq wklv sdshu zh uhod{ wkh vwdun dvvxpswlrqv dqg �qg wkdw wkhuh duh vwloo khugv1

Wkh dssolhg frqwh{w zh duh prvw lqwhuhvwhg lq lv rqh ri lqyhvwphqw lq d iruhljq frxqwu|

e| grphvwlf ohqghuv1 Zh duh prwlydwhg e| wkh uhfhqw fulvhv lq Odwlq Dphulfd dqg Dvld1 �Zh

wklqn wkh khuglqj vwru| lv dq dwwudfwlyh h{sodqdwlrq ri wkhvh fulvhv exw lq wklv dssolhg frqwh{w

dv zhoo dv rwkhuv wkh vwdun dvvxpswlrqv ri wkh vlpsoh prgho vhhp vwudlqhg= lqyhvwruv fdqqrw

pdnh lqyhvwphqwv hlwkhu ehiruh wkhlu wxuq lq wkh rughu ru diwhu wkhlu wxuq/ wkh| pxvw lqyhvw

doo ru qrqh ri wkhlu prqh|/ dqg wkh| fdqqrw vkduh wkh lqirupdwlrq1 Li khugv duh wr eh uhohydqw

wkh| vkrxog eh urexvw wr d uhod{dwlrq ri wkhvh dvvxpswlrqv1

Zh ehjlq e| ghyhorslqj d prgho zlwk hqgrjhqrxv wlplqj ri pryhv/ exw zh uhwdlq wkh

}hur0rqh ghflvlrqv dqg zh grq*w doorz frppxqlfdwlrq1 Lq wkh prgho djhqwv fkrrvh zkhq/ li

dw doo/ wr lqyhvw rqh xqlw lq d ulvn| surmhfw1 Lq hdfk shulrg d vlqjoh lqyhvwru uhfhlyhv d sulydwh

vljqdo derxw wkh sur�wdelolw| ri wkh ulvn| surmhfw1 Lqyhvwruv revhuyh wkh djjuhjdwh dprxqw

ri lqyhvwphqw lq hdfk shulrg dqg rswlpdoo| ghflgh zkhwkhu wr lqyhvw ru wr zdlw iru pruh
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lqirupdwlrq1 Zdlwlqj lv frvwo| ehfdxvh ri glvfrxqwlqj1 Lq wkh prgho li djhqwv ehfrph hlwkhu

vx!flhqwo| rswlplvwlf ru shvvlplvwlf derxw sur�wdelolw| wkh| wdnh wkh vdph dfwlrq uhjdugohvv

ri wkhlu sulydwh vljqdo dqg lqirupdwlrq fdq jhw wudsshg1 Zh vd| wkdw dq rxwfrph lv d khug

li lqyhvwruv ghflvlrqv gr qrw ydu| zlwk wkhlu vljqdov dqg wkh djjuhjdwh rxwfrph gl�huv iurp

wkdw zlwk sxeolf vljqdov1 Zh vkrz wkdw lq wkh vwdwlrqdu| htxloleulxp wkhuh duh erwk khugv

ri lqyhvwphqw dqg khugv ri qr lqyhvwphqw1 Zh dovr vkrz wkdw wkh htxloleulxp rxwfrphv

duh lghqwlfdo wr wkrvh lq d yhuvlrq ri wkh prgho lq zklfk wkh rughu ri pryhv lv h{rjhqrxvo|

vshfl�hg1 Lq wklv vhqvh khugv duh urexvw wr hqgrjhqrxv wlplqj1

Qh{w/ zh h{whqg wkh prgho wr doorz iru frqwlqxrxv lqyhvwphqw ghflvlrqv exw gr qrw

doorz frppxqlfdwlrq1 Lq wkh prgho lqyhvwruv pxvw fkrrvh zkhq/ li dw doo/ wr lqyhvw dq|

qrqhjdwlyh dprxqw lq d ulvn| surmhfw1 Zh vkrz wkdw wkhuh duh erwk khugv ri lqyhvwphqw dqg

khugv ri qr lqyhvwphqw1 Lqwhuhvwlqjo|/ lq wkh fruuhvsrqglqj yhuvlrq zlwk h{rjhqrxv wlplqj lw

wxuqv rxw wkdw duh qr khugv ri lqyhvwphqw/ ehfdxvh zkhqhyhu djhqwv lqyhvw/ wkh vl}h ri wkhlu

lqyhvwphqw uhyhdov wkhlu vljqdo shuihfwo|1 +Wklv uhvxow lv vkrzq lq Ohh 4<<8,1 Lq frqwudvw/ zlwk

hqgrjhqrxv wlplqj/ li lqyhvwruv ehfrph vx!flhqwo| rswlplvwlf wkh| doo lqyhvw wkhuhe| irujrlqj

wr rssruwxqlw| wr uhfhlyh dqg dfw rq d odwhu vljqdo1 Lq wklv vhqvh/ zkhq lqyhvwphqw ghflvlrqv

duh frqwlqxrxv/ khugv duh qrw phuho| urexvw wr hqgrjhqrxv wlplqj exw ehfrph pruh olnho|

wkdq zlwk h{rjhqrxv wlplqj1

Ilqdoo|/ zh frqvlghu wkh lqfhqwlyhv wr frppxqlfdwh lq d yhuvlrq ri wkh hqgrjhqrxv

wlplqj prgho zlwk }hur0rqh lqyhvwphqw ghflvlrqv1 Zh doorz lqyhvwruv wr vhqg phvvdjhv derxw

wkhlu vljqdov1 Zh dvvxph wkhuh lv dq hduo|0pryhu dgydqwdjh wr lqyhvwlqj lq wkdw wkh uhwxuq lv

ghfuhdvlqj lq wkh djjuhjdwh qxpehu ri lqyhvwruv1 Zh vkrz wkdw wkhuh lv d xqltxh vwdwlrqdu|

htxloleulxp zklfk frlqflghv zlwk wkdw lq wkh yhuvlrq zlwkrxw frppxqlfdwlrq1 Lq wklv vhqvh/
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khugv duh urexvw wr lqirupdwlrq0vkdulqj1

Rxu sdshu lv prvw forvho| uhodwhg wr Fdsolq dqg Ohdk| +4<<6, dqg Fkdpoh| dqg Jdoh

+4<<7,1 Erwk ri wkhvh sdshuv doorz iru sulydwh vljqdov dqg hqgrjhqrxv wlplqj ri ghflvlrqv1 Lq

Fdsolq dqg Ohdk|*v prgho d frqwlqxxp ri djhqwv dw hdfk gdwh djhqwv pxvw ghflgh zkhwkhu

wr frqwlqxh zlwk wkhlu surmhfwv ru vxvshqg wkhp1 Wkh sur�wdeolw| ri surmhfwv lv shuihfwo|

fruuhodwhg dfurvv djhqwv dqg lq hdfk shulrg hdfk djhqwv jhwv d sulydwh vljqdo derxw wklv

sur�wdelolw|1 Fdsolq dqg Ohdk| vkrz wkdw wkhuh lv vrph ghwhuplqlvwlf gdwh dw zklfk djhqwv

zkr kdyh uhfhlyhg doo qhjdwlyh vljqdov vxvshqg wkhlu surmhfwv1 Wkh iudfwlrq ri djhqwv zkr

vxvshqg surmhfwv shuihfwo| uhyhdov wkh xqghuo|lqj vwdwh dqg doo djhqwv hlwkhu frqwlqxh wkhlu

surmhfwv wr frpsohwlrq ru dedqgrq wkhp iruhyhu1 Wkxv/ wkh djjuhjdwh qxpehu ri frpsohwhg

surmhfwv frlqflghv zlwk wkdw xqghu sxeolf lqirupdwlrq1 Lq wklv vhqvh/ Fdsolq dqg Ohdk|*v

prgho jhqhudwhv ghod|v lq lqyhvwphqw exw qrw khugv1

Fkdpoh| dqg Jdoh frqvlghu d prgho lq zklfk doo vljqdov duh uhfhlyhg lq wkh �uvw shulrg1

Lq htxloleulxp djhqwv iroorz pl{hg vwudwhjlhv ryhu lqyhvwlqj dqg zdlwlqj lq hdfk shulrg1 Zlwk

d odujh qxpehu ri djhqwv wkh wlph sur�oh ri lqyhvwphqw kdv dq h{wuhph irup lq wkdw lq

wkh �uvw shulrg wkhuh lv d qhjoljleoh dprxqw ri lqyhvwphqw iroorzhg lq wkh vhfrqg shulrg e|

hlwkhu hyhu|rqh lqyhvwlqj ru qr rqh lqyhvwlqj1 Fkdpoh| dqg Jdoh vkrz wkdw wkh htxloleulxp

rxwfrphv gl�hu iurp wkrvh zlwk sxeolf lqirupdwlrq1 Lq wklv vhqvh/ Fkdpoh| dqg Jdoh*v prgho

jhqhudwhv khugv exw qrw ghod|v lq lqyhvwphqw1

41 Hqgrjhqrxv wlplqj

Frqvlghu dq hfrqrp| srsxodwhg zlwk � ulvn qhxwudo djhqwv hdfk ri zkrp kdv 4 xqlw

ri uhvrxufhv wr lqyhvw1 Wkhuh duh wzr dvvhwv/ d vdih grphvwlf dvvhw zlwk jurvv uhwxuq wkdw lv
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qrupdol}hg wr � dqg d ulvn| iruhljq dvvhw1 Wkh sd|r� rq wkh ulvn| iruhljq dvvhw ghshqgv rq

wkh vwdwh ghqrwhg + 5 iCc�jc zkhuh C lv uhihuuhg wr dv wkh jrrg vwdwh dqg � lv uhihuuhg wr

dv wkh edg vwdwh1 Wkh vwdwh ri wkh iruhljq frxqwu| lv xqnqrzq/ dowkrxjk wkh glvwulexwlrq lv

frpprq nqrzohgjh wr wkh djhqwv1 Wkh frpprq sulru suredelolw| ri wkh jrrg vwdwh dw gdwh f

lv Rf� Hdfk djhqw vwduwv dw shulrg f zlwk rqh xqlw lqyhvwhg lq wkh grphvwlf dvvhw dqg lq hdfk

shulrg |c iru | ' fc � � � c A� fkrrvhv zkhwkhu ru qrw wr vzlwfk doo ri klv sulqflsdo soxv lqwhuhvw

iurp wkh grphvwlf dvvhw lqwr wkh iruhljq dvvhw1 Rqfh dq djhqw kdv vzlwfkhg klv prqh| kh

pxvw ohdyh lw wkhuh xqwlo shulrg Ac zklfk vdwlv�hv A : A�� Lq shulrg A wkh iruhljq dvvhw sd|v

d jurvv uhwxuq ri - shu shulrg li wkh vwdwh lv jrrg ru d jurvv uhwxuq ri f li wkh vwdwh lv edg1

Erwk uhwxuqv duh frqwlqxrxvo| frpsrxqghg dqg frqvxpswlrq rffxuv dw A� Khqfh/ dq lqyhvwru

wkdw vzlwfkhv dw wlph |c jhwv d wrwdo h{shfwhg uhwxuq ri

e-EA3|�Sure|+vwdwh lv C,1

zkhuh Sure|+vwdwh lv C, lv wkh frqglwlrqdo suredelolw| wkdw wkh ohqghu dvvljqv wr wkh vwdwh

ehlqj C� Qrwlfh wkdw diwhu dq djhqw lqyhvwv lq wkh ulvn| surmhfw wkhuh duh qr dfwlrqv wr eh

wdnhq1 Khqfh/ zh gr qrw qhhg wr gh�qh sd|r�v ru vwudwhjlhv iru vxfk djhqwv1

Djhqwv uhfhlyhv vljqdov r 5 iCc�j derxw wkh vwdwh dv iroorzv1 Lq hdfk shulrg | '

fc � � � c A� rqh vljqdo duulyhv wr wkh hfrqrp| dqg lv udqgrpo| glvwulexwhg wr rqh dqg rqo| rqh

djhqw dprqj wkh vhw ri djhqwv zkr kdyh qrw douhdg| uhfhlyhg d vljqdo12 Wkh vljqdov duh

lqirupdwlyh dqg v|pphwulf lq wkh vhqvh wkdw

�hEr ' C m + ' C� ' �hEr ' � m + ' �� ' ^ : �*2�+4,

Wkh rqo| sxeolfo| revhuydeoh hyhqwv duh wkh qxpehu ri lqyhvwphqwv lq hdfk shulrg1 Ohw

