Mathematics 216
Robert Gross
Homework 10

Answers

1. Define the harmonic numbers H, with the formula

1 1 "1
Hy=1+-+ - +-—=Y —.
2 n ok
Prove that
n—1
ZHk:an—n,
k=1
if n>2.

Answer: We start with the case n = 2. The left-hand side of the formula is H; = 1, and the
right hand side is 2H, —2. We can check that Hy = 1+ 3, and therefore 2H, —2 = 2(3) -2 = 1.
Now, we assume that

p—1
Z Hk - pHp - D
k=1
and we compute
p
> Hy =
k=1

=(p+1) (Hp+1 -
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H.+H,=pH,—p+H,=(p+1)H,—p
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}m —pZ(p+1)Hp+1—1—p: (p+1)Hp+1—(p+1).

That concludes the induction.

2. Define the Fermat numbers f, with the formula f,, = 22" +1if n > 0. The first few Fermat
numbers are:

Jo= 3
fi= 5
fa= 17
fy = 257
f) = 65537

fs = 4294967297
Prove that

Jofifor - fn+2= fosa.

Answer: We proceed by induction. In the case n = 1, the left-hand side of the formula is
fofi+2=3-5+4+2 =17, and the right-hand side of the formula is f, = 17.

Assume that fofifo- - fr +2 = fra1, so that fofifo- - fx = fre1 — 2. We then compute
fofifor - fefen+2 = (frn—2)fen+2= 22" =12 " +1)+2 = (22" —1)+2 = f27 42,
establishing the induction.



3. Define a sequence of real numbers with the definitions

1'1:3

Tp = 1/20,-1 +1

If n is a positive integer, prove using induction that x,, > x,11.

Answer: We compute x5 = /7 ~ 2.6458, so we know that z; > x5. Now, assuming that
Tk > Tpa1, we know that

2oy 2 2054
QZEk + 1 Z 21‘k+1 + 1

\/2[Ek+1 Z \/21‘k+1+1

Tht1 = T+2
That establishes the induction.



