MT305.01: Advanced Calculus for Science Majors

Examination 1

Answers
. dx . .. . .
1. (18 points) Suppose that 2% +x+1=0, and z(0) = 3. Find an explicit expression for z in terms of ¢.
Answer: We have
dx
2— =—z—-1
at —

/:L‘C:icl :_%/dt
log(x+1):f%+0
x4 1= De /?
x=De¥? 1

Now, substitution of t = 0 and z = 3 yields D = 4, so the complete solution is z = 4e~*/2 — 1.
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2. (18 points) Suppose that & sin(y — z), and y(0) = 1. Find an implicit definition for y in terms of x.

dx
. dy du . . :
Answer: Write u = y — z, so that y = x 4+ u and i 1+ e The differential equation now becomes
T h
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cos2u cos?u  cos?u

= —tanu — secu

Therefore, the equation is z + C = — tanu — secu = — tan(y — ) — sec(y — x). Substitute x =0 and y = 1,
and we get C = —tan1 — sec 1, and therefore the equation is z — tan1 — sec1 = tan(y — x) — sec(y — x).

d 2 2
3. (18 points) Suppose that a4 _Try
dx 2xy

and y(1) = 2. Find an explicit expression for y in terms of .

d du
Answer: The equation is the quotient of homogeneous polynomials, so we substitute y = ux and d—y =u+txr—.
x
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y> D+ux

2 oz
y? = 2?4+ Dz
y=+vz2+ Dx
Now, we substitute z = 1 and y = 2 to get v1+D =2, or 1+ D = 4, and so D = 3. The solution is
y = Va2 + 3z.
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4. (20 points) Suppose that dit/ +y = ty?, with y(0) = 1. Make the substitution 2 = y~! and solve the

differential equation, finding an explicit expression for y in terms of ¢.

d d(z=! d
Answer: If x =y~ !, then y = 27!, and so Y (=) — 222 The equation becomes
dt dt dt
d
—x72£ +aot =tr?
dx _
it "
We use e~? as an integrating factor:
d
_td—f —zet = —te !
d
P (xe_t) = —te !
zet=te et 4 C
r=t+1+Ce
1
Y= o171
t+1+Ce
1 1
Substitute t =0 and y = 1, and we get 1 = 50 so C' =0, and we have y = P
. . . o dy o dy s .
5. (26 points) Solve the differential equation T2 + 4d— + 13y = e~=* for y as a function of x.
x x
—4 4+ /16 — 52
Answer: We start by solving the auxiliary equation m? + 4m + 13 = 0. We learn that m = — =

—-4++-36 —4+£67
5 = L= 243 Therefore, v, = e~2*(A cos 3x + Bsin 3x).

Use undetermined coefficients to compute y, = Ce™2*. We compute y;, = —2Ce™%* and y}’,’ = 4Ce™ 2",
We have 4Ce™2% 4 4(—2)Ce 2% + 13Ce™2* = ¢=2¢, Multiply by €*, and the result is 9C = 1, or C = %.
Therefore, the general solution is y = e~**($ + A cos 3z + Bsin 3z).
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