?| ghqrwh wkh qxpehu ri qhz lqyhvwphqwv dw |� Wkh sxeolf klvwru| �| ' E?fc ?�c c � � � c ?|3��
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uhfrugv wkh djjuhjdwh qxpehu ri srvlwlyh lqyhvwphqwv lq hdfk shulrg xs wkurxjk wkh ehjlqqlqj

ri shulrg |� Djhqwv dovr uhfrug wkh vljqdo wkh| uhfhlyh/ li dq|/ dqg wkh gdwh wkh| uhfhlyh lw1

Wkxv/ wkh klvwru| ri dq djhqw � dw | zkr uhfhlyhg d vljqdo dw o lv ��| ' E�|c roc o� dqg zh ohw

E�|c >c >� ghqrwh wkh klvwru| ri dq djhqw zkr kdv qrw uhfhlyhg d vljqdo1 Qrwlfh wkdw dw hdfk

gdwh |c jlyhq wkhlu klvwrulhv/ djhqwv fdq eh ghvfulehg dv ehorqjlqj wr rqh ri vhyhudo jurxsv1

Dq| djhqw wkdw kdv douhdg| lqyhvwhg lv lqdfwlyh� Wkh dfwlyh djhqwv frqvlvw ri d qhzo| lqiruphg

djhqw zkr uhfhlyhg wkh vljqdo dw wkh ehjlqqlqj ri shulrg |c suhylrxvo| lqiruphg djhqwv zkr

uhfhlyhg d vljqdo dw vrph gdwh o ehiruh | dqg xqlqiruphg djhqwv zkr kdyh qrw |hw uhfhlyhg

d vljqdo� Qrwlfh wkdw jlyhq wkh vwuxfwxuh ri vljqdov/ wkh suredelolw| wkdw dq xqlqiruphg djhqw

uhfhlyhv d vljqdo dw | lv Z| ' �*E� � |��

Dq djhqw*v vwudwhj| dqg eholhiv duh vhtxhqfhv ri ixqfwlrqv %|E��|� dqg R|E��|� wkdw pds

wkhlu klvwrulhv lqwr dfwlrqv dqg sulruv ryhu wkh vwdwh1 Wkh sd|r�v duh gh�qhg dv iroorzv1 Ohw

T|E��|� ghqrwh wkh sd|r� iru dq djhqw wkdw vzlwfkhv klv dvvhwv iurp wkh vdih wr wkh ulvn| surmhfw

dw | frqglwlrqdo rq wkh klvwru| ��|/ wkhq

T|E��|� ' e-EA3|�R|E��|�c

Ohw `|E��|� ghqrwh wkh sd|r� iru dq djhqw wkdw grhvq*w vzlwfk dw wlph |c dqg ohw a|E��|� '

4@ iT|E��|�c`|E��|�j eh wkh sd|r� wr dq djhqw wkdw pdnhv wkh rswlpdo ghflvlrq dw wlph |�

Wkhq/

`|E��|� '
[
��|n�

>|E��|n�m��|�a|n�E��|n��

zkhuh >|E��|n�m��|� lv wkh frqglwlrqdo glvwulexwlrq ryhu klvwru| dw |n � jlyhq wkh klvwru| dw |�

Qrwlfh wkdw wkh frqglwlrqdo glvwulexwlrqv >|E��|n�m��|� duh lqgxfhg iurp wkh vwudwhjlhv dqg wkh

vwuxfwxuh ri h{rjhqrxv xqfhuwdlqw| ri wkh jdph lq wkh reylrxv zd|1 Qrwlfh dovr wkdw zh kdyh
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lpsrvhg v|pphwu| e| vxssrvlqj wkdw doo djhqwv zkr kdyh wkh vdph klvwrulhv wdnh wkh vdph

dfwlrqv dqg kdyh wkh vdph eholhiv1 Khuh/ d shuihfw Ed|hvldq htxloleulxp lv d vhw ri vwudwhjlhv

%|E��|�/ d vhw ri frqglwlrqdo glvwulexwlrqv >|E��|n�m��|� dqg d vhw ri eholhiv RE��|� vxfk wkdw ��

iru hyhu| klvwru| ��|c vxfk wkdw wkh djhqw kdv qrw vzlwfkhg wr wkh ulvn| surmhfw ehiruh |c %|E��|�

lv rswlpdo/ ��� wkh frqglwlrqdo glvwulexwlrqv >�|E��|n�m��|� dqg wkh eholhiv R�|E��|� duh frqvlvwhqw

zlwk Ed|hv* uxoh zkhuhyhu srvvleoh dqg duelwudu| rwkhuzlvh1

Lq frqvwuxfwlqj dq htxloleulxp zh zloo �qg lw xvhixo wr ohw �CER� dqg ��ER� eh gh�qhg

e|

�CER� '
R^

R^ n E�� R�E�� ^�
+5,

��ER� '
RE�� ^�

RE�� ^� n E�� R�^
�+6,

dqg ohw � Ef� ' Rfc � E�� ' �CE� Ef��c � E2� ' �CE� E��� dqg vr rq/ dqg ohw � E��� ' ��E� Ef��c

� E�2� ' ��E� E���� dqg vr rq1 Wkxv/ � E&� iru & : fc lv wkh sulru suredelolw| wkdw wkh vwdwh

lv jrrg li & jrrg vljqdov kdyh ehhq uhfhlyhg dqg � E&� iru & 	 fc lv wkh sulru suredelolw| wkdw

wkh vwdwh lv jrrg li & edg vljqdov kdyh ehhq uhfhlyhg1 Qrwlfh iurp wkh v|pphwu| lq +4, wkdw

�CE��ER�� ' ��E�CER�� ' R�+7,

Lw iroorzv iurp +7, wkdw wkh h�hfw rq wkh sulru ri d jlyhq vhw ri vljqdov lv vxppdul}hg e| wkh

qxpehu ri jrrg plqxv wkh qxpehu ri edg vljqdov lq wkh vhw1 Wkxv/ iru h{dpsoh/ uhfhlylqj wzr

jrrg vljqdov dqg rqh edg vljqdo |lhogv wkdw vdph sulru dv uhfhlylqj rqh jrrg vljqdo1

Zh pdnh wkh iroorzlqj sdudphwhu uhvwulfwlrqv/

� 	 e-EA3A��� Ef�+8,

� : e-A� E���+9,

9



e-A� Ef� 	 DCE� Ef��e
-EA3��� E�� n D�E� Ef��+:,

zkhuh DCER� ' � Er ' CmR� ' R^nE��R��E��^� dqg D�ER�@� Er ' �mR�� ' RE��^�nE��R�^�

Qrwh wkdw ehfdxvh - : � wkhvh dvvxpswlrqv lpso| wkh iroorzlqj1 Dvvxpswlrq +8, lpsolhv wkdw

dw dq| gdwh |c ehwzhhq wkh wzr rswlrqv ri lqyhvwlqj lq wkh ulvn| dvvhw jlyhq eholhi � Ef� ru

qhyhu lqyhvwlqj lq wkh ulvn| dvvhw/ lw lv ehwwhu wr lqyhvw1 Dvvxpswlrq +9, lpsolhv wkdw dw dq|

gdwh |c ehwzhhq wkh wzr rswlrqv ri lqyhvwlqj lq wkh ulvn| dvvhw jlyhq eholhi � E��� ru qhyhu

lqyhvwlqj lq wkh ulvn| dvvhw/ lw lv ehwwhu wr qrw lqyhvw1 Dvvxpswlrq +:, lpsolhv

e-EA3|�� Ef� 	 DCE� Ef��e
-EA3|3��� E�� n D�E� Ef��+;,

vr wkdw dw dq| gdwh |c lqyhvwlqj zlwk eholhiv � Ef� lv grplqdwhg e| zdlwlqj rqh shulrg dqg

lqyhvwlqj li dqg rqo| li d jrrg vljqdo lv uhdol}hg1 Wr xqghuvwdqg wkh uroh ri +:,/ qrwh wkdw lq

wklv prgho/ zdlwlqj dqg uhfhlylqj lqirupdwlrq lv ehqh�fldo ehfdxvh djhqwv kdylqj wkh rswlrq

ri qrw lqyhvwlqj li wkh vljqdov duh vx!flhqwo| edg1 Zh fdoo wklv ehqh�w wkh qr lqyhvwphqw

rswlrq ydoxh1 Wkh frvw ri zdlwlqj frphv iurp d nlqg ri glvfrxqwlqj lq wkdw djhqwv irujr wkh

 rz uhwxuq iurp lqyhvwlqj1 Dvvxpswlrq +:, uhtxluhv wkdw wkh qr lqyhvwphqw rswlrq ydoxh eh

odujh uhodwlyh wr glvfrxqwlqj1

Zh ehjlq zlwk dq lqirupdo ghvfulswlrq ri wkh htxloleulxp rxwfrphv1 Dw wkh ehjlqqlqj

ri gdwh f rqh djhqw uhfhlyhv d vljqdo dqg lv wkh qhzo| lqiruphg djhqw1 Wkdw djhqw lqyhvwv li

wkh vljqdo lv jrrg dqg grhv qrw rwkhuzlvh1 Doo xqlqiruphg djhqwv zdlw1

Wkh ghflvlrqv dw gdwh � ghshqgv rq wkh klvwru| iurp gdwh f� Li wkhuh zdv srvlwlyh

lqyhvwphqw dw gdwh 4 doo djhqwv lqyhvw dw gdwh 41 Zh vd| wkdw wklv klvwru| vwduwv d fdvfdgh

zlwk lqyhvwphqw1 Li wkhuh zdv }hur lqyhvwphqw dw gdwh 3 wkhq wkh xqlqiruphg djhqwv zdlw

zkloh wkh qhzo| lqiruphg djhqw dw gdwh � lqyhvwv li klv vljqdo lv jrrg dqg zdlwv rwkhuzlvh1

:



Dw wkh ehjlqqlqj ri gdwh 5 li wkhuh kdv ehhq qr lqyhvwphqw dw hlwkhu gdwhv f ru � wkhq

qr djhqw lqyhvwv dw gdwh 2 ru dq| vxevhtxhqw gdwh1 Zh zloo vd| wkdw wklv klvwru| vwduwv d

fdvfdgh zlwk qr lqyhvwphqw1 Li wkhuh kdv ehhq qr lqyhvwphqw dw gdwh f exw dq lqyhvwphqw

dw gdwh 4 wkhq erwk wkh xqlqiruphg djhqwv dqg wkh suhylrxvo| lqiruphg djhqw zdlw dqg wkh

qhzo| lqiruphg djhqwv lqyhvwv li klv vljqdo lv jrrg dqg grhv qrw rwkhuzlvh1

Pruh jhqhudoo|/ klvwrulhv ri wkh irup E��c Efc �c ��c Efc �c fc ��c � � � c Efc �c fc �c � � � c fc �c ��

vwduw fdvfdghv zlwk lqyhvwphqw1 Klvwrulhv ri wkh irup Efc f�c Efc �c fc f�c � � � c Efc �c fc �c � � � c fc �c fc f�c

vwduw fdvfdghv zlwk qr lqyhvwphqw1

Pruh irupdoo| zh surfhhg dv iroorzv1 Wkh vwudwhj| iru doo xqlqiruphg dqg suhylrxvo|

lqiruphg djhqwv lv

%|E��|� '

;AAA?
AAA=

� li R|E��|� � � E��

f rwkhuzlvh

<AAA@
AAA>

+<,

iru | � A��� dqg %A�E��A�� ' � li dqg rqo| li R|E��|� � � Ef�� Wkh vwudwhj| iru qhzo| lqiruphg

djhqwv lv

%|E��|� '

