Mathematics 805
Homework 1
Due Friday, January 23, 1 PM

1. 5.1.1. Let (M,d) be a metric space. Define the maps di,ds : M x M — R by d; := d/(1 + d) and
dy = min(1,d); i.e., for any x,y € M, di(z,y) = d(z,y)/(1 + d(z,y)) and da(z,y) = min{l,d(z,y)}. Show
that d; and ds are both metrics on M and that we have d; < dy < 2d;.
Answer: First, we show that d; is a metric. Clearly, di(z,y) > 0. If dy(z,y) = 0, then d(z,y) =0, so z =y,
and d; (z,z) = 0. Clearly, di(z,y) = d1(y, z). It remains to show that the triangle inequality holds for d;.
We start with a trivial observation. The function f(t) = ¢/(1 + t) is strictly increasing for ¢ > 0. (One
way to see this is to notice that f’(¢t) > 0.) Therefore, if d(a,b) < d(c,d), then d;(a,b) < dy(c,d).
We need to show that dq(x, z) < di(z,y) + d1(y, z). We know that d(z, z) < d(z,y) + d(y, z). We can
divide by 1+ d(z, z), and then we have

d(z,z) _ _d(zy) d(y, z)
1+d(x,2) ~ 1+d(z,2) 1+d(z,2)

If d(x, z) > d(z,y) and d(z, z) > d(y, z), then

d(z,y) d(y,2) _ _dz,y) d(y, 2)

=d d
THdw.)  1xdws) S 1xdmy) T Trdy, L@y +dy2),

and therefore, we are done.

Suppose that d(z, z) < d(z,y). In that case, di(z,z) < di(z,y), and therefore dy(z,z) < di(x,y) +
dy(y, 2).

Finally, if d(z,z) < d(y, z), then di(x, z) < di(y,z) and therefore dy(z,2) < di(z,y) + di(y,z). This
shows that d; satisfies the triangle inequality and therefore is a metric.

Second, we show that dy is a metric. We clearly have da(x,y) > 0, and da(x,y) = 0 if and only if 2 = y.
It is also clear that da(z,y) = da(y,z). Again, the triangle inequality looms as the obstacle.

If d(z,z) < d(x,y), then da(x,z) = min{l,d(z, 2)} < min{l,d(z,y)} = do(z,y) < da(x,y) + da(y, 2).
Similarly, if d(x,2) < d(y, 2), then da(z,z) = min{l,d(z,z)} < min{l,d(y,2)} = da(y,2) < da(z,y) +
da(y, z). We therefore need only worry about the case that d(z, z) > d(z,y) and d(z, z) > d(y, z).

If d(z,z) < 1, then dy(z,2) = d(z,2), do(z,y) = d(z,y) and ds(y,2z) = d(y,z), so we are done.
If d(z,z) > 1, then da(x,2z) = 1. If d(x,y) > 1 or d(y,z) > 1, we are done, so we may assume that
d(z,y) < 1 and d(y,z) < 1. In that case, we know that d(z,2) < d(z,y) + d(y, z), which implies that
1 <d(z,y) +d(y, z) = da(x,y) + da(y, z). That exhausts all cases and shows that dy is a metric.

We need to show that di < da. We know that di(z,y) < 1 and di(x,y) < d(z,y), which shows that
di(z,y) <min{l,d(z,y)} = da(z,y).

Finally, we need to show that do < 2d;. Note that dy(z,y) = 1—%. Ifd(x,y) > 1, then ds(x,y) =1
while dy(x,y) > 3, and therefore dy < 2dy. If d(x,y) < 1, then dy(x,y) = d(z,y) while di(z,y) > d(z,y)/2,

allowing us to conclude that dy < 2d;.

2. 5.1.2. Consider the set R" = {(z1,22,...2,) : 2t € R for 1 <k < n}. Define the maps

deuc(xay) =
dmax (T, y) = max{|z1 — y1],- -, [Tn — ynl}
dsum(xay) = Z ‘mk - ykl

k=1

Show that deuc, dmax, and dgum are metrics on R, and that we have the inequalities dyax < deue < dgum <
ndmax-



Answer: To show that this theorem in fact is a general property of products of metric spaces, I will write
|2k — yx| as d(wk, y)-

We easily see that deyc(z,y) > 0, and that deyc(z,y) = 0 if and only if = y. The triangle inequality is
not so clear.

