Mathematics 805
Homework 3
Due Friday, February 6, 1 PM

1. 5.4.1. Let (M, d) and (M’, d’) be metric spaces, and let f : M — M’. Show that the following statements
are pairwise equivalent.

(a) f e CM,M).

(b) For every closed set Y C M/, f=1(Y) is 1 closed in M.

(c) For every set Y Cc M/, f~1 ( °)y C (f~H(Y))e.

(d) For every set Y C M/, (f~H(Y))~ C f~H(Y ™).

(e) For every set X C M, f(X~) C (f(X))~.
Answer: Note that if Y C M/, then f~1(Y¢) = (f~}(Y))¢. That observation is helpful below.

(a)=>(b): Suppose that Y C M’ is closed. Then Y is open, so f~(Y) is open. Therefore, (f~1(Y))°
is open, so f~1(Y) is closed.

(b)=(a): Suppose V' C M’ is open. Then V¢ is closed, so by assumption f~1(V¢) is closed. This says
that f=1(V)¢ is closed, so f~(V) is open. Therefore, f e C(M,M').

(a)=(c): Take Y € M'. Then Y° is open, so f~'(Y°) is also open. Also, Y° C Y, so f(-D(Y°) C
FHY). If V is any set, V° = U U. In particular, if U C V and U is open, then U C V°. Therefore,

open UCV
FHYe) C (FY))e.

(c)=(a): Take V C M’ open. We must show that f~*(V) is open. Because V is open, V = V°. Inclusion
() says that f=1(V°) C (f~%(V))°. So we have f=1(V) C (f~1(V))°. Obviously, (f~1(V))° C f~1(V).
Therefore, (f~1(V))° = f~1(V). Because (f~1(V))° is open, we can conclude that f~1(V) is open.

(b)=(d): Take Y C M’. Then Y~ is closed, so f~1(Y ™) is closed. Because Y C Y ~, we know that
F7YUY) c f~%Y 7). Now, if V is any set, V~ = N F, so in particular, if V' C F and F is closed,

closed FOV
then V= C F. Therefore, (f~1(Y))~ c f~1(Y ™).

(d)=>(b): Suppose that F' C M’ is closed. We must show that f~1(M) is closed. Because F is closed,
we know that F'~ = F and therefore f~1(F~) = f~!(F). Relation (d) now says that (f~1(F))~ C f~1(F).
Clearly, (f~Y(F))~ D f~Y(F). Therefore, (f~1(F))~ = f~1(F), which shows that f~!(F) is closed.

(a)=(e): Let X C M, and pick yo € f(X ). Therefore, there is some zg € X~ so that f(xo) = yo.
Because xop € X, there is a sequence (z,) C X so that limx,, = 25. Because f is continuous, we know that
lim f(z,,) = f(zo) = yo. Therefore, yo € (f(X))".

(e)=(a): Here, we reason by contradiction. Suppose that f ¢ C(M,M’). Then for some zg € M,
there is some € > 0 so that for all 6 > 0, there is some x € M so that d(z,zo) < § and d(f(z), f(zo)) >
Apply this with 6 = 1,1,1,... to find points z,, so that d(z,,z0) < 1 and d(f(zn), f(z0)) > €. Let
X ={x1,x9,x3,...}, so that xg € X . Therefore, yo € f(X ). However, because d(f(x,),yo) > € for all n,
we know that yo € f(X)~. Therefore, f(X~) € (f(X))".

2. 5.4.2. Show that the maps + : Rx R — R and - : R x R — R defined by +(z,y) :=  + y and
-(x,y) := xy are continuous.
Answer: We use the metric dma,x on R x R, and use the metric d(z,y) = |z — y| on R.

(a) Given € > 0, choose 0 = §. If dmax((2,¥), (0,%0)) < d, that means that d(x, z¢) < § and d(y,yo) < 0.
Then d(z +y,zo +yo) = [(x + y) — (zo + yo)| < [z — zo| + [y — yo| <20 =e.