;AAA?
AAA=

� li R|E��|� � � Ef�

f rwkhuzlvh

<AAA@
AAA>

+43,

iru | � A�� Qrwlfh wkdw wkh xqlqiruphg dqg suhylrxvo| lqiruphg djhqwv qhhg wr eh pruh

rswlplvwlf wkdq qhzo| lqiruphg djhqwv lq rughu wr lqyhvw ehiruh A�1

;



Wkh eholhiv ri xqliruphg djhqwv dw klvwru| ��|n� ' E�|n�c >c >� duh uhfxuvlyho| gh�qhg

e|

R|n�E��|n�� '

;AAAAAAAAAAAAAAAAAA?
AAAAAAAAAAAAAAAAAA=

��ER|E��|�� li ?| ' fc %|E�|c Cc |� ' � dqg %|E�|c �c |� ' f

�CER|E��|�� li ?| ' �c %|E�|c Cc |� ' � dqg %|E�|c �c |� ' f

� E2� li ?| � 2c ru ?| ' �c %|E�|c Cc |� ' %|E�|c �c |�

� E�2� li ?| ' fc %|E�|c Cc |� ' %|E�|c �c |� ' �

R|E��|� rwkhuzlvh

<AAAAAAAAAAAAAAAAAA@
AAAAAAAAAAAAAAAAAA>

�+44,

zkhuh RfE��f� ' Rf� Uhfdoo wkdw %|E�|c Cc |� dqg %|E�|c �c |� duh wkh vwudwhjlhv ri d qhzo| lq0

iruphg djhqw dw gdwh |� Wkh eholhiv ri wkh qhzo| lqiruphg djhqwv dw klvwru| ��|n� ' E�|n�c 7c |�

duh R|n�E�|n�c 7c |� ' �7ER|n�E�|n�c >c >�, iru 7 ' Cc� dv orqj dv qr rwkhu djhqw lqyhvwv dw

| dqg R|n�E�|n�c >c >� � � Ef�c R|n�E�|n�c 7c |� ' � E�2� li R|n�E�|n�c >c >� � � E�� dqg qr rqh

hovh lqyhvwv dw |c rwkhuzlvh klv eholhiv duh � E2�� Wkh eholhiv ri wkh suhylrxvo| lqiruphg djhqwv

dw ��|n� ' E�|n�c 7c o� duh uhfxuvlyho| gh�qhg xvlqj +44, h{fhsw wkdw wkh uhfxuvlrq vwduwv dw oc

zlwk wkh eholhiv ri wkh qhzo| lqiruphg djhqw dw ocqdpho| RoE��oc 7c o��

Exlow lqwr wkhvh eholhiv lv wkh lghd wkdw djhqwv orrn dw suhylrxv djhqwv* dfwlrqv dqg wu| wr

lqihu wkhlu vljqdov1 Rq wkh htxloleulxp sdwk dqg iru ghyldwlrqv wkdw wkh| fdqqrw ghwhfw djhqwv

lqihu wkh iroorzlqj1 Frqvlghu wkh xqliruphg djhqwv1 Li wkh| vhh rqh xqlw ri lqyhvwphqw dw |

dqg wkh vwudwhjlhv vshfli| wkdw d qhzo| lqiruphg djhqw uhfhlylqj d jrrg vljqdo vkrxog lqyhvw

zkloh d qhzo| lqiruphg djhqw uhfhlylqj d edg vljqdo vkrxog qrw lqyhvw/ wkh| lqihu wkh qhzo|

lqiruphg djhqw uhfhlyhg d srvlwlyh vljqdo1 Wkh| xsgdwh eholhiv lq d vlplodu idvklrq zkhq wkh|

vhh }hur lqyhvwphqw dw w1 +Qrwlfh wkdw zkhq wkh qhzo| lqiruphg djhqw dfwv gl�huhqwo| edvhg

rq wkhlu vljqdo/ wkhlu ghyldwlrqv fdqqrw eh ghwhfwhg e| xqlqiruphg djhqwv vr wkdw xqlqiruphg

djhqwv eholhiv duh xsgdwhg dv li wkhuh zhuh qr ghyldwlrq e| wkh lqiruphg djhqw1,

<



Rq wkh htxloleulxp sdwk dqg iru xqghwhfwdeoh ghyldwlrqv wkh qhzo| lqiruphg djhqwv

vlpso| xsgdwh wkh eholhiv ri wkh xqlqiruphg djhqwv zlwk wkhlu sulydwh vljqdo1 Wkh suhylrxvo|

lqiruphg djhqw wkdw zdv qhzo| lqiruphg dw | � �c vlpso| xsgdwhv wkh eholhiv ri wkh qhzo|

lqiruphg djhqw dw |�� dssursuldwho|1 Wkh suhylrxvo| lqiruphg djhqw wkdw zdv qhzo| lqiruphg

dw o 	 |��c vlpso| xsgdwhv wkh eholhiv ri wkh suhylrxvo| lqiruphg djhqw dw |�� dssursuldwho|1

Iru ghwhfwdeoh ghyldwlrqv djhqwv lqihu wkh iroorzlqj1 Li dq xqlqiruphg djhqw vhhv pruh

wkdq rqh xqlw ri lqyhvwphqw/ eholhiv duh xsgdwhg wr dq rswlplvwlf ohyho/ qdpho|/ � E2�� Li dq

xqlqiruphg djhqw vhhv rwkhu ghyldwlrqv/ eholhiv duh ohiw xqfkdqjhg1 Suhylrxvo| lqiruphg djhqwv

ehkdyh vlploduo|1 D qhzo| lqiruphg djhqw dw | zkr lv dfwlyh dw |n � dqg vhhv lqyhvwphqwv e|

rwkhuv dovr xsgdwhv eholhiv wr wkh rswlplvwlf ohyho � E2��

Wkhvh vwudwhjlhv dqg eholhiv lqgxfh wkh frqglwlrqdo glvwulexwlrqv >�|n�E��|n�m��|� lq wkh

reylrxv pdqqhu1 Zh zloo vkrz wkdw wkhvh vwudwhjlhv dqg eholhiv duh dq htxloleulxp1 Dq

lpsruwdqw ihdwxuh ri wkh vwudwhjlhv lv wkdw fxwr� ohyho iru lqyhvwphqw iru wkh xqlqiruphg

djhqwv lv kljkhu wkdq wkdw iru wkh qhzo| lqiruphg djhqwv1 Wr jhw zk| wklv lv qhfhvvdu|

vxssrvh �uvw wkdw erwk w|shv ri djhqwv lqyhvw li wkhlu eholhiv duh juhdwhu wkdq ru htxdo wr

� Ef�� Wr vhh zk| wklv fdqqrw eh dq htxloleulxp frqvlghu d ghyldwlrq e| wkh xqliruphg djhqw

dw | ' f zlwk eholhiv � Ef� wr zdlwlqj1 Vlqfh wkh qhzo| lqiruphg djhqw lqyhvwv li dqg rqo| li

klv vljqdo lv jrrg/ wkh ghyldwlqj djhqw ohduqv wkh ydoxh ri wkh vljqdo1 E| +4<, wklv ghyldwlrq

lqfuhdvhv sd|r�v1

Vxssrvh qh{w wkdw wkh fxwr� ohyho iru erwk w|shv ri djhqwv lv � E��� Frqvlghu d klvwru|

ri vljqdov �� Wkh qhzo| lqiruphg dw f grhv qrw lqyhvw dqg wkh rwkhu djhqwv lqihu kh jrw d

edg vljqdo dqg wkhlu sulruv duh � E���1 Wkh qhzo| lqiruphg dw gdwh � lv vxssrvhg wr zdlw

uhjdugohvv ri klv vljqdo1 Wkxv wkh sulru ri wkh sulru ri wkh xqlqiruphg vwd|v dw � E��� dqg
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wkxv doo qhzo| lqiruphg djhqwv dw doo ixwxuh gdwhv dovr zdlw1 Diwhu d klvwru| ri vljqdov �cCc

wkh qhzo| lqiruphg dw gdwh 4 kdv d sulru ri � Ef�� D ghyldwlrq wr lqyhvwlqj/ e| +8,/ udlvhv wkh

sd|r�v1

Wkhvh dujxphqwv khos h{sodlq zk| wkh fxwr� ohyhov ri wkh lqiruphg dqg xqlqiruphg

djhqwv pxvw eh gl�huhqw1 Zh qrz vkrz wkdw zkhq wkhvh fxwr�v kdyh wkh irup lq +<, dqg +43,

wkh vwudwhjlhv dqg eholhiv duh dq htxloleulxp1

Sursrvlwlrq 41 Xqghu dvvxpswlrqv +D� � E.�/ wkh vwudwhjlhv dqg eholhiv lq +<,0+44,

frqvwlwxwh d shuihfw Ed|hvldq htxloleulxp1

Surri1 E| frqvwuxfwlrq wkh eholhiv lq +��, vdwlvi| Ed|hv* uxoh1 Zh uhshdwhgo| xvh wkh

revhuydwlrq wkdw e| frqvwuxfwlrq iru dq| klvwru| ��| R|E��|� ' � E&� iru vrph lqwhjhu & 1

Frqvlghu �uvw rswlpdolw| iru klvwrulhv zlwk qr ghwhfwdeoh ghyldwlrqv1 Frqvlghu �uvw wkh

vwudwhjlhv ri wkh xqlqiruphg djhqwv1 Iru d klvwru| ri wkh xqlqiruphg djhqw zlwk R|E��|� ' � E��

wkh xqlqiruphg djhqw lqyhvwv dqg uhfhlyhv

e-EA3|�� E��

Vxssrvh wkh djhqw ghyldwhv dqg zdlwv1 Li iru doo ixwxuh klvwrulhv wkh djhqw hqgv xs lqyhvwlqj

wkhq zdlwlqj phuho| uhgxfhv wkh ohqjwk ri wlph ri lqyhvwphqw lq wkh kljk uhwxuq surmhfw dqg

orvhv e- lq hdfk shulrg1 Wkxv/ wkh rqo| zd| wkdw wklv ghyldwlrq fdq eh sur�wdeoh lv wkdw wkhuh

duh vrph ixwxuh klvwrulhv lq zklfk wklv djhqw qhyhu lqyhvwv1 Frqvlghu wkh prvw shvvlplvwlf

lqirupdwlrq wkh djhqw frxog uhfhlyh1 Uhfdoo wkdw iru vxfk d klvwru| doo rwkhu dfwlyh djhqwv

lqyhvw1 Wkxv/ e| zdlwlqj wkh xqlqiruphg djhqw uhfhlyhv qr qhz lqirupdwlrq iurp rwkhuv1 E|

zdlwlqj wkh xqlqiruphg djhqw frxog uhfhlyh d vljqdo lq wkh ixwxuh1 Exw hyhq li wkh ixwxuh

vljqdo lv r ' �c wklv djhqw*v eholhi zloo eh � Ef� dqg e| +8, kh zloo lqyhvw1 Wkxv/ hyhq xqghu
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wkh prvw shvvlplvwlf lqirupdwlrq lw lv rswlpdo wr lqyhvw/ dqg khqfh zdlwlqj lv qrw sur�wdeoh1

