MT216.03: Introduction to Abstract Mathematics
Final Examination
Answers

1. (10 points) Use the Euclidean algorithm to find the smallest positive integer n so that
3ln=4 (mod 43)

or prove that there are no solutions.
Answer: We have

43=1-31+12
31=2-12+ 7
12=1- 7+ 5
T7=1- 5+ 2
5=2- 2+ 1
Therefore,
1=1-5 + (-2)(2)
=15 + (=2)(7-5)
= 3.5 + (-2)(7)
=3-(12-7 + (-2)(7)
= 3.12 + (=5 (@)
= 3.12 + (-5 @31-2-12)
=13-12 + (=531
=13-12 + (=5) (@31
=13-43-3D)+ (-5 @31
=13.43 +(-18) (31)

Therefore, 31(—18) = 1 (mod 43), and so 31(—72) = 4 (mod 43). However, the problem asks for the smallest positive
integer solving the congruence, so we need to note that =72 = 14 (mod 43).

2. (5 points) Find a non-constant monic sixth degree polynomial f(x) € Z[x] so that:

e fB=13)=0

e fO)=fG)=f"®)=0

* f(6)=0
or prove that no such polynomial exists. You can state your answer as a product of irreducible polynomials.
Answer: f(x) = (x = 3)%(x = 5)*(x - 6).

3. (5 points) On my calculator, I can compute that
28910 = 1 (mod 8911)

33910 =1 (mod 8911)
(2,8911) =1
(3,8911) = 1

Based on these computations, which of the following conclusions can be drawn?
(a) 8911 is definitely composite.
(b) 8911 is definitely prime.
(c) 8911 could be either prime or composite.

Be sure to explain your answer.

Answer: If 8911 were prime, then Fermat’s Little Theorem tells us that a®10 =1 (mod 8911) fora =1,2,...,8910.
However, the given information is the converse of the theorem, and so the correct answer based on these congruences is
(¢). In fact, 7 - 19 - 67.

4. (10 points) A horde of 12 Mongol invaders has raided a castle, and found a treasure trove of gold coins. The invaders
attempt to divide the pile of coins evenly, and find that there are 3 remaining. A mélée ensues, and 5 of the invaders die.
The remaining 7 members of the horde try again to divide the coins evenly, and now there are 4 coins left over. Another
fight ensues, and 2 more invaders die. The remaining 5 marauders now divide the pile evenly.
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What is the smallest number of coins that could be in the trove?
Answer: We need to solve the congruences
n=3 (mod 12)
n=4 (mod 7)
n=0 (mod 5)
The first congruence tells us that n = 12k + 3. Substitution into the second congruence yields 12k + 3 = 4 (mod 7), or
S5k =1 (mod 7). This congruence has solution k = 3 (mod 7), so k = 7j + 3. Therefore, n = 12(7j +3) + 3 = 84 + 39.
We now solve 84 +39 = 0 (mod 5). That simplifiesto4;j = 1 (mod 5), with solution j =4 (mod 5), so j = Sm+4,

and n = 84(5m + 4) + 39 = 420m + 336 + 39 = 420m + 375. Therefore, the smallest number of coins that could be in
the trove is 375.

5. (10 points) Let n be a positive integer. Prove using induction that
22n(ny)2
1= 2 n _
f (== G
Hint: Use the identity (1 — 2P =1 -xH"" = x21 - x»* ' and integrate by parts.
1 1
Answer: We first check that the formula is correct when n = 1. We have f (1-x>dx =x-x/3 0= 2/3, while
0
22(11)?
3|
Now, assuming thatf (1- xz)k dx =

= 4/6.
22k( |)2
T Qk+ )

1
f(l—xz)k“dx:f(1—x2)kdx+f x(=x)(1 = x*)* dx
0 0 0

22k k! 2 1
—ﬁ fx( x)(1 = x*)* dx

we have

[u =x,du=dx,dv=_>=x)(1-xDv=>10-xDH"Q2k + 2)]

22k(k!)2 (1 _ x2)k+1 1 1 1

- _ 1 _ 2\k+1 d
Qk+D T T2kr2 |, 2k+2f0( XY dx
22k(k!)2

1 : 2\k+1
T 2k+ 1) _2k+2f0 (I =5 dx

2k+3f1(1—x2)k+1dx= 2% (k1)
2k +2 Jo 2k + 1)!

fl(l 2 gy = (Zk +2) 22K (k1)? _ (Zk +2) (2k +2) 2% (k1)?
0 2k +3) 2k +1)! 2k +3)\2k+2) 2k +1)!
22K42((k + 1))
T (2k+3)!
This is the desired conclusion to establish the induction.

1000 — 1}, Let j be a positive integer, and

6. (10 points) Remember that the set ujggo is defined by o0 = {z € C | z
define f : M1000 — M1000 with the formula f(x) = x/.

(a) If (j, 1000) = 1, prove that f is a bijection.

(b) If (j, 1000) # 1, prove that f is not a bijection.
Answer: (a) Suppose that (j, 1000) = 1. Find integers m and n so that jm + 1000n = 1. Let g : uj000 — 1000 be
defined by the formula g(x) = x™. Then f(g(x)) = g(f(x)) = x™ = x!71000n — x1(x1000y=n — ». 17" = x. Because
fogand g o f are both the identity, f is invertible, and therefore a bijection.