We have

euc \/Zd zk Zk 2< \/Z xkvyk +dykazk))
< \/Z d(l‘k,yk)Q + \/Z d(yka Zk)2 = deuc(xa y) + deuc(y7 Z)

The mysterious inequality at the start of the second line is the Triangle Inequality as stated on page 41.
We clearly have dpax(z,y) > 0 and dmax(x,y) = 0 if and only if © = y. Furthermore, it is immediate

that dmax(x,y) = dmax(y, 2).
The triangle inequality is not too bad this time:

Amax (2, 2) = max{d(x1,21), -, d(@n, 2n)}
< max{d(xla yl) + d(yla Zl)v e vd(xnv yn) + d(ym Zn)}
S max{d(zl, y1)7 e 7d(zna yn)} + maX{d(yh Zl)a Ty d(yn; Zn)} = dmax(x7 y) + dmax(y7 Z)

Again, it’s easy to see that dsym(z,y) > 0 and dgum(z,y) = 0 if and only if x = y. It’s also trivial that
dsum (2, Y) = dsum (y, ). And the triangle inequality this time is also easy:

dsum Zd J?k,Zk < Z xkayk)+d ykazk Zd Tk Yk +Zd ykazk sum(xay)+dsum(yaz)-

Finally, the inequalities:

deuc 33 Z/ \/Zd xkayk

> vmaxd(zg, yr)? = max{d(z1,y1), -, d(@n, Yn)} = dmax(T, )
dsum (, ) (Zd Tk, Yk )
> Zd Thy Yk)? = deue(7,7)?
doum (,9) = Y d(zx,yx) < ) max{d(zr, y)} = ndmax(z, y)

3. 5.8.2. Let M be a nonempty set and suppose that d : M x M — R satisfies the following conditions:

dz,y) =0 < =y (Vx,y € M), and
dz,y) <d(w,z) +dy,z)  (V,y,2 €M)

Show that (M, d) is a metric space.

Answer: Apply the second equation with y = z, and we have d(x,z) < d(z, z) +d(z, z). Because d(x,z) = 0,
we see that 2d(z, z) > 0, so d(x, z) > 0.

Apply the second equation with z = z, and we get d(z,y) < d(z,z) + d(y,z). Because d(z,z) = 0, we
have d(z,y) < d(y,z). But z and y are arbitrary, so we can also deduce that d(y,z) < d(z,y), implying that
d(z,y) = d(y, ).

4. 5.8.3. (a) Let £°°(N) denote the set of all bounded real sequences x € RN. For each z,y € (*°(N), define
doo(x,y) :=sup{|zn — yn| : n € N}

Show that (¢*°(N), ds) is a metric space.



(b) Let £*(IN) denote the set of all real sequences * € RN that are summable, ie., > |z,| < co. For
n=1

each x,y € (}(N), define

oo

di(@,y) =3 20 — yal.

n=1

Show that (¢1(N),d;) is a metric space.
&)
(c) Consider the space £2(N) of all real sequences = € RN that are square summable, i.e., > |z,]? < co.
n=1

For each z,y € £*(N), define

Show that (¢2(IN),ds) is a metric space.

Answer: (a) First, note that because sup |z, — yn| < sup|z,| + sup |yn|, we know that d., is defined. Tt is
clear that deo(x,y) > 0 and deo(x,y) = 0 if and only if x = y. Because sup(A, + B,) < sup 4,, + sup By,
we have

doo(ac,z) = sup |xn - Zn‘ = sup |(xn - yn) + (yn - Zn)|
< sup (|2n = Ynl + |[Yn — 2nl) <sUp|2n — Yn| +5UD [yn — 20| = doo (2, ) + doo (¥, 2).

(b) Because Y |zn—Yn| < D |@n|+D. [ym|, we know that d; (x,y) is defined. Clearly, di(z,y) = d1(y, x),
di(z,y) > 0, and dy(z,y) = 0 if and only if x = y. Finally,

dl(xaz) = Z |xn - Zn‘ = Z |(xn 7yn) + (yn *Zn)| < Z |xn 7yn| + ‘yn - Zn‘
n=1 n=1 n=1
= Z |Tn — Ynl + Z [Yn — 2n| = di(z,y) + d1(y, 2)
n=1 n=1

(c¢) The triangle inequality says that

S mi—y)2 < (D a2+ D w2
P i=1 =1

We therefore have

oo
Z(xz —¥i)? < fo + ny
; i—1

and hence

oo
Z(xz —¥i)? < fo + ny
i—1

i=1 i=1
Therefore, dy(z,y) is defined. Again, we immediately see that da(x,y) > 0, that da(x,y) = 0 if and only

if x = y, and that da(z,y) = da(y,z). For the triangle inequality for do, we start with the usual triangle
inequality:

n n n

Z(fﬂz —z)? < Z(Iz —yi)® + Z(yz —z)?

i=1 i=1 i=1

First, we can let n — oo on the right-hand side of the inequality to get

n (oo} oo

D (i —2)2 < D (@i—y)? A+ | D (i —%)?

i=1 i=1 i=1

and now letting n — oo on the left-hand side shows that da(z, 2) < da(z,y) + da(y, 2).