Fohduo|/ iru klvwrulhv zlwk R|E��|� � � E�� lw lv dovr rswlpdo wr lqyhvw1

Frqvlghu qh{w wkh vwudwhjlhv ri wkh lqiruphg djhqwv dw vrph klvwru| ��|1 Iurp +9, lw

iroorzv wkdw ghyldwlqj wr lqyhvwlqj zkhq wkh vwudwhjlhv vshfli| zdlwlqj lv qrw rswlpdo/ qdpho|

iru klvwrulhv lq zklfk wkh qhzo| lqiruphg djhqw*v eholhiv duh � E&� iru & � ��� Lw dovr hdv|

wr fkhfn wkdw ghyldwlqj lq d fdvfdgh lv qrw rswlpdo1 D fdvfdgh lv dvvrfldwhg zlwk d klvwru|

lq zklfk wkh xqlqiruphg djhqwv* eholhiv duh hlwkhu � E�� ru � E�2�� Diwhu vxfk klvwrulhv hlwkhu

doo djhqwv kdyh douhdg| lqyhvwhg ru wkh| zloo qhyhu lqyhvw1 Lq hlwkhu fdvh ghyldwlrqv duh qrw

sur�wdeoh1 Wkh lqwhuhvwlqj klvwrulhv duh wkrvh lq zklfk wkh xqlqiruphg djhqwv* eholhiv duh � Ef�

ru � E��� dqg wkh qhzo| lqiruphg djhqw kdv mxvw uhfhlyhg d jrrg vljqdo1 Wkh vwudwhj| iru wkh

qhzo| lqiruphg djhqw vshfl�hv lqyhvw dqg vxssrvh wklv djhqw ghyldwhv dqg zdlwv/ suhvxpdeo|

wr jduqhu lqirupdwlrq derxw wkh vljqdov ri vxevhtxhqw lqiruphg djhqwv1

Frqvlghu �uvw d klvwru| ��| lq zklfk wkh xqliruphg djhqwv* eholhiv duh � E��� vr wkdw

xqlqiruphg djhqwv dqg wkh qhzo| lqiruphg djhqw uhfhlyhv d jrrg vljqdo dqg khqfh kdv eholhiv

� Ef�� Li wkh qhzo| lqiruphg djhqw ghyldwhv dqg zdlwv wkhq wklv ghyldwlrq wuljjhuv d fdvfdgh

zlwk qr lqyhvwphqw1 Wr vhh wklv qrwh wkdw wkh ghyldwlrq fdxvhv wkh xqlqiruphg djhqwv* eholhiv

wr eh � E�2� shupdqhqwo|1 Jlyhq wkhvh eholhiv xqlqiruphg djhqwv qhyhu lqyhvw1 Ixwxuh qhzo|

lqiruphg djhqwv xsgdwh wkhlu eholhiv wr dw prvw � E��� dqg gr qrw lqyhvw hlwkhu1 Wkxv wklv

ghyldwlrq jduqhuv qr qhz lqirupdwlrq1 Wkh eholhiv ri wkh xqlqiruphg djhqw uhpdlq dw � Ef��

Dvvxpswlrq +8, wkhq lpsolhv wkdw jlyhq wkhvh eholhiv lw lv rswlpdo iru wkh qhzo| lqiruphg

djhqw wr lqyhvw dw |�

Qh{w/ frqvlghu d klvwru| ��| lq zklfk wkh xqliruphg djhqwv* eholhiv duh � Ef� dqg wkh

qhzo| lqiruphg djhqw uhfhlyhv d jrrg vljqdo dqg khqfh kdv eholhiv � E���Vxssrvh wkh qhzo|
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lqiruphg djhqw ghyldwhv dqg zdlwv1 Lq wkh vxevhtxhqw shulrg wkh xqlqiruphg djhqwv* eholhiv

idoo wr � E��� zkloh wkh lqiruphg djhqw*v eholhiv vwd| dw � E��� Wkh uhdvrq wkh eholhiv ri wkh

qhzo| lqiruphg djhqw lv 5 kljkhu wkdq wkh xqlqiruphg djhqwv lv wkh qhzo| lqiruphg djhqw�v

sulydwh vljqdo udlvhg klv eholhiv e| 4 dqg wkh ghyldwlrq e| wkh qhzo| lqiruphg djhqw glg qrw

d�hfw klv eholhiv zkloh lw orzhuhg wkh xqlqiruphg djhqwv* frxqwhu e| 41

Li iru doo ixwxuh klvwrulhv wkh djhqw hqgv xs lqyhvwlqj wkhq zdlwlqj phuho| uhgxfhv

wkh ohqjwk ri wlph ri lqyhvwphqw lq wkh kljk uhwxuq surmhfw1 Wkxv/ wkh rqo| zd| wkdw wklv

ghyldwlrq fdq eh sur�wdeoh lv wkdw wkhuh duh vrph ixwxuh klvwrulhv lq zklfk wklv djhqw qhyhu

lqyhvwv1 Frqvlghu wkh prvw shvvlplvwlf lqirupdwlrq wkh djhqw frxog uhfhlyh1 Wklv lqirupdwlrq

lv dvvrfldwhg zlwk wkh xqlqiruphg djhqwv* eholhiv ri � E�2�1 Wkh lqiruphg djhqw*v eholhiv

duh � Ef��Jlyhq wkhlu eholhiv/ xqlqiruphg djhqwv qhyhu lqyhvw1 Ixwxuh qhzo| lqiruphg djhqwv

xsgdwh wkhlu eholhiv wr dw prvw � E��� dqg gr qrw lqyhvw hlwkhu1 Wkxv wklv ghyldwlrq jduqhuv

qr qhz lqirupdwlrq1 Wkh eholhiv ri wkh xqlqiruphg djhqw uhpdlq dw � Ef�� Dvvxpswlrq +8,

wkhq lpsolhv wkdw jlyhq wkhvh eholhiv lw lv rswlpdo iru wkh qhzo| lqiruphg djhqw wr lqyhvw dw

|� Wkxv/ vlqfh lw lv rswlpdo wr lqyhvw hyhqwxdoo| hyhq zlwk wkh prvw shvvlplvwlf lqirupdwlrq/

zdlwlqj vlpso| uhgxfhv wkh uhwxuq1

Frqvlghu qh{w klvwrulhv dw | zlwk ghyldwlrqv ghwhfwdeoh e| xqlqiruphg djhqwv dqg

suhylrxvo| lqiruphg djhqwv1 Vxssrvh wkdw wkh �uvw ghwhfwdeoh ghyldwlrq rffxuv dw r 	 |�Wkhuh

duh wkuhh w|shv ri vxfk klvwrulhv dw | Gghyldwlrqv dw r wr lqyhvwlqj gxulqj d fdvfdgh zlwkrxw

lqyhvwphqw/ ghyldwlrqv wr lqyhvwlqj ehiruh d fdvfdgh vwduwv/ dqg ghyldwlrqv wr qrw lqyhvwlqj dw

wkh rqvhw ri d fdvfdgh zlwk lqyhvwphqw1 Xqghu wkh �uvw dqg wkh vhfrqg w|sh ri klvwru|/ +44,

lpsolhv wkdw doo djhqwv* eholhiv duh � E2� dw r n ��Wkh rqo| djhqwv zkrvh eholhiv fdq fkdqjh

iurp r n �wkurxjk | duh wkrvh wkdw ehfrph qhzo| lqiruphg dqg wkhlu eholhiv duh hlwkhu � E��
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ru � E���Vlqfh wkh htxloleulxp vshfl�hv wkdw doo djhqwv vkrxog lqyhvw wkhuh lv qr srvvlelolw| ri

dftxlulqj pruh lqirupdwlrq dqg lw lv rswlpdo iru dq| djhqw wr lqyhvw dw |�Xqghu wkh wklug w|sh

ri klvwru| doo djhqwv* eholhiv duh dw � E�2� dw rn ��Wkh rqo| djhqwv zkrvh eholhiv fdq fkdqjh

iurp rn� wkurxjk | duh wkrvh wkdw ehfrph qhzo| lqiruphg dqg wkhlu eholhiv duh hlwkhu � E���

ru � E����Zlwk wkhvh eholhiv lw lv rswlpdo iru qr djhqw wr lqyhvw dw |�

Frqvlghu qh{w klvwrulhv dw | zlwk ghyldwlrqv ghwhfwdeoh rqo| e| qhzo| lqiruphg djhqwv1

Wkh rqo| lqwhuhvwlqj ghyldwlrq wkdw rqo| d qhzo| lqiruphg djhqw fdq ghwhfw lv rqh lq zklfk

wkh sulru zdv dw � Ef�cwkh qhzo| lqiruphg djhqw uhfhlyhg d edg vljqdo dqg vrph rwkhu djhqw

lqyhvwhg1 Lq wklv fdvh xqlqiruphg djhqwv* eholhiv duh dw � E��/ wkh qhzo| lqiruphg djhqwv*

eholhiv duh dw � E2�dqg doo djhqwv vkrxog lqyhvw1 Lw lv hdv| wr fkhfn wkdw wklv lv lqghhg rswlpdo1

'�.�(�

Qh{w zh vkrz wkdw zlwklq d fhuwdlq fodvv wkh htxloleulxp zh kdyh frqvwuxfwhg lv xqltxh1

Zh zloo vd| wkdw d froohfwlrq ri vwudwhjlhv dqg eholhiv lv d v|pphwulf/ vwdwlrqdu| htxloleulxp

li lw lv d shuihfw Ed|hvldq htxloleulxp dqg wkh vwudwhjlhv kdyh wkh fxwr� uxoh irup1 Qdpho|/

wkhuh duh vhwv ri lqwhjhuv U dqg U � vxfk wkdw iru | � A� � � wkh vwudwhjlhv ri wkh xqlqiruphg

dqg suhylrxvo| lqiruphg djhqwv duh ri wkh irup

%|E��|� '

;AAA?
AAA=

� li R|E��|� 5 U

f rwkhuzlvh

<AAA@
AAA>

+45,

zkloh wkh vwudwhj| iru qhzo| lqiruphg djhqwv lv ri wkh irup

%|E��|� '

;AAA?
AAA=

� li R|E��|� 5 U �

f rwkhuzlvh

<AAA@
AAA>
�+46,

+Qrwlfh wkdw zh doorz wkh vwudwhjlhv dw A� wr gl�hu1,
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Sursrvlwlrq 5� Wkh vwudwhjlhv dqg eholhiv ghvfulehg lq +<,0+44, lv wkh xqltxh v|pphw0

ulf vwdwlrqdu| htxloleulxp1

Surri1 Frqvlghu shulrg A�� E| +8, dqg +9, lw iroorzv wkdw doo djhqwv lqyhvw li dqg

rqo| li wkhlu eholhiv duh juhdwhu wkdq ru htxdo wr � Ef�� Frqvlghu qh{w shulrg A� � �� Wkh

qhzo| lqiruphg djhqw fdq ohduq qrwklqj e| zdlwlqj dqg khqfh lqyhvwv li dqg rqo| li klv eholhiv

duh juhdwhu wkdq ru htxdo wr � Ef�� Wkxv/ wkh vhw U � lv wkh vhw ri lqwhjhuv zlwk & � f� Dq

xqlqiruphg djhqw zkr hqwhuv wkh shulrg zlwk eholhiv � Ef�c e| zdlwlqj ohduqv wkh vljqdo ri wkh

qhzo| lqiruphg djhqw1 E| +:, lw lv rswlpdo wr zdlw1 Dq xqlqiruphg djhqw zkr hqwhuv wkh

shulrg zlwk eholhiv juhdwhu ru htxdo wr � E�� zloo lqyhvw lq shulrg A� uhjdugohvv ri wkh qhzo|

lqiruphg djhqw*v dfwlrq1 Khqfh/ zdlwlqj rqo| srvwsrqhv lqyhvw dqg lw lv rswlpdo wr lqyhvw

lpphgldwho|1 Wkxv/ wkh vhw U lv wkh vhw ri lqwhjhuv zlwk & � �� T1H1G1

Qh{w/ zh vkrz wkdw wklv prgho kdv wkh vdph w|sh dv fdvfdghv dv d prgho zlwk h{rjhqrxv

wlplqj ri lqyhvwphqwv1 Wr uhgxfh rxu prgho wr rqh zlwk h{rjhqrxv wlplqj vxssrvh wkdw rqo|

wkh qhzo| lqiruphg djhqw fdq lqyhvw dw | dqg � ' A�� Ohw wkh vwudwhjlhv dqg eholhiv ri wkh

qhzo| lqiruphg djhqwv eh wkh vdph dv wkrvh lq wkh hqgrjhqrxv wlplqj prgho1 Lw lv reylrxv

wkdw wkhvh vwudwhjlhv dqg eholhiv duh wkh xqltxh htxloleulxp ri wkh h{rjhqrxv wlplqj prgho1

