Mathematics 216
Robert Gross
Homework 17

Answers

1. Find sets A and B and functions f : A — B and ¢ : B — A so that f is not a bijection, ¢
is not a bijection, and f o ¢ is a bijection.

Answer: One possibility is to set A = {1,2} and B = {1}. Define g(1) = 1, and f(1) =
f(2) = 1. Then f is not an injection, g is not a surjection, but f o g(1) = 1.

2. Define f: R — R x R with the formula f(z) = (22, sin(z)).

(a) Is f an injection?

(b) Is f a surjection?
Answer: The function f is not an injection, because f(—m) = ((—m)?,si
f(m). The function f is not a surjection. There is no solution of f ( )
is no solution of sinz = 4 with x € R.

£ 7)) = (72 sin(r)) =

(3,4), because there

3. Let 7 = {a € C: a” = 1}. Define f : u; — pr with the formula f(a) = o?. Is the
function f injective, surjective, both, or neither?

Answer: The easiest way to see that f is a bijection is to consider the function h(a) = a*. Then
f(h(a*)) = f(a*) = a® = (a®)F = o, and similarly h(f(a*)) = h(a?) = a® = (a®)F = oF.
Because fog=id,,, and go f =1id,,, we know that f is an invertible function. Therefore, f
is a bijection.

4. Now set pyp = {a € C: a'? = 1}. Define g : j19 — p12 with the formula g(a) = a?. Ts

the function ¢ injective, surjective, both, or neither?

Answer: The function g is not an injection, because g(a’) = o't = a'2a? = o? = g(a).
Because the domain and the codomain of g are the same finite set, we know that g cannot be

a surjection either.

5. Define a new set operation AaB with the formula
ArB = (A\B)U(B\ A).

On the last homework, we saw that AaB = (AU B) \ (AN B). This operation is sometimes
called the symmetric difference of the sets A and B.
(a) Show that AnB = BaA.
(b) Show that (AaB)aC = Aa(BaC).
Answer: (a) We have AaB = (AUB)\ (ANB)=(BUA)\(BNA)= BaA.
(b) This is harder. Start with the observation that AnB = (AUB)\ (ANB) = (AU
JN(ANDB) = (AUB)N(A°UB°) = (ANA)U(ANB)U(BNA)U(BNB°) =
PUANB)U(BNAYUD = (AN B°) U (BN A°). Therefore,

(AaB)aC = ((ANB°)U (BN A%)) aC

(((AnBYyU((BNA)) NC)U(((ANB7)U(BNA%))NC)
(((An B (BN AY)NC) U (((ANB7)U (BN A%))NC)
(((A°uB)N(B°UA))NC) U ((AN B NC)U(BN A NCY))



= (((A°NBYU(BNA))NC)U((ANB NC)U(BNA NCY))
= ((A°NB°NC)U(BNANC))U((ANB°NC)U (BN A°NCT))
= (A°NB°NC)U(ANBNC)U(ANB°NC) U (A°NBNC).

This result is symmetric in A, B, and C, so if instead we compute Aa(BaC) = (BaC)aA,
we must get the same result.



