Mathematics 210
Homework 5
Answers

. Determine whether or not p is in the span of

1. Let vi = , Vo =

D O W~

4
,and vy = |0 ]|. Let p=
6

O W
S 0 W

V17V2,V3}.

Answer: We could row-reduce:

1 00 100 1 -3 —4
3344 {o 10} 33 4 4 [05 01] 3344 [o 1 o] 3000
0800|729 Ylog o oft? %2 o100 2, " 0100
6666 00 -2 -2 0011 0011

but it’s just as simple to notice that p = 0v; + 0vy + 1v3, and conclude that p is indeed in the span of vy,
va, and vg.

3 3 4 4
0 8 0 0 . -
2. Let vqi = 6l v2=1¢| and vy = N Let p= 6l Determine whether or not p is in the span of
9 4 6 2
{V17V2,V3}.
Answer: Again, we row-reduce:
1 0 0 O 1 0 0 O
33414 0 100 3 3 4 01 00 33 4 4
-2 0 1 0 0 0 1 0
0800 30 0 1 0 8 0 0 5 o 1 08 0 O
o 5 |
6636 0 0-5 -2 00 -5 -2
9462 0 -5 -6 —10 00 -6 —10
1 0 0 O
01 0 0|33 4 4
0 0 1 0
o0 -8 1 08 O 0
_)5
00-5 -2
38
00 0-%

The pivot in the last column shows that p is not in the span of vi, vy, and vs.

345 —-12
3.Let A= 1232 3 2|. Find a basis for Col A.
766 54

Answer: We begin our row-reduction:

1 0 0
1 0 0 1 0 O
345—12[—510]3 4 5—12[030}3 4 5—12{010]
-2 01
232 32|t 0 dlo 1 o4 200008y o 010
766 54 _§_% 2_32_§ 0 —10 —17 22 -2

34 5 -1 2
01 -4 11 2
00 —57 132 18



3

This is sufficient for us to see that there is a pivot in each of the first three columns, and therefore | 2 |,

7
4 5
3|,and | 2| is a basis for Col A.
6 6
4. (Continued) Find a basis for Nul A.
Answer: We continue row-reduction to reduced row-echelon form:
Lo-o 10 -5 201 68
34 5 -1 27(01 o |34 5 -1 2 {01 4] 340 200 &8
0 0 —%
01 —4 11 2 Tllo1r-4 11 2|2 M g1 B o4
4 6
00 —57 132 18 00 1-%_s 001 -4 _&
1
1 -4 0 = 0 0
{010} 300 89 L [810] 100 2 4
0 0 1 33 14 0 01 33 14
— 010 35 15 — 010 5 15
4 6 4 6
001 —35 —15 001 —35 —15
This tells us that
R B
T T 19" T
+ 30+ 0
To+ —Xy + —x5 =
2T197 T 197
44 6 0
BT 19T T 19
33 4 33 14
T2 T 1974 —197s ~19 19
Therefore, a vector in Nul A satisfies | 3 | = %m + 1—69335 =14 ‘11—‘91 + x5 % , SO one
T4 T4 0 1 0
T5 0 Ty 0 1
_23 _4
19 9
_33 _ 14
19 9
possible basis for Nul A is % , % . It is worth checking that these are in Nul A by multiplying
1 0
0 1
ro
both vectors by A and verifying that the result is | 0
1 0
17 2 0 -1 3
Find a basis for the sub avy | o170 ; 2 ana |7
5. Find a basis for the subspace spanned by ol 1] | —g| | =7 | a0 9
5 | 6 8 7 5




Answer: Again, we row-reduce:

1 2 0-1 3 1t 1001 2 0-1 37]0 100
2 010 0 0 3 O
-1 -3 2 4 -8 -5 0 0 1 0-1 2 3 -5 o o o -1
— — 4
-2-1-6-7 9 0 3-6-9 15
5 6 8 7 5 0—-4 8 12 —-10
1 0 0 O
12 0-13 0 1 0 0 12 0-1 3
01-2-35|{g 10 5]l01-2-3 5
—
01-2-35 00 0 0 O
01-2-33 00 0 0-3
1 2 3
. . o -1 -3 -8
Because the pivots are in columns 1, 2, and 5, we know that a basis is given by ol 21| and 9
5 6 5

6. Suppose that Ais a 2 x 3 and B is a 3 x 2 matrix. Prove that BA cannot be invertible.

Answer: Because A is a 2 x 3 matrix, we know that dim Nul A + rank A = 3. Moreover, rank A < 2, because
A has only 2 rows. Therefore, dim Nul A must be at least 1, so there must be a non-zero vector x € Nul A.
This means that x # 0, while Ax = 0.

Suppose that BA is invertible. Then there is a matrix C' so that C(BA) = I. Then on the one hand,
C(BA)x = Ix # 0, while on the other hand C(BA)x = CB(Ax) = CB0 = 0. This is a contradiction, so
we know that BA cannot be invertible.

6 3 2 40
9 0 4 10
7. Compute |8 5 6 7 1|.
3 00 0O
4 2 3 2 0
Answer: We have
6 3 2 4 0
9 04 1 0 g i le 8 3 2 4
856 7 1/=(=3)|; o - ||=(3)(=D0 4 1
300 00 9 3 9 0 2 3 2
4 2 3 2 0
4 1 2
—3(3‘3 2‘—1—2‘4 1‘)—3(3-5+2~(—14))——39
8. Let A= {CCL Z} , and let & be any real number. Find a formula relating det(kA) to det A.

Answer: A bit of computation shows that det(kA) = k2 det A.

9. Find values of h and k so that is in the span of and

U W N
=S W =
N e



Answer: Again, we row-reduce:

1 000 1 0 00

-3 10 0 0 1 00
11 27 (-n 0 1 0| [1 1 2 0 h—2 1 0| 1 1 2
3 4 3||-4 00 1|0 1 -3 0 4-k 0 110 1 -3
h o2 4 _’ 0 2—h 4-2h — 0 0 10—5h
4 k 5 0 k—4 -3 0 0 3k—15

This is not a contradictory system of equations only if 10 — 5h = 0 and 3k — 15 = 0, so the only possible
values are h = 2 and k = 5.

10. Find a 2 x 2 matrix A and a non-zero vector v € R? so that v is an element of both Col A and Nul A.

01 1
Answer: One possible answer is A = [O 0] ,and v = {0] .