Lq sduwlfxodu/ klvwrulhv ri wkh irup E��c Efc �c ��c Efc �c fc ��c � � � c Efc �c fc �c � � � c fc �c �� vwduw

fdvfdghv zlwk lqyhvwphqw1 Klvwrulhv ri wkh irup Efc f�c Efc �c fc f�c � � � c Efc �c fc �c � � � c fc �c fc f�c

vwduw fdvfdghv zlwk qr lqyhvwphqw1 Wkxv/ zh kdyh vkrzq wkh iroorzlqj1

Sursrvlwlrq 61 Wkh vwudwhjlhv ghvfulehg lq +43, dqg wkh dvvrfldwhg eholhiv lv wkh

xqltxh htxloleulxp ri wkh prgho zlwk h{rjhqrxv wlplqj1 Ixuwkhupruh/ iru dq| klvwru| ri

vljqdov wkh djjuhjdwh lqyhvwphqw dw A� lv wkh vdph dv lq wkh prgho zlwk hqgrjhqrxv wlplqj1
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Qh{w/ zh duh lqwhuhvwhg lq h{sorulqj li wkhuh lv dq| vhqvh lq zklfk wkhvh fdvfdghv duh

plvwdnhv uhodwlyh wr vrph ehqfkpdun1 Rqh ehqfkpdun lv wkh sxeolf lqirupdwlrq yhuvlrq ri

wkh deryh jdph1 Dv ehiruh/ wkh djhqw dw | uhfhlyhv klv vljqdo dw | dqg fkrrvhv zkhwkhu ru

qrw wr lqyhvw dw |c exw qrz vxssrvh wkdw dw hdfk | wkh vljqdo dw | lv sxeolfo| revhuydeoh1

Lw lv hdv| wr vkrz wkdw hyhq li dfwlrqv dozd|v ixoo| uhyhdo wkh sulydwh lqirupdwlrq/ xqghu

+8,0+:, wkh htxloleulxp ri wkh sulydwh lqirupdwlrq jdph zloo qrw frlqflgh zlwk wkrvh lq wkh

sxeolf lqirupdwlrq jdph1 Wkh uhdvrq lv wkdw lq wkh sulydwh lqirupdwlrq jdph wkh xqlqiruphg

djhqwv fdq rqo| uhdfw wr wkh uhyhdohg lqirupdwlrq zlwk d rqh shulrg odj/ zkloh lq wkh sxeolf

lqirupdwlrq jdph wkh| fdq uhdfw lpphgldwho|1

D pruh lqwhuhvwlqj ehqfkpdun lv d sxeolf lqirupdwlrq jdph zklfk fdswxuhv wkh lqiru0

pdwlrqdo odjv exlow lqwr wkh sulydwh lqirupdwlrq jdph1 Frqvlghu d jdph zlwk sxeolf lqirupd0

wlrq odjv lq zklfk wkh xqlqiruphg djhqwv ohduq wkh uhdol}dwlrq ri wkh gdwh | vljqdo diwhu wkh|

kdyh pdgh wkhlu shulrg | lqyhvwphqw ghflvlrqv1 Wkxv/ dw | wkh uhohydqw klvwru| ri djhqwv lv wkh

klvwru| ri sdvw lqyhvwphqwv E6fc6�c � � � c 6|3�� wrjhwkhu zlwk wkh klvwru| ri wkh vljqdov1 Iru

wkh qhzo| lqiruphg djhqw wkh klvwru| ri vljqdov r| ' Erfc r�c � � � c r|�c zkloh wkdw ri doo rwkhu

djhqwv lv r|3�� Dq htxloleulxp lv gh�qhg dv ehiruh1 Iru dq| htxloleulxp wkh rxwfrph sdwk

fdq eh gh�qhg uhfxuvlyho| iurp wkh vwudwhjlhv/ dqg ghshqgv rqo| rq wkh klvwru| ri vljqdov1

Wkh htxloleulxp vwudwhjlhv lqgxfh rxwfrphv dw hdfk gdwh1 Ohw 6|Er
|� ghqrwh wkh djjuhjdwh

qxpehu ri srvlwlyh lqyhvwphqwv dw | iru klvwru| r|1 Vlploduo|/ lq wkh sulydwh lqirupdwlrq jdph/

ohw ?|Er|� ghqrwh wkh djjuhjdwh qxpehu ri srvlwlyh lqyhvwphqwv dorqj wkh htxloleulxp sdwk dw

| iru klvwru| r|�

Zh vd| wkdw wkh sulydwh lqirupdwlrq jdph kdv d khug dw v| li l, iru doo ixwxuh klvwrulhv

ro frqwdlqlqj r|c ?oEro� lv wkdw vdph iru doo ro dqg ll, iru vrph ixwxuh klvwru| ro frqwdlqlqj r|c
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?oEr
o� 9' 6oEr

o�� Zh vd| wkdw wkh jdph kdv d khug ri lqyhvwphqw li lw kdv d khug iru vrph r|

dqg

|[
&'f

?&Er
&� ' � dqg

|[
&'f

6&Er
&� 	 �

iru doo vxeklvwrulhv r& 5 r|�doo ixwxuh klvwrulhv r& 6 r|� Zh vd| wkdw wkh jdph kdv d khug ri qr

lqyhvwphqw li lw kdv d khug iru vrph r| dqg

?&Er
&� ' f

iru doo ixwxuh klvwrulhv r& 6 r| dqg iru dw ohdvw rqh ixwxuh klvwru| r& 6 r|c 6&Er
&� : f�

Wkh �uvw fodxvh lq rxu gh�qlwlrq ri d khug uhtxluhv wkdw lqglylgxdov pdnh wkh vdph

ghflvlrqv uhjdugohvv ri wkhlu vljqdov1 Wkh vhfrqg fodxvh uhtxluhv wkdw wkhvh ghflvlrqv duh

plvwdnhv uhodwlyh wr wkh ehqfkpdun jdph ri sxeolf lqirupdwlrq zlwk odjv1 Vhyhudo dxwkruv

+Edqdumhh/ Ohh/ Vfkduivwhlq hw do1 BB, kdyh gh�qhg qrwlrqv ri khug0olnh ehkdylru zklfk rqo|

uhtxluh wkh �uvw fodxvh1 Zlwk rqo| wkh �uvw fodxvh/ li zh vwduwhg djhqwv zlwk sulru ehorz

� E�A�� wkh| zrxog qhyhu lqyhvw lq hlwkhu jdph uhjdugohvv ri wkh vljqdov1 Lq d vhqvh hyhu|rqh

lv grlqj wkh vdph wklqj ehfdxvh wkh| duh doo grlqj wkh uljkw wklqj1 Wkh vhfrqg fodxvh hqvxuhv

wkdw zkhq hyhu|rqh lv grlqj wkh vdph wklqj lq vrph vhqvh wkh| duh grlqj wkh zurqj wklqj1

Wr slq grzq wkh htxloleulxp ri wkh jdph ri sxeolf lqirupdwlrq zlwk odjv zh qhhg wr

vwuhqjwkhq rxu dvvxpswlrqv1 Zh dvvxph

e-A� E�� 	+47,

DCE� E���e
-EA3��� E2� n D�E� E���

k
DCE� Ef��e

-EA32�� E�� n D�E� Ef��
l

Zh wklqn ri +47, dv vwuhqjwkhqhg yhuvlrq ri +:,/ vlqfh rqh fdq vkrz wkdw/ jlyhq +9,/ +47,

lpsolhv +:,1 Wklv dvvxpswlrq lpsolhv wkdw dw dq| | lqyhvwlqj dw � E�� grplqdwhg e| wkh

4:



iroorzlqj vwudwhj|1 Zdlw xqwlo |n�c li wkh vljqdo lv jrrg lqyhvw/ li wkh vljqdo lv edg/ zdlw xqwlo

|n 2 dqg lqyhvw li dqg rqo| li wkh vljqdo lv jrrg1

Sursrvlwlrq 71 Xqghu +8,0+47,/ wkh htxloleulxp kdv erwk khugv ri lqyhvwphqw dqg

khugv ri qr lqyhvwphqw1

Surri1 Wr vhh wkdw wkhuh lv d khug ri lqyhvwphqw frqvlghu wkh klvwru| ri vljqdov rA� '

ECc�c�c � � � c ��� Lq wkh sulydwh lqirupdwlrq jdph/ ?f ' � dqg ?� ' � � �� Lq wkh sxeolf

lqirupdwlrq jdph/ xvlqj +8,0E�e�c 6| ' f iru doo |� Olnhzlvh wkhuh duh fohduo| khugv ri qr

lqyhvwphqw1 Frqvlghu wkh klvwru| ri vljqdov rA� ' E�c�cCc � � � c C�� Lq wkh sulydwh lqirupdwlrq

jdph ?| ' f iru doo |c zkloh lq wkh sxeolf lqirupdwlrq jdph iru A� � e wkh sulru ulvhv deryh

� Ef� dqg wkhuh lv srvlwlyh lqyhvwphqw1 T1H1G11

Lq +47, zh jxdudqwhh wkdw lq wkh sxeolf lqirupdwlrq jdph lw lv rswlpdo wr zdlw dw � E���

Vxssrvh lqvwhdg wkdw zh uhsodfhg +47, zlwk dq dvvxpswlrq wkdw jxdudqwhhv wkdw lq wkh sxeolf

lqirupdwlrq jdph lw lv rswlpdo wr lqyhvw dw � E��� Reylrxvo|/ wkh htxloleulxp rxwfrphv ri wkh

sulydwh lqirupdwlrq jdph zrxog eh xqd�hfwhg/ exw wkh srvlwlyh fdvfdghv zrxog qrw eh khugv

ehfdxvh wkh| zrxog frlqflgh zlwk rxwfrphv lq wkh sxeolf lqirupdwlrq jdph1

Vr idu/ zh kdyh irfxvhg rq zkdw zh frqvlghu wr eh wkh prvw lqwhuhvwlqj uhjlrq ri wkh

sdudphwhu vsdfh1 Zh eulh | glvfxvv wkh fkdudfwhulvwlfv ri v|pphwulf vwdwlrqdu| htxloleuld iru

rwkhu uhjlrqv1 Li wkh udwh ri uhwxuq - lv vr orz wkdw e-A� E�� 	 � wkhq djhqwv qhyhu lqyhvw

uhjdugohvv ri wkh vljqdov1 Li wkh udwh ri uhwxuq - lv vr kljk wkdw e-EA3A��� E��� : �c wkhq

doo djhqwv lqyhvw dw wlph f� Li - lv orzhu wkdq zkdw zh kdyh exw vdwlv�hv/ e-A� Ef� 	 �c exw

e-EA3A��� E�� : � wkhq wkh htxloleulxp lv yhu| vlplodu wr wkh htxloleulxp ghvfulehg deryh1

