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1. Find the general solution of y” + 2y’ + 5y = 0, and find the specific solution satisfying
y(0) =y'(0) =0.

2. Find the general solution of y” + 2y’ + 5y = e~
y(0) =y'(0) = 0.

3. Find the general solution of 3" + 2y’ + 5y = sin 2¢, and find the specific solution satisfying
y(0) =y'(0) =0.

4. Find the general solution of y” + 2y + 5y = e 'sin2t, and find the specific solution
satisfying y(0) = v'(0) = 0.

¢ and find the specific solution satisfying

5. The differential equation
P(a)y + Q) + R(a)y = 0
is called ezact if it can be written in the form

[P(x)y] + [f(z)y] =0,

where f(z) is to be determined in terms of P(z), Q(z), and R(x). If the equation is exact,
integration leads to the differential equation

P(z)y + f(x)y = C,

which in turn can be solved because it is a first-order linear differential equation.
Show that if a second-order differential equation is exact, then

P"(z) — Q'(xz) + R(z) = 0.

6. On the examination, we studied the behavior of the equilibria of the first-order differential
equation
v =ay—by’—q,  y(0)=C,

where a and b are positive constants, and ¢ varies. Now it’s time to solve the equation. The
formula varies depending on the size of ¢, but in all cases you can express y as a function of £.

It is helpful to remember that if the quadratic polynomial Az? 4+ Bz + C has roots o and
B, then Az? + Bz + C = A(z — a)(z — f3).
a2
4b
those roots r; and ro, with r; < r5. You can solve the differential equation using
partial fractions to do the integration, and then write your answer explicitly solving
for y as a function of ¢, in terms of r; and r,.

(a) Suppose that ¢ < —. Show that the polynomial ar — br? — ¢ has 2 real roots. Call



Then show that if C' > 7, then Jim y(t) = re, and if C' < ry, then y(t) is undefined
for sufficiently large values of ¢.
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(b) Suppose that ¢ = TR Show that the polynomial ar — br? — ¢ has 1 double root, which

we will call ». You can solve the differential equation, and then write your answer
explicitly solving for y as a function of ¢, in terms of r.
Then show that if C'> 7, lim y(t) = r, while if C' < r, then y(¢) is undefined for

sufficiently large values of t.
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(¢) Suppose that g > %. Show that the polynomial ar — br? — ¢ has no real roots. You

can solve the differential equation by completing the square. Write y as a function of
t, and show that y(¢) is undefined for sufficiently large values of ¢ for any value of C.



