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1. Let

h(t) =

4 -2t 0<t<2
0 otherwise

Write h(t) using the unit step-function u.(t), and compute .Z(h).
2. Solve
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3. Solve
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4. Let A be a 3 x 3 matrix, and suppose that the characteristic polynomial for A factors
as (A — ¢)?, where c is a fixed real number. If the matrix A has 3 linearly independent
eigenvectors, we know how to solve the system x’ = Ax. We now consider what to do when
this is not the case.

(a)

Suppose that we can find only one linearly independent eigenvector v, so that Av = cv.

We know that one solution of the differential equation is ve®. We need to find two

other linearly independent solutions.

(7) Suppose that a second linearly independent solution has the form u;e® + uste®.

Write down the equations that the vectors u; and uy must satisfy.

(7) Suppose that a third linearly independent solution has the form wye® + wote +
wit?e. Write down the equations that the vectors wy, wo, and w3 must satisfy.

It turns out that those equations can always be solved nontrivially.

Suppose that we can find two linearly independent eigenvectors u and v, so that

Au = cu and Av = cv. We know that two linearly independent solutions of the

differential equation are ue® and ve®. We need to find one more linearly independent

solution. Suppose that a solution has the form wie® + wote®. Write down the

equations that the vectors w; and w, must satisfy. Again, it turns out that this

equation can always be solved nontrivially.

5. Suppose that we start with a second-order linear homogeneous differential equation

(a)

y" +p(t)y +a(t)y =0.
Show that it is always possible to multiply this equation by a function f(¢) so that
the resulting equation

f@y" + fOpt)y + f(t)q(t)y =0



can be rewritten as
[a(t)y] + b(t)y = 0.
(b) Start with the differential equation
y' =2ty + Ay =0
(where A is any real number) and find the functions f(t), a(t), and b(t).
6. Suppose that we try to solve the differential equation from the previous problem,
y'—2xy + Xy =0

We have switched the independent variable to x, because we would like to solve using a power
series expansion. Show that if A is a nonnegative even integer 2m, then one solution is a
polynomial of degree m.