(b) Tt seems simpler to do this problem in cases. If zp = yo = 0, and ¢ > 0, let 6 = /fe. If
dmax((2,9), (0,0)) < &, then |z| < § and |y| < J, and then |zy — 0] < 6% =e.

Now suppose that 2o = 0 and yo # 0. Given € > 0, let § = min(5, lyol)- If dmax((x,¥), (0,y0)) < 9,
then |y — yo] < & < |yol, 0 |y| = [(y — yo) + wol < |y — yo| + |yo| < 2Jyo| and |z| < § < 37507 and therefore
lzy — 0 - yo| < (2|y0\)2|u0| = €. A similar argument works if zy # 0 and yo = 0.

Finally, suppose that 2y # 0 and yy # 0. In that case, given € > 0, let 6 = mln(m, ﬁ7 lyo|). Suppose
that dmax((2,y), (z0,50)) < d. As above, we have |y| = |y —yo + yo| < [y — yo| + ol <0 + |yo| < 2[yo|- We
then have |2y — zoyo| = |2y — zoy + xoy — woyo| < |2y — zoy| + |20y — zoyol = [yllz — zo| + |zolly — yol <
2lyolqryer + lZol gy S 5 +5=¢€



3. 5.4.3. Let My, My, and M3 be metric spaces, and f € C(M; x My, Mj3). Show that for each fixed
zop € M3, the set
KZO = {(x’y) €M; x My : f(xay) = ZO}

is closed in M x M. Deduce that, for a continuous function f: R x R — R, the level curve
K.={(z,y) e RxR: f(z,y) = c}

is a closed subset of the plane R? for each constant ¢ € R.

Answer: This is trivial. K,, = f~'({z0}). Because {20} is a closed set and f is a continuous function, K,
is closed.

4. 5.8.26. Let (M, d) be a metric space and D C M a dense subset. Show that if every Cauchy sequence
in D converges to an element of M, then (M, d) is complete.

Answer: Let (z,) be a Cauchy sequence in M. We need to show that (x,,) converges to an element in M.

Given an € > 0, we can find N; so that if m,n > Ny, then d(xp, z.,) < 5. Let N = max(Ny, %), so that
if m > N, then%< 5

Because z,, € M, and D is dense in M, we can find an elements y, € D so that d(z,,y,) < %
for n = 1,2,3,.... We first show that (y,) is Cauchy. Given € > 0, if m,n > N, then d(ym,yn) <
AW, Tm) + ATy ) + AT, yn) < L+ £+ L < £ 4 £ 4 £ =€ Therefore, (y,) is Cauchy.

By hypothesis, we know that y,, — y € M. It remains to show that z,, — y. Given ¢, find N5 so that if
n > No, then d(yn,y) < 5. Let N3 = max(Na, 2). If n > N3, then d(z,,y) < d(Tn, yn) +d(Yn,y) < 2+ 5 <
s+3=c

o0

5. 5.8.27. Let (M, d) be a complete metric space and let € MN. Show that, if Y d(z,,Tn41) < 00, then
n=1

(2,,) is convergent.

(o]
Answer: We need only show that (x,) is Cauchy. Because S = Y d(x,2zn41) is a convergent sum of
n=1

N
non-negative numbers, we know that the partial sums Sy = Y, d(zy, Zn+1) form a monotonically increasing
n=1

Cauchy sequence with S,, — S. Given € > 0, we can find an N so that if m,n > N then |S,, — S,—1| < €.
m

Assume for convenience that m > n, and then [S,, — Sp—1| = Sm — Sn—1 = Y. d(@k, Tp41)-
Finally, we can see that d(@n,, Tn) < d(Xm, Tm—1) +d(Xm—-1, Tm—2)+ - ~+;l(xn+1, ZTp) = Sm—1—Sn_1 <
Sm — Sn—1 < €, showing that (x,,) is Cauchy.



