
Mathematics 805
Homework 6

Due Friday, March 13, 1 PM

1. 8.7.3. Show that (sinnx/(1 + nx)) converges uniformly on [a,∞) for any a > 0 but not for a = 0.
Answer: Let fn(x) = sinnx/(1+nx). Because |fn(x)| < 1/(1+nx), we see that if x 6= 0, then lim fn(x) = 0.
Of course, fn(0) = 0, so we have lim fn(x) = 0 for all values of x.

Now, if x ∈ [a,∞), we have |fn(x)| < 1/(1 + na). Given ε > 0, we can take N large enough so that
1/(1 +Na) < ε, and then we have |fn(x)| < ε for all n > N for all x ∈ [a,∞).

Suppose instead we consider x ∈ [0,∞). For any positive integer n, we can let x = 1
n , and we have

|fn( 1
n )| = (sin 1)/2 > 0.4. This shows that fn(x) does not tend to 0 uniformly on [0,∞).

2. 8.7.4. Let fn(x) = (1 + x/n)n for all x ∈ R and n ∈ N. Show that fn(x) converges uniformly to ex on
any compact interval [a, b] ⊂ R.
Answer: First, we need to show that fn(x) → ex. Write fn(x) = exp(n log(1 + x/n)) = exp(n log(n+x

n )) =
exp(n(log(n+ x)− log n)). Now, applying l’Hôpital’s Rule, we have
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exp(n(log(n+ x)− log n)) = ex.

It remains to show that the convergence is uniform on any compact interval [a, b]. To do that, we can
use Dini’s Theorem (Theorem 8.2.2), and show that fn(x) ≤ fn+1(x). We apply the binomial theorem to
each function:
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We see that term by term, the monomials in the expansion of fn+1(x) are at least as large as those in the
expansion of fn(x), showing that fn(x) ≤ fn+1(x). Note that this argument only works when x > 0; a more
subtle argument is needed for x < 0.

3. 8.7.12. For each n ∈ N, consider the function

fn(x) :=
xn

1 + x2n
(∀x ∈ R)

(a) Show that the sequence (fn) converges uniformly on [a, b] if and only if |x| 6= 1 for all x ∈ [a, b] (i.e.,
[a, b] does not contain the points 1 and −1).

(b) Find all x ∈ R for which the series
∑
fn(x) is convergent. Also, find the intervals on which the

convergence is uniform.
Answer: Note that fn(x) = fn(1/x), a fact which we will exploit momentarily.

If x = 1, then fn(x) = 1
2 , so lim

n→∞
fn(1) = 1

2 . If x = −1, then f2n(−1) = 1
2 , while f2n+1(−1) = − 1

2 , so
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Suppose that [a, b] does not contain ±1. If |a| < 1 and |b| < 1, and x ∈ [a, b], then |fn(x)| < |xn| <
max(|a|n, |b|n). Given ε > 0, choose N so that |a|N < ε and |b|N < ε. If n > N , then |fn(x)| < ε.

If |a| > 1 and |b| > 1, |fn(x)| < max(|a|−n, |b|−n). Given ε > 0, choose N so that |a|−N < ε and
|b|−N < ε. If n > N , then |fn(x)| < ε.

4. 8.7.22. Prove each equation.
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Answer: (a) First, note that if x ∈ [1, 2], then ne−nx < 2e−n. Because
∞∑
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5. 8.7.24. Let fn(x) := x/(1+n2x2) for all x ∈ [−1, 1]. Show that (fn) converges uniformly to a differentiable
function f , but that f ′n(x) does not converge to f ′(x) for all x ∈ [−1, 1].

Answer: Note that lim
n→∞

fn(0) = 0. If x 6= 0, then |fn(x)| < |x|
n2x2 = 1

n2|x| , so we still have lim
n→∞

fn(x) = 0.
We need to show that the convergence is uniform.

Given ε > 0, note that if |x| < ε, then |fn(x)| < |x| < ε for all n. For |x| > ε, pick N so that 1
N2ε < ε,

i.e., N2 > 1
ε2 or N > 1

ε .
We have |fn(x)| < |x|

n2x2 = 1
n2|x| ≤

1
n2ε ≤

1
N2ε < ε. This shows that fn(x) converges to 0 uniformly on

[−1, 1].
We have f ′n(x) = 1+n2x2−2n2x2

(1+n2x2)2 = 1−n2x2

(1+n2x2)2 . We see that f ′n(0) = 1 for all n, while if x 6= 0, f ′n(x)→ 0.