Vshfl�fdoo|/ lq wkh htxloleulxp ghvfulehg deryh/ lw wdnhv rqh jrrg vljqdo wr vhw d srvlwlyh khug

dqg wzr edg vljqdov wr vhw r� d qhjdwlyh khug/ zkloh khuh lw zloo wdnh wzr jrrg vljqdov wr
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vhw r� d srvlwlyh khug dqg rqh edg vljqdo wr vhw r� d qhjdwlyh khug1 Qh{w/ li sdudphwhuv duh

vxfk wkdw wkh ydoxh ri zdlwlqj dw � Ef� lv ohvv wkdq wkh ydoxh ri lpphgldwho| lqyhvwlqj +wkh

gluhfwlrq ri wkh lqhtxdolw| lv uhyhuvhg lq wkh dqdorj : / zkhuh wkh uljkw vlgh lv qrz wkh sd|r�

wr wkh rswlpdo vwudwhj| iroorzlqj zdlwlqj, wkhq doo djhqwv lqyhvw dw f� Ilqdoo|/ zh kdyh fkrvhq

dvvxpswlrqv vr wkdw/ h{fhsw iru wkh odvw shulrg/ wkh htxloleuld duh vwdwlrqdu| lq wkdw wkh|

ghshqg rqo| rq wkh sulru/ dqg qrw rq wlph1 Li/ iru h{dpsoh/ zh dvvxphg wkdw +9, zdv uhsodfhg

e| e-A� E��� : � : e-EA3A��� E���c wkhq wkh htxloleuld duh qhfhvvdulo| qrqvwdwlrqdu| dqg

zrxog ghshqg rq wlph dv zhoo dv wkh sulru1

Zh kdyh dovr irfxvhg dwwhqwlrq rq vwdwlrqdu| htxloleuld1 Xqghu dvvxpswlrqv +D�� E�e�

wkhuh duh dovr qrqvwdwlrqdu| htxloleuld1 Iru h{dpsoh/ frqvlghu wkh vwudwhjlhv zh kdyh sursrvhg

zlwk wkh vlqjoh fkdqjh wkdw wkh qhzo| lqiruphg djhqw dw gdwh f zdlwv/ dqg wkh eholhiv lq shulrg

4 ri wkh xqlqiruphg djhqwv vwd| dw � Ef�� Zh qhhg rqo| vkrz wkdw wkh qhzo| lqiruphg djhqw

suhihuv wr zdlw zkhq kh jhwv d C� E| +47, zdlwlqj lv rswlpdo1

51 Frqwlqxrxv lqyhvwphqw

Lq wkh edvlf prgho djhqwv hlwkhu lqyhvwhg doo ri wkhlu prqh| lq wkh iruhljq surmhfw

ru qrqh1 Khuh zh ohw djhqwv pdnh d rqfh dqg iru doo ghflvlrq wr lqyhvw dq| qrqdgglwlyh

dprxqw dqg dvvxph wkh iruhljq surmhfw kdv ghfuhdvlqj uhwxuqv1 Wkhvh fkdqjhv zloo lpso|

wkdw/ frqglwlrqdo rq lqyhvwlqj/ djhqwv zloo dgmxvw wkhlu lqyhvwphqwv vprrwko| dv d ixqfwlrq

ri wkhlu eholhiv1 Qhyhuwkhohvv/ zh �qg wkdw wkhuh duh khugv vlplodu wr wkrvh zlwk }hur2rqh

lqyhvwphqw1

Zh frqvlghu d yduldqw ri wkh edvlf prgho lq zklfk wkh lqyhvwphqw surmhfw kdv ghfuhdvlqj

uhwxuqv dqg wkhuh lv d qrqqhjdwlylw| frqvwudlqw rq lqyhvwphqw1 Iru dq lqyhvwphqw ri % dw | lq
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wkh iruhljq surmhfw wkh iruhljq surmhfw*v sd|r� lv e-EA3|�sE%� lq wkh jrrg vwdwh dqg f lq wkh

edg vwdwh/ zkhuh sE%� lv d vwulfwo| lqfuhdvlqj frqfdyh ixqfwlrq zlwk s �Ef� �qlwh1 Wkh uhvw ri

wkh prgho lv xqfkdqjhg1

Iru vrph duelwudu| eholhi R wkdw wkh vwdwh lv C/ dq djhqw zkr fkrrvhv wr lqyhvw dw |c

vroyhv wkh sureohp

T ERc |� ' 4@ 
%

e-EA3|�sE%�R n E�� %�

vxemhfw wr

f � % � �

Wkh �uvw rughu frqglwlrq dw dq lqwhulru srlqw lv

s �E%� ' e-E|3A �*R+48,

Ohw RE|� ' e-E|3A �*s �Ef�� Fohduo|/ wkh djhqw*v rswlpdo lqyhvwphqw lv jlyhq e|

%ERc |� '

;AAA?
AAA=

Es ��3�Ee-E|3A �*R� li R � RE|�

f rwkhuzlvh

<AAA@
AAA>

+49,

Zh pdnh wkh iroorzlqj dvvxpswlrqv1

T E� Ef�c A�� : �+4:,

T E� E���c f� ' �+4;,

T E� Ef�c f� 	 DCE� Ef��T E� E��c �� n D�E� Ef��+4<,

dqg

T ERc |� : kT ER�c | n �� n E�� k�T ER��c | n ��+53,

53



iru doo |c Rc R�c R�� dqg k 5 dfc �o vxfk wkdw R�c R�� � � Ef� dqg R ' kR� n E�� k�R�� Dvvxpswlrqv

+4:,0+4<, duh wkh dqdorjv ri +8,0+:,1 Wr xqghuvwdqg wkh urohv ri +4<, dqg +53, qrwh wkdw lq wklv

prgho/ zdlwlqj dqg uhfhlylqj lqirupdwlrq kdv wzr ehqh�wv1 Wkh �uvw/ lv wkh qr lqyhvwphqw

rswlrq ydoxh glvfxvvhg hduolhu1 Wkh vhfrqg/ zklfk zh fdoo wkh �qh0wxqlqj rswlrq ydoxh/ frphv

iurp ehwwhu lqirupdwlrq doorzlqj djhqwv zkr kdyh douhdg| ghflghg wr lqyhvw wr dgmxvw wkh vl}h

ri wkhlu surmhfwv1 Wkh frvw ri zdlwlqj frphv iurp wkh vdph nlqg ri glvfrxqwlqj dv ehiruh1

Dvvxpswlrq +4<, uhtxluhv wkdw qr lqyhvwphqw rswlrq ydoxh eh odujh uhodwlyh wr glvfrxqwlqj1

Dvvxpswlrq +53, uhtxluhv wkdw �qh0wxqlqj rswlrq ydoxh lv vpdoo uhodwlyh wr glvfrxqwlqj lq wkh

iroorzlqj vhqvh1 Li lqirupdwlrq lv jrlqj wr nhhs djhqwv dw ohdvw dv rswlplvwlf dv � Ef�c wkh

ehqh�wv ri dgmxvwlqj wkh vl}h ri wkh surmhfw lv vpdoo uhodwlyh wr glvfrxqwlqj1 Qrwh wkdw li wkh

vl}h ri wkh ulvn| surmhfw lv �{hg/ dv lq wkh suhylrxv vhfwlrq/ wkh �qh0wxqlqj rswlrq ydoxh lv

}hur/ dqg khqfh +53, lv dxwrpdwlfdoo| vdwlv�hg1

Zh xvh dvvxpswlrq +53, wr vkrz wkdw vwduwlqj dw klvwru| lq zklfk xqlqiruphg djhqwv*

sulruv duh � Ef�c d qhzo| lqiruphg djhqw zkr kdv uhfhlyhg d jrrg vljqdo zloo lqyhvw lpphgldwho|

udwkhu wkdq dwwhpswlqj wr ohduq iurp wkh lqyhvwphqwv ri ixwxuh qhzo| lqiruphg djhqwv dqg

wkhq rswlpdoo| dgmxvwlqj wkh vl}h ri klv lqyhvwphqw1

Wkh klvwrulhv/ vwudwhjlhv/ dqg eholhiv duh gh�qhg dv iroorzv1 Ohwf| ' E%�|c � � � c %�|� ghqrwh

wkh dprxqw ri wkh gdwh | lqyhvwphqwv ri wkh � djhqwv� Zh ohw ?| ghqrwh wkh qxpehu ri djhqwv

wkdw lqyhvwhg srvlwlyh dprxqwv dw |� Wkh sxeolf klvwru| �| ' Effcf�c c � � � c f|3��� Wkh vwudwh0

jlhv duh wkdw lq doo shulrgv/ h{fhsw dw A�c xqliruphg dqg suhylrxvo| lqiruphg djhqwv lqyhvw d

srvlwlyh dprxqw %ERc |� li dqg rqo| li R � � E��� Dw A�c wkh| lqyhvw d srvlwlyh dprxqw %ERc A��

li dqg rqo| li R � � Ef�� Qhzo| lqiruphg djhqwv lqyhvw d srvlwlyh dprxqw %ERc |� li dqg rqo|

li R � � Ef�� Wkh eholhiv ri xqliruphg djhqwv dw klvwru| ��|n� ' E�|n�c >c >� duh gh�qhg rq wkh
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htxloleulxp sdwk dv iroorzv

R|n�E��|n�� '

;AAAAAAAA?
AAAAAAAA=

��ER|E��|�� li ?| ' fc %|E�|c Cc |� : f dqg %|E�|c �c |� ' f
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<AAAAAAAA@
AAAAAAAA>

�

dqdorjrxvo| wr wkrvh lq wkh suhylrxv vhfwlrq1 R� wkh htxloleulxp sdwk/ eholhiv duh gh�qhg dv

iroorzv1

R|n�E��|n�� '

;AAAAAAAAAAAAAAAAAA?
AAAAAAAAAAAAAAAAAA=

� E2� li ?| ' �c %|E�|c Cc |� : %E�CER|E��|�c |� dqg %|E�|c �c |� ' f

� E2� li ?| � 2c ru ?| ' �c %|E�|c Cc |� ' %|E�|c �c |�
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�

zkhuh RfE��f� ' Rf� Wkh eholhiv ri wkh qhzo| lqiruphg dqg suhylrxvo| lqiruphg duh vlploduo|

dgdswhg iurp wkh suhylrxv vhfwlrq1

Wkh surri wkdw wkhvh vwudwhjlhv dqg eholhiv duh dq htxloleulxp lv hvvhqwldoo| wkh vdph

dv wkh surri ri Sursrvlwlrq 41 Wkh rqo| sduw ri wkh surri wkdw qhhgv hoderudwlrq lv vkrzlqj

wkdw dw d klvwru| lq zklfk xqlqiruphg djhqwv* sulruv duh � Ef�c d qhzo| lqiruphg djhqw zkr

kdv uhfhlyhg d jrrg vljqdo zloo lqyhvw lpphgldwho|1 Zh xvh dvvxpswlrq +53, wr vkrz wkdw

lqyhvwlqj lpphgldwho| grplqdwhv dwwhpswlqj wr ohduq iurp wkh lqyhvwphqwv ri ixwxuh qhzo|

lqiruphg djhqwv dqg wkhq rswlpdoo| dgmxvwlqj wkh vl}h ri klv lqyhvwphqw1

Pruh irupdoo|/ frqvlghu d klvwru| ��| lq zklfk wkh xqliruphg djhqwv* eholhiv duh � Ef�

dqg wkh qhzo| lqiruphg djhqw uhfhlyhv d jrrg vljqdo dqg khqfh kdv eholhiv � E��� Vxssrvh wkh

qhzo| lqiruphg djhqw ghyldwhv dqg zdlwv1 Uhfdoo wkdw lq doo vxevhtxhqw shulrgv/ wkh frxqwhu

ri wklv ghyldwlqj djhqw lv 5 kljkhu wkdq wkdw ri wkh xqlqiruphg djhqwv +4 iru wkh sulydwh
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vljqdo dqg 4 iru wkh ghyldwlrq,1 Uhfdoo wkdw d khug zlwk lqyhvwphqw vwduwv zkhq xqlqiruphg

djhqwv* eholhiv duh � E�� dqg d khug ri qr lqyhvwphqw vwduwv zkhq xqlqiruphg djhqwv* eholhiv

duh � E�2�� Khqfh/ lq dq| shulrg diwhu wkh ghyldwlrq/ wkh ghyldwlqj djhqw*v eholhiv fdq eh rqh

ri irxu ydoxhv/ � Ef�c � E��c � E2�c ru � E���

Zh uhfxuvlyho| vroyh iru wkh vwudwhj| wkh |lhogv wkh kljkhvw sd|r� iroorzlqj wkh ghyl0

dwlrq dv iroorzv1 Vxssrvh wkdw wkh djhqw kdv qrw lqyhvwhg xqwlo A�� Iru doo irxu eholhiv +4:,

lpsolhv wkdw lw lv rswlpdo wr lqyhvw1 Vxssrvh wkdw wkh djhqw kdv qrw lqyhvwhg xqwlo A�� �� Iru

hdfk ri wkh irxu eholhiv/ wkh sd|r� wr lqyhvwlqj lv jlyhq e| wkh ohiw0vlgh dqg grplqdwhv wkh

sd|r� wr zdlwlqj dqg lqyhvwlqj jlyhq e| wkh uljkw0vlgh ri +53,1 Vlqfh lqyhvwlqj dw A� lv rswlpdo

li wkh djhqw kdv qrw douhdg| lqyhvwhg/ lw iroorzv wkdw lw lv rswlpdo wr lqyhvw dw A���� Uhshdwlqj

wklv dujxphqw/ lw iroorzv wkdw lw lv rswlpdo iru wkh djhqw wr lqyhvw dw | n 2� Dvvxpswlrq +53,

wkhq lpsolhv wkdw lqyhvwlqj dw |c grplqdwhv zdlwlqj dqg wkhq lqyhvwlqj dw | n 2�

Zh kdyh suryhg wkh iroorzlqj1

Sursrvlwlrq 81 Xqghu +4:,0+53,/ wkh deryh vwudwhjlhv dqg eholhiv frqvwlwxwh d shuihfw