(b) This can be done in general, but it’s a bit more enlightening to take advantage of numerical properties of 1000.

Suppose that (j, 1000) # 1. Because 1000 = 2353, we can conclude that either 2|j or 5|;.
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Suppose first that 2|j. In that case f(—=1) = (=1)/ = 1 and f(1) = 1V = 1, so f is not an injection.
On the other hand, if 5|, we have f(e*™/3) = ¢2™//5 = 1 and f(1) = 1, so again we see that f is not an injection.

7. (10 points) Define a sequence {x,} with the formulas
X1 = 2

Xpt1 = V4 + x, n>1
For example, x, = V6 and X3 =4+ Ve.

Prove
(@) x, <3.
(b) Xp < Xptl-
Answer: (a) We proceed by induction. When n = 1, we clearly have x, < 3.
If we have x; < 3,then x;; = V4 +xr < V4+3 = V7 < 3. That establishes the induction.
(b) We proceed by induction. We have x; = 2 and x, = \/6, SO X1 < X3.
Now, assuming that x; < x;.1, we have 4 + x; < 4 + x41. Therefore, V4 + x; < V4 + x451, and 0 xp41 < Xpa2,
establishing the induction.

8. (5 points) Find 3 complex numbers which solve the equation z* = 7. Write each of those numbers in the form a + bi,
where a and b are real numbers expressed using radicals.
i0 3 ,3i0

Answer: Write z = re', so z3 = r3¢%%. We therefore have r3 = 7, so r = V7. We also have ¢3¢ = 1, with three

possibilities:
36 =0
30 =2x
30 =4n

In the first case, we have 8 = 0 and z = V7. In the second, we have § = 27/3, and z = 723 = \3/7(005(277/3) +
isin(2r/3)) = \3/7(—1/2 +1i \/5/2). In the third case, we conclude that z = \3/7(—1/2 - i\/§/2). The three answers are

B o V7, .V3V7 Vi V3V

-

) 2 2

9. (5 points) There are 9 monic quadratic polynomials in F3[x]. List all 9 of these polynomials, and indicate which are
irreducible.

Answer: To see if a quadratic polynomial is irreducible in F3[x], it suffices to see if it has any roots in F3, which can be
determined by computing f(0), f(1), and f(2). We have

Polynomial | f(0) f(1) f(2) Irreducible?
x? 0 1 1 N
2 +1 1 2 2 Y
X2 +2 2 0 0 N
2+ x 0 2 0 N
C+x+1 1 0 1 N
XHx+2 2 1 2 Y
X2+ 2x 0 0 2 N
X 4+2x+1 1 1 0 N
X 4+2x+2 2 2 1 Y

Therefore, the irreducible polynomials are x> + 1, x*> + x + 2, and x> + 2x + 2.

10. (10 points) As usual, define the Fibonacci numbers by F} = F, = 1 and F,, = F,-; + F,,_, for n > 3. Let
a =11+ V5)and g = (1 - V5). You may use the facts that a” = @ + 1 and g2 = g + L.
Prove using induction that
Foi=aF, + "
forn > 1.
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Answer: We check that whenn = 1, we get F, = 1, and aF| + 8 = @ + 8 = 1. We also need to check the formula for
n =2, and then wehave F; =2, andaF, + B2 =a+S+1=1+1=2.

We now proceed using strong induction. We assume that the statement is true whenn =k —2andn = k — 1, and
add:

Fioi = aFpp + g2
Fy = aFp_y + !

Adding yields Fy,; = a(Fi_o+ Fy_2) + 572+ g1 = aF + B*2(1 + B) = aF; + ¥ B> = aF; + B*. This establishes
the induction.

11. (10 points) Suppose that n and k are positive integers, with n > k > 1. Prove using the definition of binomial
coefficient that
n—1 n+l) (n-1\(n+1 n
| S R G ey P
Answer: We have
n-1 n+1 (n=1)! n! (n+1)!
(k )(k+l)( ) ((n k)'(k—l)‘)((n—k—l)!(k+1)!)((n+l—k)!k!)
n—1)! (n+1)! n!
((n -1- k)'k') ((n - k)Ik + 1)!) ((k -Dn+1- k)!)
_(n-T1\(n+1 n
()
12. (10 points) Suppose that F is a field, and f(x) = x" + ¢,.1x" "' + ...+ c;x + co € F[x], with n > 2. Suppose that

Y1,Y2,...,Yn € F are the n roots of f(x). Prove that
=Dy

and

Cp-1 = _(71 ty2t+-- +7n)

Answer: We know that f(x) = (x—y1)(x—y2)(x=y3) - - - (x—=7y,). Substitution of x = O yields co = (=y1)(=y2) - (=yn) =
=D"1y2 ¥n-

We can also multiply out the factorization of f(x), and look at the coefficient of x"~!. The way to get x"~!
in the product is to have n — 1 factors of x and one factor of —y;. We conclude that the x"~! term looks like

1

(=y1 —y2 — - — y,)x"~!. Because we know that the x"~! term is also c,_1x"~!, we have c,_.1 = —=y1 = y2 — - — V.
Grade Number of people
86 1
83 1
80 1
73 1
72 3
71 1
70 2
65 1
61 1
43 1

Mean: 70.62
Standard deviation: 10.29



