MT305.01: Advanced Calculus for Science Majors
Examination 3

Answers
1. (25 points) Solve the differential equation
d2 0 0<t<m
dt2+4y_ 1 7#<t<2n
0 2r <t

with initial conditions y(0) = 1 and y’(0) = 1.
Answer: Rewrite the equation in the form y” + 4y = % (t — w) — % (t — 2m). Taking the Laplace transform
now yields:
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which can be rearranged to give
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Partial fractions yields

and so
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= cos(2t) + %sm 2t) + i (% (t —7)(1 —cos(2(t —m))) — % (t — 2m)(1 — cos(2(t — 2))))
= cos(2t) + %sm 2t) + i (% (t —7)(1 — cos(2t)) — % (t — 2m)(1 — cos(2t)))

cos(2t) + 5 sin(2t) 0<t<m
= 4 cos(2t) + & sin(2t) + (1 — cos(2t)) w<t<2nm

cos(2t) + 3 sin(2t) 2 <t

2. (25 points) Suppose we write the solution to the differential equation y” + (22 + 1)y = 0, with initial

conditions y(0) = 1 and ¢’ (0) = 2, in the form y = > c¢,a™. Write out the first 5 non-zero terms in the series
n>0
expansion for y.

Answer: We have y” = 37 n(n—1)c,2" 2 = 3 (n+2)(n+1)cppoa™ and 2%y = 3 cpa™? =37 o, cpoa™

n>0 n>0 n>0
So we have
Z(n +2)(n+ 1)epq22™ + Z Cp—ox™ + Z cnz™ = 0.
n>0 n>2 n>0
We are given ¢g = 1 and ¢; = 2. The constant term in the series expansion now gives 2cy + ¢g = 0, and so
Ccy = —% The 2-term gives 6¢3 + ¢ = 0, and so c3 = —+. Finally, the 22-term gives 12¢4 + ¢o + c2 = 0, and
SO ¢4 = —55. The first 5 non-zero terms are therefore 1 —|— - o
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3. (25 points) The two solutions of the differential equation 2zy” + 5y’ + 2y = 0 can both be written in the

form y = 2" Y cpa™, for two different values of r, with ¢g = 1. Compute the two possible values of r.
n>0

Answer: We have

5y = Z 5(n + 7)™t
2zy" = Z 20n+r)(n+r—1)c,z" !
2zy" + 5y + xy = Z 2n+r)(n+r— 1),z £ 5(n 4 7)epz™ ™ 4 ez =0

The coefficient of 2"~ is ¢o(2r(r — 1) + 5r), so we must have 2r? + 3r = 0. This gives r = 0 and r = —3 as
the two possible values for r.

4. (25 points) Write out the first 5 non-zero terms in the Fourier expansion of the function f(z) = |sinz|
for —m <z <.

Answer: The function f(z) is even, and so the only terms which appear in the Fourier expansion are the
constant term and the ones involving cosines. We compute
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