Ed|hvldq htxloleulxp1

Wr vkrz wkdw wkhuh duh khugv zh qhhg dqrwkhu dvvxpswlrq wr slq grzq wkh htxloleulxp

ri wkh jdph ri sxeolf lqirupdwlrq zlwk odjv1 Zh dvvxph wkh dqdorj ri +47,/

T E� E��c f� 	 DCE� E���T E� E2�c �� n D�E� E��� dDCE� Ef��T E� E��c 2� n D�E� Ef��o �+54,

Wkh iroorzlqj sursrvlwlrq lv lpphgldwh1

Sursrvlwlrq 91 Xqghu +�.� � E2��c wkhuh duh erwk khugv ri lqyhvwphqw dqg khugv ri

qr lqyhvwphqw1

Qh{w/ zh frqwudvw wkh w|sh ri khug ehkdylru lq wkh hqgrjhqrxv wlplqj prgho zlwk wkdw
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lq wkh h{rjhqrxv wlplqj prgho1 Wr uhgxfh rxu prgho wr rqh zlwk h{rjhqrxv wlplqj vxssrvh

wkdw rqo| wkh qhzo| lqiruphg djhqw fdq lqyhvw dw | dqg � ' A�� Ohw wkh vwudwhjlhv ri wkh

qhzo| lqiruphg djhqwv eh wkh vdph dv wkrvh lq wkh hqgrjhqrxv wlplqj prgho1 Ohw wkh eholhiv

eh dgdswhg lq wkh reylrxv idvklrq1

Lq wkh prgho wkh h{rjhqrxv wlplqj d qhzo| lqiruphg djhqw wkdw grhv qrw lqyhvw dw

| fdq qhyhu lqyhvw lq wkh ixwxuh/ zkloh zkhq wkhuh lv hqgrjhqrxv wlplqj vxfk dq djhqw fdq

lqyhvw lq wkh ixwxuh1 Ehfdxvh ri wklv gl�huhqfh zh qhhg wr prgli| rxu gh�qlwlrq ri d khug1

Ohw htxloleulxp lqyhvwphqw rxwfrphv dw | iru d jlyhq vhtxhqfh ri vljqdov r| lq wkh sulydwh dqg

wkh sxeolf lqirupdwlrq jdphv eh ghqrwhg %|Er
|� dqg +|Er

|� uhvshfwlyho|1 Zh zloo vd| wkdw wkh

sulydwh lqirupdwlrq jdph zlwk h{rjhqrxv wlplqj kdv d khug ri lqyhvwphqw li iru vrph r|/ l,

iru doo ixwxuh klvwrulhv ro frqwdlqlqj r|c %oEro� : f iru doo ro dqg ll, iru vrph ixwxuh klvwru| ro

frqwdlqlqj r|c %oEro� 9' +oEr
o�� Zh zloo vd| wkdw wkh sulydwh lqirupdwlrq jdph zlwk h{rjhqrxv

wlplqj kdv d khug ri qr lqyhvwphqw li iru doo r|/ l, iru doo ixwxuh klvwrulhv ro frqwdlqlqj

r|c %oEr
o� ' f iru doo ro dqg ll, iru vrph ixwxuh klvwru| ro frqwdlqlqj r|c %oEro� 9' +oEr

o��

Zh zloo vkrz wkdw/ lq frqwudvw wr prgho zlwk hqgrjhqrxv wlplqj/ zlwk h{rjhqrxv

wlplqj wkhuh fdq eh qr khugv ri lqyhvwphqw1 Lqwxlwlyho|/ zlwk h{rjhqrxv wlplqj hdfk djhqw

kdv d wdnh lw ru ohdyh lw rswlrq wr lqyhvw1 Wkxv dv orqj dv wkh sulru lv deryh wkh fxwr� ohyho

RE|�cwkh djhqw lqyhvwv vrph srvlwlyh dprxqw/ vd| %|c jlyhq e| +49,1 Xvlqj +48,/ wkh eholhi ri

wkh djhqw fdq eh lqihuuhg wr eh

R| ' e-E|3A �*s �E%|�

dqg/ jlyhq vrph sxeolf sulru R|3�c wkh dfwlrq %| uhyhdov wkh djhqw*v vljqdo1 Pruh irupdoo| zh

kdyh wkh iroorzlqj
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Sursrvlwlrq :1 Lq wkh htxloleulxp ri wkh prgho zlwk h{rjhqrxv wlplqj/ wkhuh duh

khugv ri qr lqyhvwphqw exw wkhuh duh qr khugv ri lqyhvwphqw1

Surri1 E| wkh deryh frqvwuxfwlrq Efc � � � c f� lv d khug ri qr lqyhvwphqw1 Wr vhh wkdw

wkhuh duh qr khugv ri lqyhvwphqw qrwh �uvw wkdw iru dq| rxwfrph lq zklfk lqyhvwphqw lv

dozd|v srvlwlyh/ vd| E%fc � � � c %�� wkh lqyhvwphqw ghflvlrqv fdq eh lqyhuwhg wr jlyh xqltxh

eholhiv Ee-Ef3A �*s �E%f�c � � � c e-EA�3A �*s �E%� �� dqg vlqfh Ed|hv uxoh lv prqrwrqh/ d xqltxh sdwk

ri vljqdov1 D prphqw*v uh hfwlrq pdnhv lw fohdu wkdw wkh rqo| zd| lqirupdwlrq fdq eh wudsshg

lv hlwkhu lq rxwfrph sdwkv wkdw vwduw zlwk wzr frqvhfxwlyh }hurv/ ru lq rxwfrph sdwkv zklfk

kdyh %E� Ef�� dqg wkhq wzr frqvhfxwlyh }hurv1 Lq hdfk ri wkhvh krzhyhu/ wkh eholhiv diwhu wkh

wzr }hurv duh � E�2� dqg wkhuh fdq eh qr pruh lqyhvwphqw1 Khqfh/ iru vxfk rxwfrph sdwkv

%� ' f dqg vxfk rxwfrph sdwkv fdqqrw eh khugv ri lqyhvwphqw1 T1H1G1

61 Lqfhqwlyhv wr vkduh lqirupdwlrq

Rqh txhvwlrq wkdw dulvhv lq wkh deryh irupxodwlrq lv wkdw lw vhhpv wkdw djhqwv kdyh dq

lqfhqwlyh wr vkduh lqirupdwlrq1 Khuh zh frqvlghu d yhuvlrq ri wkh prgho lq zklfk djhqwv fdq

vkduh lqirupdwlrq e| vhqglqj phvvdjhv dqg vkrz wkdw lq rqh vhqvh wkh| gr qrw kdyh vxfk dq

lqfhqwlyh1 Zh frqvlghu d yduldqw ri wkh prgho lq zklfk wkhuh lv d  rz ehqh�w wr ehlqj rqh ri

wkh hduo|0lqyhvwruv lq wkh ulvn| surmhfw1 Wklv frqihuv d w|sh ri hduo|0pryhu dgydqwdjh rq wkh

lqiruphg lqyhvwru zklfk surylghv lqfhqwlyhv wr plvohdg rwkhu lqyhvwruv1 Zh vkrz wkdw wkhuh

grhv qrw h{lvw d wuxwk0whoolqj htxloleulxp1

Wkh prgho lv wkh vdph dv ehiruh h{fhsw iru wkh iroorzlqj wzr fkdqjhv1 Iluvw/ zh ohw

wkh udwh ri uhwxuq hduqhg lq wkh ulvn| surmhfw eh 7- li wkhuh duh ihzhu wkdq A� lqyhvwruv dqg

- rwkhuzlvh/ zkhuh 7- : -1 Vhfrqg/ zh dvvxph wkdw dw wkh ehjlqqlqj ri hdfk shulrg | hdfk
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lqiruphg djhqw vhqgv d phvvdjh6| 5 iCc�j derxw klv vljqdo lq wkdw shulrg1 Doo rwkhu djhqwv

uhfhlyh wkh phvvdjh dqg wkhq ghflgh zkhwkhu ru qrw wr lqyhvw lq shulrg |�

Wkh sxeolfo| revhuydeoh hyhqwv duh wkh qxpehu ri lqyhvwphqwv lq hdfk shulrg dqg wkh

phvvdjhv1 Wkh sxeolf klvwru| �| ' E?fc ?�c � � � c ?|3�c6fc 6�c � � � c 6|� uhfrugv wkh djjuhjdwh

lqyhvwphqw lq hdfk shulrg xs wkurxjk wkh hqg ri shulrg | � �dqg wkh phvvdjhv lq hdfk

shulrg xs wkurxjk dqg lqfoxglqj wkh phvvdjh vhqw dw wkh ehjlqqlqj ri shulrg |�Wkh klvwrulhv/

vwudwhjlhv dqg eholhiv ri qhzo| lqiruphg djhqwv/ suhylrxvo| lqiruphg djhqwv dqg xqlqiruphg

djhqwv duh gh�qhg dqdorjrxvo| wr wkrvh lq Vhfwlrq 41

Zh lpsrvh wkh iroorzlqj dvvxpswlrqv1

� 	 e-EA3A��� Ef�+55,

� : e
7-A� E���+56,

e
7-A� Ef� 	 DCE� Ef��e

-EA3��� E�� n D�E� Ef��+57,

Dvvxpswlrqv +55,0+57, sod| wkh vdph uroh dv ehiruh1 Xqghu wkhvh dvvxpswlrqv wuxwk0whoolqj

iru doo klvwrulhv lv qrw dq htxloleulxp1 Wr vhh wklv frqvlghu d qhzo| lqiruphg djhqw dw A� wkdw

lqkhulwv d sulru ri � E��� iurp shulrg A� � �1 Li wuxwk0whoolqj zhuh dq htxloleulxp wkhq li

wkh lqiruphg djhqwv vhqgv d phvvdjh Ccwkh sulruv ri doo rwkhu lqyhvwruv ulvh wr � Ef� dqg wkh|

lqyhvw/ zkloh li wkh lqiruphg djhqwv vhqgv d phvvdjh � wkhq wkh sulruv ri doo rwkhu lqyhvwruv

idoo wr � E�2� dqg wkh| gr qrw lqyhvw1 Fohduo|/ li wkh lqiruphg djhqw jhwv d jrrg vljqdo dqg

olhv e| vhqglqj d phvvdjh � kh jdlqv wkh hduo|0pryhu dgydqwdjh1 Wkxv/ wuxwk0whoolqj fdqqrw

eh dq htxloleulxp iru doo klvwrulhv1

Lw lv xvhixo wr gh�qh M| ' E�|3�c ?|3�c 6|3�� wr eh wkh sxeolf klvwru| dw wkh ehjlqqlqj
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ri shulrg |/ ehiruh wkh shulrg | phvvdjh lv vhqw/ dqg wkh lqkhulwhg sulru dw | wr eh wkh sulru

edvhg rq vxfk d klvwru|1 Wkh ehjlqqlqj ri shulrg | klvwru| iru dq| djhqw lv M�| ' EM|c roc o��

Zh gh�qh d v|pphwulf vwdwlrqdu| htxloleulxp ri wkh frppxqlfdwlrq jdph wr eh rqh

zlwk vwudwhjlhv iru lqyhvwphqw ri wkh iroorzlqj irup1 Wkhuh duh ixqfwlrqv %L / %U cdqg 6 vxfk

wkdw iru | � A� � � wkh lqyhvwphqw vwudwhjlhv ri wkh xqlqiruphg dqg suhylrxvo| lqiruphg

djhqwv duh ri wkh irup

%|EM�|c 6|� ' %LER|EM�|�c 6|�c+58,

wkh lqyhvwphqw vwudwhj| iru qhzo| lqiruphg djhqwv lv ri wkh irup

%|EM�|c r|� ' %UER|EM�|c r|��+59,

zkloh wkh phvvdjh vwudwhj| lv ri wkh irup

6|EM�|c r|� ' 6ER|EM�|c r|�c r|��+5:,

+Qrwlfh wkdw zh doorz wkh vwudwhjlhv dw A� wr gl�hu1, Zh zloo vd| wkdw d phvvdjh lv xqlqiru0

pdwlyh li lw lv wkh vdph iru erwk vljqdov1 Zh wkhq kdyh

Sursrvlwlrq ;1 Xqghu +55,0+57,/ wkh v|pphwulf vwdwlrqdu| htxloleulxp ri wkh frp0

pxqlfdwlrq jdph lv hvvhqwldoo| xqltxh/ lq wkdw wkhuh lv d xqltxh lqyhvwphqw rxwfrph1 Wklv

rxwfrph htxdov wkdw ri wkh v|pphwulf vwdwlrqdu| htxloleulxp ri wkh qr0frppxqlfdwlrq jdph1

Surri1 Zh zloo vkrz wkdw %L ' � li dqg rqo| li R|EM�|� � � E�� iru doo 6|/ %U ' � li dqg

rqo| li R|EM�|c r|� � � Ef�/ dqg wkh phvvdjh vwudwhj| lv xqlqirupdwlyh zkhq wkh lqkhulwhg sulru

lv � Ef�c � E���c ru � E�2�� +Qrwlfh wkdw li wkhvh vwudwhjlhv duh iroorzhg/ wkh rqo| lqkhulwhg sulruv

dw zklfk wkhuh zloo eh dfwlyh djhqwv dw wkh hqg ri wkh shulrg duh � Ef�c � E��� dqg � E�2�� R�
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wkh htxloleulxp sdwk/ wkh phvvdjh vwudwhjlhv dqg eholhiv fdq eh �oohg lq dq dqdorjrxv pdqqhu

wr wkdw lq wkh edvlf prgho1,

Frqvlghu shulrg A�� E| +55, dqg +56, lw iroorzv wkdw doo djhqwv lqyhvw li dqg rqo| li wkhlu

eholhiv duh juhdwhu wkdq ru htxdo wr � Ef�� Ixuwkhupruh/ wkh xqlqiruphg dqg wkh suhylrxvo|

lqiruphg djhqwv* ghflvlrqv duh lqghshqghqw ri wkh qhzo| lqiruphg djhqw*v phvvdjh1 Wr vhh wklv

vxssrvh wkdw wkh lqkhulwhg sulru lv � Ef� ru � E���1 Li wkh xqlqiruphg djhqwv* ghflvlrqv ghshqg

rq wkh qhzo| lqiruphg djhqw*v phvvdjh wkhq wkh qhzo| lqiruphg djhqw kdv dq lqfhqwlyh wr

plvohdg1

Frqvlghu qh{w shulrg A� � �� Frqvlghu �uvw wkh qhzo| lqiruphg djhqw dw A� � �� Vlqfh

wklv djhqw*v ghflvlrq dw A�c li kh zdlwv/ lv lqghshqghqw ri wkh phvvdjhv dw A�c kh fdq ohduq

qrwklqj e| zdlwlqj dqg khqfh lqyhvwv li dqg rqo| li klv eholhiv duh juhdwhu wkdq ru htxdo wr

� Ef�� Wkxv/ %U ' � li dqg rqo| li R|EM�|c r|� � � Ef�� Li wkh lqkhulwhg sulru lv hlwkhu � Ef� ru

� E��� wkh xqlqiruphg dqg wkh suhylrxvo| lqiruphg djhqwv* ghflvlrqv pxvw eh lqghshqghqw

ri wkh qhzo| lqiruphg djhqw*v phvvdjh/ rwkhuzlvh wkh qhzo| lqiruphg djhqw kdv dq lqfhqwlyh

wr plvohdg1 Khqfh/ lq dq| v|pphwulf vwdwlrqdu| htxloleulxp dw dq| gdwh wkh phvvdjh pxvw

eh xqlqirupdwlyh dw dq lqkhulwhg sulru ri � Ef� ru � E���� Lw uhpdlqv wr eh vkrzq wkdw dw dq

lqkhulwhg sulru ri � E�2� wkh phvvdjh lv xqlqirupdwlyh1 Zh frqvlghu wklv fdvh ehorz1 Li wkh

lqkhulwhg sulru lv � E�� ru kljkhu/ hyhu|rqh lqyhvwv dqg wkxv wkh phvvdjh lv luuhohydqw1

Frqvlghu qh{w dq xqlqiruphg djhqw dw A���� Vxssrvh wklv djhqw kdv dq lqkhulwhg sulru

� Ef� ru � E���1 Li wklv djhqw zdlwv/ kh fdq revhuyh wkh qhzo| lqiruphg djhqw*v lqyhvwphqw

ghflvlrq dw A� � � dqg khqfh fdq lqihu wkh vljqdo dqg wdnh wkh rswlpdo ghflvlrq lq shulrg A�1

Dw lqkhulwhg sulru � Ef�c +57, lpsolhv wkdw lw lv rswlpdo wr zdlw1 Dw lqkhulwhg sulru � E���c

+56, lpsolhv wkdw lv rswlpdo wr zdlw1 E| +55,/ vlqfh xqghu wkh frqmhfwxuhg vwudwhj| doo rwkhu

5;



djhqwv duh lqyhvwlqj/ lw lv rswlpdo wr lqyhvw li wkh lqkhulwhg sulru lv � E�� ru kljkhu1 Wklv vkrzv

wkdw %L ' � li dqg rqo| li wkh lqkhulwhg sulru lv juhdwhu wkdq ru htxdo wr � E���

Zh qrz vkrz wkdw dw dq lqkhulwhg sulru ri � E�2� wkh qhzo| lqiruphg djhqw vhqgv dq

xqlqirupdwlyh phvvdjh1 Zh zloo vkrz wkdw li wklv lv qrw wuxh dw | wkhq lw jlyhv wkh qhzo|

lqiruphg djhqw dw | � � dq lqfhqwlyh wr ghyldwh iurp wkh frqmhfwxuhg vwudwhj|1 Wr vhh wklv

vxssrvh e| zd| ri frqwudglfwlrq wkdw dw lqkhulwhg sulru � E�2�c wuxwk0whoolqj lv sduw ri wkh

htxloleulxp dw |1 Wr vkrz wkdw wklv vxssrvwlrq lv idovh/ frqvlghu shulrg |�� dqg vxssrvh wkdw

wkh qhzo| lqiruphg djhqw kdv lqkhulwhg sulru � E��� dqg uhfhlyhv d jrrg vljqdo1 Wklv djhqw*v

sulru ulvhv wr � Ef� dqg kh lv vxssrvhg wr lqyhvw +dqg vhqg dq xqlqirupdwlyh phvvdjh,1 Vxssrvh

wkdw kh ghyldwhv dqg zdlwv1 Wkh xqlqiruphg djhqwv* sulruv idoo wr � E�2� dw wkh ehjlqqlqj ri

shulrg |� Xqghu rxu srvlwhg vwudwhj| wkh qhzo| lqiruphg djhqw dw | vhqgv d wuxwkixo phvvdjh/

wkh ghyldwlqj djhqw*v sulru hlwkhu ulvh wr � E�� ru idoo wr � E���� E| +57, wklv ghyldwlrq lv

sur�wdeoh1 Lw iroorzv dw lqkhulwhg sulru � E�2� wkh phvvdjh pxvw eh xqlqirupdwlyh1 '�.�(�

Wkh frppxqlfdwlrq jdph kdv qrqvwdwlrqdu| htxloleuld/ lq pxfk wkh vdph zd| dv wkh

qr frppxqlfdwlrq jdph1

71 Frqfoxvlrq

Lq klv hduo| zrun rq khugv/ Edqhumhh +4<<5, dujxhv wkdw wkhuh duh lqwhuhvwlqj xquhvroyhg

vwudwhjlf lvvxhv rq krz khugv zrun zkhq wkh wlplqj ri pryhv lv hqgrjhqrxv1 Kh dovr fdoov

iru dq dqdo|vlv ri khugv zkhq djhqwv fdq frppxqlfdwh1 Zh kdyh h{whqghg wkh dqdo|vlv ri

khugv lq erwk ri wkhvh gluhfwlrqv1 Zh kdyh dovr h{whqghg wkh zrun ri Ohh +4<<8, wr vkrz

wkdw zkhq wkh dfwlrqv duh frqwlqxrxv/ prylqj iurp h{rjhqrxv wlplqj wr hqgrjhqrxv wlplqj

dfwxdoo| pdnhv khugv pruh olnho|1
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fxvwrp/ dqg fxowxudo fkdqjh lq lqirupdwlrqdo fdvfdghv1 aJ�o?@, Js �J,�|�S@, .SJ?J6+c

433 +8,/ <<5043591

^7` Fdoyr/ Jxloohupr1 4<<81 Ydulhwlhv ri Fdslwdo Pdunhw Fulvhv1 Zrunlqj sdshu/ Fhqwhu iru

Lqwhuqdwlrqdo Hfrqrplfv/ Xqlyhuvlw| ri Pdu|odqg1

^8` Fdoyr/ Jxloohupr D1 dqg Hqultxh J1 Phqgr}d1 4<<91 Ph{lfr*v edodqfh0ri0sd|phqwv fulvlv=

D fkurqlfoh ri d ghdwk iruhwrog1 Mrxuqdo ri Lqwhuqdwlrqdo Hfrqrplfv/ 74+607,/ 5680971

^9` Fdsolq Dqguhz dqg Mrkq Ohdk|1 4<<61 Exvlqhvv dv xvxdo/ pdunhw fudvkhv/ dqg zlvgrp

diwhu wkh idfw Dphulfdq Hfrqrplf Uhylhz/ ;7+6,/ 87;0981

^:` Fkdpoh|/ Fkulvwrskh dqg Grxjodv Jdoh1 4<<71 Lqirupdwlrq uhyhodwlrq dqg vwudwhjlf ghod|

lq d Prgho ri lqyhvwphqw1 Hfrqrphwulfd1 95+8,/ 43980;81

^;` Froh/ Kdurog dqg Wlprwk| M1 Nhkrh1 4<<81 Vhoi0ixo�oolqj ghew fulvhv1 Zrunlqj sdshu Ihg0

hudo Uhvhuyh Edqn ri Plqqhdsrolv +Iruwkfrplqj aJ�o?@, Js U?|eo?@|�J?@, .SJ?J6�Sr��
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^<` Ohh/ Lq Kr1 4<<61 Rq wkh frqyhujhqfh ri lqirupdwlrqdo fdvfdghv1 Mrxuqdo ri Hfrqrplf

Wkhru|/ 94+5,/ 6<807441

^43` Vdfkv/ Mh�uh|/ Ddurq Wruqhoo/ dqg Dqguhv Yhodvfr1 4<<81 Wkh Ph{lfdq Shvr fulvlv= vxgghq

ghdwk ru ghdwk iruhwrogB1 Zrunlqj sdshu Kduydug Xqlyhuvlw| +Iruwkfrplqj aJ�o?@, Js

U?|eo?@|�J?@, .SJ?J6�Sr��
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